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Abstract

A method for simulating electrode reactions in channel flow is developed and
efficiently implemented in the symbolic algebra program Maple™™ . The steady-
state convective diffusion equation for fully developed 2-D laminar (Poiseuille)
flow past one or more electrodes in a channel is considered for a charge-transfer
electrode reaction between two soluble species. The case where axial diffusion
(along the channel, = direction) is neglected and the diffusivities are equal has an
exact solution as an infinite series, in which each term is the product of an expo-
nentials in z and a confluent hypergeometric function in y (across the channel).
The practical implementation consists of evaluating a finite number of terms
and numerically evaluating the two parameters in each term. Sturm-Liouville
(eigenfunction) theory is used to reliably find the parameters for arbitrary val-
ues of the rate constants. Comparison is made with results from a commercial
software package that uses a finite-element method.

Key words: channel electrodes, simulations, symbolic algebra, eigenfunctions,
Sturm-Liouville, Maple |Comso|’> |

Introduction

The application of eigenfunction methods for the solution of convective-
diffusion equations relevant to electrochemistry has a long history. The solution
to the Graetz problem, which solves heat transfer to the walls of a tube with
laminar flow, was given as an eigenfunction expansion as early as 1883, and an
extensive treatment of the electrochemical version was given by Newman [1].
In the context of mass transport in the rectangular channels that we consider
here, Moldoveanu and Anderson solved the limiting current case in terms of
a series of parabolic cylinder functions [2]. In these cases, the general case of
arbitrary rate constants was not attempted, perhaps because a reliable way of
locating the eigenvalues was not available. Recently, Schmachtel and Kontturi
used eigenfunction methods to numerically solve chronoamperometry currents
at the rotating disk electrode [3]. They considered the case of arbitrary rate
constants and also showed that the case of quasireversible electrode reactions
could be solved as easily as the case of irreversible reactions.
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Figure 1: Notation. Flow is from left to right, with one or more embedded electrodes (bold)
in the bottom of the channel. Lower case variables are dimensioned, upper case variables are
nondimensionalized. The dashed line is the velocity profile (extending to infinite height) for
the Lévéque approximation.

Here we apply the eigenfunction expansion method to 2-D steady-state flow
past electrodes in a channel, and compare with the more conventional finite-

element (FE) method, as implemented in Comsol Multiphysics™~ . The eigen-
function solution is a weighted sum of functions, with the functions spanning
across the channel and along the electrode. That is, it is a mesh-free method
and so should give good accuracy at the beginning of the electrode, where there
is a step change in boundary conditions and the current density is high. Fur-
thermore, the concentration profile, once determined, can be easily manipulated
term by term to find local current densities, average current densities, or col-
lection efficiencies, without significant degradation in accuracy. The accuracy
is determined by the number of terms processed, and calculation of additional
terms allows the global error to be estimated. The case where axial diffusion
(along the channel) is neglected has an exact solution as an eigenfunction ex-
pansion and is investigated here.

1. Theory

We consider a solution of the steady-state diffusion-convection problem in a
2-D channel with fully developed laminar (Poiseuille) flow. Notation is given in
Fig. 1.The electrode reaction (1) between two solution species has the current
density at a particular location at the electrode given by the usual rate law
(2). The potential at the electrode is fixed, so the rate constants (m s~!) do
not vary over the electrode surface. However, we allow the possibility of many
electrodes along the wall of the channel, and the potential and rate constants
may be different at each. The convective diffusion equation to be solved for
each species is Eq. (3). We make the common assumption that the diffusivities
of the two species are equal.
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Matching of the fluxes at the electrode surface to the reaction rate leads to
the boundary conditions (4) at the electrode surface. (The convective flux at
the walls is zero, so only the diffusive part needs to be considered.) The flux
at insulating sections between electrodes and at the top of the channel is zero,
Egs. (5) and (6). The "initial" condition is that the concentrations take the
bulk values at a location zy upstream of the first electrode, Eq. (7). In the
absence of axial diffusion, the solution only propagates downstream, and there
is no loss in taking xyp = 0. The measured current density is given by averaging
over the electrode surface, Eq. (8).

D (Ocg(z,y)/0y),—q = =D (Ocp(z,y)/0y),_o = v(x) (4)
(Ocr (2, y)/0y),—o = (Ocp(x,y)/0y),—o =0 (5)
(Ocr(z,y)/0y),—), = (Ocp(z,y)/0y),—), =0 (6)

ci(xo,y) =P, i =R,P (7)

oo = (FDJw) [ (@en(z,0)/00), ®)

As disscussed below, the quasireversible solution including the back reaction
can be simply derived from the irreversible solution with apparent rate constant
k = k¢ + ky, so we need only develop a numerical method for the irreversible
case. We change to dimensionless variables (see Fig. 1): Y = y/h, X = z/h,
W = w/h, C(X,Y) = cr(z,y)/ck, K = hk¢/D, J = (h/ckDF)j and A =
QUmaxh/D = 6Pe where Pe = vgyoh/D = 20maxh/3D is a Péclet number for
mass transfer. The convective diffusion equation and boundary conditions are
now

?C(X,Y oC(X,Y
e S CRIPY. < 2 SR
(0C(X,Y)/0Y)y_, = KC(X,0) (at electrode) (10)
(0C(X,Y)/0Y)y_y =0 (between electrodes) (11)
(0C(X,Y)/0Y)y_, =0 (top of channel) (12)
C(0,Y) =1 (upstream) (13)

Writing C(X,Y) = F(X)G(Y) and rearranging gives Eq. (14), which shows
that the partial differential equation is separable. The general solution, Eq.
(15), is a superposition of products of exponential functions of X and functions



of Y that satisfy the differential equation (16).

1 2GY) A dF(X)

YA-Y)GY) dv?  F(X) dx d (14)
COXY) =Y wep(-RXAGY)  (15)

i=1
G"Y)-b*Y(1-Y)G(Y)=0 (16)

Here the prime refers to differentiation with respect to Y, and G;(Y") is an eigen-
function, i.e., a solution to Eq. (16) for b = b; where the b7 are the eigenvalues.
The eigenvalues are values of b? in Eq. (16) that satisfy boundary conditions
at the electrode surface. In all cases, the solutions G(Y) of Eq. (16) are chosen
to satisfy the zero-flux boundary condition Eq. (17) at the top of the chan-
nel, which ensures that the concentration satisfies the zero-flux condition (12).
The solutions G(Y') are given in terms of confluent hypergeometric functions in
Appendix A.

G'(1)=0 (17)

Three subcases are considered depending on the type of boundary condition
at the Y = 0 surface, i.e., the electrode surface or an insulating surface between
electrodes. Consider first the limiting current boundary condition, where the
concentration is zero at the electrode surface, Eq. (18). Solving this for b leads
to the series of values

G(0) =0 (18)

b{>) = 3.819,11.897,19.924, ... (19)
1

b ~ "3 _gi—1)9) (20)

Jy VYT —Y)dy

where the oo denotes an infinite rate constant (K = oo). Formula (20) for the
eigenvalues is from Sturm-Liouville theory [4], and although it is an asymptotic
formula for large i, closer inspection shows that it works well also for small 4.
This means that these values can be used as initial estimates for the numerical
solver. More precisely, the solutions are bracketed between successive values of
8i.

Consider now the boundary condition for an insulating section of the channel
or for zero current at the electrode, where the flux is zero, Eq. (21). Here the
eigenvalues are given by Eq. (22).

G'(0)=0 (21)

b\”) =0,9.052,17.149,25.191, ... ~ 8(i — 1) (22)

The last case is the Robin boundary condition of Eq. (23), where K is the
dimensionless rate constant. Here the eigenvalues satisfy the inequalities of Eq.



(24).

G'(0) — KG(0) =0 (23)
8(i —1) < b < b < > < 8(i —1/2) (24)

For all cases, b; lies between 8(¢ — 1) and 8(i — 1/2). (For negative K, a non-
physical case, the b; values lie between 8(i — 1/2) and 8i.)

The coefficients a; are determined by the "initial" concentration profile at
X = 0, the upstream edge of the electrode. From Eq. (15), a given initial profile
C(0,Y) = fo(Y) (not necessarily C(0,Y) = 1) is a linear combination of the
eigenfunctions G;(Y"), and the coefficients can be found using the orthogonality
of the eigenfunctions as

Y1 =Y)fo(Y)Gi(Y)dY

Ot —

(25)

a; =

Y(1-Y)Gi(Y)2dY

Ot —

Once the numerical values of the a; and b; have been calculated for the chosen
number of terms N, the series form of the concentration, Eq. (15), is easy to
manipulate. For example, the dimensionless current density averaged over an
electrode running from X =0 to X =W is

e [
ave—Wo aYYO

and may be calculated term by term, giving

dx (26)

o = 7 3 5 1 = exp(- 01 W/4)] 70 1)

where G(0) may be evaluated using the differentiation rule Eq. (40). %

1.1. Multiple electrodes

The case of multiple electrodes and gaps between them is handled similarly.
The solution for the first electrode proceeds as described above, with fo(Y) = 1.
This solution at the downstream edge of the electrode is just used as the initial
profile that replaces fo(Y) in the solution of the next "segment". For example,
a three-segment configuration might have segment 1 as an electrode between
X =0and X =1, segment 2 as an insulator between X =1 and X = 2 with a
no-flux boundary condition at ¥ = 0 and then segment 3 as an electrode after
X = 2. The segment 1 solution C(1,Y) = f1(Y) is used as the initial profile
for segment 2, and the segment 2 solution C(2,Y) = f2(Y) is used as the initial
profile for segment 3.

=
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2. Methods

2.1. Maple

A procedure chsolve to implement the above algorithm was written in the
symbolic algebra system Maple™ [5]. The code and examples of its use are
available as supplementary material, see Appendix B. The procedure takes as
inputs: (i) the numerical value of the non-dimensionalized rate constant. As
above, "0" indicates the zero flux condition and "infinity" indicates the case of
zero concentration at the electrode surface, (ii) the name of a procedure that
evaluates the initial concentration profile fo(Y), (iii) the value of A, and (iv) the
number of terms N required in the eigenfunction expansion (15). The output
is a procedure that evaluates the dimensionless concentration as a function of
X and Y, which can then be plotted, differentiated or otherwise manipulated
to produce derived quantities.

The case of multiple segments is handled by giving the rate constant as a
piecewise function of X. In the single segment case, A can be left as a symbol,
and then the output concentration and quantities derived for it can be plotted
as a function of A. For the multisegment case, the numerical value of A must be
given; this restriction arises from the need to numerically evaluate the integrals
in Eq. (25) to find the concentration profile at the beginning of second and
subsequent segments.

The limiting factor is the efficient numerical calculation of the integrals in
Eq. (25). When the accuracy requested (via the "Digits" variable) is low,
Maple works in hardware double precision arithmetic and uses the Numerical
Algorithms Group routine "dOlakc". For higher accuracy, Maple works in ar-
bitrary precision arithmetic, and uses an adaptive Gaussian quadrature routine
" Gquad".

2.2. Comsol

The case of a single electrode of width W = 1 under limiting current condi-
tions was also solved using Comsol Multiphysics ™~ [6], with the conditions cho-
sen as close as possible to those used in Maple. To effectively non-dimensionalize
the problem, the problem was solved in base SI units with the parameters h, w,
D and ¢ set to unity. The problem was solved for both species using the PAR-
DISO solver, and the A value was changed parametrically to get the solution
at different flow rates. The outlet was put 10 electrode widths downstream of
the electrode to eliminate the influence of the boundary condition. The outlet
boundary condition is given in Eq.

Cr)Ci
p% g -
To solve for the limiting current case, the rate constant K was set to a high
value (10'°) to effectively get a concentration of zero at the electrode. The
surface concentration was verified post-calculation to be zero. Comsol does not
allow the concentration at a point to have two values, as is the case for Maple at
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the upstream edge of the electrode. To solve the problem as closely as possible to
the Maple solution, the start of the geometry was set to 1/16000 of the electrode
width upstream of the electrode. Here, the concentration was set to the inlet
concentration, C' = 1. This gives one mesh point (geometry determined) in
distance between the concentration of 1 at the inlet to the concentration of 0
at the electrode start. The absence of axial diffusion was achieved by using
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The standard triangular meshing was used. A fine mesh was used at the
inlet and along the electrode surface. This was set to 1/500 of the dimensionless
diffusion layer thickness A = 6/h estimated in the Lévéque approximation, Eq.
(28).

A =283 (W/A)Y? (28)

for A = Apax, where Ap . is the highest A value that is evaluated. The mesh
was allowed to grow at a rate of 5% out from the inlet and electrode surface.

3. Results

Examples of the capabilities of this method are given here, with the calcu-
lation details given in a Maple worksheet in the supplementary material, see
Appendix B.

3.1. Irreversible Reaction

The case of K = K; = 10 for A = 100 (Péclet number 16.7) is illustrated
in Fig. 2. The consumption of the species at the electrode is seen, and its
variation along the electrode surface. The increasing thickness of the diffusion
layer is also evident, and by X = 2, the concentration at the top of the channel
is significantly diminished from its initial value of 1. Small ripples in the Y
direction close to X = 0 are the Gibbs’ phenomenon, well known in Fourier
theory, which is a special case of the Sturm-Liouville theory applicable here.

3.2. Flow rate dependence of limiting current

The limiting current density is found from the flux via Eq. (27), for the case
of the boundary condition C'(X,0) = 0 or Eq. (18). The series (27) has numer-
ical values of the a; and b; but A and W are still arbitrary, and so the limiting
current as a function of flow rate may be readily plotted and compared with
the Comsol results as in Fig. 3. For comparison, two approximate relationships
are also shown: (i), the limiting current given by the Levich equation, Eq. (29),
and (ii), the complete consumption or "thin layer" limit, Eq. (30).

Juve(Levich) = (34/3 /2T (1 /3)) (A/W)Y? (29)
Jave(thin layer) = A/6 (30)

The Levich equation for limiting current assumes not only the absence of axial
diffusion, but also the Lévéque approximation for the velocity profile (see Fig.
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Figure 2: Concentration profile for an irreversible reaction. Ky = 10, A = 100. Series
evaluated to 40 terms.
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Figure 3: Current density dependence on flow rate. Limiting current (C = 0) boundary
condition, for W = 1. A = 6Pe is a dimensionless flow rate. Comparison of Maple 40 term
eigenfunction solution (black line) and Comsol solution (red triangles). Main figure compares
these with the A/3 dependence of the Levich approximation (blue line, Eq. (29)); inset
compares with complete consumption approximation (green line, Eq. (30)).
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1). The latter approximation is valid only when diffusion is confined to close to
the electrode and this approximation should be approached at high flow rates.
The current density tends to zero as A tends to zero at fixed W as predicted by
Eq. (27). At the lowest flow rates, the reactant is completely consumed before
it reaches the downstream edge of the electrode. In this case the total moles
reacting per second at the electrode must equal the total moles per second
entering the channel, which leads to the thin layer limit of Eq. (30). The
behavior and comparison of the curves is further discussed below.

3.8. Quasireversible reactions

For the case where the redox reaction (1) is quasireversible with rate law (2),
we nondimensionalize similarly to before, assuming the diffusivities are equal
and that the product concentration is initially zero.

S =cp/c} (31)
—(08(X,Y)/0Y)y_o = (0C(X,Y)/0Y )y _q
— (hke/D) C(X,0) — (hkw/D) S(X,0)
— K:C(X,0) — K,5(X,0) (32)

For the case of equal diffusivities, the principle of unchanging total concentration
applies [7], which means that cg + cp = B everywhere in the channel, or
equivalently S(X,Y) = 1-C(X,Y’). Under this condition, it is possible to easily
derive the quasireversible solution from the irreversible one [8]. This means
that only one mass-transport problem needs to be solved. The quasireversible

concentrations are given by Eqs. (33) and (34), where C’i(rKf+Kb) means the
solution to the irreversible problem with rate constant K; + Kj.
C(X,Y) = (KGN (XY + Ky /(K + Ky) (33)
S(X,Y)=1-C(X,Y) (34)

That is, the eigenfunction solution is found for boundary condition (23) with
K = K; + Ky, and then substituted into these equations. Eq. (26) then gives
the quasireversible current density. Examples of steady-state current potential
curves calculated in this way are given in Fig. 4. The fast reaction case of K° =
100 can be checked against the behaviour expected for a reversible reaction, and
the current density is indeed half the limiting value at E/,, = E°.

If the product is initially present with concentration c}%, then ckP’L is replaced
by c? —l—cg in the definitions of C' and S and the revised rule is given by Eq. (35),
where f = c&/(cB + c&). An example is given in the supplementary material.

O (X Y (P — (1— )Ky) + K
C(X,Y)= KK

(35)
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Figure 4: Steady-state current potential curves. Quasireversible reaction, 8 = 0.5 W = 1,
A =100, 40 terms.

8.4. Collection efficiency

The collection efficiency may be calculated as the ratio of the current at an
upstream electrode where the reaction occurs under limiting current conditions,
to the current at a downstream electrode where the reverse reaction occurs
under limiting current conditions. First a two-segment calculation is carried
out for the concentration C' with boundary condition K = oo (C = 0) for the
first segment (upstream electrode) and K = 0 (zero-flux) for the second segment
(gap between the two electrodes). The concentration S at the end of the second
segment is calculated as 1 — C under the assumption that the diffusivities are
equal, and this is then used as the initial concentration profile for the calculation
of the concentration S for the third segment (second electrode) with boundary
condition K = oo (S = 0). Integration of the local current densities over the two
electrodes gives the two currents, whose ratio is the collection efficiency. Fig.
5 shows an example where the electrode widths and the gap are all equal and
A = 100. This collection efficiency here, 0.295, is higher than the value using
the standard calculation, 0.250, which assumes the Lévéque approximation [9].
This is because at this flow rate, a significant amount of the product has diffused
across the channel, and its reflection back enhances the collection efficiency.

10
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Figure 5: Collection efficiency calculation. (a) Concentration of product. Limiting current
production at electrode between X = 0 and X = 1 and limiting current consumption at
electrode between X = 2 and X = 3 (40 term calculation). Contours are at 0.05, 0.15, ...,
0.95. (b) Local dimensionless current density along the channel, and calculation of efficiency
from the shaded areas.
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4. Discussion

4.1. Accuracy and convergence

The limiting current case is the most difficult of the cases from a numerical
point of view, and so we begin with a discussion of the results in Fig. 3. The
Comsol results, intended as a verification strategy, do not agree with the Maple
results using 40 terms. Increasing to 100 terms makes only a 0.3% difference
at the highest flow rate shown on the plot. There appears to be a constant
systematic error in the Comsol results. This is confirmed by looking at the low
flow rate regime, where the Maple behaviour correctly gives Jav = A/6, but
Comsol has a constant offset, and does not go to zero at zero flow rate, which
is the correct limit in the absence of axial diffusion. This is attributed to the
use of triangle meshes that do not align with the X and Y directions, and lead
to a small amount of "numerical diffusion" in the X direction even when axial
diffusion was nominally precluded. Use of a rectangular mesh aligned with the
X and Y directions was attempted to solve this problem, but expanding meshes
do not maintain alignment and fixed fine meshes run into memory limitations,
and so this was strategy was not pursued further.

Convergence issues of the eigenfunction method did become significant at
higher flow rates than shown in Fig. 3, where the separation from the Levich
line increased. Increasing the number of terms improved the situation, in that
the point of divergence was delayed to higher flow rates, but ultimately it is
simply more accurate to use the Levich fomula.

For the more general case of finite rate constants, the accuracy of the method
was investigated over a wide parameter space. A criterion for adequate conver-
gence was taken as less than 0.1% change on increasing the number of terms
by 10. It is difficult to prove that this represents absolute convergence, but it
enables the trends to be found, and gives reasonable confidence that the results
are correct at the 1% level. Parameters investigated were: (i) K from 10* to
107 by factors of 10, and oo, (ii) numbers of terms from 10 to 100 in steps of 10,
(iii) A values from 1 to 10° in a 1-3-10 sequence. This study led to the following
conclusions:

1. Convergence is easier to reach (at a lower number of terms) for lower K
values.

2. Convergence is faster at lower A values and/or lower K.

3. For K > 10, the results for 10 or more terms are all within 0.1 % of the
K = oo value.

4. For a given K value, the change from 90 to 100 terms leads to less than
0.1 % change for all A values except for the two largest. The two largest
A values only reach this criteria for the two smallest K values.

5. The calculation time is mainly dependent on the number of terms used
(and less on the K or A value), but this effect is small enough that 100
terms can be practically calculated as a matter of routine. The calculation
time for 100 terms was comparable to the Comsol calculation time.

12
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Although Maple allows for arbitrary precision calculations, the hardware
double precision calculations were found to be sufficient for 100 term calcula-
tions, i.e., the accuracy is limited by the number of terms and not the accuracy
of the calculation engine.

For multisegment calculations, the calculation time for second and subse-
quent segments was significantly higher than for the first segment, because of
the large number of hypergeometric function evaluations needed in the integrals
in the a; coefficients, Eq. (25). This can be remedied by numerically fitting
the concentration profile at the end of a segment to a suitable function, and
using that as the initial concentration profile for the next segment. Strictly,
this means that the guarantee of higher accuracy with more terms (provided
by Sturm-Liouville theory) is invalidated. However, least-squares fitting of the
concentration profile at 101 points across the channel to a degree 10 polyno-
mial decreased the calculation time for the second segment to approximately
the same time as the first segment without a noticeable change in accuracy (see
the collection efficiency calculation in the supplementary material).

4.2. Method assessment

Most analytical solutions for concentrations or currents in channel electrodes
have used the Lévéque approximation, and neglected axial diffusion, e.g., these
are standard approximations in calculating collection efficiencies [9-11]. These
approximations work best at fast flow rate and large channel heights. There
has been some consideration of the effects of axial diffusion [1, 12-14], and more
recently Amatore and coworkers [15] have mapped out the zone diagram for
the various limiting and intermediate cases in terms of the parameters W and
Pe. The present work neglects axial diffusion but goes beyond the Lévéque
approximation and considers the full velocity profile across the channel. This
approximation works well for intermediate flow rates and small channel heights.
[Need more comparison with literature here, or more specifiy crite-
rion?]. The collection efficiency calculation above indicates that the error in
using the Lévéque approximation for small channel heights can be significant.

The present work indicates that extending the solution all the way across
the channel is not significantly more difficult than the Lévéque approximation.
Like the semidifferentiation approach of Oldham for planar electrodes [16] or
the Laplace transform method that implements the far boundary condition, the
present method exactly solves the problem across the channel and the reduces
the problem to solving along the near surface of the channel. It is to be em-
phasized that the eigenfunction expansion is an exact solution to the problem
without axial diffusion, and the only approximation arises from the need to solve
for the eigenvalues and coefficients numerically, and to terminate the series after
a finite number of terms. There are standard methods for using eigenfunction
expansions that may be used in problems that include axial diffusion, i.e., for
elliptic partial differential equations [17], which will be explored in subsequent
work. That is, the present confluent hypergeometic functions may be a suitable
basis set for the more general case, but the complexity of the method will be
significantly greater, and an iterative method may be required.
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In terms of a numerical method, the eigenfunction expansion method used
here has the advantage over FE or finite-difference methods that mesh optimiza-
tion, with a strategy for finer meshes near electrodes and electrode edges, is not
required. On the other hand, eigenfunction expansion methods are known for
slow convergence. Perhaps not surprisingly, we find that the conditions that re-
quire a fine, adaptive mesh for FE solution such as large flow rates, are also the
conditions that require more terms for acceptable convergence in our method.
Accurate convergence was possible for comparable computational expense as
for the FE method, but the present method is algorithmically much simpler
and the global error is more easily assessed. An important advantage of the
present method is that a whole segment is solved at one time, so the complexity
of the calculation is largely independent of the channel height or width of the
electrode.

In principal the present method did not require a symbolic algebra system
for its implementation. Such systems allow arbitrary precision calculations, but
this feature was not found to be necessary here. These systems do have an
important advantage in processing the concentration profile into the required
measurable quantities, such as average current density or collection efficiency.
This processing typically involves differentiation or integration, which is done
exactly by simple rules such as the differentiation rule (40), and does not degrade
the accuracy of the calculation.

Another advantage of these systems is that the numerical evaluation of the
hypergeometric and exponential functions in the solution is deferred until they
are needed. In Fig. 2, for example, Maple’s plot routine decides where to
evaluate the concentrations, using more points in steeper regions of the plot.
The numerical evaluation of these concentrations occurs in the plot routine
itself, and not in the construction of the series solution. Therefore, there is no
need for evaluate the solution over a fine grid of points just in case they might be
required later. This is perhaps seen most clearly in the case of a single electrode,
where the limiting current can be given as a function of an unspecified A, and
then this function is used to create Fig. 3.

Coupled with the advances in computing speed, these advantages of sym-
bolic algebra programs mean that reconsideration of algorithms such as the
eigenfunction method demonstrated here may lead to competitive numerical
methods with high accuracy that are simple to implement.
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2 A. Solution of ODE for G(Y)

225 The differential equation (16) has the general solution Eq. (36) with two
w6 arbitrary constants g; and go.

G(Y) = g1G1(Y) + g2Ga(Y) (36)
G1(Y) = exp (bY (1 - Y)/2)

x 1Fy (1/4—b/16;1/2;b(2Y —1)?/4) (37)
Go(Y) = exp (bY (1 —Y)/2) (2Y — 1)

x 1Fy (3/4—1b/16;3/2;b(2Y — 1)*/4) (38)

27 Other notations for the confluent hypergeometric functions 1Fj (a;b;z) are
2 1y (§52) or M(a,b,z) [18]. It is evident that G1(Y) is symmetric (even) about
2 Y = 1/2 and G5(Y) is antisymmetric (odd) about this point. Applying the
s no-flux boundary condition at the top of the channel, G'(1) = 0, allows deter-
s mination of one of the constants, and the other is chosen to scale the functions
s so that G(1) = 1, with the result Eq. (39).

Go(DGL1(Y) = Gh(DGa(Y)

GY)= GL(1)G1(1) — G (1)Ga(1)

(39)

;3 The derivatives with respect to Y are readily evaluated using the differentiation
s rule

c
1P (e (V) = S Fi e+ 1id+ 1 £(Y) f/(Y) (40)
335 According to Sturm-Liouville theory, the eigenfunctions G;(Y") for different

16 values of b; that satisfy the boundary conditions are orthogonal with respect to
s the weight function Y (1 —Y):

/Y(l —Y)GH(Y)G(Y)dY =0, i # (41)
0

1 B. Supplementary material

339 Supplementary material consists of a Maple worksheet that implements the
s algorithm here and applies it in several examples, a .pdf file of this worksheet,
s and a text file with the Maple code for the chsolve procedure. This material can
sz be found, in the online version, at http://dx.doi.org/10.1016/j.jelechem. XXXX.
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