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Abstract

We present an isogeometric collocation formulation for the Reissner-Mindlin shell problem.
After recalling the necessary basics on differential geometry and the shell governing equa-
tions, we show that the standard approach of expressing the equilibrium equations in terms
of the primal variables is not a suitable way for shells due to the complexity of the underly-
ing equations. We then propose an alternative approach, based on a stepwise formulation,
and show its numerical implementation within an isogeometric collocation framework. The
formulation is tested successfully on a set of benchmark examples, which comprise impor-
tant aspects like locking and boundary layers. These test show that locking effects can be
conveniently avoided by using high polynomial degrees. An accompanying study on the
computational time also confirms that high polynomial degrees are preferable in terms of

computational efficiency.
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1. Introduction

The motivation of Isogeometric Analysis (IGA) is to bridge the gap between Computer
Aided Design (CAD) and Finite Element Analysis (FEA) by adopting Non-Uniform Ra-
tional B-Splines (NURBS), commonly used for geometry representation in CAD, as basis
functions for analysis [1]. Moreover, IGA has gained enormous popularity as a numerical

analysis method since it exhibits increased accuracy and robustness properties on a per-
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degree-of-freedom basis compared to standard FEA, which is attributed to the higher order
and continuity properties inherent in the basis functions [2-5]. A field where IGA had an
especially high impact is shell analysis. The smoothness of the basis functions allows for
efficient implementations of rotation-free Kirchhoff-Love shell models [6-14] as well as novel
approaches like hierarchic shells [15] and rotation-free shear deformable shells [16]. But also
for Reissner-Mindlin shells [17-20] and solid-shells [21-25], the continuity properties of the
basis functions and the exact geometry description turn out to be very advantageous in
comparison to standard FEA. An interesting feature of IGA in the context of shell analysis
is also that locking problems can easily be avoided by simply raising the polynomial degree.
However, this comes at the price of increased computational cost during assembly, since the
typically used quadrature rules, which are optimal for C°-continuous elements, are subop-
timal for elements with smooth basis functions. Different improved quadrature rules have
been proposed [26-29], but the development of general and efficient integration rules is still
an open problem in IGA.

The lack of efficient integration rules in IGA has recently led to the development of isoge-
ometric collocation (IGA-C) methods [30], where the high continuity of the basis functions
is exploited to solve the governing partial differential equations in strong form. In such an
approach, no integrals have to be evaluated and only one evaluation point per degree of
freedom is needed (which approximately means one point per element), independently of the
polynomial degree. This results in a drastically reduced computational cost compared to
Galerkin-based IGA, especially for high polynomial degrees. A comprehensive study of the
computational costs comparing standard FEA, IGA, and IGA-C can be found in [31], con-
sistency and convergence properties of IGA-C are discussed in [32]. Despite being very new,
isogeometric collocation has already been applied successfully to various problems including
elastostatics and explicit dynamics [33], structural mechanics of beams [34, 35|, spatial rods
[36-39], and plates [40, 41], large deformation elasticity [42], contact [42, 43], phase-field
modeling [44], and fracture [45]. Clearly, the advantages of IGA-C take the most effect for
problems where the total computational cost is governed by the formation of the system
matrices, as in the case of explicit dynamics. In fact, an important target of IGA-C is the

application to explicit structural dynamics, like crash worthiness simulations. An important
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step towards this goal is the development of appropriate structural formulations, in par-
ticular for shells. This paper presents the first approach to derive isogeometric collocation
formulations for shell analysis. In particular, we present a displacement-based formulation
for the Reissner-Mindlin shell problem. We show that the standard approach in IGA-C,
where the equilibrium equations are directly written in terms of the primal variables and
then collocated, is not a suitable option for shells due to the complexity of the underlying
equations. Instead, we propose a stepwise formulation, which drastically decreases the com-
plexity of the equations to be implemented as well as the computational effort. We present
the details of the formulation and its implementation, and demonstrate its performance on
a series of numerical benchmark examples.

The paper is outlined as follows. In Section 1, we present the basics of differential
geometry of surfaces, which are necessary to formulate the shell problem. Section 2 presents
the governing equations of the Reissner-Mindlin shell. In Section 3, we present a stepwise
formulation of the problem and its implementation in an IGA-C approach. In Section 4, we

test the formulation on a set of benchmark examples, and in Section 5, we draw conclusions.

2. Differential geometry of surfaces

In this section, we briefly review the basics of differential geometry, restricting ourselves
to what is needed in the following. We use index notation with Greek indices taking on values
{1,2} and Latin indices taking on values {1, 2,3}, and summation over repeated indices is
assumed. Subscript indices indicate covariant quantities, while superscript indices refer to
contravariant quantities.

A shell is represented by its midsurface and a thickness h, which we assume constant over
the whole shell. A point on the shell midsurface is indicated by r = r(0', %) with (0, 6%)
as the natural curvilinear surface coordinates of the midsurface. Furthermore, we have the
thickness coordinate (6%) in the direction orthogonal to the midsurface. Partial derivatives
with respect to these natural coordinates are indicated by comma (-),;= 9(-)/96". At each

point of the midsurface, a covariant basis is formed by the tangent vectors

Ay =T, (1)



and the unit normal vector

a; X a
as = —— "% (2)
la; X ay
Contravariant base vectors are defined by
a'-a;= (5;., (3)

where 5; is the Kronecker delta. Covariant metric coefficients are obtained by the first

fundamental form of surfaces
Ao = Qq * A, (4)

and contravariant metric coefficients are obtained analogously by

with

agra™® = 6°. (6)

«

Co- and contravariant metric coefficients can be conveniently used to switch between co- and

contravariant base vectors

a® = a*’ag, (7)

a, = aagaﬁ. (8)

Furthermore, we note that a® = as. The second fundamental form of surfaces provides the

covariant curvature coeflicients

baﬁ = aa”g - as. (9)

Mixed and contravariant curvature coefficients, which will be also needed, can be obtained
via the index raising property of the contravariant metric coefficients
b3 = a*byg, (10)

b’ = a*aPtby,. (11)
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It should be noted that b,s do not provide an objective measure for the curvature but depend
on the parametrization. The physical curvatures in directions of a1, ay are given by

1 b 1 b
B (12)
R1 a R2 22
with R;, Ry being the curvature radii. At each point, there exist two directions for which

the curvatures have extreme values 1/ R4z, 1/ Rpin. The Gaussian curvature is defined as

11 bl
B Rmzn Rmax B |CLO¢B|’

K (13)

with |(+)| indicating the determinant. The Gaussian curvature is a surface invariant and
can be used to classify surfaces pointwise into the categories elliptic (K > 0), parabolic
(K = 0), and hyperbolic (K < 0). For many important shell geometries, this condition
(K >0,K =0, K < 0) is constant for the entire surface, and the categories elliptic, parabolic,
and hyperbolic are then also used as global attributes. This classification plays an important
role in shell analysis since the structural behavior is very different for the different categories,
especially if the shell thickness is small [46, 47].

For computing covariant derivatives, we need to introduce the Christoffel symbols, which

are defined as
[hg=aaps-a. (14)

Covariant derivatives are indicated by (-)|, and are defined for vectors (i.e., first order ten-

sors) by
Aol = Aag — AT, (15)
A% = A% 5+ ATS,, (16)
for second order tensors by
Aasly = Aapy — ArsTay — Aarls,, (17)
A%ly = A%y + AT, — A%T, (18)
Aaﬁh = Aaﬁﬁ + A’\BF% + A‘”‘Ff/\, (19)



while for scalars they are identical to the parametric derivative
Ao = A, (20)

Using the fact that the covariant derivatives of metric coefficients vanish, aqsl, = a®?|, = 0,

we can compute the covariant derivatives of contravariant or mixed components alternatively

as
A%, = a* A, (21)
A%l = a®Aygl,, (22)
A%, = a®a™ Ay, (23)

which can be very useful if the covariant derivatives of the covariant components (A, |3, Aagly)
have already been computed. The second covariant derivative of a vector can be computed

with the rule for the first covariant derivative of a tensor (17)
Aalsy = (Aals)ly
= (Aalp)y —AxlsTa, — Aalal3,

= Aagy — AasTag — Aslagy —AxlsTo, — Aala T3, (24)

while the second covariant derivative of a scalar can be computed like the first covariant

derivative of a vector (15)
Alag = (Ala)ls = (Aia)ls = Aas — AxTos. (25)

The parametric derivative of the Christoffel symbol Féﬁ,v, which appears in (24), can be
developed from (14) as

F;\zﬁﬂ’ = a’aﬁ’Y ’ a)\ + aa75 ’ a’i“}” (26>

with

a% = —I'Sza’ + bias. (27)

Furthermore, we will need covariant derivatives of the curvature coefficients bosl, and b3|,,

which can be obtained by applying (17) and (22)

bagly = bagn — baslay — barl'3, (28)
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with

Dapy = Qapy - A3+ Cap - Q3 (29)
asza = —byay, (30)

and, finally,
bly = a®basl, (31)

3. Shell governing equations

For describing the shell equations, we closely follow the work of Bagar and Kréatzig [48, 49|
and adopt the notation therein. The deformation of a shell is described by a displacement
vector v of the midsurface and a difference vector w = a3z — a3, where as refers to the
deformed configuration. The displacement vector is represented by two in-plane components
and an out-of-plane component, v = v, a® + v3 a®, while the difference vector is assumed to
be tangential (w-a3 = 0) and, thus, is represented by in-plane components only, w = w, a®.

The strain state of the shell is described by the membrane or stretching strain tensor

a3, the bending strain tensor 3.4, and the shear strain vector v,, which are defined as

1
Qag = 5 (Vals + Vsla — 2bagvs) (32)
1
Bap = 3 (wals + wsla — byvals — b3vala + 200brs0s) | (33)
Yo = We + ’U37a + bgv)\. (34>

Stresses are represented by the membrane force tensor n®?, the moment tensor m®? and the
shear force vector ¢®. As described in [48, 49], n®? is not symmetric in general, and the

symmetric pseudo force tensor 7%° is introduced
7% = % £ pIme. (35)

Assuming linear elastic material, the stress tensors are obtained from the strain tensors as

7% = h H*"M ay,, (36)
h3

me? = e g, (37)
12

¢~ = Gha™ My, (38)
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E

2(1+v)
modulus and Poisson’s ratio, respectively, and H** is the elastic material tensor defined

where h is the shell thickness, G = is the shear modulus, F,v are the Young’s

as

E

Haﬁ)\,u —
2(1+v)

2
(a""\aﬂ“ + a*aP* + 1—Vaa5ak“) . (39)
— U

Considering a shell subjected to distributed loads p®, p* and distributed moments c®, the

equilibrium equations read as

Ay = 0o am™M — bemM |, — b5gt + p* =0, (40)
D™ — Baby,m™ + ¢y + p* =0, (41)
m* |y —q* +c*=0. (42)

Eq. (40) represents two equations (corresponding to the free index «) for the equilibrium of
in-plane forces, (41) represents the equilibrium of transversal forces, while (42) are the two
equations (free index ) of rotational equilibrium. So, we have five equilibrium equations for
the five unknowns vy, v9, v3, w1, wo.

At the boundary, we consider a triad of unit vectors (u,t, as), where u is the outward
normal vector and t is the tangent vector. The boundary equilibrium equations can then be

written as

naﬁuaug = (fzaﬂ — bfma)‘)uaug = Ny, (43)
n“ﬁuatg = (ﬁaﬁ — bfm‘”)‘)uatﬁ = Ny (44)
q“Uq 3 (45)

(46)

(47)

I
3

me? UgUg = Ty,
me? Ualp = My
with n,, ng, ng, m,, m; as the prescribed boundary values. We note that the boundary equi-

librium needs to be satisfied for the real forces n®?, which, however, can be expressed in

terms of the pseudo stresses n®® using (35).
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4. Displacement-based formulation and isogeometric collocation method

The general approach for a displacement-based collocation method is to express the equi-
librium equations in terms of the primal variables, which can be obtained by substituting
the kinematic and constitutive equations into the equilibrium equations. However, such an
approach is not practical for shells due to the complexity of the underlying equations. For
some specific classes of shells, as for example cylindrical shells, the governing equations can
be simplified and closed form equations can be found in the literature, but to the best of
our knowledge, such closed forms are not available for the general shell problem. In an
attempt to derive these equations one finds that the expanded terms become extremely
long, complex, and nearly impossible to track manually. We have also used the computer
algebra system Mathematica [50] with a specific tensor operation package [51] for deriving
these expanded equations symbolically. The resulting equations span several pages and are
not suited for being reported here. In Appendix A, we report exemplarily a part of these
equations which makes clear that this approach is not a suitable basis for implementation.
Besides the difficulty to implement such a formulation, it is computationally very inefficient.

Therefore, we propose an alternative approach, where the kinematic, constitutive, and
equilibrium equations are evaluated in sequential order, computing intermediate variables
which are then used for the subsequent equations. We refer to this approach as stepwise
formulation and use it as the basis for the numerical method. This means that after dis-
cretizing the primal variables, we compute discretized versions of the intermediate variables
and use them to collocate the equilibrium equations, as will be shown in detail in Section

4.2.

4.1. Stepwise formulation of the problem

The stepwise formulation of the problem is basically given by the kinematic, constitutive,
and equilibrium equations. However, in order to have the equations in a form which can be
implemented, we need to explicitly write all the terms stemming from covariant derivatives.
We will not explicitly write all the index summation terms, since these summations can be
easily performed in the computer program. In particular, we need to compute first and

second covariant derivatives of the primal variables, and first covariant derivatives of the
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strain and stress variables.
We start with the first and second derivatives for the displacement variables according

to Egs. (15), (20), (24), (25)

Valp = Vo — v,\Fgﬁ, (48)
vs|g = 3., (49)
Valgy = Vo, — UasTas = Ualagn —0alsTay = valAl5,, (50)
U3’a,8 = V3o — U3,)\F25- (51)

Obviously, the formulas for v,|g, valg, hold equally for w,|g, wa|s, and are therefore not
repeated here. It should also be noted that for vs the derivation rules for scalars hold.
With (48)-(51) at hand, we can derive the covariant derivatives of the strain variables

(32)-(34)
1
Qagly =5 (Valgy + Uslay = 2baslyvs = 2bapusly) (52)
1
Basly ) (wa|5'y + wglay — b3|vv>\‘ﬁ - bgvk‘ﬁv - béhw\a - bg’vz\‘av
+2b) |y bagvs + 207baglyvs + 263bxgvsly ) | (53)
Yals =twals + vslas + balsva + bavals. (54)
Note that in (52)-(54), covariant derivatives of the curvature coefficients appear, basl,, 03,
which are computed according to (28)-(31). Using the fact that covariant derivatives of the

material tensor vanish, H*"°|. = 0, the covariant derivatives of the stress resultants are

simply obtained from (36)-(38) as

n%, = hH*May,|,, (55)
maﬁ"y = 12 H*? Hﬁ/\u’w (56)
q¢"|p = Gha** ;. (57)

With (55)-(57) and the formulas for the curvatures and their covariant derivatives, we have
all terms we need in order to collocate the equilibrium equations (40)-(42). In the same

manner, we can compute all terms in order to collocate the boundary equilibrium equations

(43)-(47).

10
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4.2. Isogeometric discretization and collocation

In this section we present the isogeometric collocation method following the stepwise
formulation presented above, providing also some implementation details. The basics of
B-splines, NURBS, and their use in isogeometric methods have been presented in many
papers, so we do not repeat them here but refer to [52-54] for an introduction to B-splines
and NURBS, and to [1, 55| for the basics of isogeometric analysis. In the following, we briefly
review the concept of isogeometric collocation, for more details and a general introduction
and overview to the topic, we refer to [30, 56]. The general idea of isogeometric collocation
is to discretize the geometry and the solution variables by NURBS (or other isogeometric
basis functions) and to collocate the discretized strong form equations at a set of suitable
points, such that a square system of equations is obtained. Several sets of collocation points
have been proposed so far, as for example the Greville abscissae [30], the Demko abscissae
[30], Cauchy-Galerkin points [57] and their estimates, i.e., superconvergent points [57-59],
and the search for optimal collocation points is still an active field of research [59]. In this
work, we adopt the Greville abscissae as collocation points, which up to date is the standard
approach.

In the following, we use capital Latin indices for indices whose range is governed by the
discretization, as for example, I = 1... Ng,, J = 1... Ngo¢, with N, as the number of control
points (or shape functions) and Ny, as the number of degrees of freedom. The summation
convention is also applied to these indices. Assuming a knot vector {1, ..., {n,,+pt1}, With p
being the polynomial degree, the Greville abscissae are defined by

EI:£]+1+§I+2+-..+§I+I77 for[:L...,Ncp. (58)

p
For bivariate B-splines and NURBS, the Greville abscissae are simply obtained by the tensor

product of (58) in two parametric directions.

An important advantage of the isogeometric concept especially for shell analysis is that
for a wide range of typical shell geometries we obtain an exact geometric description, which
means that all the quantities from Section 2 can be computed exactly and in a straightforward

way. The NURBS description of the geometry is given by

r =N, &) 2 (59)

11
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where Nj(£!,£?) are the bivariate NURBS functions and &; are the control point coordinates.
Note that we use single index numbering I = 1... N, with No, = N1 X Nge as the
total number of control points, and Ny, Nge as the numbers of control points in the
two parametric directions. The NURBS parametrization naturally provides a curvilinear
coordinate system which can be interpreted as the natural shell coordinate system, (¢!, %) =

(6',6%). Accordingly, tangent base vectors are obtained as
Qo = Nl,a(’£17€2) Ty (60)

where Np, (&4, &%) = ON;(€1,€2) /06> are simply the natural NURBS derivatives. For the
ease of notation, the dependency on (£, £2) will be skipped in the following. The derivatives

of the tangent base vectors are then obtained as

Ay 3 = NI,a,B jI (61)

Qo py = Niapy &1 (62)

Since third derivatives appear in (62), cubic or higher NURBS need to be used. Having
computed (60)-(62), all other geometric quantities can be computed according to equations
(2)-(31) in a straightforward manner. It should be noted that the NURBS parametriza-
tion does not coincide, in general, with classical parametrizations using, e.g., cylindrical or
spherical coordinates. A consequence of this is that, e.g., in a NURBS representation of a
cylinder, the metric and curvature coefficients a,g, bops are not constant and the Christoffel
symbols Fzﬂ do not vanish, as it would be expected with cylindrical coordinates.

Following the isoparametric concept, we use NURBS also to approximate the unknown
variables. For a compact notation, it is useful to consider also generalized displacements
(w1, u2, uz, ug, us) = (v1,v2,v3, w1, wa). Let us denote by ty = e (J = 1...Ngoy, [ =
1...Ng, K =1...5) the Jth global degree of freedom, corresponding to the K-th degree
of freedom at control point /. The displacement variables are then approximated as follows
(with a slight abuse of notation we use the same symbols for the approximated variables as

for the exact ones)

vo = NpoKal. = Nio&ay, (63)

12
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v3 = NpoXat, = Nyo¥ay, (64)

we = NioEak = NpsE=3q,. (65)

For the sake of implementation, it is also useful to report Egs. (63)-(65) in matrix form. As-
suming the standard ordering of global degrees of freedom by control points, @ = (a} @) 43 4}
ai a2 a2 a2 a2 a2 ...)7, the matrix form is given by

N 0 000N 0 0O0O0 ... \
Vo = u, (66)
0O Ny OO0 0 O Ny OO0 O

i=(00 N 0000NO00..)a (67)

000N 0 0O0O0N O

Wo = u (68)

000 0O N O0OO0O0 0 Ny
An interesting alternative is to order the global degrees of freedom by variable, w = (a} 43 ...
ay a3 ... oas a3 ... a4y a3 ... a4t a2 ..)T. In this case, the matrices can be constructed

conveniently as

N 0 00O

Vo = u, (69)
0 NOOO

u=(00No0o0)a (70)
000N O]

Wo = u, (71)
000 0N

with the row vectors N = (N; Ny ...) and 0 = (0 0 ...), which both are of length N,,.
We note that both (66)-(68) and (69)-(71) are suitable for implementation and both can be
obtained from the general form (63)-(65) through the specific relation between the indices
I,J,K. For (66)-(68), this relation is given as J = (I — 1)5 + K, while for (69)-(71), it is
J=(K—-1)Ng,+ 1.

13



In the following, we will introduce so-called discretized variables corresponding to the
variables presented in the previous section, which can be directly used for implementation.
These discretized variables are multidimensional arrays which can be presented in compact
form using the indices I, J, K. We begin with the discretized displacement variables defined

as

v(J, o) = Niof, (72)
v3(J) = N;6%, (73)
w(J,a) = N6 &=, (74)

Clearly, v(J,a),v3(J),w(J, ) simply represent the shape function matrices in (66)-(71).
However, the interpretation as discretized variables is useful for the stepwise formulation,
since it allows us to introduce such discretized versions also for the derivatives and for the
strain and stress variables, which can no longer be represented as matrices. The discretized

partial derivatives of the displacements are obtained as

dv(J, o, B) = Ny 5%, (75)
dv3(J,a) = Ny, 05, (76)
dw(J, o, B) = Ny 565, (77)

Similarly, we obtain the discretized second partial derivatives as

d2v(J, e, B,7) = Ny, 0%, (78)
d2v3(J, o, B) = Ny p 65, (79)
d2w(J, @, B,7) = Ny g, 0. (80)

Now we can compute discretized covariant derivatives of the displacements, indicated by a

preceding D

Dv(J, e, B) = dv(J, a, B) — v(J, \)Tas, (81)
Dv3(J,a) = dv3(J, a), (82)
Dw(J, o, B) = dw(J,a, B) — w(J, \)Tas, (83)

14



as well as their second covariant derivatives

D2v(J,a, B,v) = d2v(J, a, B,7) — dv(J, A, 7)1‘25 —v(J, )\)I’gﬁW
—Dv(J, A, B)Ta, — Dv(J,a, )T, (84)
D2v3(J, o, B) = d2v3(J, v, B) — dv3(J, AT, (85)
D2w(J, v, B,7) = d2w(J, @, B,7) — dw(J, A\, 7)Thg = W(J, M os0y
—Dw(J, A, B)I), — Dw(J, o, NI}, (86)

With the discretized covariant derivatives, we can compute discretized strain variables (32)-

(34)

alpha(J, 0, 8) = 5 (DV(J, @, 6) + Dv(J, §,0) — Zhosvi(])). (87)
beta(J, a, 3) — % (Dw(J,a, 8) + Dw(J, 8, )

—0DV(J, A, B) — b3DV(J, A, ) + 203brsv3(J)) (88)

gamma(J, a) = w(J,a) + dv3(J,a) — biv(J,\), (89)

and their covariant derivatives (52)-(54)

1
Dalpha‘(J7 a, ﬂa 7) = 5 (DQV(J7 a, 57 7) + D2V(J7 Bv Q, 7) - 2baﬂ|’yV3(‘]) - 2bOc/BDV3(J7 7)) )
(90)
1
Dbeta(J, a, 8,7) = 5 (D2w(J, @, 8,7) + D2w(J, 8, 0, 7) = by, DV(J, A, )
_bg\zDZV(‘]? /\7 ﬂa 7) - ng’YDv<J7 )‘a Oé) - bgD2V(J7 /\a Q, ’7)
+26)|,brgv3(J) + 260bag|,v3(J) + 260b2sDV3(J,7)) (91)
Degammal(J, a, §) = Dw(J, a, ) + D2v3(J, @, ) + Rlsv(J, A) + BDV(L A ). (92)
Subsequently, we compute discretized stress resultants (36)-(38)
nt(J, @, B) = h H* alpha(J, \, 1), (93)
h3
m(J,a, B) = 75 H*"¥ beta(J, A, p), (94)
a(J,a) = Gha™ gamma(J, \), (95)

15
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161
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164

165

167

and their covariant derivatives (55)-(57)

Dnt(J, v, 3,7) = h H** Dalpha(J, X, 1,7), (96)
h3

Dm(J, o, 8,7) = 75 H** Dbeta(J, A, 1, 7), (97)

Dq(J, a, ) = Gha® Dgamma(J, \, ). (98)

Finally, we can collocate the equilibrium equations (40)-(42) as

Dnt(J, o, A, A) = bs[xm(J, A, 1) — 65 Dm(J, A, p, A) — b5q(J, A) = —p*, (99)
b)xuﬁ(‘L /\7 :U/) - bgbkﬂm(‘L )‘7 p) + Dq(J7 /\7 >‘) = _p37 (100)
Dm(J, o, \,\) — q(J, ) = —¢” . (101)

Equations (72)-(101) represent the detailed computer implementation of our approach. Sum-
mation over repeated indices can be conveniently done by loops, however, symmetries of sev-
eral variables may be exploited for the sake of computational efficiency. It should be noted
that also the geometric quantities like F;}B, bap in these equations represent multidimensional
arrays in the implementation. However, we kept them in symbolic notation for better read-
ability of the equations. The left hand sides of Eqs. (99)-(101) represent five rows of the
stiffness matrix, collocated at each collocation point, with the free index J corresponding to
the columns.

In the same way, we also derive the discretized versions of the boundary equilibrium
equations, which are collocated at Neumann boundaries. It should be noted that Eqs. (43)-
(47) assume smooth boundaries, while practical problems typically exhibit also sharp corners,
where the boundary tangent and normal vectors ¢, u are not uniquely defined. According
to [33], the tangent and normal vectors at these locations are taken as the average of the

respective vectors from the two edges meeting at the corner.

5. Numerical tests

In this section we test the proposed formulation on a set of well-known benchmark ex-
amples, consisting of the Scordelis-Lo roof from [60], the clamped hemispherical cap and the

partly clamped hyperbolic paraboloid from [46, 61], and the cylindrical shell strip from [15].
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Figure 1: Scordelis-Lo roof. Geometry and boundary conditions.

All examples consist of geometries that can be modeled exactly by NURBS and, further-
more, they cover the three different classes of parabolic, elliptic, and hyperbolic surfaces.
Since all examples involve rather thin shells and a standard displacement-based formulation
is employed, locking is to be expected. In the following, we perform convergence studies
for different polynomial degrees ranging from p = 3 to p = 8 with maximum inter-element
continuity CP~!. Furthermore, two of the examples exhibit boundary layers. As demon-
strated in [62], the size of the boundary layers typically scales with V1-h, where h is the
shell thickness, and [ is a characteristic length, typically chosen as the length or radius of
a shell. In order to properly resolve the boundary layers, we will use graded meshes, which

are more refined on the boundaries, as shown in detail in the respective examples.

5.1. Scordelis-Lo roof

The Scordelis-Lo roof is one of the problems of the so-called shell obstacle course [60].
It consists of a cylindrical (K = 0) section with radius R = 25, opening angle ¢ = 80°,
length L = 50, and thickness h = 0.25, as depicted in Figure 1. The curved edges are
supported by rigid diaphragms, while the straight edges are free, and the shell is subjected
to self-weight with p, = 90 per unit area. The material parameters are given by the Young’s
modulus £ = 4.32 - 10® and Poisson’s ratio v = 0.0. As reference solution, the vertical
displacement at the midpoint of the free edges is given as v, = —0.3024 [60]. First, we perform

uniform mesh refinement with [4, 8,16, 32, 64]*> elements, and the results are displayed in
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Figure 2: Scordelis-Lo roof. Convergence study with uniform refinement. In the right figure, the y—axis has

been rescaled for a close-up view.

G-

Figure 3: Scordelis-Lo roof. Uniform and boundary refined meshes, displayed on the deformed geometry

(deformation scaled for visualization by a factor of 20).
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Figure 4: Scordelis-Lo roof. Convergence study with boundary refinement. In the right figure, the y—axis

has been rescaled for a close-up view.
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Figure 5: Scordelis-Lo roof, membrane forces. (a)-(c) show results from the presented collocation approach,

(d)-(f) are obtained with isogeometric Kirchhoff-Love shell analysis for comparison.
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Figure 6: Scordelis-Lo roof, bending and twisting moments. (a)-(c) show results from the presented colloca-

tion approach, (d)-(f) are obtained with isogeometric Kirchhoff-Love shell analysis for comparison.
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Figure 2. As expected, strong locking can be observed for p = 3, with the results being
far from the reference solution even for the finest mesh. For p = 4 to p = 8, the results
are significantly better, however, they converge very slowly, even for the highest degrees. In
the right plot in Figure 2, the y—axis is rescaled such that this effect can clearly be seen.
This behavior is due to boundary layers, which are not resolved properly by the uniform
mesh refinement. Therefore, we adopt a graded mesh refinement, where we first insert
additional knots at v/L - h from the boundaries and then perform uniform mesh refinement
of the existing elements. In Figure 3, examples for uniform and boundary refined meshes are
depicted. Figure 4 shows the convergence curves obtained with boundary refinement. The
results of p = 3 are still far away from convergence and also p = 4 is not fully converged as
can be seen in the close-up view in the right figure. However, very good results are obtained
for p > 5, with convergence after few steps for p > 6. It should be noted that on the z-axis,
the total number of elements N, per side is displayed, which means that for the same N
the mesh is much coarser in the interior for the boundary refined cases, as can be seen also in
Figure 3. The converged solution is obtained as v, = —0.3020, which is slightly lower than
the reference value. Furthermore, we investigate the quality of stress resultants obtained
with this method. Since no reference values for stresses or stress resultants are provided in
[60], we solve the problem via isogeometric Kirchhoff-Love shell analysis [6] for comparison.
In Figure 5, the membrane force components ni1, nss, nis are depicted, with the indices 1 and
2 corresponding to the circumferential and longitudinal directions, respectively. Subfigures
(a)-(c) show the results obtained with the presented collocation approach on the finest mesh
and p = 8, while (d)-(f) are the results for comparison, obtained with isogeometric Kirchhoff-
Love shell analysis on a 64 x 64 mesh with p = 5. Very good agreement in the results can
be observed. Figure 6 depicts the corresponding results for the moments mqy, mas, M2, and

also here, very good agreement can be observed.

5.2. Clamped hemispherical cap

The second example is taken from [61] and consists of a clamped hemispherical cap
(K > 0) under a sinusoidal external pressure loading. We model only one quarter of the

geometry imposing symmetry conditions on the respective boundaries, as depicted in Figure
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clamped

Figure 7: Clamped hemispherical cap. Geometry and boundary conditions. A quarter of the problem with

symmetry conditions is modeled.

Figure 8: Clamped hemispherical cap. Deformation (scaled for visualization by a factor of 3 - 10%).
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Figure 9: Clamped hemispherical cap. Convergence study. In the right figure, the y—axis has been rescaled

for a close-up view.

7. The geometric and material properties are given as R = 1, h = 0.01, E = 2 - 10, and
v = 0.3. The pressure load is given as a function of the polar angle, ps(¢) = poh cos(2¢),
with po = 10°. As reference solution, the vertical displacement at the pole is given as
v, = —7.73688 - 107° [61].

Special consideration has to be given to the imposition of boundary conditions at the pole
for avoiding numerical problems due to the geometric singularity. While we have Dirichlet
conditions for v; = vo = w; = wy = 0, the deformation in w3 is free and the corresponding
Neumann condition needs to be imposed. Considering 6' as the azimuth direction and 6
as the polar direction, we need to impose the Neumann condition ¢? = 0 at the pole, which
means on all collocation points of this collapsed edge. Due to the singularity, we obtain
a1 = by = 0 there, while ags and by are still finite and non-zero. Using that we further
have a1 = b1y = 0, the formula for the boundary shear force can be significantly simplified
and finally reads as

P9 (it ). o
Qg2 az2
which we collocate on all collocations points coinciding in the pole.

For this example we did not find any influence of boundary layers and the best results

were obtained with uniform mesh refinement. Figure 8 depicts the deformed configuration

and Figure 9 shows the results of the convergence study. The converged solution is obtained
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Figure 10: Partly clamped hyperbolic paraboloid (isolines are plotted for visualization but do not represent

an analysis mesh).

Figure 11: Partly clamped hyperbolic paraboloid. Undeformed (light shading) and deformed (dark shading)
configurations with boundary refinement. The deformation has been scaled for visualization by a factor of

1.5-103.

as v, = —7.74513 - 1075, which is slightly higher than the reference value from [61]. Again,
we observe strong locking for p = 3, which does not reach the converged value within the

meshes considered, while all other degrees perform quite well, especially for p > 6.

5.8. Partly clamped hyperbolic paraboloid

This example is also taken from [61]. It has a hyperbolic geometry (K < 0), which is
described by z = 2% — 42, (z,y) € [-L/2,L/2)?, as depicted in Figure 10. The geometric
and material parameters are given as L = 1, h = 0.01, £ = 2- 10, v = 0.3. The
shell is clamped along the side x = —L/2 and subjected to self-weight loading given as
p, = —8000 - h. As reference solution, the vertical displacement at point A (zr = L/2,
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Figure 12: Partly clamped hyperbolic paraboloid. Convergence study. In the right figure, the y—axis has

been rescaled for a close-up view.

y = 0) is given as v, = —9.3355-107° [61]. This problem exhibits significant boundary layers
and we adopt again a graded refinement scheme as described in Section 5.1, with higher
refinement in a width of v/L - h from the edges. Figure 11 shows a boundary refined mesh
on the undeformed and deformed configurations. In Figure 12, the convergence curves are
depicted. The converged solution is obtained as v, = —9.3533-107°, which is slightly higher
than the reference value. Similar to the previous examples, p = 3 performs very badly, but
also p = 4 and p = 5 do not reach convergence within the considered range of meshes. For

p > 6, however, very good convergence can be observed again.

5.4. Cylindrical shell strip

The final example is taken from [15]. It consists of a cylindrical shell strip, which is
clamped on one side and subjected to a constant line load in radial direction on the opposite
free edge, see Figure 13. The geometric and material parameters are given as R = 10,
W =1, E =103 v =0. The applied load is scaled with the shell thickness F' = 0.1 - h? and
different thickness values ranging from thick to very thin shells are considered. As reference
solution, the radial displacement under the load has been computed in [15] according to
Euler-Bernoulli beam theory as approximately v, = 0.942. This example is often used to
study membrane locking, but it should be noted that both membrane and shear locking are

present. We solve the problem for various thickness values with the slenderness R/h ranging
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Figure 15: Clamped hemispherical cap. Study on the computational time for assembly, normalized by the
result for the coarsest mesh. Left: Results gathered by polynomial degree. Right: Results gathered by mesh

size.

from 10 to 1000. The mesh is chosen such that the number of collocation points in the long
direction is 30 for all polynomial degrees, i.e., 30 — p elements are used. In Figure 14, the
convergence curves are depicted. It can be seen that p = 3 performs very badly over the
whole range of slenderness, p = 4 and p = 5 are accurate until a slenderness of 100 but
deviate from the reference solution for higher values, while the results for p > 6 are very

good even for the very slender cases.

5.5. A short discussion on locking, polynomial degree, and computational efficiency

It is a general feature of IGA-C that primal formulations may suffer from the same locking
problems as corresponding Galerkin formulations, which has been observed already in the
context of shear-deformable beams, rods, and plates [34, 36-40]. Corresponding locking-free
collocation methods can be obtained, e.g., by adopting mixed formulations [34, 36, 38-40],
similar to mixed Galerkin methods. In this context it is also worth noting that while the
source of locking in IGA-C is the same as in Galerkin methods, namely the unbalance of the
discrete approximation spaces, the effects can be different. In contrast to Galerkin methods,
the displacements affected by locking in IGA-C do not necessarily tend towards zero in the
thin limit, but can also behave rather oscillatory, as can be seen in the results for p = 3
in Figure 14. Obviously, the term locking is somewhat inappropriate for this behavior from

a phenomenological point of view, but it is kept due to the analogy to locking in Galerkin
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Figure 16: Clamped hemispherical cap. Study on the total computational time, normalized by the result for

the coarsest mesh. Left: Results gathered by polynomial degree. Right: Results gathered by mesh size.

methods.

As in Galerkin methods, the effects of locking in IGA-C decrease with increasing polyno-
mial degree. For the presented shell formulation, the numerical tests indicate that polynomial
degrees p > 5 are necessary to obtain good results without excessively fine meshes. How-
ever, the important difference between IGA-C and Galerkin methods is that for the latter,
the computational effort for the assembly increases exponentially with p due to numerical
quadrature, while in IGA-C only one collocation point per degree of freedom (which is ap-
proximately one point per element) is needed, independently of the polynomial degree. For
problems affected by locking, like the presented shell formulation, this makes the use of high
polynomial degrees a simple and efficient way of avoiding locking.

In the following, we perform a study on the computational time spent on the assembly
of the system matrices for different polynomial degrees and meshes. Figure 15 shows exem-
plarily the results for the hemisphere problem. In the left figure, the curves represent the
different polynomial degrees with the number of elements per side on the z-axis, while in
the right figure the curves represent the different meshes with the polynomial degree on the
r-axis. It can be seen that with mesh refinement, the computational cost increases expo-
nentially, while increasing the polynomial degree has a rather small impact, especially for

the coarser meshes. But even for the finest mesh, going from p = 3 up to p = 8 increases
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the computational time by a factor of less than two. Since the total computational cost,
including the time for solving the equation system, depends not only on the number of col-
location points but also on factors like the bandwidth, which, in turn, depend on p, we also
measure the total computational time, comprising both assembly and solving. The results
are depicted in Figure 16 and support what has been observed in Figure 15, namely, that the
computational cost depends mainly on the mesh size rather than on the polynomial degree.
These results confirm that high polynomial degrees are preferable in IGA-C, in particular

for the presented case of a primal formulation for Reissner-Mindlin shells.

6. Conclusions

In this paper, we applied the concept of isogeometric collocation to the Reissner-Mindlin
shell problem. We started by recalling the necessary background on differential geometry and
the governing equations of shear-deformable shells. We showed that the classical approach of
expressing the equilibrium equations in terms of primal kinematic variables is not suitable in
the case of shells due to the cumbersome form that the expanded equations assume. There-
fore, we derived the formulation in a stepwise approach by creating step-by-step discretized
objects that can be efficiently used to construct the discretized forms of the governing equa-
tions by following closely their expressions in the continuous form. In comparison with the
traditional approach, the stepwise formulation offers enormous benefits in terms of both im-
plementation difficulty and computational efficiency. As collocation points, we adopted the
standard Greville abscissae. Convergence studies have been performed on different bench-
mark problems which cover the three different classes of parabolic, elliptic, and hyperbolic
shells, and which include important effects like locking and boundary layers. Similar to what
has been observed in [40] for Reissner-Mindlin plates, boundary layers significantly affect the
convergence behavior if uniform meshes are used, but results can easily be improved by us-
ing graded meshes, which are more refined at the boundaries. The results are also strongly
affected by locking for lower polynomial degrees, but these effects become insignificant for
high polynomial degrees. In our numerical tests, very good results were obtained for p > 5.
Furthermore, we presented an indicative study on the computational costs, which suggests

the use of high polynomial degrees for both accuracy and computational efficiency. In light of
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these results we believe that the proposed displacement-based formulation with sufficiently
high polynomial degrees presents an efficient and accurate method for a wide range of shell
problems. Nevertheless, the development of a locking-free method, e.g. by using a mixed

formulation, is of interest as well, and is planned as future research.
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Appendix A. Direct displacement-based approach

In this appendix, we present an exemplary part of the equations which are obtained with
the direct approach, where the equilibrium equations are expressed directly in terms of the
primal variables. The equations have been derived with the help of Mathematica by Wolfram
[50] together with EinS [51], a specific Mathematica package able to manage indexed objects
with the Einstein summation convention. Since the full equations span several pages, we
only present here the first component of the first term of Eq. (40), i.e., i'}|y.

The fully expanded form reduced to the first and second fundamental forms as well as
to the Christoffel symbols and their derivatives is given is given in Eq. (A.1). It should be
observed that the selected term involves only the stretching strain tensor a,g, therefore only
three primal kinematic variables appear!. Moreover, the kinematic variables appearing in
such a large number of terms still need to be discretized. We have coded all the required

functions in order to obtain the full system of collocated equations symbolically, but the

computational time became too high making this approach completely impractical.

!Note that in Eq. (A.1) a slightly different notation for the partial derivatives is used, where dv,s and

0*vapy correspond to va,p and va, gy, respectively. The same applies to vs, I'3, and bags -
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