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Abstract

In the collaboration between NTNU, the University of Stavanger, and the University of
Helsinki we pursue a satisfactory answer to the problem of baryogenesis, i.e. the origin of
the asymmetry in the amount of baryons and antibaryons in the universe. Baryogenesis at
the electroweak phase transition cannot be explained by the Standard Model as the phase
transition is a crossover, not strongly first order as required. In addition, the amount of
CP violation in the Standard Model is insufficient. Therefore, we investigate extensions
of the Standard Model to find a viable candidate for explaining baryogenesis.

Using the imaginary-time formalism for quantum field theories at finite temperature,
we have applied the method of dimensional reduction to the Two-Higgs Doublet Model
with a softly broken Zs symmetry. An effective three-dimensional Euclidean bosonic
theory was constructed by integrating out all non-zero Matsubara modes. The parameters
of the effective three-dimensional theory were determined in terms of the parameters of
the original four-dimensional theory, by matching the correlators at long distances. The
effective potential was used to find the scalar correlators. The discussion was extended
to the N-Higgs Doublet Model, where CP violation is only present in the mass-mixing
terms. The results obtained here will be used in a numerical simulation of the electroweak
phase transition in a future paper.




Samandrag

[ samarbeidet mellom NTNU, Universitetet i Stavanger og Universitet i Helsingfors praver
me a finne eit fullngyande svar pa problemet om opphavet til asymmetrien i mengda av
materie og antimaterie i universet. I Standardmodellen er den elektrosvake faseovergangen
kontinuerleg, ikkje sterkt fyrste ordens som vert kravd for & lage ei netto mengd materie.
I tillegg er mengda av brot pa CP-symmetrien i Standardmodellen ikkje tilstrekkeleg.
Derfor undersgkjer me utvidingar av Standardmodellen for a finne ein modell som kan
forklare dei kosmologiske observasjonane.

Ved hjelp av imaginaer-tid formalismen for kvantfeltteoriar ved endeleg temperatur har
vi brukt metoden kalla dimensjonsreduksjon pa 2-Higgs-dublet-modellen med ein mjukt
brota Z; symmetri. Ein effektiv 3-dimensjonal Fuklidisk bosonsk teori blei konstruert
ved a integrere ut alle dei endelege Matsubara-frekvensane. Parameterane til den effek-
tive 3-dimensjonale teorien blei uttrykt som ein funksjon av parameterane til den fulle
4-dimensjonale teorien og temperaturen, ved a setje korrelasjonsfunksjonane pa lange av-
standar til dei to teoriane lik kvarandre. Det effektive potensialet blei brukt til & finne dei
skalare korrelasjonsfunksjonane. Diskusjonen ble utvida til ein N-Higgs-dublet-modell,
kor brotet pa CP-symmetren berre er til stades i masseparameterane. Resultata me kom
fram til her vil bli brukt i ei numerisk simulering av den elektrosvake faseovergangen i ein
framtidig artikkel.

i



Preface

I have applied the method of dimensional reduction to the Two-Higgs Doublet Model
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Norwegian University of Science and Technology (NTNU) as part of the study program
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CHAPTER 1
INTRODUCTION

Observations have ruled out the presence of a significant amount of antimatter in the
universe on scales ranging from the solar system to clusters of galaxies, and even distances
comparable to the scale of the present horizon [1]. The dominance of matter in the universe
remains one of the unresolved puzzles in cosmology. Generally, two distinct solutions can
be put forward. Either the universe can be assumed to start out in an asymmetric state,
with no net generation of matter, or the universe starts out in a symmetric state, and
the net amount of matter we observe today has to be generated. It is most natural, both
from an aesthetic and intellectual point of view, to rule out the first alternative. It is
by no stretch of the imagination a satisfactory explanation, as the question of why the
initial conditions of the universe were the way we observe is left unanswered. We will
focus on the second alternative, which requires a mechanism for generating a net amount
of baryons in the universe, also known as baryogenesis.

In 1967, Sakharov recognised that a mechanism for the generation of an asymmetry
in the baryon number in the universe must satisfy certain criteria, the so-called Sakharov
criteria [2]:

1. Baryon number violation
2. C and CP violation

3. Deviation from thermal equilibrium

Here C and P stand for the discrete symmetries charge conjugation (C) and parity (P).
CP is the combination of the two discrete symmetries charge conjugation and parity.
Firstly, we consider baryon number violation. The baryon number is defined as a
third of the difference between the number of quarks and antiquarks. The baryons (an-
tibaryons) are bound states of three quarks (antiquarks), which give rise to the numerical
factor. The requirement of baryon number violation follows immediately from the as-
sumption of a symmetric initial state of the universe (vanishing baryon number), and the
observations of an asymmetric universe (non-zero baryon number). As both quantum
electrodynamics (QED) and quantum chromodynamics (QCD) preserve baryon number,
we look to the electroweak sector of the Sandard Model (SM) for help, where baryon num-
ber conservation is broken by the chiral anomaly [3; 4]. The rate of the baryon number
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non-conservating processes is negligible at zero temperature, but at high temperature the
rate ~ exp[—%], where My, (T) is the mass of the intermediate vector bosons W*
[5]. Above the electroweak phase transition the mass of the intermediate vector bosons
vanishes together with the vacuum expectation value (VEV) of the Higgs field [6], and the
rate of the baryon number violating processes is rapid compared to the rate of expansion
of the universe.

The second criterion is that the discrete symmetries C and CP must be violated. If this
were not the case, then the rate of processes involving baryons would be equal to the rate of
the processes involving antibaryons. No net baryon number would be generated. Baryon
number violating processes, called sphaleron processes, must be biased in producing more
baryons than antibaryons. For this to be possible, C and CP must be violated.

The last criterion is that the universe must be out of thermal equilibrium, which is
connected with the symmetry CPT, i.e. CP together with the discrete symmetry time
reversal (T). Any unitary, Lorentz invariant quantum field theory has been shown to be
invariant under the CPT symmetry [7]. The transformation properties of the baryon
number are such that it is invariant under P and T, while it changes sign under C. Thus,
when calculating the thermal average of the baryon number at equilibrium, the average
can be shown to vanish. In order to avoid reaching the obviously wrong conclusion of a
vanishing baryon number, the universe must have been, at some stage, away from thermal
equilibrium, and thereby invalidating the argument above. A possible way of ensuring
a deviation from thermal equilibrium is to let the universe undergo a first order phase
transition.!

The electroweak phase transition (EWPT) has been intensively investigated due to
its possible connection to the generation of the asymmetry in the baryon number in the
universe [5; 8] (see refs. [9; 10] for reviews). One of the most important features of the
phase transition is the requirement to be of first order. This is to ensure deviation from
thermal equilibrium. If the phase transition is first order, bubbles of the broken phase will
nucleate in a sea of the symmetric phase. Then the bubbles will expand, collide, coalesce,
and fill the whole universe [5; 11]. The baryon asymmetry is generated in the vicinity of
the expanding bubble walls, away from thermal equilibrium.

For the baryon asymmetry generated during the phase transition to survive until today,
sphaleron processes (baryon number violating processes) must be suppressed immediately
after the phase transition [8]. The strength of the phase transition is reduced when
increasing the mass of the Higgs boson [10], and weakly first order phase transitions will
not sufficiently suppress the sphaleron processes, and no net baryon number will survive.
This problem arises in the SM: with a Higgs mass of 125 GeV [12; 13], the phase transition
is not strongly first order, but a crossover transition, and the SM is unable to account
for baryogenesis at the EWPT [14; 15; 16]. In addition, the amount of CP violation is
suppressed at high temperatures and it is clear that the amount of CP violation in the
SM is insufficient [17; 18; 19; 20; 21; 22; 23; 24]. Since the SM is unable to explain the
baryon-antibaryon asymmetry in the universe, we need physics beyond the SM.

As the SM is unable to account for baryogenesis, extensions of the SM have been inves-
tigated, as the Minimal Supersymmetric Standard Model (MSSM) [25], scalar-extended
Standard Model (SSM) [26] and the Two-Higgs Doublet Model (2HDM) [27]. The theo-

!The requirement that the universe undergo a first order phase transition is not sufficient; the phase
transition must be a strong first order phase transition in order to ensure the suppression of sphaleron
processes in the broken phase.




ries are investigated to find regions of the parameter space where the phase transition is
strongly first order, to avoid the wash out of the excess of baryon number by sphaleron
processes.

Investigating the EWPT has been made feasible by applying the techniques of di-
mensional reduction [28] and effective field theory [29]. The idea behind dimensional
reduction is that in the imaginary-time formalism, discussed in section 2.1.2, the bosonic
and fermionic fields acquire a Matsubara frequency, which acts as a mass term. All but
one bosonic mode, the zero mode, have a non-zero thermal mass, and decouple from
the bosonic zero mode at high temperature and weak coupling, according to the decou-
pling theorem by Appelquist and Carazzone [30]. We can integrate out the so-called
superheavy modes, i.e. the modes with a mass of order 7', and are left with an effective
three-dimensional theory with only zero modes. All the infrared problems of finite tem-
perature field theory are associated with the zero modes, so the method of dimensional
reduction is free of infrared problems. Several momentum scales are present if we consider
a non-abelian gauge theory [28]. The temporal component of the gauge field acquires a
mass of order g7T', while the spatial component of the gauge field provides a momentum
scale of order ¢*T non-perturbatively. The scalar mass in theories with a single Higgs
doublet will generally be of order ¢?T close to the phase transition. When extending the
number of Higgs doublets, the masses of the additional scalar fields are normally of order
gT [25]. It is useful to also integrate out the fields of order ¢T', i.e. the temporal compo-
nent of the gauge field and possibly some scalar fields, to construct a second effective field
theory [29]. Studying the resulting effective field theory at high temperature has been
useful. The effective theory contains severe infrared problems in the symmetric phase,
and perturbation theory breaks down. Therefore, the phase transition was studied on the
lattice [31; 14; 15; 16].

The recent detection of gravitational waves [32] is relevant for baryogenesis. During
a first order phase transition, the colliding bubble walls and the aftermath of the bubble
collisions will produce gravitational waves. The possibility of detecting the gravitational
waves produced at a first order electroweak phase transition would be a direct probe of
the mechanism for baryogenesis [33; 34; 35]. Thus, cosmological observations will give
insight into the particle content of the underlying theory. The detection (or absence of)
primordial gravitational waves will help verify or falsify possible extensions of the SM,
and will give complementary information to the information obtained through collider
experiments. The space-based detector eLISA [36], expected to be launched in 2034, may
observe gravitational waves originating from the EWPT. Thus, investigating the strength
of the EWPT in extensions of the SM is of great interest.

The outline of the thesis is as follows. In chapter 2 background material needed for
the rest of the thesis is briefly discussed. In chapter 3 the Two-Higgs doublet model is
introduced. In chapter 4 correlators needed for dimensional reduction are presented. (-
functions for the gauge couplings are also calculated. Chapter 5 discusses the effective
potential, and extracts the counterterms for the scalar sector. [-functions for the scalar
couplings are also presented there. The method of dimensional reduction is applied to the
2HDM in Chapter 6, and the connection between the parameters in the effective three-
dimensional theory and the full four-dimensional theory is discussed. In Chapter 7 the
discussion is generalised to the N-Higgs doublet model. Chapter 8 contains a conclusion
and outlook for future work.
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CHAPTER 2
PRELIMINARIES

This chapter contains a discussion of some of the fundamental concepts needed to un-
derstand the thesis. For a basic introduction to thermal field theory (TFT), see e.g.
[37; 38; 39]. The informed reader may skim through or skip altogether this chapter.

2.1 Thermal field theory

Extending the framework of quantum field theory to finite temperature is of interest in
many areas of research, from the interior of compact stars to heavy ion collisions and
the evolution of the universe. New phenomena arise at finite temperature, as e.g. a new
phase in QCD called the quark-gluon plasma [40], relevant for both heavy ion collisions
and the early universe [41; 42]. Another phenomenon arising at finite temperature, central
to baryogenesis, is the electroweak phase transition [8; 9; 10].

Two main frameworks for describing quantum field theories at finite temperature have
been developed, the imaginary-time formalism and the real-time formalism. There are
advantages and disadvantages with both frameworks, as we will shortly discuss.

The imaginary-time formalism naturally connects statistical mechanics with the path
integral of quantum field theory. Many of the same methods can be employed in evaluating
the path integral representation of the partition function, both perturbative methods
(Feynman diagrams) and numerical calculations. One shortcoming of the imaginary-time
formalism is that it is unable to describe out-of-equilibrium phenomena.

The real-time formalism can account for both equilibrium and non-equilibrium be-
haviour, but the technical evaluation is more cumbersome than in the imaginary-time
formalism. We will use the imaginary-time formalism throughout the thesis.

2.1.1 Statistical field theory

We recall some basic notions from statistical field theory. A field theory in thermal
equilibrium can be described by the partition function. In the grand canonical ensemble
the partition function is a function of the temperature 7', volume V', and the chemical
potential p. The partition function is defined as the trace of the density matrix of the
system p,
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Z="Tep=7 (gle ") (2.1)
¢

p=eHIT, (2.2)

where H is the Hamiltonian, and |¢) is an eigenstate of the field ¢. The sum is over a basis
of eigenstates. We can find macroscopic quantities of the system through the relations

dlog Z
P=T 2.
5y (2.3)
dlog Z
N=T 2.4
o (2.4)
_ dT'log Z
S = 5T (2.5)
E=—-PV+TS+ uN, (2.6)

where P is the pressure, N is the number of particles, S is the entropy, and F is the
internal energy. The density matrix can be used to calculate the thermal average of a
physical observable (O),

TrOp
A
More details can be found in any decent textbook on statistical field theory. From now on
we set the chemical potential to zero. In the next section, we will connect the partition

function to the path integral formalism.

(0) = : (2.7)

2.1.2 Imaginary-time formalism

We want to connect the statistical mechanics partition function with the path integral of
quantum field theory. The main idea of the imaginary-time formalism is to recognise that a
four-dimensional theory at finite temperature is equivalent to a 34+1 dimensional theory,
with three dimensions of space and a compact dimension of time, with (anti-)periodic
boundary conditions.

When deriving the path integral formalism for finite temperature field theory, we follow
[43]. Consider the transition amplitude for going from |¢pg) at t =0 to |¢1) at t =,

(p1]e™ | ) = /\//DWDQS exp {Z /Ot1 dt/d3a: {Wgzﬁ — H(W,qb)H , (2.8)

where |¢g) and |¢p1) are eigenstates of the field ¢, H is the Hamiltonian density, 7 is the
conjugate momentum of the field ¢, ¢ = 0¢/0t, and N is a normalisation factor. The
integral [ D¢ goes over all possible field configurations respecting the initial and final
conditions, while the integral [ D is unconstrained.

In quantum field theory at zero temperature, we often analytically continue our theory
from real to imaginary time: ¢ — —i7, where 7 is real. This means that we have moved
from Minkowski to Euclidean space, as the metric takes the form of a Euclidean metric

(with a change of sign): t? — x? — — (72 + x?).

6



2.1 Thermal field theory

We now rotate our path integral to Euclidean space. Also, we identify it; = 1/T. The
transition amplitude in eq. (2.8) has become

(pr|e™ /T |pg) = ./\//DWD¢ exp [/Ol/T dT/dSZE [mrgb — H(m, gb)” , (2.9)

where now ¢ = d¢/dr. We recognise that eq. (2.9) is very similar to eq. (2.1). The main
difference is that in eq. (2.1) the initial and final states are identical, and we sum over all
such states. To connect the partition function to the path integral we restrict the integral
/D¢ to go over all periodic paths, i.e. paths where the field configuration is the same at
t=0andt=1/T. We then write

Z="Tee T =3 (gl "/T|g)
¢

= N/D?T /periOdic D¢ exp l/ol/T dT/dgx [mgzﬁ — H(m, (b)w : (2.10)

The momentum integration is unrestricted, as before. Most Hamiltonians are at most
quadratic in the conjugate momentum, and we can perform the integral [Dm by com-
pleting the square. We can replace the conjugate momentum in favour of ¢, as we go
from a Hamiltonian to a Lagrangian description of the system. Thus, we have that

Z =N /p _ Doexp l /0 Y / B0, ¢)] , (2.11)

where N’ is a new temperature-dependent normalisation constant.

We want to take a closer look at the boundary conditions for the fields, and consider
a Euclidean Lagrangian £(®, V) with bosonic and fermionic fields ® and W, respectively.
Take the bosonic thermal Green function for propagation from the point (#,0) to the
point (Z, 1),

Gp(Z,y;7,0) = 7 : (2.12)
where T’ is the imaginary-time ordering operator,
T [®(n1), B(72)] = ®(11)P(72)0(11 — 72) + B(72)@(11)0(72 — 71), (2.13)
and 0(7) is the Heaviside step function. We use the Heisenberg time evolution
MR (,0)e T = (g, 1/T), (2.14)

and the commutation property of the imaginary-time ordering operator and the Hamil-
tonian, {TT, e_H/T} =0, to get

GB(£7 gv T, O) = GB<f7g7 7—71/T)7 (215)

which implies
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O(7,0) = o(2,1/T). (2.16)
For the fermions, we make the exact same steps. The only difference is the definition of
the imaginary-time ordering operator,

T [V(m), W(mo)] = W (m)W(2)0(T1 — T2) — V(72)¥(71)0(T2 — T1), (2.17)
coming from the statistics for the fermionic fields. This minus sign goes through the
calculation, and we end up with

U(Z,0)=—V(z,1/T). (2.18)

Hence, the bosonic fields obey periodic boundary conditions, while the fermionic fields
obey antiperiodic boundary conditions in the compactified imaginary-time direction.

In summary, to construct a path integral representation of the partition function from
a zero-temperature Lagrangian, we perform the following steps:

i Do a Wick rotation from Minkowski to Euclidean space, where 7 = it is the imaginary-
time.

ii Let
L=—Ly(r=it) (2.19)

where L), is the zero-temperature Lagrangian in Minkowski space.
iii Compactify the imaginary-time dimension, e.g. restrict 7 to the interval (0,1/T).
iv Impose (anti-)periodic boundary conditions for the bosonic (fermionic) fields,

O(x,0) = O(x, 1) (2.20)
U(x,0) = —U(x, 7). (2.21)

Because of step (i), the method is known as the imaginary-time formalism (ITF).
The Euclidean action takes the form

S = /0 Epn / Bz, (2.22)

where the imaginary-time integration only goes over the interval (0,1/7"). Because of
the boundary condition egs. (2.20) and (2.21), the bosonic and fermionic fields can be
expanded as

O(x,7) = VT i Pn()e™nT (2.23)

n=—oo

U(z,7) =VT i U ()™ (2.24)

n=—oo

The values of the so-called Matsubara frequencies are

8



2.1 Thermal field theory

= 2n7T, for bosons (2.25)
= (2n+ )77, for fermions (2.26)

where n € Z. By inserting eqs. (2.23) and (2.24) into the Euclidean action in eq. (2.22),
we can trivially perform the integral over imaginary time. The resulting action is a three-
dimensional integral over space, and a sum over the Matsubara frequencies. Thus, we can
see that a quantum field theory at finite temperature is the same as a three-dimensional
Euclidean theory with an infinite number of fields. This feature of the imaginary-time
formalism will be useful later when we consider effective theories and dimensional reduc-
tion.

Going to momentum space, where we normally perform our calculations, we see that
the finite temperature effect amounts to replacing the normal four-momentum integration
by an infinite sum and a three-momentum integration times the temperature,

/ @TZI -3 | G o 2:27)

We will use the short-hand notation i and . defined in eq. (A.4).
K K

2.1.3 Thermal mass

To get more acquainted with the ITF, we will start by looking at a scalar theory. We
will assume that the temperature is sufficiently high so that any bare mass scales can be
neglected. The Euclidean Lagrangian takes the form

£= 2007+ 2o (225)

where ¢ is the scalar coupling constant. We use the notation g2 instead of the conventional
A because it turns out that the perturbation theory is an expansion in g, not A = ¢? as
at zero temperature. This point will be discussed in more detail in section 2.1.6.

We can divide the Lagrangian in eq. (2.28) into a free and an interacting part,

1 2 _ g 4
Efrce - §<a,u¢) 3 £int - E(b . (229)

The Feynman rules are derived in a similar fashion to the zero temperature case [43]. The
scalar propagators take the form 1/K?, and the interaction vertices give a factor of —g?.
The first quantum correction to the self-energy comes in the form of

7 — = _ 2I4b 9
% 7 (230

We use dimensional regularisation with d = 3 — 2¢ to regularise the ultraviolet (UV)
divergences. The UV divergence in eq. (2.30) is set to zero in dimensional regularisation,
and we get a finite result. At zero temperature the corresponding integral will simply
be zero. The sum-integral is evaluated in appendix C, and gives the value I} = T?%/12.
Thus, the self-energy at one-loop is
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g2T2 _ m2

24 — 7
The scalar field has acquired a thermal mass m% of order ¢T, arising from interactions
with the heat bath.

7 —

(2.31)

2.1.4 Phase transitions

In section 2.1.3 we found the thermal mass of a scalar theory to one-loop accuracy to be
m% = %TQ. This is an effective mass, and arises because the propagation of particles in a
heat bath is altered by their continuous interactions with the medium. The mass is also
called the Debye mass, from the similar effect in QED plasma [44]. This is one of the
major results of thermal field theory. A similar phenomenon is present in QCD at finite
temperature [45].

The thermal mass has important consequences for cosmology. Consider a potential
with a negative mass-squared term at low temperatures

Vi (¢>)——122 g 4 2.32
low T(@) = 2,U¢ +4!¢- (2.32)

Clearly, one extremum of the potential is at a vanishing value of the field, ¢ = 0.
Other extrema of the potential are at non-zero values of the field, ¢ = +4/6p42/g2. 1If
the mass term is truely negative (u? > 0), then the global minimum is away from the
origin. We have a phenomenon called spontaneous symmetry breaking, where a symmetry
possessed by the Lagrangian is not shared by the ground state. Here the system has a
¢ — —¢ discrete symmetry, while for the ground state, we must choose either the left
or the right minimum. The same happens for continuous symmetries as well, e.g. in the
Higgs mechanism [46].

However, interactions with the heat bath induce a positive mass-squared term, and at

very high temperatures the effective potential takes the form
P e

Vhigh 7(¢) = Z8T2¢2 + ﬂ¢4- (2.33)
The unique minimum of the potential is at ¢,;, = 0. Hence, there must be a phase
transition between the high- and low-temperature regimes. To find the order of the phase
transition, subleading terms must be taken into account. Even so, this is an important
result. A spontaneously broken symmetry can be restored at sufficiently high temperature
[6]. This symmetry restoration is the underlying mechanism for the electroweak phase
transition, where the nonzero VEV of the Higgs field we observe today vanishes at high
temperatures.

For the universe to move away from thermal equilibrium, the phase transition must
be of first order. A barrier between the high-temperature minimum at the origin and the
low-temperature minimum away from the origin arises near the critical temperature T..
The critical temperature is the temperature where the high- and low-temperature minima
are both global minima. Figure 2.1 shows a sketch of a first order phase transition, where
the minimum at the origin has been shifted to coincide with the horizontal axis. The other
possibility is that the phase transition happens continuously, i.e. that no potential barrier
is present at the critical temperature. This is called a second order (or continuous) phase

10



2.1 Thermal field theory

First order phase transition Second order phase transition
Lo L
— T>T. — T>T,
— T=T, — T=T,
— T<T. — T<T,

o)

Vo)

Figure 2.1: A sketch of a first order phase tran- Figure 2.2: A sketch of a second order phase
sition. A barrier separates the two minima at transition. No barrier is present at the critical
the critical temperature. The value of the min- temperature. The value of the potential at the
imum at the origin is shifted to zero. origin is shifted to zero.

transition, and fig. 2.2 shows a sketch of a continuous phase transition. Alternatively, the
transition can be a crossover, where we cannot distinguish between the two phases.

The relevance of the order of the phase transition goes back to the criteria for baryo-
genesis by Sakharov [2]. One of the criteria for baryogenesis is the deviation from thermal
equilibrium. If the electroweak phase transition is a strong first order phase transition,
the deviations from equilibrium are large, and a net baryon number can be produced by
CP violating scatterings of the bubble walls with the surrounding plasma. The net baryon
number will not be washed-out by sphaleron processes, and survive until today. However,
if the phase transition is of second order or is a crossover, then no net baryon number
will be generated, as the sphaleron processes are not suppressed. Thus, the order of the
phase transition determines the generation of any net baryon number through electroweak
baryogenesis, and is therefore responsible for all the matter we observe in the universe
today, including you and me.

From the discussion above, we were able to find that there must be a phase transition
between the low and high temperature regimes. However, we were not able to see if the
phase transition was first or second order. We again have the potential

1% T—g—Q T2—24“—2 2 9—24—DT2—T2 2 9—24 2.34
(6.7) = 35 )0+ et = DT =T+ et (230)

where we have defined D = ¢?/48 and T} = 241%/g?. At T < Ty, the global minima are

at dmin(T < Tp) = £ %&;’—TQ), while a local maximum is at ¢p.x(7T = 0) = 0. The

Zy symmetry ¢ <> —¢ of the Lagrangian is spontaneously broken. At T" > T, we have
only one global minimum, ¢u;,(T > Ty) = 0. For T' = Tj, both the solutions collapse at
Gmin(T = Ty) = 0. There is no barrier between the low and high temperature solution for
the minimum, so this phase transition is a second order phase transition.

However, for baryogenesis we need a first order phase transition in order to have
deviations from thermal equilibrium. Consider the potential

11
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V(p,T) = D(T? —T})¢* — ET¢> + f’;gb“, (2.35)

where we have included a cubic term with the constant coefficient E. This is actually the
form of the SM effective potential at one-loop and analysed in refs. [47; 48; 49]. However,
perturbation theory is not to be trusted too close to the phase transition. We will treat
the potential as an example of a first order phase transition. At temperatures above T}
the only minimum is at ¢uin(7° > 71) = 0, where

49°DT}
TP= ———9% 2.36
' 4¢2D — 27TE2 (2.36)
Ty is also the temperature when a local minimum at ¢(77) # 0 appears. This is an
inflection point. The value of the inflection point is (¢(71)) = 9ET}/g?. For T < T; a
barrier between the global minimum at the origin and the local minimum away from the
origin starts to develop. The local minimum and the maximum of the barrier are at ¢(T') =

(9ET + \/81E2T2 —12¢2D(T? — TOQ)) /g2, respectively. At the critical temperature T,
the origin and the other minimum become degenerate, where

2 92DT02

_ 90 2.
¢ 2D — 6E2 (2.37)

Below the critical temperature, the global minimum will no longer be at the origin, and
the local minimum at the origin becomes metastable. Finally, the barrier disappears at
T = T, and the origin becomes a local maximum.

One last comment is in order. The SM phase transition cannot be reliably analysed
using only perturbation theory, as perturbation theory fails close to the phase transition.
The SM phase transition was analysed using Monte Carlo simulations in the mid 90s,
and the conclusion was that the strength of the phase transition depended on the mass
of the Higgs boson [14; 15; 16]. The main result was that the phase transition turns into
a crossover when the mass of the Higgs is above about 80 GeV. The phase diagram of the
electroweak phase transition is similar to the liquid-vapour phase diagram of water, with
a first order line ending in a second order point, called the critical point. At higher tem-
peratures and pressures the transition is a crossover, where it is impossible to distinguish
between the liquid and the vapour phase.

2.1.5 Infrared problems

It is well known that quantum field theories at finite temperature are plagued with infrared
problems [50]. We will use a simple scalar theory to illustrate some of the problems arising
from loop diagrams at finite temperature.

Consider again the massless g2¢*theory,

£=Lto,.0r 4 Lt 2

where ¢? is the scalar coupling. The usual procedure of replacing the four-dimensional
momentum integrals with an infinite sum and a three-dimensional momentum integral is

12



2.1 Thermal field theory

applied. As for the scalar propagator, we get at the two-loop level the contribution®

4
2a) __ g 1 1
19 = —Zgé ﬁgé( OB (2.39)

For the zero mode n = 0, we have the integral

k1 1
/(27T)3(k2)2 ~ /dkﬁ ~oo ask—0. (2.40)
The sum-integral diverges at large distances, or small momenta. We call this kind of
divergence an infrared (IR) divergence. There is an infinite set of infrared divergent
Feynman diagrams, with increasingly severe divergences. The problem of the infrared
behaviour of quantum field theories at finite temperature looks at the offset to be an
unmanageable problem. However, much work has been devoted to curing the problem, as
we will see shortly.

We will look at one example of resummation, and see that the infrared divergences
disappear when an infinite set of Feynman diagrams is summed.

2.1.6 Resummation

We will here present the resummation program initiated by Braaten and Pisarski [51]. A
review of the program of resummation is presented in [52].

In the 1980s, a major problem of the apparent gauge dependence of the gluon damping
rate Yqamp stimulated progress in understanding quantum field theories at finite tempera-
ture. As the damping rate is a physical quantity, it cannot be gauge dependent. Pisarski
[53] pointed out that the one-loop calculations performed to date were incomplete, and
an infinite subset of diagrams was to be included in order to get the correct result. For
more details see ref. [54].

We will continue to use the massless scalar theory to get a better look at the IR
divergences. In eq. (2.40) we first encountered an IR divergent diagram. Perturbation
theory breaks down because of these kinds of IR divergences. However, in eq. (2.31) we
calculated the thermal mass, which in practice screens the IR divergences. We include
this effect by using the effective propagator

1
A(Wn, k) = ——, ith mg ~ gT' < T. 2.41
(k) = e with g T < (2.41)
The thermal mass can be omitted if the momentum in the propagator is hard, i.e. of order
T. However, the thermal mass must be included if the momentum in the propagator is
soft, i.e. of order gT'. The thermal mass provides an IR cutoff of order ¢g7', and the zeroth

mode contribution in eq. (2.39) now becomes

1 ,p 1 1 1 ,/T*\/ T
1 T/:_4(>( ) O(g*mT). 2.42

Ch et L prrme T 10\ Gey) PO 242
Since mg ~ gT, the contribution to the self-energy is of order ¢*T?, and not the naively
expected ¢g*T?. Other bubble diagrams also contribute at order ¢372, and must be in-
cluded. It can be shown that the bubble diagrams form so-called daisy diagrams, with

IThere is also a contribution from a sunset diagram at the two-loop level, which is logarithmic IR
divergent.
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additional bubbles connected to a central bubble [52]. An infinite subset of these daisy
diagrams must be summed, and the reorganisation of the perturbation expansion is called
resummation.

We have seen that resummation in scalar theories simply amounts to replacing the
propagator with an effective propagator, where the thermal mass is included. A thermal
mass term must also be included in the interaction part of the Lagrangian. For gauge the-
ories, the situation is more complicated, as the thermal "mass” will depend non-trivially
on the external momentum. In addition, the vertices must be replaced by effective ver-
tices, which also depend on the external momentum in a non-trivial way. For more details
on resummation in hot field theories, see ref. [52].

2.2 [-function

We will be using dimensional regularisation to regularise the ultraviolet divergences that
arise both in zero and finite temperature quantum field theory. One feature of dimensional
regularisation is that the regularisation scheme introduces an arbitrary renormalisation
scale pu. All physical quantities should be independent of the renormalisation scale. It
is convenient, and optimal, to set the renormalisation scale such that the contributions
from higher orders are minimised.

The bare coupling constant is independent of the renormalisation scale p,

d 0 o\ 0
_ 5 PR 2.4
MduNb) #auNb)JrﬂawAA(b) 0 (2.43)

where A\ and A are the bare and renormalised coupling constants, respectively. The
B-function is defined as

O 0OA
M@,u - Ologp

The p-function can be determined from the counterterms, as we will see shortly.

b = (2.44)

2.2.1 Structure of the g-function

We will follow the lecture notes by Kaplunovsky [55]. Our goal for this section is to
construct a general expression for the g-function from the relevant counterterms. We will
begin our discussion with a theory with only one coupling constant (e.g. A¢* theory), and
afterwards generalise to a theory with multiple coupling constants (e.g. SM or 2HDM). We
will be using dimensional regularisation and the MS renormalisation scheme? to regularise
and renormalise our theory. An L-loop amplitude can give rise to a pole in € of at most
order L. The MS scheme simply says that we absorb the poles into the counterterm,
which takes the form

AL AL_l Al
5ZL:g2L€T+€L_1 _i_...—i—?. (245)

The bare coupling constant A\, can be written as

2The final answer will be scheme independent to the two-loop level [55]. We can go to the renormali-
sation scheme MS by redefining the renormalisation scale .
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Ny = g2 M)+ A (2.46)

[1+62(w)]

where 1 is the renormalisation scale introduced by dimesional regularisation, and JA and
07 are the coupling constant and field renormalisation counterterms, respectively. We
can write the counterterms as power series in 1/e,

O\ = Z AL+ Z AL u (2.47)

BLk
ek

(2.48)

Sy ey

L=1 k=1

for some constant coefficients Ay, and Br . Taking the limit A — 0 before the limit
¢ — 0, we have

A(p) + 0 (p ) A+ (0 Crk 4
1+ 62w’ ) Z kzl et (2:49)

where the constant coefficients Cp, ;, are given by polynomials in Ay and By, with
L' < L and k' < k. The first few coefficients take the form
Cii=A11-2B11, Co1=A21-2By1, Chp=As0—A11B11+ SB%,I —2DB55, (2.50)

It is convenient to re-express the sum as

)\b = /L%)\(,U) + /LZE i fk(i\lglu)), where fk()\) = i CLJC)\LJrl. (251)
= L=k

We will be doing calculations at one-loop, and it is sufficient to know f;(\), which is given
as

1
f1(A) = Residue of simple — pole of A — 26 Z. (2.52)
€

Now, we will use eq. (2.43) to find the S-function. The bare coupling is independent of
the renormalisation scale p, so the left-hand side of eq. (2.51) becomes

d
—)\, = 0. 2.5
Mdu b (2.53)

The right-hand side of eq. (2.51) is more involved,

uiﬁe[wnﬁW]:26[A<u)+if’“(ilf“)} [1+ka ))] (2.54)

where fi(A(un)) = %(#)fk()\(,u)). By equating the egs. (2.53) and (2.54) we get
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0— ze{w) +§1W} LBV [1 +§1W} (2.55)

By making the g-function dependent on the spacetime dimension, S(\) = (A, €), we can
express it as a power series in €

=3 B (2.56)

where we have only included non-negative powers of € as the S-function is not singular in
the limit ¢ — 0. By combining eqs. (2.55) and (2.56), and rearranging the terms we end
up with

— 2e\ — 26§::1 ka(k)\) = {iﬁn()\)e”] [1 + ki::l fi(k)\q (2.57)

As we can vary €, the two sides should match for any power of €. Since the left-hand side
is at most linear in €, we conclude that

B(A,€) = Bo + €B1(A). (2.58)
This simplifies eq. (2.57) a great deal,

™
P
>~
N~—
8
=
P
>~
S~—

— 2eA(p i = €1 (A )+50+/31§:f71 + 60>, 2 (2.59)
P i € k=1 €
By comparing equal powers in €, we find that
Bi(A) = =2 () (2.60)
Bo(A) = =2f1(A) = BN fL(N). (2.61)

Recursion relations for the fi(A)’s can also be obtained from eq. (2.59), but are not needed
to find the S-function, which takes the form

B = BoN) + Bi(N)e = —26A + (242~ 2) (). (2.62)

The quantity fi(\) is given by the counterterms, e.g. eq. (2.52) in the A¢?* theory.

For a theory with multiple coupling constants we reach a similar result. Let gs(u) be
the coupling constants, with s = 1,...,n. The bare coupling constants can be expressed
as

Ag gs( )+5gs( ( ( )_i_ifk,s(gl(,u),...

Js,bare — W
’ 11 \/1+5Z ¢t

Appropriate
fields ¢

ygn(ﬂ))> ’ (2.63)

k=1

where the Aj is the dimensionality of the renormalised coupling constant gs(p). It is
sufficient to know fi (g1, ..., gs) in order to calculate the S-functions. In a similar fashion
to eq. (2.52), we find that
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1 s
f15(g1, -, 9n) = Residue of simple — pole of |dg; — s Yoo 6z . (2.64)
€ Appropriate
fields i
The p-functions take the form
" 0
Bs(grs- -+ Gn,€) = —Ag(€)gs + Z Kpgp@ — K| fi,s(91,-- -, 9n); (2.65)
p=1 p

where K is given by A,(e) = A4(0) + Kge. For marginal coupling constants A4(0) = 0.
For scalar coupling constants K, = 2, while for gauge and Yukawa coupling constants
K, = 1. In chapters 4 and 5 we use eq. (2.65) to find the S-functions.

2.2.2 Temperature-independence of the counterterms

We have seen in section 2.2.1 that the S-functions can be extracted from the counterterms.
We are familiar with how to extract the counterterms from Feynman diagrams at zero
temperature. However, one may wonder if the counterterms remain the same, or if finite
temperature effects will also contribute to the UV divergences. It turns out that the UV
divergences are the same at zero and finite temperature. Thus, the counterterms and the
B-functions are the same for zero and finite temperature. We can find the counterterms by
calculating the UV divergences at either zero and finite temperature. We will be doing all
the calculations at finite temperature in this thesis, as the finite temperature correlators
are needed for dimensional reduction (see section 2.4).

2.3 Effective potential

The ground state of a quantum field theory including quantum fluctuations can be de-
termined by the effective potential V.. The effective potential was used in studying
theories with a spontaneously broken symmetry by Goldstone, Salam, S. Weinberg [56]
and Jona-Lasinio [57]. The famous one-loop calculation of the effective potential was done
by Coleman and E. Weinberg [58], and the extension to higher-loop was performed by
Jackiw [59].

2.3.1 Generating functionals

We start by finding the effective action in a theory with a scalar field ¢(z) and action
S[¢]. The generating functional can be used to calculate vacuum amplitudes with sources,

217 = "V = [ Dgexp {z’S[qﬁ] = d%qﬁ(m)(}(x)} . (2.66)

The functional W[J] = —ilog Z[J] is the generator of all connected diagrams. We define

the effective action I'[¢] as a Legendre transform of the functional W[J],

L] = W) = [ d'eJ(2)d(a), (2.67)
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where
- _ OW[J]
ole) = = OF (2.68)
Varying I" with respect to ¢ using eqs. (2.67) and (2.68), we obtain
o]  SW[J]6J —6J
— = —¢op—==—J. 2.69
30 57 00 ) % (2.69)

where we have used the notation ¢J = [ d*x¢(z)J(z). In particular, the vacuum in the
absence of external sources is defined by

oT[g]
00
We can expand the generating functionals Z[J] and W[J] in powers of the external
source .J, to obtain a representation in terms of Green functions,

= 0. (2.70)

> ;' /d4x1 o d4q;nG’(n)(:c1, o) (xy) L T () (2.71)
70 .
> :L' /d4x1 . d4anfn)(x1, o) (xy) T () (2.72)
n=0 """
(2.73)

where G,y are the n-point Green functions, and an) are the n-point connected Green
functions. In a similar fashion, the effective action can be expanded in powers of ¢ as?

I'[g] = i);l / dizy . e, DO () B(@) . . (), (2.75)

where T'™ are the one-particle irreducible (1PI) Green functions.
We can Fourier transform the 1PI Green functions and the field as,

(e / H[dﬂ% ”] (2m)* W (pr + -+ + pa) T (p) (2.76)
)= [ dwe (), (2.77)

so eq. (2.75) becomes

d4p 1 7

=3 [T | 5

3The effective action can be expanded in an alternative way, in powers of external momentum

)] 2m) 6D (py + -+ p ) D™ (py, .. pn). (2.78)

6 = [ d'e | ~Vial@) + 5 (0,5())" 20) + .. | (2.74)

where the expansion point is where all external momenta vanish.
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We assume that the classical field is translational invariant, ¢(z) = @.. We define the
effective potential as

~ [ V(o). (2.79)

Using eq. (2.77) and the definition of the d-function, 6™ (p) = [ (31)4 e~ we find that
eq. (2.78) becomes

AR i ;¢?(2W)45(4)(0)F(") (pi = 0) = i L g / d'z. (2.80)

|
n=0 n.

Comparing with eq. (2.79) we end up with

Vet(¢e) = Z =0). (2.81)

So, the effective potential is a sum of 1PI Green functions at zero external momenta. As
we will see, this is exactly what we need when performing dimensional reduction.

2.3.2 Background fields

We will calculate the effective potential using the background field method [60]. We start
by shifting the fields ¢ — ¢+ b, where ¢ is an arbitrary non-dynamical field.* The shifted
action is denoted by Sy[d,¢] = S[¢ + @], with a corresponding shifted effective action
Fb[gE, ¢]. The generating functional of the connected diagrams is defined as before

exp (sz o, J ) /'Dgzﬁexp {251, (;5 o)+ @/d4xJ )} (2.82)
with R
by(x) = w (2.83)

being the analogue of eq. (2.68). By shifting the field ¢ — ¢ — ¢ in eq. (2.82) we find
Wb, J] = W[J] — / d'zJ (2)d(x), (2.84)
which implies that ¢, = ¢ — quS This is as expected, since it only indicates a shift in the

expectation value when we shift the field. By defining the shifted effective action as the
Legendre transform of Wj[¢, J], we find that

Dufb, 6] = Wild, J] - [ d'ad(a J]= [ d'wI(@)[6(@)+d(@)] = Tlo+4], (2385)

where we have used eq. (2.84). In particular, we have that T'[¢] = T',[$, 0], which means
that we can find the functional form of I'[¢] by calculating I';[¢, 0]. Afterwards we simply
replace the background field by the original field in I'[¢].

4Non-dynamical means that we do not integrate over the field configuration in the path integral.
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2.3.3 One-loop effective potential at zero temperature

We will now calculate the effective potential at one-loop order for a scalar theory. We
assume that the quantum fluctuations are small, and perform a saddle-point expansion
around the classical solution ¢g, given by the solution to O¢g 4+ V'(¢g) = J(z). The field
is separated into the classical solution and quantum fluctuations, ¢ = ¢y + ¢. The path
integral can be approximated by

Z = ™~ exp {iS[go] +i(J60)} [ Doexp {i/d% B(a@sf _ V”(¢>o)gﬂ } (2.86)

We have neglected terms of order O(h?), which corresponds to contributions from two- and
higher-loop orders. The functional integral over ¢ is Gaussian, given by det(C+ V")~1/2,
We find that

W = S[go] + (Joo) + ;Tr log(O+ V"(¢0)) + O(h?), (2.87)

where we have used the identity logdet A = Trlog A. The trace is a summation over
discrete and integration over continuous quantum numbers. For a scalar particle, we
only have continuous quantum numbers, and we have to integrate the matrix element
(x|log(O 4 V")|z) only over space-time. In order to do so, we insert a complete set of
plane waves

ﬁ«m%@+vmmww

log k2+V”)(x|k>(k|x Q/

Trlog(Q + V") = / d4x(x| log(O+ V")|z) = / dz
_ /d4

where 2 is a space-time volume. After a Legendre transform, and using that S[¢pg] =
—QV (¢p), we get the effective potential with the first quantum corrections included

d4
log(—k* +V").

(2.88)

Vaa(ou) = V) = 5 [ (4 Tog(— I + " (6n) + O (289

After a Wick rotation to Euclidean space the effective potential is given by

Ve(go) = V(o) + 5 / log(K + V"(0)) + O(1?). (2.90)

We can also write the contribution from fermlons and gauge fields. For fermions, the
one-loop contribution to the effective potential is

Vit = —1/\/ TR \og(2 + M2(60)) (2.91)
© 27 (2m)* f

where M]%(%) is the mass matrix squared for the fermion fields, which is a function
quadratic in the scalar field ¢g. The prefactor A counts the number of degrees of freedom
of the fermions; A = 4 for Dirac fermions and A = 2 for Weyl fermions. Notice the
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sign difference compared to eq. (2.90), which comes from the different statistics between
fermions and bosons.

For the gauge bosons, we get the one-loop contribution

Vitho = T (Pr(@) 5 [ fymys 08( + (Mo (60) (292)

where Mg, (o) is the ¢o-dependent mass squared of the gauge bosons, and Pp(K),, =
6, — K,K,/K? is a projection operator, as defined in appendix B.

The effective potential is divergent, and we have to introduce counterterms to eliminate
the divergent parts. We will determine the counterterms, and thereby the [-functions,
for the scalar couplings in chapter 5.

2.3.4 One-loop effective potential at finite temperature

We wish to extend the framework of the effective potential to include thermal fluctuations.
We can generalise the effective potential found in the previous section using the imaginary-
time formalism. The effective potential for a scalar field found in eq. (2.90) becomes

Varl) = V(6) + Y. log [K7 + V"(6)] + O(), (2.99)

where K = (w,, k) as usual. By including fermion and gauge fields we adopt the same
procedure. From [28] we need the integrals

Cs(m) = —iKlog (M) v = Jy(m) (2.94)
Cy (M) = —;é{ log (det O }_@Kf[]\% K 2)1/2 — (3= 20)y(M) (2.95)
Cr(my) = —i{K} log (ZK—il-mf) " = —4J(my). (2.96)

where m, M, and m; are the eigenvalues of the mass matrices for the scalars, gauge bosons
and fermions, respectively. The prefactor in eq. (2.95) is the trace of the projection
operator in the gauge field propagator, eq. (B.1), in d = 3 — 2¢ dimensions, while the
prefactor in eq. (2.96) indicates that we are working with Dirac fermions. We can see the
similarity to egs. (2.90) to (2.92). The integrals

Jp(m) = ;i}(log(K2 +m?) (2.97)
Jy(m) = ;;ém log(K? + m?) (2.98)

are evaluated in eqgs. (C.15) and (C.16). We should sum up the contribution from all
the degrees of freedom in our theory, using egs. (2.94) to (2.96), to get the full one-loop
effective potential.
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2.4 Dimensional reduction

We see that in the imaginary-time formalism, a (d + 1)-dimensional theory at finite tem-
perature can be viewed as a d-dimensional Fuclidean theory with an infinite number of
fields. The fields are characterised by their Matsubara frequencies, w? = 2n7T for bosons
and w! = (2n + 1)xT for fermions, which act as mass terms. In the high-temperature
limit all fermionic and non-static bosonic fields will be very massive, with mass of order
7. We call the modes with mass of order 77" for superheavy. In an abelian field theory,
e.g. QED, the static component of the gauge field (n = 0) acquires a thermal mass, also
known as a Debye mass, of order ¢g7', similar to what we saw in section 2.1.3. The fields
with mass of order g7 are called heavy. The inverse of the Debye mass is the electric
screening length, as it screens the electric forces. In a non-abelian field theory, we have
one additional mass scale, g*T [61], which screens the colour-magnetic (for QCD) forces.
The fields with mass of order ¢?T or lower are called light. The fermionic and non-static
bosonic fields are superheavy, the temporal part of the zero-mode of the gauge fields is
heavy, while the spatial part of the zero-modes of the gauge fields is light. The zero-mode
of scalar fields can be superheavy, heavy, or light, depending on the zero-temperature
mass.

If the coupling constant ¢ is small, then we can separate the different scales of the
problem, ¢?°T < gT < T. We integrate out all the superheavy modes in the theory, and
are left with an effective three-dimensional theory [62]. This process is called dimensional
reduction [63; 64; 65; 66; 67], and was made into a tool for quantitative calculations
[68; 69; 70; 71]. The idea is based on the observation that at high temperatures, the non-
zero modes become superheavy, and decouple from the bosonic zero modes, according to
the decoupling theorem by Appelquist and Carazzone [30]. All fermionic and non-zero
bosonic modes are integrated out, and the effective theory consists of only static, i.e.
zero-mode, bosonic fields. If the theory contains an additional scale ¢*>T, we can also
integrate out all the heavy modes.

The way we integrate out the heavier modes, is to write down the most general ef-
fective, three-dimensional theory with the relevant fields, consistent with the underlying
symmetries. This effective theory will have a superrenormalisable Lagrangian, along with
higher-order operators. The effective theory should be able to reproduce the same results
as the original theory, by including more and more higher-order operators to increase the
accuracy. We will restrict ourselves to the superrenormalisable part of the effective theory.

We want to express the parameters of the effective theory in terms of the parameters
of the original theory. This is done by matching correlators at zero external momentum
in the two theories. We require the two theories to predict the same behaviour at long
distances, as it is only the short-distance modes that we have integrated out.

We will illustrate the method of dimensional reduction in the context of quantum
chromodynamics (QCD). Later, in the main part of the thesis we perform dimensional
reduction on the 2HDM, where we have omitted the contribution from the colour sector.

2.4.1 Dimensional reduction of quantum chromodynamics

The theory describing the strong nuclear force, called quantum chromodynamics (QCD),
is given by the four-dimensional Lagrangian
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2.4 Dimensional reduction

1 _
Laepaa = pHy Hy, + > Dy, (2.99)

where H}}, = 0,C) — 0,C} + g5/, C'Cy 1s the field strength tensor and gs is the gauge
coupling constant. C}; and f,. are the gauge fields and the structure constants of the
non-abelian gauge group SU(3), respectively, where n = 1,...,8 is the colour index. We
have assumed that the temperature is much larger than any zero-temperature mass scales,
i.e. the temperature is much larger than the masses of the quarks.

The theory of quarks (the fermion fields W) and gluons (the gauge fields) is charac-
terised by asymptotic freedom and confinement [72; 73]. Asymptotic freedom means that
the quarks act as if they were free at very high energy scales, i.e. the strength of the
strong interactions goes to zero at very short distances. On the flip side, the strength of
the strong interactions increases at large distances, and the quarks are confined to bound
states. This is known as quark confinement.

At finite temperature, the quarks and gluons can undergo a phase transition from
the confined phase (hadron phase) to the unconfined phase (quark-gluon phase) [40].
The quark-gluon phase, called quark-gluon plasma (QGP), is relevant for both the early
universe and heavy-ion collision experiments. Thus, finite temperature (and density) can
change the characteristics of a theory dramatically.

The dimensional reduction of QCD has been performed by several authors [65; 66; 74;
75]. We will here briefly outline the procedure.

Firstly, we know that the temporal gauge fields, C§, receive a thermal mass of order
g7, while the spatial gauge fields, C¢, remain massless. From this we construct the most
general three-dimensional Lagrangian containing the (three-dimensional) fields®

Lqcepd = iHZ;HZ’; + ; (DZ-C'S)2 + ;m’gcg(]g + 411)\0 (0303)2 + 0L (2.100)
where D;C§ = (@ — igsgg . @) ¢ is the covariant derivative in the adjoint representa-
tion, g, 3 is the three-dimensional gauge coupling constant, m’; is the three-dimensional
mass of the scalar octet Cf, and ¢ is the three-dimensional self-coupling of the scalar
octet C§. L contains all higher-order operators and counterterms.

We match the two theories by requiring that the correlators at zero external momentum
should be the same, i.e. that the two theories predict the same long distance behaviour.

We can use the results by [71; 76; 77], calculated at one-loop accuracy in the MS scheme,

2
g 2
95 =9°(W)T [1 e (11Lb — gLy 1)] (2.101)
m _ 20072 (14 9102
mp =g~ (1) + (2.102)
6g*T ny

Aa = 1—— 2.103
A (47)2 ( 9 ) ( )

where ny is the number of fermion flavours, L, = 2log (ﬁ) +2vg, Ly = Ly +4log2, u
is the renormalisation scale coming from dimensional regularisation and g is the Euler-
Mascheroni constant.

5We have maintained the same notation for the three- and four-dimensional fields for simplicity.
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Chapter 2. Preliminaries

After integrating out the superheavy fields, we end up with eq. (2.100), which contains
two mass scales. One is associated with the Debye mass, of order ¢7', and the other is
the three-dimensional gauge coupling constant g5 = ¢*I', which is not dimensionless.
Because of asymptotic freedom, the gauge coupling becomes very small at sufficiently
high temperatures. With the assumption of a weakly coupled theory, we can separate the
mass scales, g2 < m’,. This suggests that we can simplify our theory even more. We
can integrate out the heavy fields, i.e. fields with a mass of order g7', and be left with
a theory containing only light fields, i.e. fields with a mass of order ¢?T or less. The
resulting theory is a pure Yang-Mills theory with the gauge group SU(3),

1
Lywaa = pHGHS + 0L, (2.104)

The new gauge coupling can be determined by requiring the correlators to match at zero
external momentum. The result is [76]

2
—2 2 9s3
= 1——=—1. 2.105
95,3 95,3 ( (47r)2m’[’)> ( )

The final theory contains only one scale gig, and is strongly coupled despite the asymptotic
freedom of QCD. Thus, perturbative methods have some limitation. For the free energy,
as an example, it is not possible to compute the O(g5T*) correction perturbatively, as
an infinite number of diagrams contribute at that level of accuracy [76]. We have to use
non-perturbative methods such as Monte Carlo simulations.
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CHAPTER 3
TWO-HIGGS DOUBLET MODEL

In this chapter we introduce the Two-Higgs Doublet Model (2HDM). For a detailed review
of the 2HDM phenomenology, see refs. [78; 79].

3.1 The full theory

Firstly, we discuss the general Two-Higgs Doublet Model. The full Lagrangian of the
2HDM is

E?HDM = Efermion + Egauge + EYukawa + Escalar + Eghost +0L (31)

where the fermion, gauge, scalar, and ghost sectors of the Lagrangian are defined as

Lermion = ; (ZAlDlA +ealDen + GalPqa + ualPua + aAlDdA) (3.2)

Lomge =~ FFy + 2G% GO 4 21 (3.3)
4 4 1 1 4 1 1

Locatr =(D,8)) D, @1 + (D,®,) D, &, + V(®1, ,) (3.4)

Lenost =0,£0,€ + 0,71 D™ + 9, D, (™ (3.5)

The scalar potential and the Yukawa sector will be discussed in sections 3.2 and 3.3,
respectively. All the fields and couplings are renormalised, and J£ contains the countert-
erms, specified in chapters 4 and 5. The field strength tensors F,,, G}, and H},, contain
the gauge fields of the gauge groups U(1)y, SU(2)., and SU(3), with corresponding ghost
fields &, n®, and (™, respectively. The field strength tensors are given as

F,, =08,B, —0,B, (3.6a)
Go, = 0, AL — 9,A% + gep AL AC (3.6b)
H?, = 8,00 — 8,C7 + g, 1., CCr (3.6¢)
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Chapter 3. Two-Higgs Doublet Model

where B,,, A%, and C}; are the U(1)y,SU(2)r, and SU(3) gauge fields, and €f, and fJ. are
the structure constants of the non-abelian gauge groups SU(2), and SU(3), respectively.
The fermionic fields form left-handed doublets and right-handed singlets under the SU(2),

gauge group,
Left-handed Right-handed
Leptons [ = VL) e =eR

er

Quarks q= uL) u=ug,d=dg.
dr,

The covariant derivatives of the various fields are

D,V = <8u — zgz : /YM — zg'};\PBM zgs); . C_"M>\I/ for ¥ =g (3.7a)
DV = <au i ; A, z'g’};\PBM)\If for U =185  (3.7h)
D,V = (QL — ig'Y;BN>\I/ for U =e (3.7¢)
D, = <au - z'g'};\PBM - igs§ - c])qf for W=ud  (3.7d)

where 7 and X are the Pauli and Gell-Mann matrices and J', g, and g, are the coupling
constants for the U(1)y, SU(2)., and SU(3) gauge fields, respectively. The hypercharge
Y is defined by the Gell-Mann-Nishijima relation [80; 81; 82]

Q=1Iy+ 5y (3.8)

where @) is the electric charge and I3 is the third component of isospin of the various
fields. Explicitly, we have that

1 4 2
L Y,=o Yy=—Z2 Yp ., =1 .
3’ 3 d 3 D12 (3 9)

Some sums which regularly arise when doing loop calculations are

}/l:_]-a Y;:_27 Yq:

22
SOYE = NfRYE 4 Y2+ NV + Y2+ YR) = Nyl6+ N | (3.100)
f
274
STV = N2V + Y N2V + Y+ Y] = N [18 + Ncgl] (3.10b)
!
S N1+ N (3100

where Ny is the number of fermion families, and [V, is the number of colours. The first
two sums are taken over all fermions, while the last sum is the sum of all left-handed
fermions. We will also need some traces,
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3.1 The full theory

gy.1 = Tr[RROT 4 NADRDT 4 N R

G2y = Tr[(Y + YQ) hORpET NC(Y;]2 + Y RDRDT 4 N (Y2 + Y, 2)h hlT)

REOROT L p@pDT 1y p ()

[
[
935 = Tr[hl9h/ + ROp DT _ p) ()]
9Y4 = Tr[—
[

Ggl/l — Trlh e)h @Rt 1 N DD D p Dt 4 Nch(U)h(u)Th(u)h(u)T]_

We will also use the conventions from [28], and define

1
Ly =21 2
©8 (4 T)+ e
Lf:Lb—l—4lOg(2)

Inserting the specific values of the 2HDM, we get

2
S YP=40
f
760
4
2Yi="5
f
S =12
left
N, =2
P = Te[hOROT £ 3D R@T 4 gp) ]

17

5
2, = Tr[phORET 4 Zp@p@f L ZL pl plwt
Gy = Tr| +3 +3 ]

where N, is the number of Higgs doublets.

3.1.1 Renormalisation

(3.18a)

(3.18b)

(3.18c¢)

(3.18d)
(3.18e)

(3.18f)

The fields in the Lagrangian given in eq. (3.1) are the renormalised fields, with 6L con-
taining the counterterms. The bare fields are denoted by a subscript (b), while the renor-
malised fields have no subscript. The relations between the bare and renormalised fields

are

Do) = (1+67,) 20,
/TM( ) = (1 —|— 5ZA)1/2A
Buwy = (1+6Z5)2B,

where n = 1,2. The relations between the bare and renormalised couplings are

9wy = g + g

(3.19)
(3.20)
(3.21)

(3.22)
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Chapter 3. Two-Higgs Doublet Model

Iy =9 +69 (3.23)
Auo) = Zg2(An + 6An) (3.24)
Aip) = Zq)}z@g (s +5/\) (3.25)

where n,m = 1,2 and ¢ = 3,4, 5.

3.2 Scalar potential

The most general form of the 2HDM potential is [78§]

V (@, @) = — &ﬁxﬂ¢n+mé@km+wﬁxﬂ¢g+hd} (3.27)

‘yw\'—

A
S (0]®)% + ;(‘Dg@zf + A3 (D) (BI Do) + Ny (BI Do) (D)D)

DO o

S (@] D)2 + A5 (@101)2] + {Aa(D]@1) + Ar(P]D2)] (] Do) + hc. |
(3.28)

where \; are coupling constants, m?j are the squared masses, and ®; are the scalar Higgs
fields. h.c. stands for the Hermitian conjugate. The potential is required to be Hermitian,
which restricts A;_4, m2, and m3, to be real. In general can \5_; and m?, be complex.
The potential contains 14 independent parameters.

The most general Lagrangian for the scalar sector violates the Z, symmetry

b, (1)1, Dy, & —D,y or P, & —(1)1, Dy, & Dy, (329)

Thus, the Lagrangian permits the transformations ®; <> ®,. We impose the Z; symmetry
on the quartic couplings, eq. (3.29), which dispenses of A\g and A;. We can make a global
phase transformation of one of the Higgs fields to cancel the phase of A5, and thereby
making \s; real. The new scalar potential takes the form

1 1
V(®y, ®y) = — §{mfl((ﬂ<b1) +m3,(25Do) | — 5 [, (®]®) + hoc]

A A
+ 5 (@01)7 + T (RL02)” + Aa(@]21) (Ph) + M (] P2)(@]1)

+ AQ"’ [(B1D,y)% + (B)D,)? (3.30)

The complex coupling m?2, does not respect the discrete Z, symmetry, and we say that
the symmetry is softly broken by the mass-mixing term. The potential now contains 9
independent parameters. We will start by considering the simpler potential where the Z,
symmetry is respected both by the couplings and the masses. Thus, we drop the mass-
mixing term Ly = —1/2(m2,® @, + h.c.). The potential now contains 7 parameters.
Later, we will treat the mass-mixing as a perturbation, and include it as our source for
additional CP violation. It will be clear when the mass-mixing term is reintroduced.
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3.3 Yukawa sector

3.3 Yukawa sector

There is still some freedom in defining the Yukawa sector of the theory. The different
possible couplings of the scalar fields with the fermions separate the 2HDM into distinct
types. We will briefly discuss the most common types, but will focus on the Type I in
this thesis. In all the various types of 2HDM presented here, the ®; Higgs field is taken
to couple to the up-type quarks, by convention.!

3.3.1 Typel

The Type I 2HDM is also called the fermiophobic 2HDM, since only one of the two Higgs
doublets directly couples to the charged fermions. The Yukawa sector of the Lagrangian
reads

hff)BiAegq)l + hglj)ququ)l + hS%CjAUB(i)l + h.c. (331)

Lyukawa = Z

AB

where ®; = 172 @7 is the charge conjugated Higgs doublet, and 7 is the second Pauli ma-
trix. Thus, the Yukawa sector of Type I 2HDM takes the same form as the corresponding
SM Yukawa sector. Some authors use the convention that the up-type quarks always
couple to the ®5. We will let the fermions only couple to ;.

3.3.2 Typell

In the Type II 2HDM both Higgs doublets couple directly to the charged fermions. Up-
type quarks couple to @1, while down-type quarks and the charged leptons couple to ®,.
The Yukawa sector of the Lagrangian takes the form

Lyykawa = Z |:h546)Bl_Aqu)2 + h’gl)BgAqu)Q + hS%QAUB&% +h.c. (332)
AB

In the Type II 2HDM the Higgs fields couple to the charged fermions in a similar fashion
as in the MSSM. The Type II 2HDM has been investigated for explaining electroweak
baryogenesis, and has been disfavoured [83].

3.3.3 Other models

Other types of 2HDM are Type III, X, and Y. In the Type III, both Higgs fields couple
to all charged fermion fields. Flavor-changing neutral currents at tree level are induced,
which makes the theory unattractive. The X type is also called lepton-specific, as the
®, Higgs field only couples to the charged leptons, while ®; couples to the quarks. The
Y type is the flipped version of the X type, as the ®5 Higgs field only couples to the
down-type quarks while ®; couples to the up-type quarks and the charged fermions.

1Other authors may use the opposite convention, where the ®; Higgs field couples to the up-type
quarks, as in e.g. [78].
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Chapter 3. Two-Higgs Doublet Model

3.4 Mass spectrum

We will illustrate the method for finding and diagonalising the mass matrix, also used in
[84], in order to find the mass spectrum of the scalar particles. In Chapters 5 and 7 we
will use some of these techniques when finding the effective potential, counterterms, and
[-functions for the scalar particles.

We start with two complex doublets, resulting in a total of 8 degrees of freedom. We
expect 3 of these to be would-be Goldstone bosons, absorbed to give a longitudinal degree
of freedom to the 3 massive vector bosons in the electroweak interactions, through the
Higgs mechanism [46], similarly to the SM. We are then left with 5 degrees of freedom,
and expect to find 5 massive scalars as a result.

We have the scalar potential of the Lagrangian from eq. (3.30),

1 1 A A
V (P, ®y) = — 5”%1@1‘1’1) - 5”@2@5‘1’2) + @))% + ;(‘I’;‘I’z)Q

2
X (@10) (@40) £ X (]0,) (@) + T [(@10)? 4+ (B0 (3.33)

where we have dropped the mass-mixing term. By writing

_ L o +ie 1 g5 +ids
"= Lzsg + A 2= Lz» t wss] (3:34)

we get that CDI(IM = %(51 . (51 and <I>£<I>2 = %52 . 52, where CI_51 = (01, 0o, ¢3, d4)T and

(132 = (¢s, ¢, ¢7, s)”. We want to find the minimum of the potential, where the vacuum
expectation values of the Higgs doublets are

() — \}i m (@) = \}5 m | (3.35)

We have imposed that the vacuum expectation values of the Higgs doublets are electri-
cally neutral, and that they do not break the CP symmetry. When setting the vacuum
expectation values to be vy/v/2 and v,/v/2, we have implicitly imposed the extremum
condition

oV
3 =0. (3.36)
Pi $3=v1,97="2
The only non-trivial constraints we obtain are
e by e 2) _
1 1
vg( — §m§2 + 5)\205 + )\+v%> =0 (3.38)

where A, = %()\3 + Ay + A5). The system of equations yields two independent solutions
when we require v; to be non-zero,

m2 Ay — 2m2,\ m2 A\ — 2m2 A
C AI 2 — 11 22 +’ 2 — 22 117\
e RS W VS U D V5 WS

(3.39)
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3.4 Mass spectrum

Case B:

2
o M7y
v = ——

A’

vs = 0.

We will take advantage of these conditions shortly. We find the mass matrix by

The 8 x 8 mass matrix takes the form

[ M,
0
0
0
M? =
M
0
0
| 0
where
1.
M121 = _im%l
1
M = -1
2 1 _,
M;s oM

, OV
YT 06:09,
0 0 0
MZL 0 0
0 M 0
0 0 M2
0 0 0
MZ 0 O
0 MZ 0
0 0 M2

1. 1
Mz, = —§m§2 + gt + 5(/\4 + As) v}

M125 = ()\4 + )\5)1)1’02

1
2
M§7 = 2>\+U1U2

M2,
0
0
0

a2,
0
0
0

P3=v1,p7=02

0 0 0 ]
ML 00
0 ML 0
0 0 M
0 0 0
M626 0 0
0 M 0
0 0 Mgg_
M = o,
2 1 o 1 2
My, = oM + 5()‘4 — A5)v3
M626 = _;mgQ
2 1 o, 1 2
Mgg = oM + 5()‘4 — As)v3
M226 = ;()\4 + /\5)’01’02

2
M48 = /\5’[]11)2

(3.40)

(3.41)

(3.42)

where %, = m?, — A\v} — A\3v3 and M3, = m3, — Av3 — A3vi. We divide the discussion
into two parts, one for each choice of the vacuum expectation values.

3.4.1 Case A

We notice that if we rearrange the matrix (1,2,3,4,5,6,7,8) — (1,5,2,6,3,7,4,8), and
notice that M? = M3,, M2, = M2 and ML = MZ;, the matrix takes a block-diagonal

form,

M} M
M2 = 11 15
(0

where

1
M =~ (h+ o)

Joneof

M323 M??? D M424 M428
Mz Mz

2 2

1
M125 = 50\4 + A5)v109

(3.43)
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Chapter 3. Two-Higgs Doublet Model

1
Mgs = =5 (A + A5 )0t Mgy = Mot
M327 = 2)\4.’011)2 M727 = )\2’[};
M424 = —)\51)% Mfg = >\5U1U2
M828 = _)‘SU%

where we have used the minimum condition in eq. (3.39). We need to find the eigenvalues
and eigenvectors of a 2 x 2 matrix, on the form

M = (Z g) . (3.44)

The procedure is familiar, we want to find the solution of the equation Mu; = k;u;, for
© = 1,2, which is the same as setting the determinant of M — k;I equal to zero for non-zero
eigenvectors u;,

a — kLQ C

det(]\/[— kLQ]I) = c b ]{,’1 )

= kig_<a‘|—b)k172+ab—02 = k%,Q_Terl,2+A =0

(3.45)
where Tr M = a + b and A = det M = ab — ¢*>. The eigenvalues are found by solving the
quadratic equation for £ o,

kyg = ;[a+ b+ y/(a—b)’+4c*| = ;[TrM +/(Tr M)? - 44]. (3.46)

The corresponding orthonormal eigenvectors are given by

where
2 —b
sin 26 = ¢ ;€082 = (a—b) : (3.48)
(@ —b)%+4c? (@ —b)? + 4c?

We will now use this generic procedure to diagonalise the (1, 5) and (2, 6) submatrices.
The submatrices are identical, and determine the masses of the charged Higgs bosons. The
eigenvectors and eigenvalues of the submatrices are

(‘;f g) &0 (3.49)
(;fsnf) 6 =5+ X) (0 +23) (3.50)

where
cos B = sin f = (3.51)

U1 (%)
S 2
\/ V3 + 03 \/ V3 + v3

32



3.4 Mass spectrum

The mass eigenstates are

G\ [ cosB sinf\ (¢
<Hi> - (— sinf cosf) \¢ss6) " (3.52)
The masses of the charged Higgs bosons are
1
mie =0,  mis = —5 N+ As) (V7 + v2). (3.53)

Notice the two massless would-be Goldstone bosons G*, which are absorbed into the
longitudinal degree of freedom of the charged vector bosons W*. Two massive charged
bosons H* are left, as expected.

In a similar fashion, we find the mass eigenstates and masses of the remaining scalar
fields. For the (3,7) submatrix, we get

1
Mo po = 5[)\11)% + Av3 £ \/()\111% — Xov3)? 4+ 1672 viv3] (3.54)
4U1U2)\+

(Av? = Aov3)
HY [ cosa  sina )
<h0> B (— sina cos oz) <gbi> ' (3.56)

Lastly, for the (4,8) submatrix, we have that

tan 2o = (3.55)

mzo =0, mio = —As(vi +v3) (3.57)

G cos B sinB\ (o4
<A0> - (— sinf3 cosfB) \ s (3.58)
where (3 is defined in eq. (3.51). We have found the mass spectrum of the scalar particles. 3
of the 8 degrees of freedom are massless, and are would-be Goldstone bosons, absorbed by
the longitudinal degree of freedom of the massive vector bosons W+, Z°. The remaining
5 degrees of freedom are massive scalar particles, two charged scalars H*, two neutral

scalars H? and A%, and one neutral pseudoscalar A°.
In summary, the mass spectrum of the scalar fields is

1
mie = —5(/\4 + X5) (02 4 02) (3.59a)
1
Mo po = 5[)\11)% + Av2 \/(Alv% — XA03)? + 1672 vfv3] (3.59Db)
mio = —Xs(v] + v3). (3.59¢)

3.4.2 Case B

When using eq. (3.40), we notice that the mass matrix is diagonal, and we obtain

M =0
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My, =0

Mgy = Aoy

M} =0
1 1

Mg = _§m§2 + 5)\31)%
1 1

Mgs = _§m§2 + 5)\37)%
1

ME = -ty b Al
1

Mgs = —§m§2 +Av]

where A\_ = %()\3 + Ay — A5). Two charged and one neutral degrees of freedom have

been absorbed into the longitudinal component of the (now) massive vector bosons W*
and Z°. We identify the remaining 5 degrees of freedom with two charged Higgs bosons,
¢s6 = H*, one heavy neutral scalar ¢; = H°, one light neutral scalar, ¢3 = h°, and one
neutral pseudoscalar pg = A°. The mass spectrum becomes

1 A

mips = = ma, + 5"’@% (3.60a)
1 1

m?{o = —5777%2 + 5()\3 + )\4 + )\5)0% (360b)

Mmpo = \vj (3.60c)
1 1

mio = —§m32 + 5()\3 + M\ — )\5)1)%. (360(31)
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CHAPTER 4
CORRELATORS AND B-FUNCTIONS

This chapter contains the counterterms needed in order to renormalise the theory, obtained
from Feynman diagrams using the renormalisation scheme MS. The detailed calculations
can be found in appendix D, while the definitions of the renormalised fields and couplings
are given in section 3.1.1. From the counterterms we calculate the S-functions for the
gauge couplings. Also, additional correlators are calculated, needed in the dimensional
reduction step in chapter 6. We have kept the number of Higgs doublet N, arbitrary as
the calculations easily generalise to a fermiophobic N,-Higgs Doublet Model (NHDM) at
one-loop. Nj, = 1 reduces to the SM result, while N, = 2 is the result for the 2HDM. We
can compare our results for the S-functions for the 2HDM with the results in ref. [78].

4.1 Self-energies
The momentum dependent divergences in the two-point functions at one-loop are absorbed

into the field renormalisation counterterms of the various fields. Thermal mass terms also
arise, but they are not explicitly given here.

U(1)y gauge boson self-energy

The Feynman diagrams for the U(1)y gauge boson self-energy are found in eqs. (D.1)
to (D.5). The U(1)y gauge boson self-energy at one-loop is

1 1 22
- 69/2 {(4 — d)Ny, + 5(d — D" = 1) (6 + Ncgﬂ P21

for u =0,v =0,
1 292

zég'2 {Nh + (24— 1)N; (6 + Ncgﬂ (PP — 6, P10 (4.2)
for p =1i,v =17,
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Chapter 4. Correlators and [-functions

where d = 3 — 2¢ is the spatial dimension, N, is the number of colours, and Ny is the
number of fermion families. The sum-integrals I{® and I3° are given in appendix C. We
see that the Lorentz symmetry is broken because the particles interact with the heat bath;
the self-energy is divided into a temporal and a spatial part. The resulting divergences
are absorbed into the U(1)y field renormalisation counterterm,

57 ——9/2[1\/ (6+N22)+N} (4.3)
B 6(4m)2e / ‘9 gk '

With the 2HDM specifics of eq. (3.18), we get

12

675 =19

e (4.4)

~—~

SU(2); gauge boson self-energy

The Feynman diagrams for the SU(2), gauge boson self-energy can be found in egs. (D.6)
to (D.13). The SU(2), gauge boson self-energy is

ap WW\@WM bv =— g*0u(d—1) [2(61 — 1)+ Ny + (1= 27N (1 + N [ I}

1
+ =00 {Q(dQ — 24+ 10) — (4— )N, (4.5)
—(d =1 = )N (1 + N) | P15
for p =0,v =0,

_ L lae—a) = M o1 pyNpa+ )| (P — 6, P 1

== 3970 |(16 —d) = —= = (27 = YN (1 + Ne) | (BPj = 6 P7) I

(4.6)
for p =1, v =17.

We see that the structure is very similar to the U(1)y gauge boson self-energy, except for
the terms not proportional to N}, or Ny. These contributions come from the SU(2),, gauge
boson self-interactions, which are not present for the U(1)y gauge boson. Also, only the
left-handed fermions couple to the SU(2), gauge boson, while all fermions couple to the
U(1)y gauge boson. This gives a difference in the numerical factor in the Ny term. The
SU(2), field renormalisation counterterm takes the form

2

g Ny,
T4 = 13— " _ N;(1+N,)|. 1.
0Za 3(4m)2e 3-5 s(1+ Ne) (4.7)

By inserting the 2HDM specifics of eq. (3.18), we get

874 = 0. (4.8)
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4.1 Self-energies

Lepton doublet self-energy

When working with a fermiophobic Nj,-Higgs doublet model, where only one Higgs doublet
directly couples to the fermions, the lepton doublet self-energy takes the same form as for
the SM at one-loop. The Feynman diagram for the divergent part of the lepton doublet
self-energy is calculated in eq. (D.14). The divergent part of the lepton doublet self-energy
is

. : 1
1A —»—@—»— jB :Z{h(e)Th(e)] 52‘ij§“’- (4.9)
2 AB

The divergence is absorbed into the lepton doublet field renormalisation counterterm,

1
(5ZZ>AB - _ e [h(e)Th(e)}

= (4.10)

Higgs doublet self-energies

The Feynman diagrams for the Higgs doublet self-energies are calculated in egs. (D.15)
to (D.19). We need only the parts of the self-energies which depend on the external
momentum to determine the wave function renormalisation. The mass counterterm will
be determined by using the effective potential. The P? pieces of the Higgs doublet self-
energies are

. (9, 3
i -»—@—»— J :(492 + 4g’2>5ijp21§b — gy.10,, P 1,7 (4.11)

= () (112

where gy is defined in eq. (3.11). The fermionic sum-integral I, is also evaluated in
appendix C. The divergences are absorbed into the Higgs doublet field renormalisation
counterterms,

1 9 3
g Jo 2 9 } 41
0Za, (4@%[49 +239° 9 (4.13)
1 9 3
0 2p, = ———|=¢g* + = '2} 4.14
Dy (471')26 |:4g +4g ( )

We now have all the field renormalisation counterterms we need to calculate the (-
functions for the gauge fields. All additional field renormalisation counterterms can be
found in a similar fashion.

Later, we might wish to reintroduce the mass-mixing term. Then we will need to
calculate the @ICI)Q correlator. The correlator at zero external momentum is
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| g
i -»—@: = 5= 5 [0+ 20w, + 3] 6 18 (4.15)

The mass-mixing counterterm takes the form

1
e [(As + 2X)m3y + 3Asmi3] . (4.16)

2 _
Imiy, =

4.2 Lepton doublet interactions

By calculating the interaction vertices with two external lepton doublet legs and a gauge
boson leg, we are able to determine the counterterms for the gauge field coupling constants
g and g. We only calculate the vertices needed to extract the gauge coupling counterterms,
since our goal is to determine the S-functions.

Lepton doublet - U(1)y gauge boson vertex

The lepton doublet - U(1)y gauge boson vertex is used to calculate the contribution from
the left-handed leptons to the gauge boson coupling constant counterterm dg’. We do
not need the contribution from the other fermionic fields to calculate the S-function for
the U(1)y gauge boson. Extending the calculation to include all fermions is trivial. The
Feynman diagrams for the lepton doublet - U(1) vertex can be found in egs. (D.22)
to (D.25). The divergence is absorbed by the counterterms of the form

/

dg" + g(2(5Zl)AB + 5ZB) = _2(4€r)2e [h(e”h(e)}

" (4.17)

The structure comes from the interaction between the lepton doublet and the gauge field,
and from the definition of the gauge boson coupling constant counterterm in eq. (3.23).
Using our results for the wave function counterterms, egs. (4.3) and (4.10), the coupling
counterterm becomes

) q> { 40]

0 = ——|N, + —N 4.18
I 12(4m)2%e nt 3/ (4.18)

Lepton doublet - SU(2), gauge boson vertex

Similarly, we need only the lepton contribution to the SU(2); gauge boson coupling con-
stant counterterm in order to calculate the S-function for the SU(2), gauge boson. The
Feynman diagrams for the lepton doublet - SU(2), vertex can be found in egs. (D.26)
to (D.29). The divergence is absorbed by the counterterms of the form

g
2(4m)2e

0+ 2 (200204 + 7a) = - [392 + [t

- (4.19)
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4.3 4-point correlators

which is a similar structure to the U(1)y gauge boson case. By using the wave function
renormalisation counterterms in eqs. (4.7) and (4.10), we find the coupling counterterm
# [44—N, 4

2(4m)2e 6 gN ' (4.20)

0g = —

Again, notice the similarities between eqs. (4.18) and (4.20). The main difference is the
term not proportional to Nj, or Ny, which is only present in eq. (4.20). This comes from
the SU(2), gauge boson self-interactions. Also, we get a difference in the numerical factor
in the Ny term because only left-handed fermions couple to the SU(2), gauge boson, while
all fermions couple to the U(1)y gauge boson.

4.3 4-point correlators

An integral part of the dimensional reduction procedure is to match the effective three-
dimensional theory with the original four-dimensional theory, in order to determine the
parameters of the effective theory in terms of the original parameters. We match the two
theories by requiring the correlators of the two theories to be the same at large distances,
or at zero external momentum. We list the correlators in the original four-dimensional
theory at zero external momentum needed in chapter 6. Detailed calculations can be
found in appendix D.

The B; correlator

We will need the four-point function with zero external momentum of the temporal compo-
nent of the U(1)y gauge field when matching the three-dimensional theory to the original
theory. The sum of egs. (D.30) to (D.33) is

137

1 137
81

= 5(d=1)(d = 3)| Ny - (27 —1) (9 + Nc> Nf} gLe. (4.21)

Notice that the factor (d — 3) cancels the divergence in Iy°, and we get a finite result.
Our theory is renormalisable, and any divergences should be absorbed by counterterms.
As we have no counterterms of this type, no divergence should arise. Making sure that
all divergences cancel will serve as a check for consistency when doing the matching.

The AASASAL correlator

Similarly, we need the temporal component of the four-point function of the SU(2);, gauge
field at zero external momentum. The sum of egs. (D.34) to (D.41) is

:é(d— 1)(d - 3)[8(d 1) + N,

(@ )N, (1 + NC)} 9" (OatOca + Oaclhya + SuaBc) 1% (4.22)
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Again, the factor (d — 3) cancels the divergence in I3°. The factor 8(d — 1) comes from
the SU(2),, gauge boson and the ghost loops, and is not present in the correlator for the
U(1)y gauge boson.

The A3ASB?2 correlator

The correlator with two By legs and two Af legs can be found by summing eqs. (D.42)
to (D.47). It takes the form

1
— 5(d —1)(d=3) [Ny — (27T = D)Ny(Y? + NY)) | g0 ly”  (4.23)

Notice the similarities between eqs. (4.21) and (4.23). The fermionic part is different
because only left-handed fermions interact with the SU(2); gauge boson.

The Cﬂi@{.BﬂBy correlator

The correlator with two scalar legs and two gauge field legs is the sum of eqgs. (D.57)
to (D.64), and takes the form

)
3 1 d , 3
2 o e - =2 < 7.2
/@(\: = {(d 3)(2A1+A3+2A4>+89 TR

1
——(2Y = 1) (g%, — 2eg?,)|0;; 150 4.24
5 Y1 v,2) |9ijl2
for u=0,vr=20
12 3 2 9 2 1 4—d 2 4b
=9 {89 + g9~ 5(2 - 1)9Y,1]5i157"5’]2 (4.25)

foruy=r,v=s

where g3, and g3, are defined in eqgs. (3.11) and (3.12). Now the divergence in I3" is not
cancelled, neither for the temporal nor the spatial part. The divergence can be absorbed
by counterterms. This is also our first encounter with a correlator that does not directly
generalise to the NHDM, due to the presence of the scalar couplings in the temporal part
of the correlator. This correlator will be re-calculated in chapter 7, to include the effect
of additional scalar doublets.

The @;iQ)‘;BMBV correlator

The coupling with two scalar @, legs and two gauge field legs takes the form

\ 2 3 1 d 12 3 2 4b
7 =g {(d - 3) (2)\2 + Az + 2)\4) + gg + gdg 51:;'[2 (426)

2

40



4.3 4-point correlators

for u =0,vr=20

3 9
=[50+ g97] e (4.27)

for uy =r,v=s.

The correlator is similar to the CDJ{CIDlBMB,, correlator, by replacing Ay — Ay and drop-
ping the coupling to the fermions. The generalised correlator for the NHDM is found in
eq. (7.3).

The <I>¥<I>{AZAI; correlator

The diagrams contributing to the correlator with two scalar legs and two gauge field legs
can be found in egs. (D.48) to (D.56). The total contribution to the correlator is

~
25 3 1 1
=¢*|( = = +d)d¢* — 3—d(/\ A /\> ~dg”
P gK 8+>9 ( )21+3+24+8g
1,
- 5(24 4 1)(d - 2)g§71}5ab5ﬁ[§b (4.28)
for y=0,v=20
3 4 3 2 12 1 4—d 2 2 4b
:{—89 +g99" - 527 - 1)g 9y,1}5ab5ij5rs]2 (4.29)

for y =r,v=-s.

Notice that the divergences do not cancel. Also, the scalar couplings make the expression
special to the 2HDM.

The @;iq)%AZAg correlator
The coupling with two scalar @, legs and two gauge field legs takes the form

\ 2 25 2 3 1 1 12 4b
. —¢*|(= 5+ d)dg® — 3= )G+ Ao+ Jhu) + 54920y
(4.30)
for y=0,vr=0
3 4 3 2 12 4b
—| - St + S0 b (4.31)

fory=nr,v=s

Notice the similarity to the ®1<I>1AZAQ‘, correlator.

The CIDP' PJ A§B, correlator

Lastly, we compute the temporal part of the correlator with two scalar legs and two
different gauge field legs. The sum of egs. (D.65) to (D.72) takes the form

41



Chapter 4. Correlators and [-functions

1 1
=99’ §(d —3) (M1 + ) + gd(QQ +¢?)

L4
— S 1)(ghs — 266 | (r)u 12, (432)

where g75 and gy, are defined in egs. (3.13) and (3.14). This correlator also diverges,
and we must make sure that the divergences are cancelled in the final matching between
the three- and four-dimensional theories.

The @;@%ASBO correlator

The coupling with two scalar ®, legs and two different gauge field legs takes the form

\ 1 1 2 2 4b
. — g9 |5(d=3)0e + M) + Gdlg* + 97| ()l (433)

2

which is identical to eq. (4.32), if we discard the coupling to the fermions. The general
NHDM correlator with two scalar legs and two different gauge boson legs is given in
eq. (7.5).

4.4 Counterterms

The counterterms are defined in section 3.1.1. We have used dimensional regularisation
to regularise the UV divergences, and the renormalisation scheme MS to renormalise the
theory. The UV divergences are independent of the temperature, so we could calculate
the correlators at finite or zero temperature. We have done all calculations at finite
temperature. We will here summarise the counterterms found previously, valid in the
Landau gauge,

524 (47’;2;26 [26 = N _ ng] (4.34)
57 = _@jj% []\é’l + 290Nf] (4.35)
(0Z0)ap = —2(417026 [h<@>*h<@>]AE (4.36)
0Ze, = (4;)26 BQQ + iQQ - 912/,1} (4.37)
62y, = ( 47;26 [ng + ig’2] (4.38)
%9 = _2(49;)26 {44 5 = ng} (4.39)
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4.5 B-functions

i 40

For Nj, = 1 the counterterms agree with the SM results [26]. The counterterms for the
scalar couplings will be calculated using the effective potential in chapter 5.

4.5 [-functions

We find the S-functions by calculating the quantities f, and f;. From the definitions of
the gauge coupling counterterms, eqs. (3.22) and (3.23), the contributions from the wave
function renormalisation to the renormalised gauge couplings have already been taken
into account, and the quantities f, and f, simply become

1

[y = Residue of simple — of {59'}
€

g/3 29

and

1
f4 = Residue of simple — of {(59}
€

3
:—g[9+13—

i M v+ NC)] ey (4.42)

2

In the limit € — 0, we have that 3, = 2C"¢,

13

g 22)}
;= N, + N N.—)|. 4.4
Py 6(47?)2{ "t f<6+ 9 (4.43)
In a similar fashion, we have that
3
g Ny,
8, = ~ 547 22— 5 = N+ N (4.44)
Using the 2HDM specifics of eq. (3.18), we get
79/3
33
By = — (i) (4.46)

The values of the g-functions for the gauge bosons agree with the known results, both for
the SM [26] and for the 2HDM [78].
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CHAPTER 5
EFFECTIVE POTENTIAL

We want to find the S-functions for the scalar couplings, which are determined from the
scalar counterterms in a similar fashion to the discussion in chapter 4. Also, we want to
calculate the contributions from the superheavy modes to the two- and four-point scalar
correlators at vanishing external momentum, in order to match the four-dimensional scalar
correlators with their three-dimensional counterparts. A convenient way to extract the
contributions from the superheavy modes to the scalar correlators, and also to find the
scalar counterterms, is to evaluate the effective potential V' (®q, ®,). For a preliminary
discussion on the effective potential, see section 2.3. The effective potential contains one-
particle irreducible Green’s functions G, ,, at vanishing external momenta of the form
Gnm®TPY, so the quadratic and quartic terms in ®; and ®, give the two- and four-
point correlators. It is enough to calculate the one-loop effective potential to extract the
contribution to the coupling, but, in order to be consistent, for the mass parameter the
two-loop effective potential is needed for an accuracy of O(g*). We will only calculate the
one-loop effective potential, and leave the extension to two-loop for the mass parameters
as a part of the outlook for this project.

In order to calculate the effective potential V (@, ®s), we shift the scalar fields by
some arbitrary background fields, ®; — ®; + ¢;. The mass matrix is extracted from the
parts quadratic in the scalar, gauge or fermion fields. We diagonalise the mass matrix
for different choices of the background fields, and extract the contributions to the two-
and four-point correlators at zero external momentum. The counterterms are found by
absorbing the divergences, in the usual fashion. Lastly, we write down the S-functions for
the scalar couplings.

The effective potential can be expanded in terms of the background fields. The parts
of the effective potential quadratic or quartic in the background fields take the form

Var =Virplor + Vasohos + Vi[ioln| + Vi [ioheos]”
off 119191 + Vaspapa + Vijpro1| + Valpaps

+ Vs[ o1 [eheon] + Va[ioles| [heon] + x;g, [Ms@zr + [90&01}2] (5.1)

Our goal is to find the coefficients V;; and V,,, where ¢ = 1,2 and n = 1,...,5. From
this we can both find the scalar counterterms and the correlators needed for dimensional
reduction.
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Chapter 5. Effective Potential

Only the fields directly coupled to the Higgs doublets ®, 5 affect the effective potential,
apart from a constant. We divide the discussion into the contribution from the scalars,
section 5.1, the gauge bosons, section 5.2, and the fermions, section 5.3. For the gauge
bosons, we must be careful when choosing a gauge. For the scalars and fermions, we will
directly go to the Landau gauge (£ = 0).

5.1 Scalars

As we will see, we have eliminated the mixing between the gauge and scalar fields in
section 5.2. Thus, we can safely go directly to the Landau gauge (£ = 0). After shifting
the fields ®; — ®; + ; and dropping the linear terms in ®; and some constant terms, we
get

Vicatar[P1 + 01, P2 + o] = ;mnq) Py — ;mmq) P
+ §>\1 {CI)I% + 901@1} + )\2 {@2@2 + ¢ ‘1’2}
+ Az [‘ﬂ% + d@] [%902 + 902‘1’2]
+ 4 (@102)(eher) + (@401) (el o)
+ (]2 + ] @2) (D01 + i )]

1)\5 {2(@@2)(%01%02) +2(1d1) (hen)

+ [@l2 + ol@] + [@hor + of@)] ] +0(27) + O(¢;)

DO

where 7}, = m; — 2>‘1901901 - 2/\3902@2 and 13, = m3, — 2)\2<P2902 - 2)\39014:01

Now, we notice that distinguishing the contributions to the A3 — A5 terms is difficult,
and we have to carefully choose the background field accordingly. We need to make three
separate choices for the background fields, and from the linear combinations that arise
extract the individual contributions to the scalar couplings.

Our choices for the backgrounds fields are

Case 1: ) — \}5 (3) - 12 (i) (5.2)
Case 2: oy — \}5 (fl) R ;5 <z£0> (5.3)
Case 3: ¢ = \}5 (f) . oy = \}5 (“6*) . (5.4)

For each case we will diagonalise the mass matrix, and evaluate the integral of the form
of eq. (2.94) to find the scalar contributions to the scalar correlators at zero external
momentum.
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5.1 Scalars

5.1.1 Case 1l

We use the expansion of the effective potential in powers of the background fields, eq. (5.1),
together with eq. (5.2) to get

1 1 1
1Vluj* + ngvé + Z(‘/gg + Vi + Vs)vivd (5.5)

We see that we cannot distinguish the contributions to V3, Vj, or Vs, and are only able to
extract the contributions to the sum of them from the expansion of the effective potential.
The divergent part of Vj is absorbed into dA;, V5 into dAy, and (Vi + Vj + V5) into
0A3+ 0y + 0A5. The mass matrix can be found by using eq. (3.41), and it takes the form

1 1
Vet = 5‘/11?1% + 5‘/227)% +

_Mfl 0 0 0 *Mf5 0 0 0
0 ]\4222 0 0 0 ]\4226 0 0
0 0 M§3 0 0 0 ]\4327 0
o | 0 0 0 Mf4 0 0 0 Mfg
M” = M125 0 0 0 M§5 0 0 0 (5.6)
0 ]\4226 0 0 0 J\4626 0 0
0 0 M??? 0 0 0 M727 0
| 0 0 0 M428 0 0 0 M828_
where
2 1 _, 2 1 _, 2 1 1 2
M, = _2m117 My, = —2m11, M3y = —2m11 + >\1U1 *(/\4 + )\5)112,
1. 1 1 1
MZ4 = —§m%1 + 5()‘4 - )‘5)1’37 M525 Qm%m M626 Qm%m

1 1 1.
M727 = 2m22 + )‘2U2 5(/\4 + )‘5)1}%: M828 = —§m§2 + 5(/\4 - /\5)7}%7

M125 = ()\4 + /\5)1]11}2, M26 = ()\4 + /\5)’011}2, M327 = 2)\+U1U27 MZS = )\51}11)2.

We use the same method as in section 3.4 to diagonalise the mass matrix. After diago-
nalising the mass matrix we find the mass terms

7. N N -
mi =m3 = ~2 [m%l + M3, + \/(mﬂ —m3y)? + 4(\g + )\5)%%1)%} (5.7a)
17 N -
m; =m; = ~2 [m%l + M3y — \/(m%l —1m3y)2 + 4(Ag + A5)2 vva} (5.7b)
1
md = = [ + 7y — 2000 + dav) — (a + Aa)(0F + 08)
2
+ \/(m%l — m§2 + 2()\2’03 — )\17]%) + (/\4 + )\5)(0% — U%)) + 16()\3 + )\4 + )\5)22}%21%]
(5.7¢)
7. N
mi = — 1 [m%l + M3y — 2(A10] + Aav3) — (Mg + Xs) (V7 + v3)

— \/(ﬁl%l — m§2 + 2()\21)% — )\11)%) + ()\4 + /\5)(1}% — U%)) + ]_6()\3 + )\4 + /\5) U1U2:|
(5.7d)
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i = [ s = (= 25) (07 4 48)

+ \/ (3, — M3, + (A — As) (03 — vg))2 + 16)@@%@%} (5.7¢)
k== [+, — Oa = )e? + 1)

(=i + = )03 — ) + 16330723 (5.76)

From eq. (2.94) the one-loop contribution to the effective potential from the scalar sector

8 8

> Cslm) =3 33 log(K? + m?). 5:5)
i=1 o 27k

Equation (5.8) is evaluated using egs. (5.7) and (C.15). The term O(m?3T) in eq. (C.15) is
omitted as it comes from the zero mode and thus not from a superheavy mode. This term
will be present in the three-dimensional theory as well, and will cancel when doing the
matching of the three- and four-dimensional theories. By identifying the different terms
in the series expansion eq. (5.5), we find the contributions to the effective potential to be

Vi = Ff; [3A1+2X5 + A (5.9a)

Vay = ?22 [3X2 +2X5 + A (5.9D)

Vi = —(471T)2 (i + Lb) :3A§ + ;)\3 + A2+ /\2} (5.9¢)

Vo= — (4;)2 (i + Lb> :3)\3 4 ;Ag A2 Aﬂ (5.9d)
Va+Vi+Vs=— (4i)2 C + Lb) :(Al + X2) (A3 3Ap + A2) + 8N + (Mg + As)® + 2A2

(5.9¢)

where Ay = (A3 + Ay £ A5) and L, is defined in eq. (3.16). We leave the determination
of the counterterms to section 5.4.

5.1.2 Case 2

We see that the procedure for finding the contributions from the scalar sector to the effec-
tive potential is quite mechanical. We will follow the exact same steps as in section 5.1.1,
with a slightly different choice for the background fields, eq. (5.3). From the expansion of
the effective potential, eq. (5.1), we have that

1 1 1
Zvlvf + szwg‘; + Z(V}, + Vi — Vi) viwg. (5.10)

Now we are able to find the contributions from the scalars to the linear combination
V3 4+ Vi — V5. We absorb the divergent part of V; into 6\, V5 into 6, and V3 4+ V; — V5
into (5)\3 + 5)\4 - 5)\5

1 1
Ve = ianf + 5‘/22“)(2) +
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5.1 Scalars

Using eq. (3.41), we find the mass matrix to be

_M121 0 0 0 0 M126 0 0
0 ]\4222 0 0 J\4225 0 0 0
0 0 M§3 0 0 0 0 M§8
o |0 0 0 Mf4 0 0 Mf7 0
M= 0 ]\4225 0 0 M§5 0 0 0 (5'11)
]\/[126 0 0 0 0 MgG 0 0
0 0 0 ]\4427 0 0 M’?7 0
0 0 M??S 0 0 0 0 Mszs_
where
MQ 1 2 M2 1 2 M2 )\ 1 )\ )\ 2
1= 2m11a 20 = 2m11, 33 = 2m11 + 1“1 ( 4~ 5)“’07
1 1 1
M424 = —§m2 + *(/\4 + >‘5)w(2]7 M525 2m227 Mgﬁ 2m22>
1
M727 2m22 ()‘4 + )‘5)U1= M828 = —2m22 + )‘2w0 5(/\4 - /\5)7’%7
1 1
M126 = 2()\4 — /\5)’01'11}0, M225 = —5()\4 — )\5)’1]121)0, M328 = 2)\,’1)111)0, MZ7 = )\51)1’(1)0.

After diagonalising the mass matrix, using the method from section 3.4, we find the mass
terms

mi =m3 = [mu + 13y + \/ 24 4(Ag — A5)? U1w0:| (5.12a)
17 -
m; =m; = —— [mfl + ma, — \/(mfl —1m3y)2 + 4(Ag — A5)? vlwo} (5.12b)
17, N
mg =7 [mfl + m22 ()‘1“1 + /\2w0) (As — /\5)(7}% + wg)

—i—\/(ﬁﬁl — M3y + 2(Aawd — A\v?) + (Mg — X5) (v] wo))2 + 16(N\3 + Ny — )\5)21)%103}

(5.12¢)

] =

mi = = [k + 1, — 2000 + daw) — (s = ) (0} + wh)

_\/(mgl — i + 200w — Avd) + (A — As) (07 — )+ 16(hg + As — As)? vlwo}

(5.12d)
m%z—i{fl—k — (Mg + X)) (v7 + wp)
+ \/ (M3 — M3y + (M + Xs) (03 — wo)) + 16>\5v1w0] (5.12¢)
= — 5 [+ i = O+ 202 + d)
(3 =+ O+ A0 — ) + 163307t (5.121)

The contributions to the effective potential from the scalars are
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Vi = f; (31 + 225 + A (5.13a)

Vay = f; (322 + 225 + A (5.13b)

Vi = _<471r)2<i + Lb> :3A§ 4 ;Ag A2 Az_} (5.13¢)

Vo= — <471T)2 (1 n Lb) :3/\3 + ;)\ﬁ L2 Aﬂ (5.13d)
Va+Vy—Vs= —(47102 (1 +Lb> :(Al +A2)(Az 4+ Ay +3A0) + 822 + (Mg — A5)? + 2A2|.

(5.13e)

Clearly, the terms Vi1, Voo, Vi, and V5 should be the same as in section 5.1.1, and we can
see from eq. (5.9) that they match.

5.1.3 Case 3

With the choice of eq. (5.4), the expansion of the effective potential becomes

1 1 1 1 1
Ver = 5Virof + 5 Vaowl + S Vivt + S Vawl + Vavfw?l. (5.14)

We absorb the divergent part of V; into dA;, V5 into dAo, and V3 into dA3. The mass
matrix becomes, using eq. (3.41),

(ME 0 0 0 0 0 ML 0]
0 MzZ 0 0 0 0 0 Mk
0 0 ML 0 Mz 0 0 0
s | O 0 0 M} O 0 0 0
M = 0 0 ML 0 MZ 0 0 0 (5.15)
0 0 0 0 0 Mz 0 0
ME 0 0 0 0 0 MZ%L 0
0 ME 0 0 0 0 0 M|
where
2 L, 1 2 2 L s 1 2
M, = —§m11 + 50‘4 + )\5)w+, M;, = _imn + 5()‘4 - )\5)w+,
1 1 1 1
M3, = _iﬁﬁl +Mof, Mj = _5771%17 M3 = _§m§2 + )‘2w<2w Mg = _§m§27
1. 1 1. 1
M3, = —§m§2 + 50‘4 +As)vf, Mgy = _577132 + 5()‘4 — Xs)vi,
1 1
M2 = 5()\4 + As)vwy, Mg = —5()\4 —Xs)vwy, Mz = Asviw,.
The mass terms we find after diagonalising the mass matrix are
2 L,
mi =— —mj, (5.16a)
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5.1 Scalars

m =~ i,
== [+ = O )08+ )

(2 = %+ O+ 200 — u2))” 4 40 + Ao3u?
m? = — Hﬁ T2y — (a4 As) (02 + w?)

(=i, + (= 20) (0 — 02))” + 40 + Ao
mt = = g [+ s = a0+ )

n \/(m%1 — gy + (A= As) (0 — w2))” + A(A — As)20fw?
m% = i{~%1 + 13 — (A — As) (0] +wi)

(= 3+ = 20— 02))” + 40 — AR
ms = — i{~%1 + M3y — 2(A107 + Aw?)

+ \/(ﬁﬁl m3, + 2(Mw? — )\11)1)) + 16 \3viw?
m2 = — H 1+ M3y — 2(A07 + Aw?)

— \/<ﬁ7§1 — 3y + 2(Xow? — Al“%)) + 16A30fwd |.

The contributions from the scalars to the effective potential are

T2
Vir = 75 30 + 24 + A
Vag = ?22 [32 + 25 + A4
Vi = (4;) (1 +Lb> :3>\f+;/\§+)\2++)\2]
(L)t bt o
Vy = —(47lr)2<1 - Lb> :(Al + X2)(BA3 + Ag) + 273 + A] + A2

5.1.4 Contribution to the effective potential

(5.16b)

(5.16¢)

(5.16d)

(5.16e)

(5.16f)

(5.16g)

(5.16h)

(5.17a)
(5.17b)

(5.17¢)
(5.17d)

(5.17e)

The first 4 coefficients are the same as in egs. (5.9) and (5.13), as they should be.

Clearly, the contribution to Vi1, Vas, Vi, and V5 from sections 5.1.1 to 5.1.3 should match.
This requirement serves as a consistency check for our calculations.
the contributions to V3, V4, and V5, we have to solve the system of three equations and

In order to find
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Chapter 5. Effective Potential

three unknowns, egs. (5.9¢), (5.13e) and (5.17¢). To summarise, the contributions to the
effective potential from the scalars are

T2
‘/11 = E(3)\1 + 2/\3 + )\4) (518&)
T2
Voo = T(3>\2 + 2X3 + )\4) (51813)
1
V= ( + L,,) 3N+ NN+ Xi] (5.18¢)
1
Vy=— B ( - Lb> 3\ + §A§ + A2+ )\2_] (5.18d)
1
Ve =~ (6 4 Lb> (M + A2)(Bhg + Ag) + 202 + A2 4 Ag] (5.18¢)
1
Vi= g (6 4 L,,) (4 o + 40 + 200\ + 4A§] (5.18)
1 1
Vs =— (471')2 (6 + Lb> /\5()\1 + Ao+ 4N+ 6)\4)} (5.18g)

Notice the term 4A2 in eq. (5.18f) and the overall factor in eq. (5.18g). The term 4\?
will be present in both the g-function f(,, in eq. (5.39d) and in the three-dimensional
scalar coupling A4 in eq. (6.57). The overall factor in eq. (5.18g) will go through to the
p-function S, in eq. (5.39¢) and in the three-dimensional scalar coupling As in eq. (6.58).
We can compare our results for the g-functions with the results from the review article
on the 2HDM [78], and conclude that our results agree. We can also compare our results
for the three-dimensional couplings A4 and A5 with the results from a paper by Losada
on dimensional reduction of the Minimal Supersymmetric Standard Model (MSSM) and
other multiscalar models, therein the 2HDM [25]. Our results are very similar, except for
the term 42 and the overall factor in eq. (5.18g). The paper by Losada disagrees with our
results by a factor of 2 in both cases. As our results agree with the review paper [78], and
the factor trivially goes through for the calculation of the three-dimensional couplings,
we conclude that the results found by Losada are incorrect. The paper on dimensional
reduction of the 2HDM by Andersen [27] quotes the results found by Losada, and thus
have the same incorrect expressions.

5.2 (Gauge boson sector

The scalar fields are coupled to the gauge fields through the covariant derivative, D#CDI- D,®;,
where ¢ = 1,2. We proceed to shift the scalar field by some constant background fields,
®; — P, + ;, and drop terms linear in the fields AZ, B, and ®;, due to the equations of
motion for the background fields,

D,®{D,®, + D,®,D,®; —D,®!D,®, + D,}D,®,

g - . o - 5
+ gAM @IT@N(IH - 8M<I>J{Tg01 + SO;T@M®2 — 8,}1%7@
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5.2 Gauge boson sector

,l' /

+ %Bu [@Iauq)l - 8;1(1)];901 + (;Ogauq)Q - 0,}193902]
1 — —

+4( To1+ pleo) [nguAu + 9’23,134

+ ;QQIBuAu Mﬁal + 9057102}
Notice the coupling between the gauge bosons and the scalars; a gauge boson can spon-
taneously turn into a scalar and vice versa. This is not desirable, and we remove it by
introducing a gauge fixing term, using the Faddeev-Popov gauge-fixing procedure. We
then choose the class of gauges called the R, gauge. We must also include ghost fields,
with new ghost interactions and ghost mass terms, all proportional to &. When we go
to the Landau gauge, & = 0, the ghost interactions and masses vanish. As there is no
bilinear mixing between the ghosts and the gauge bosons, we can safely go to the Landau
gauge in the ghost sector. When calculating the sum-integral for the effective potential,
eq. (2.95), we drop an infinite constant when using the Landau gauge.
We will focus on the part contributing to the mass of the gauge bosons,

1 R 1 - 5 5
Z(QOJ{%OI +ohpa) AL AL + 9’2BuBN] + 599 BuA, [9017@01 + T |. (5.19)

We will use the same three choices for the background fields, as in the preceding section.

5.2.1 Casel

We will illustrate the method of finding the masses of the gauge bosons here in detail.
Recall the first choice of the background fields, eq. (5.2). Equation (5.19) simplifies to

1 PO 1
g(vf +03) | 9" Ay Ay + BB, | — 4<U% +03)99' BuAs - (5.20)
We see that Ay, have a mass of My, = 1¢%(vf + v3), while Az, and B, are mixing.

After finding the eigenvalues of the corresponding 2 x 2 matrix, we find one massless gauge
boson (the photon), and one with mass M% = 1(¢*+ g")(v{ 4+ v3). By the labelling of the
masses we have preluded to identifying the gauge bosons with the massive W+, Z° gauge
bosons, and the photon ~. The gauge bosons contributing to the effective potential are
W and Z°, with masses

1
MI?V = 192(1)% + vg) (5.21)
1
Mz = 105"+ g%) (0] +v3). (5.22)

The photon does not contribute to the effective potential, since it is massless. From
eq. (2.95) the total contribution to the effective potential from the gauge sector is

20y (M) + Cy (My) =2C3( My) + C3¥(My)
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Chapter 5. Effective Potential

2M2, + M2 My + M2 /3
W 22 - W Z(+3Lb—2>}+O(M6/T2).
8 4(4m)

) (5.23)

The contributions labelled by C3¢ are the terms O(m3T'), and come from the zero modes,
which are also present in the three-dimensional theory. As this contribution will cancel
in the matching of the three- and four-dimensional theory in dimensional reduction, we
omit it.

The expansion of the effective potential in terms of the background fields is the same
as eq. (5.5). By identifying the different terms in the expansion, we find the contributions
to the effective potential to be

Vi = 116(392 + ¢")T? (5.24a)
Vg = 116(392 + ¢*)T? (5.24b)
Vi = —16(;)2 (i’ + 3L — 2) (3¢* + g™ + 2¢°¢") (5.24c)
Vy = —16(;)2 (i’ + 3Ly — 2) (3g* + g™ + 2¢°¢") (5.24d)
Va4 Vi+ Vs = —8(41%)2 (i’ + 3Ly — 2) (3" + g + 29%9"). (5.24e)

The divergences will be absorbed by the counterterms, similar to section 5.1.1.

5.2.2 Case 2

Following the same procedure as in section 5.2.1, but with a different choice of background
field, eq. (5.3), we arrive at the same result. We got two massive, charged gauge bosons,

one massive, neutral gauge boson, and one massless, neutral gauge boson. The mass of
the W* and Z° are

1
M = 2t +ud) (5.25)
1
MZ = 1(92 + g (vF +wp), (5.26)

respectively. The contributions to the effective potential from the gauge sector are exactly
the same as in section 5.2.1,

Vip = 116(392 + ¢*)1? (5.27a)
Vg = 116(392 + ¢*)T? (5.27b)
Wi = _16(4117r)2 (i) + 3Ly — 2) (39" + ¢ +24%9"%) (5.27¢)
Vy = —16(;)2 (Z’ + 3L, — 2) (3g* + g™ + 24%¢") (5.27d)
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5.2 Gauge boson sector

1 3
VotV — Vi = _< + 3L, — 2> (3" + g* +2¢%¢™). (5.27e)
8(4m)% \ e

As the egs. (5.24) and (5.27) are exactly the same, we see that the contribution from the
gauge bosons to V5 vanishes.

5.2.3 Case 3

Lastly, with the choice of eq. (5.4) we get four massive gauge bosons. The mass spectrum
is now

1

My = 19°(vF +w}) (5:28)
1

M: =2 l(g" + %) (vf +wl) + V(@ = g2 (0 + wd)? +4g%g2 (0 —w?)?|,  (5.29)

with the two usual charged gauge bosons W* having the same mass as in sections 5.2.1
and 5.2.2, while the masses of the two neutral gauge bosons mix. The total contribution
to the effective potential from the gauge sector is

2Cy (Miw) + Cy (M) + Cy (M=) = 2C* (M) + C* (M) + Gy (M)

2MB, + M2 + M?_,  2Mj, + MY+ M* /3
— = +3L,—2 O(M®/T?.  (5.30
8 A(4r)? <e ok ﬂ O (5:30)

Again, omitting the zero mode, we find the contributions to the expansion in eq. (5.14)
to be

Vi, = 116(392 + ¢*)T? (5.31a)
Vg = 116(392 + ¢*)T? (5.31b)
Vi = —16(;?)2 (i’ + 3L, — 2) (3g* + ¢ +24%9") (5.31c)
Vo = —16(;)2 (‘2 + 3Ly — 2) (3g* + ¢g* +24%¢9™) (5.31d)
Vs = —8(417T)2 (‘:’ + 3Ly — 2) (3g* + g™ — 24%g"). (5.31e)

We can find V} by using egs. (5.24e), (5.27¢) and (5.31e).

5.2.4 Contribution to the effective potential

We summarise the results from sections 5.2.1 to 5.2.3. Again, Vi, Voo, V4, and V5 should
match for consistency. The different contributions to the effective potential from the
gauge sector are

1
Vi = 175(3g2 + ¢*)T? (5.32a)
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Vay = 116(392 + ¢ T? (5.32b)
Vi = —16(;)2 [f + 3Ly — 2] <3g4 +g*+ 2g29'2> (5.32¢)
V, = —16(;)2 [:: 4 3L, — 2] <3g4 T 2929’2> (5.32d)
Vi =— 3 417T)2 E’ + 3Ly — 2} (3g4 N 292g’2) (5.32¢)
V, = —;&i ; E’ + 3L, — 2} (5.32f)
Vs = 0. (5.32g)

The counterterms are discussed in section 5.4.

5.3 Fermions

The fermion fields are coupled to ®; in the fermiophobic 2HDM through their mass term,
Lvukawa, and are not affected by the choice of gauge. As the fermion fields only couple to
the ®; Higgs field, the parts affected by the fermion fields are Vj; and V;. Again, we shift
the scalar fields by a background field. We do not need to distinguish the contributions
to V3_5 as they are zero, and we simply use eq. (5.2). Using eq. (2.96), the contributions
to the effective potential from the fermion sector are

T2
Vin = Eg% (5.33)
1 /1
Vi = e (6 + Lf) Gy, (5.34)

with the rest being zero. The definitions of g3, Gy, and Ly are given in egs. (3.11),
(3.15) and (3.17).

5.4 Effective potential

We sum up the contributions to the effective potential from the scalars, gauge bosons, and
fermions. The parts of the effective potential quadratic and quartic in the background
fields take the form

Vir =Virol o1 + Vaohos + V[l 1] + Va[hioa]”
off =V11P1P1 + Vaapopa + Vijp101| + Va|papa

+ Vs[ ol | [whion] + Va[ ol [heon] + ‘ﬁ Hﬂwzr + [@Ewlﬂ (5.35)
where
Vi 211;2 {392 + ig’Q + 3N+ 203+ M+ 9)2/,1} (5.36a)
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5.5 pB-functions

T2 9 2 3 /2
V22 :E {49 + Zg + 3)\2 + 2)\3 + )\4] (53613)
173
= — _ L. —92 4 14 2 2 /2>
i 16(47?)2L+3 b ](39 AR
1 /1 A T 1 /1 \
- (6 4 Lb) [3)\1 FE 4 A] + (6 + Lf) Gt (5.36¢)
173
_ S 3L, —9 4y o2 /2>
Ve 16(4w)2[e+3 b ](39 AR
1 /1 1
~ e + Lb> [3A§ + §A§ + A2+ )\2_] (5.36d)
113
Vo=———|=+3L,—2| (3¢ + ¢"* — 2¢° '2)
’ 8(47‘(’)2{6+ ’ }<g+g 79
1 /1
- o (6 + Lb> [()\1 +20)(3As + Aa) + 202 + A2 4 /\ﬁ} (5.36¢)
2 12
g g 3 1 1
R (Z+3L,-2) - (47T)2<€ 1) [+ o+ g+ 20 + 2
(5.36)
1 /1
V== e (6 + Lb> [/\5(/\1 F g A + 6A4)} (5.36g)

We can read off the counterterms for the scalar sector directly from the effective potential,

Sy = (4;)26 :294 + ggf4 + j’fﬁg/? TN A4 202 4202 - 2@;;1] (5.37a)
Sy = (473)26 :294 + 29'4 + igzga + 603 + A3 +2A% + ZAQ_] (5.37b)
Mo = [0+ 0"~ R (a M)BN 4 d) + 28+ ] (5T
Sy = ( 47:)26 :2929’2 + (A4 g + 44X+ 20) A + 4/\§} (5.37d)
= 4;)26 :)\5()\1 + 440+ 624, (5.37¢)

The definitions of the counterterms are given in section 3.1.1.

5.5 [(-functions

We are now in a position to calculate the S-functions for the scalar couplings. We follow
the procedure of section 2.2. First we calculate the quantities f),,

1 A

fr, =Residue of simple - of {6/\1 — 21[452%}}
1 719 3 3

=) §g4 + §9’4 + 1929'2 + 6T+ A3+ 207 + 207
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3
—2Gy, — 5)\1(392 +9%) + 2>\1932/,1} (5.38a)

1 A
fr, =Residue of simple — of {(5)\2 — ?2 [45Z¢2}}
€

1 19, 3.4 345, s s ) , 3 .
(47)2 {89 + 89 + 49 G765+ A3+ 20 + 202 2)\2(39 +4") (5.38b)
1
frs =Residue of simple — of {6/\3 — );’[252% + 25Z¢2}}
€
L9y 3 u_32n 5 o 19
:(471')2 {89 + gg/ — Zg g’ + ()\1 + )\2)(3/\3 + )\4) + 203 + A] + A2
3
— 339" +9%) + Agg%,l} (5.38¢)
. : 1 Ay
\, =Residue of simple - o Ja-
fr, =Residue of 1 f {5A 5 [252¢1 + 252@}}
€
1 73 3
~(an)? [2929’2 + A AL+ Ag +4As +2Xy) +4A2 — 5A4(392 +97%) 4+ Mgy.| (5.38d)
1
fr, =Residue of simple - of {5/\5 — );[25Z¢1 + 26Z¢2”
1 3
ey [A5(A1 A+ 4% + 6M) — Shs(39% + 97 + >\5g32/71} . (5.38¢)

In the limit d — 3, we have that

B, _(471T)2 [Zg‘* + ig/‘* + 2929/2 + 12X 4 203 + 402 + 422
— 4Gy, =3\ (3¢ + ¢7) + 4hgy, (5.39a)
B, = (4;)2 [294 + 29'4 + 2929'2 + 12X3 + 275 + 4M% + 402 — 3X\o(3¢° + g’Q)} (5.39b)
Bas :<471T)2 [Zg‘* + 29’4 — 292 22000 + Aa)(Bhs + Aa) + 20225 + AJ 4 A2 + Aagyy)
—3X\3(3¢° + g'ﬂ (5.39¢)
Pr =1 4;)2 [3929’2 +20(A1 Ao + 405+ 20) + 803 = 3M(3¢% + ¢%) + %49?1}
(5.39d)
By =gy (2500 + o 434+ 600) = 3h5(3° + 0 + 2hsg (5.39)

In the review article on the 2HDM [78], the -functions for the scalar couplings are listed,
in agreement with our results.
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CHAPTER 6

DIMENSIONAL REDUCTION

In the high temperature limit, a four-dimensional theory can be described by an effective
three-dimensional theory, with all non-static modes integrated out. This method is called
dimensional reduction [28]. We will follow the program of finding the effective three-
dimensional theories of simple extensions of the SM, outlined in ref. [26].

We recall our discussion of a theory at finite temperature, where the action takes the
form

S = /OB dT/dgxﬁ, (6.1)

where L is the Lagrangian and § = 1/7T is the inverse temperature. In the imaginary-time
formalism (see section 2.1.2) the bosonic (fermionic) fields obey periodic (antiperiodic)

boundary conditions in the Euclidean time direction, which leads to the field expansions
(egs. (2.23) and (2.24))

Oz, 7) =T f: On()e™n (6.2)

U(z,7)=VT _f; U ()T (6.3)

where @ and ¥ are the bosonic and fermionic fields, respectively. The respective Mat-
subara frequencies are w? = 2n7T and w! = (2n + 1)7T, where n € Z. All non-static
modes, i.e. all ¥,, and ¢, except ¢g receive a thermal mass of order 7T, and, in the high-
temperature limit, may be integrated out. We are left with an effective three-dimensional
theory with static bosonic modes. We can perform the dimensional reduction in two steps,
integrating first out the superheavy modes, then integrating out the heavy modes. We
will only do the first step, of integrating out the superheavy modes, and let the second
step be a part of the outlook.
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Chapter 6. Dimensional Reduction

6.1 Integrating out the superheavy modes

We will focus on a model where both scalar Higgs doublets are either heavy or light. All
the fermionic and non-zero bosonic modes are integrated out first.

We write down the most general three-dimensional theory, which respects the under-
lying symmetries. The Lagrangian takes the form

‘6(3) ‘Cscalar ﬁ(patlal + ‘Ctemporal + ‘C’ghost + 5‘6(3) (64)

We include only the U(1)y and SU(2), gauge fields, i.e. we ignore the SU(3) gauge fields
as they decouple from the second Higgs doublet, @5, and thus behave exactly the same
way as in the SM at one-loop. Thus, the gauge sector of the Lagrangian reads

1
£® fGa G + ~F, F.,, rs=1,...,3 (6.5)

spatial — 4

The couplings are denoted by ¢5 and g3 for the U(1)y and SU(2)., respectively. The
Lorentz symmetry has been broken by the heat bath, but the smaller O( ) symmetry of
the spatial gauge fields is preserved. We will not explicitly consider £ . or 6L%) ) as
they are irrelevant for the discussion below.

The scalar part preserves the structure of the full four-dimensional theory, with some

minor modifications,

ghos

; o @]01)? + 52 (@)

+A3<<1>Iq>1><<1>£<1>2>+A4<<1>1<1>2><<1>£<1>1>+A;[@chg) + (@)o,)?].
(6.6)

1

A
= D, %D, &, + D, D,y — 5,&@1@ !

% IR

scalar —

Notice that the covariant derivative has only a spatial index. As for the temporal part of
the gauge fields, we have that

1 1 1
L0 pora =5 (DAL + 5(0.Bo)? + S (40)? + 3 B3
1 1 1
+ Z/ﬁ(AS) + 1@33 + 1/@3(143)233 + I @[ Dy (AF)” + hy iy (Af)?

+ hy®1 D) B2 + hy®L Dy B2 + hs By®l Ay - 70 + heBy®LAy - 705,  (6.7)

where the covariant derivative of the adjoint temporal gauge field is D, A} = 0,A% +
ge®c AL AS. We have maintained the same notation for the fields for simplicity. Our goal
is to determine the parameters of the effective three-dimensional theory in terms of the
parameters of the original four-dimensional theory.

6.1.1 Thermal masses

Firstly, we determine the thermal masses of the temporal component of the gauge bosons.
The mass parameters of the temporal gauge fields at leading order are simply the static
limit of the two-point correlators, found in egs. (4.1) and (4.5),
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6.1 Integrating out the superheavy modes

1
miy = g*(d = )N+ 5 (1 =27 S VF| 1
f
N, N 11
2 LVh f 2 122
=¢?| =L+ ZL (14 N2 ) |T? = 24T .
g{6+4<+ 27)] g (6.8)
mp = g*(d—1)[2(d = 1) + N + (1 =22 3|1

left

2 N 1
_ g2 |: + Yh + f(l + Nc) T2 — 292T27 (69)

3 6 12
where Ny is the number of lepton families, NV}, is the number of Higgs doublets, and N, is
the number of colours. In the last step in eqgs. (6.8) and (6.9) we used the 2HDM specifics
in eq. (3.18) and let d — 3. For the three-dimensional scalar fields, the squared masses
receive a thermal contribution

72719 3

P =m? — 5 [4g2 + zg’Q + 30 203+ M+ g?m] (6.10)
T2719 3

,u% :TTL%Q — 6[4924- 49'2—1-3)\2—1—2)\3—#)\4}, (611)

where we used the effective potential in egs. (5.36a) and (5.36b). Note that both the
temporal gauge fields and the scalars receive a thermal mass of order O(¢7'), in agreement
with our discussion on thermal masses from section 2.1.3.

6.1.2 Field renormalisation

Secondly, we relate the three-dimensional fields to their four-dimensional counterparts,
denoted by the lower indices 3d and 4d, respectively. We have the general relation [28§]

2

7}
V2, = 7“[1 + 115, (0) + 0 Zy], (6.12)

where Iy (K) is the self-energy of the field ¥, and the prime denotes a derivative with
respect to K2. §Zy is the field renormalisation counterterm. For the U(1)y gauge field
we use eqs. (4.1), (4.3) and (6.12)

B2 g% Tl 20
B2 = —4d0 )y [NL 2 NL—1] 6.13
3d,0 T + (471')2 6 h( bt )+ 9 f( f ) ( )
B2. . g% /1 20
B2, — —4di [1 ( Ly + " NL )] 6.14
3d,l T + (47T)2 6 h b+ 9 f f ) ( )

where L, and L are defined in egs. (3.16) and (3.17), respectively. Note that the diver-
gences from the self-energy and the field renormalisation counterterm must cancel. This
is a non-trivial check of the correctness of our calculations.

As for the SU(2), gauge field, we use eqgs. (4.5), (4.7) and (6.12)

2
A2 o A4d,0
3d,0 —

2
260 —
{1+ g |:_6 Nh 8+Nh 4
T (

1n)? G Ly + 3 +3Nf(Lf—1)” (6.15)
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Alg, 92 2 — N, 2 4

The Higgs fields can be found in a similar fashion, using eqs. (4.11) to (4.14) and (6.12),

2

ol D 1 /9 3 g

o =SB (S ) e
ol P 1 /9 3

ot = U] L (0 2], o2

where gy, is defined in eq. (3.11).

6.1.3 Couplings

The matching prescription is that the correlators of the three- and four-dimensional the-
ories should be the same at zero external momentum.

The gauge couplings

We will determine the gauge couplings gs and g4 by matching the correlators computed in
the four-dimensional and three-dimensional theory. We will use the correlators of the bare
four-dimensional fields calculated in section 4.2 and the wave function renormalisation and
coupling counterterms from section 4.4.

The SU(2), coupling g3 will be found by using the correlator with two scalar legs
and two spatial gauge field legs. The three-dimensional and four-dimensional theories are
matched by equating

C ol g 1
(I)gli,l(béd,lAi%d,rAgd,s( - 29§5ij5ab5rs>

1 4, ; u 1
:fq)ld,l(b)(I)Zld,l(b)Aéld,r(b)AZd,s(b)dijdab(STS { - 5(92 + 592)

3 3 1,
+ ( - gg‘* + ggQg’2 — 5(24 ¢ 1)9293,1>1§“’} (6.19)

where 6g% = 2gdg. After some algebra we find the three-dimensional coupling to be

2 44 — N, 2 4N
7= gQ(M)T[1 + (4%2( s - ;Lf)]. (6.20)
We have indicated that the four-dimensional coupling, but not the three-dimensional
coupling, is dependent on the renormalisation scale p. We can use the renormalisation
group equation, eq. (2.43), to verify that the three-dimensional coupling g3 is independent
of . All other three-dimensional couplings discussed below follow the same pattern. We
can use the criterion that the three-dimensional couplings should be independent of the
renormalisation scale as another non-trivial check of the correctness of our calculations.

To find the three-dimensional coupling ¢4, we use a similar procedure, by using the
correlator with two scalar legs and two spatial gauge field legs. We match the two theories
by equating
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(I)gggq)éngZ%deBd,s( - ;9?51’]'@5)

_ ch)W (I)j B B 550 . 1( 2 5 2 § izt 9 2 12 [4b 21
= 7 Pad.2(0) Y1 2(6) P, (0) Pad,5(0) 01 rs[ 59 +09”) + (89 + 379 ) 2 } (6.21)
It does not matter if we use the correlator with ®; or ®5 as the external scalar legs, the
result should be the same. This is a check of consistency of the results. The final result
for the coupling g4 is

12

2 _ g° (1 20 )]
= T\l ———(=NpLy+—N¢Ls||. 6.22
gs g (:U’) [ (471')2 <6 htb + 9 FHr ( )
The couplings g3 and g4 could also have been found using the four-point correlators of the
gauge fields, yielding the same result. However, the calculation is sightly more involved.

Matching of the temporal gauge field self-couplings

The coupling constants for the temporal part of the gauge fields are found by matching
the four-point functions of the four-dimensional and three-dimensional theories at zero
external momentum. As the self-coupling of the temporal gauge fields is prohibited in
the four-dimensional theory at tree-level, the corrections will come at order O(g*), and
therefore the wave function renormalisation does not contribute. For the U(1)y gauge
field we have that

1 1 1
— 6ra(Bao)! = - Bi5(d—1)(d - 3) [Nh Fo1-2 Y Yfﬂ g, (6.23)
f

Thus, we find that

g" [Nh 1 4} g [Nh 380 ]
=T SNy =T Zh 2N 6.24
T Uzl 3 T 6 Xf: f @mzl3 8L (6:24)

Similarly, we find that
4
q 16 + Nh — 4Nf}
=T 6.25
" e { 3 (6:25)
929/2

ks =T 7 2N, — 2N (Y2 + NY2)|. (6.26)

We see that the couplings k1, ko and k3 are automatically independent of the renormali-
sation scale up to the order of accuracy of our calculations.

Matching the Higgs-gauge field couplings

We use the correlators with two scalar legs and two temporal gauge field legs to determine
the the Higgs - gauge field couplings,
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q)gg,lq)gd,lAgd,OAgd,O( - 2h15ij5ab)

1 X
:f(bj"d’l(b@zldyl(b) 4d,0(b)AZd,o(b)5z‘j5ab[ - 5(92 + 6g%)
25 3 1 1
? 2 12
9 <( 8 +d>d9 —(- d)(§>\1 + A3 + 5/\4) +3d9
1
B 5(24_(1 —1)(d - 2)912/,1>]§b]7 (6.27)

where 912/71 is defined in eq. (3.11). The three-dimensional coupling becomes

2 > 44 N 53— 2N, 4 1
hlzT{g(”)+ g [( - hLb—i-6h—3Nf(Lf—1)>gz+29l2—2g§2,71

F6AL + ANs + 2)\4} }
(6.28)

The correlator with two scalar ®, legs and two SU(2); legs takes a very similar form,

1
2, L
9+29

+6Ag + 4\3 + 2)\4} } (6.29)

2 2 44— N 53— 2N, 4
T{g(u)Jr g K . hr ' h_BNf(Lf_1)>

Similarly, the couplings hg and h4 are found by using the correlator with two U(1)y gauge
boson field legs and two scalar legs, ®; and ®,, respectively,

9”(n) g Kl 2N, —3 20 ) n 3, 2
hy =T - NI N =1))g? =27 +2
=r{ iz (Mo g g Nolly = 1) Ja7 = 507 + 205,
— 6 — 4Ny — 2)\4} } (6.30)
9" (n) 9" Kl 2N, —3 20 ) 3 o
hy =T _ CNp Ly 4 2T N —1))g? = 2
! { 1 aamE gt g g Nk = 1))9m = 5
— 6 — 4y — 2&} } (6.31)

where we have defined g%Q in eq. (3.12). The last scalar-gauge field couplings are hs
and hg, which can be extracted from the correlator with two scalar legs, ®; and &,
respectively, and two different gauge field legs,

gy (1) 99 > <44 — Ny 54N, 2 >
=T 2 Ly — — SNy(Ly -1
hs { 5 T 2(4m)? (M + M) +yg o 5 3 r(Ly—1)
1 3—N, 10
. g,2< — Nl + — ho_ 5 V(L ~ 1)) + 29373]} (6.32)
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9wy (1) 99 ) <44 ~ N, 5+ N, 2 )
he =T 2 Ly — — SNg(Ly -1
6 { R TTSE] RO R s S iy S A

1 3—N, 10
+g'2< — g Vnls + 5 - 9 r(Ly— 1))]} (6.33)

where g5 is defined in eq. (3.13). All the three-dimensional couplings should be inde-
pendent of the renormalisation scale.

Matching of the scalar couplings

In a similar fashion, we find the scalar coupling constants in the three-dimensional the-
ory by using the scalar correlators at zero external momentum found from the effective
potential. The three-dimensional couplings take the form

1
Ay =T [Al(u) + I (39" + "+ 20" + 8L, (GLy — ug)
2L, (9 3 3 1 3
~ g0+ g+ O XA NG )
(6.34a)
1
A, T[)\g(,u) + 1(4m)? (394 + g+ 2g2g/2)
2L, (9 3 3 1 3
~ Gt (g0 g0+ 507 B N A G 7))
(6.34D)
1
As =T [As(u) 1@y (39" + 9" = 29°9" — 4Ly hsg?,,)
Ly /9, 3 3
- (47:)2 (894 + 39" = 19707 + O X)(BAs + M) + 205+ A+ 3
_ 3)\3(392 + 9’2))] (6.34c)
1
AN, =T [/\4(,u) + (4m)? (929/2 — Lf>\4912/,1
3 3
— Lb(igzgl2 + (AL Ao+ 4h3 + 20 )My +4X2 — §>\4<392 + 9/2)))] (6.34d)

1 3
A5 =T |:/\5(,LL) — W (Lf)\5g12/71 + Lb ()\5(>\1 + )\2 + 4/\3 + 6)\4) — 5[4,)5(392 + 9/2)))]
(6.34e)
where we used egs. (5.36¢) to (5.36g) and the field renormalisations eqs. (4.13) and (4.14).

We have checked that the three-dimensional couplings are independent of the renormali-
sation scale.

Mass-mixing

We now include the mass-mixing term in the Lagrangian which softly breaks the Z,
symmetry,
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1
Loix = —5(771%2@1‘1’2 + h.c.), (6.35)

and treat it as a perturbation. All correlators should be re-evaluated to include contribu-
tions from the mass-mixing term. However, at one-loop only the <I>I<I>2 and its Hermitian
conjugate correlator are affected by the mass-mixing term. All other correlators are af-
fected by the mass-mixing terms at higher orders.

We match the three- and four-dimensional two-point correlators at vanishing external
momentum,

1 1 1 1
(—2/1%2) (‘1)1‘132)&1 A <—2m%2 - 557”%2 - V12> ((I)J{(b)q)Q(b)>7 (6.36)
where V5 is the the correlator calculated in eq. (4.15). We use the mass-mixing countert-
erm from eq. (4.16), the correlator from eq. (4.15) and field renormalisation counterterms
from eqgs. (4.13) and (4.14), and we end up with

2 2
) 2} Ly 0vamizp oy

12, =m2y — | (As + 2A)m2, + 3Asmi2 — (92 + 397 ) mis (4m)2  2(4m)?

4 4
The three-dimensional mass-mixing term should be independent of the renormalisation

scale. This requirement serves as an independent check for the correctness of our calcu-
lations.

6.1.4 Summary of one-loop matching relations

We here summarise the one-loop matching relations previously obtained, for the reader’s
convenience. The number of fermion families Ny and the number of Higgs doublets N,
are kept unspecified wherever applicable.

2 1 1
s _of2 1 LAl 6.38
"D g[3+6 nty f} (6.38)
1 5
m?2 =g? [6 Nt f} T2 (6.39)
2 2 T2 9 2 3 12 2
U ng + 17 +3M +F2 3+ A+ gy71:| (6.40)
279 3
iy =My — o {492 + 19/2 + 33X + 23 + )\4} (6.41)
. 9 3 Ly ¢2,m?
#%2 :m%Q - [(Ai’» + 2)\4)m%2 + 3)\5m1§ - <492 + 49/2> m%% (47r)2 - 2}2411”)122 Ly (6.42)
4 /44— N 9 4N
2:T[ 2 g ( hp,+ 22U )] 6.43
93 g(u)Jr(M)2 G vtg——5 Ly (6.43)
o 20
2 :T[ 2, — 9 ( Ly + 2N, L )] 6.44
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4
b re 1. 4 }
4N, —-N 6.45
A s ol L S (649)
g 71 380 }
K2 (47‘{')2 -3 h 8]. f (6 6)
2 12 -
99 8 }
=T 2N, — —-N 4
TR o
2 2 r
P2l g (44—Nh 53— 2N, 4 ) A PR
_7 L ~ONf(Ly—1 Zg% -2
i { 4 Taanel\T e T T Vil = 1) )9+ 597 = 29v,
+ 61 +4X3 + 2\, } (6.48)
2 2 -
2 g (44—Nh 53— 2N, 4 > , 1,
ho =T L — =N¢(L;—1 =
? { 2 Taunel\ T T T sNr(Lr = 1))9"+ 39
+6As + 4Ng + 20 } (6.49)
9% (1) g9” [(1 2N, —3 20 ) n 3 2
hy =T . SNy 4+ TS TN (L — 1) Vg — S+ 2
’ { 1 aume gt g g il = D))ot g0 20y
—6A — ANy — mﬂ (6.50)
hy =T - CNpLy+ T2 SIN (L~ 1) ) g -
! { 1 aamE\gMbe g g Nk = 1) )T = 5
— 6y — 4Ny — 2)\4} } (6.51)

/

/ 44 — N, 5+ N, 2
hs :T{g(u,)g () + [2()\1 + A1) + 92< "Ly — AL 2 Ne(Ly — 1))

2 2(47)2 12 6 3
1 3—N, 10
+ 9'2( - ENhLb + Th - ng(Lf - 1)) + 2912/,3]} (6.52)
g(Wg' (1) g9 [ 2(44—Nh Dt N 2 )
=T 2(N\s + A Ly — — SNy(L; -1
6 { R Tl R G S e B A
1 3—N, 10
+g'2(—12NhLb+6h—9Nf(Lf_1)> } (6.53)
1
Ay =T {M(u) @y (39" + " +29°9" + 8L#(Gy,y — Mgra))
2Ly (9 , 3 4 3 4., o Lo 2 2 3 2,2”
_ S T A A2 A2 A2 42 -2
(47T)2<169 + 160" g0 BN S AL X = TN (Bg% + 67)
(6.54)
1
Ao =T {)\Q(N) + 1(4n)? (3g4 + g'4 + 2929’2)
2Ly (9 4, 3 4 3 5 EICTECEV . Q,QH
(4w)2(16g T16d TR TN AP A A )
(6.55)

_ 1 4 14 2 12 2
As —T{)\g(u) X 47r)2(3g +g" — 20%9 — AL Asg} )

L 9 3 3
(47:)2 (894 0" = 79707+ a + 0)BAs + M) + 205+ AT+ A
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=S+ o) (650
Ay =T {M(u) + (in)? <929’2 — Lilagy,

_ Lb(;)glez + (A1 + Ao 45 + 200 Ay +4NE — ‘;’A4(3g2 + g’2)>>} (6.57)
As =T [)\5(/0 — (471T)2 (LfAE,g;l + Ly ()\50\1 + Ao + 43+ 6Ny) — 2LbA5(3g2 + g’2)))]-

(6.58)

The dimensional reduction of the 2HDM has been previously calculated by Losada [25]. In
the paper by Losada, neither the hypercharge gauge boson nor the fermions were included.
Our calculations have extended the dimensional reduced theory to include contributions
from both fermions and the hypercharge gauge boson. When comparing our results with
the results found by Losada, we find almost complete agreement. However, there are a
couple of discrepancies. For the three-dimensional coupling A4 we get a term 4\%, while
Losada gets twice this value. Also, for the three-dimensional coupling A5 we get a factor
As(A1 + ...), while Losada again gets a factor of 2 extra. Our calculations rely on using
the effective potential for the scalar couplings, and we also found the scalar g-functions
using the same results. Our results for the g-functions agree with the results from the
review article on the 2HDM [78]. As the factors in A4 and Aj follow trivially from the
effective potential, which gives the correct values for the S-functions, we conclude that
the results found by Losada are incorrect. Also, the article on dimensional reduction the
2HDM by Andersen [27], which extends the calculation to two-loop for the mass terms,
quotes the results found by Losada. Therefore, the values for A4 and A5 in that paper are
also incorrect.

6.2 Integrating out the heavy modes

Now, it is natural to integrate out the heavy modes, i.e. the modes which have masses of
order g7'. That includes the temporal parts of the gauge fields, Ay and By. In addition,
we can divide the discussion into two parts; we can have one heavy and one light Higgs
doublet, or we can have two light Higgs doublets. The first case is the generic one [25],
while the other requires the first thermal contribution to the masses to be cancelled by the
mass parameters m?; and m3,. Depending on the choice of the scalar mass parameters,
additional scalars might be integrated out along with the temporal parts of the gauge
fields. The effective theory we end up with is identical to the effective theory for the SM
when we have one heavy and one light scalar.

We will not perform this second step of dimensional reduction, but the procedure is
identical to the one already outlined, and should not pose any major difficulties. The
massive sum-integrals in eqs. (C.17) and (C.18) will be needed. The second step of
dimensional reduction is performed in ref. [25], which would not differ much from our
case.
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CHAPTER 7
N-HIGGS DOUBLET MODEL

We will in this chapter extend the discussion to the N-Higgs Doublet Model (NHDM), find
the p-functions for the generalised couplings and perform dimensional reduction where
we integrate out the superheavy modes. We let N}, denote the number of Higgs doublets.
As we will see, it is easy to generalise to N, Higgs doublets, and we will rely heavily on
the calculations performed earlier.

7.1 The model

We have an extended model of the SM with N}, scalar Higgs doublets, where only one
Higgs doublet couples directly to the fermions. This is the fermiophobic NHDM. The
interesting part of the Lagrangian is the scalar sector, which takes the form

Np,

Al
Licalar = Z [DN(DILDM(I)TL — ’LL”CDTQ) 4+ == L

2 2 @L@")Q}

n=1
Np—=1 Np

DIEDY

n=1 m=n+1

>\3 nm (I) ¢ )(CI)InCI)m) + )‘47nm(q)qu)m)(q)1nq)n)

+A52”m ((qﬂ@ )2 +(<I>LL<I>n)2ﬂ (7.1)

where ,u%, Moy A3ms Mpm, and A ., are real. We also have that A3, = A3 ., and
similarly for A4, and As,,;,. The limits of the last two sums are chosen such that we
avoid double counting. We have already imposed (N, — 1) Z5 symmetries, of the form

o, —» -9, &,—>d, m#*n, n=1,...,N,—1. (7.2)

This means that we have discarded couplings with an odd number of the Higgs field ®,,.
We have also made Aj,, real by a field redefinition, as before. A completely general
NDHM could also include couplings with an odd number of the Higgs field ®,,, as e.g.
(@1 ®,,) (P! ®;). The theory considered here will serve as the minimal NHDM, where
additional operators could be included. Any general NDHM should reduce to the NHDM
considered here.
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7.2 Correlators

In Appendix D most of the correlators needed have already been calculated with the
number of Higgs doublets being arbitrary. We will summarise these correlators here, as
well as perform the additional calculations for the new correlators.

The By, A§ASAS AL and AGAS B2 correlators are given in egs. (4.21) to (4.23), respec-
tively. They remain unchanged, as the number of Higgs doublets is already kept arbitrary
there, and no scalar coupling is present.

The CIDLCI)TLB B, correlator

From egs. (D.57) to (D.64) we find the types of diagrams contributing to the ®!®, B, B,
correlator. The only difference between the 2HDM and the NHDM is that we get more
diagrams of the form of egs. (D.58) and (D.62). Thus, with an extra sum over the scalar
couplings, the correlator takes the form

> 1 d 3
=¢”|= - n 2 nm nm —g" —d 2
P g [2(d 3)(3)\ +m§#n( A3m + As, )) +39 + g9

1

- 5 n1(24_d - 1)(9}2/71 — 269%’2) (Sijlgb (73&)
for py=0,v=20
12 3 12 9 2 ]- 4—d 2 b

for y =r,v=s.

Notice the Kronecker delta d,; that makes sure that only ®; couples directly to the
fermions.

The @LCI)”AZAQ correlator

Similarly, the ®f @, A% A} correlator can be extracted from diagrams of the form of egs. (D.48)
to (D.56). Again, more diagrams of the form of eqs. (D.50) and (D.55) must be included,
which results in an extra sum over the scalar couplings. The correlator takes the form

™ 25 1 1
=g - 2__(3— 2 g2
— S0 (2 = 1)(d — 2)g8 B 1 (7.42)

for u=0,vr=20

3, 3 1.
:[ — g0+ 399" — 50m (2 - 1)9293,1}5ab5ij5rs[§b (7.4b)

for uy =r,v=-s.
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The ®!®, A¢B, correlator

The correlator with two scalar legs and two different gauge field legs can be found from
egs. (D.65) to (D.72). The additional sum over the scalar couplings comes from egs. (D.66)
and (D.70). The correlator becomes

“w
1 1
— /*d—?) )\n /\nm ~d 2 12
P 99'|5(d=3)( +§n anm) + 2d(9° + %)
1 _
— 20 = 1)k — 2600 (ri T2 (7.5)

The correlators will be used when matching the effective three-dimensional theory with
the original four-dimensional theory.

7.3 Effective potential

We use the effective potential to extract the counterterms for the scalar couplings, as
before. Instead of diagonalising an 8 x 8 matrix, we will now need to diagonalise a
4Ny x 4N, matrix. At the outset this seems to be a too great challenge, but we will see
that by choosing our background fields in a clever way we will be able to find the mass
spectrum.

We shift the scalar fields by a background field, ®,, — ®,, + ,,. The mass matrix can
be found from the terms quadratic in the fields.

7.3.1 Casel
We set the background fields to be

1 0 1 0
wn_ﬂ(iln)’ @m_\/ﬁ<vm>’ or=0, k#nm, n#m, k=1,... N,
(7.6)

The mass matrix is similar to the 2HDM mass matrix, with the addition of 4(N, — 2)
terms on the diagonal. We can rearrange the columns and rows to obtain

rM2, 0 0 0 M2.,,5 O 0 0 0 0 0 0 T

0 M2, 0 0 0 M2, O 0 0 0 0 0
0 0 M2, 5 0 0 0 M2, 4 0 0 0 0 0
0 0 0 M2, , 0 0 0 M2, O 0 0 0
M2, .5 O 0 o M2,., O 0 0 0 0 0 0
9 0 M2, O 0 o M2,, O 0 0 0 0 0
M = 0 0 M2,.s O 0 0 M2.s O 0 0 0 0
0 0 0 MZ,,s O 0 0o MZ,, O 0 0 0
0 0 0 0 0 0 0 0 Mg, 0 0 0
0 0 0 0 0 0 0 0 0 M, O 0
0 0 0 0 0 0 0 0 0 0 M, O

0 0 0 0 0 0 0 0 0 0 0 M2,
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where

1

My, = _5/1721 (7.8a)
1.
Mpnz = =5/ (7.8b)
1 1
Mzn,S = _iﬂi + )\ani + §(A4,nm + >\5,nm>v72n (78C)
1._ 1
Myna = =5l + 5 Mgm = As om0, (7.8d)
1.
anzm,l = _iugn (7 86)
1.
Myims = =5 im (7.8f)
1 1
M;im,g = _iﬂ?n + Al,mvfn + 5(/\4,%1 + )‘S,nm)vi (7.8g)
1. 1
Mr?@mA - _iﬂgn + 5()‘4,71771 - /\5,nm)UT2L (78h)
1
Mzm,lf) - 5(/\4,nm + )‘5,nm)vnvm (781)
1 .
Mgm,% = §(>\4,nm + )‘5,nm)vnvm (7&])
Mn2m,37 = ()\3,nm + )‘4,nm + )\S,nm)vnvm (781{)
MgmAS = )‘S,nmvnvm (7.81)
1.
Ml?k:,l = _§M% (7.8m)
1.
Ml?k,Q = _iﬂi (7.8n)
1._ 1 1
My 5= —yzi + §(>\4,im + A5 kn ) V2 + §(>\4,km + A5 kU2, (7.80)
1. 1 1
M., = —§/~Li + 5(/\4,14;71 — As.kn) U2 + 5()\4,1% — X5 o ) V2, (7.8p)
The shifted masses are
:&i = M?L - )‘l,nvi - /\S,nmvyzn (79)
fig, = i, = AMmUs, = A3 nm s (7.10)
fir = 117 — A3 enVn — A3 emUp- (7.11)

The effective potential takes the form

1 1 1 1 1
V;:ff = §Vn,1lvi + §Vm,11v31 + ZVn,lvi + va,lvfn + Z(Vnm,?) + Vnm,4 + Vnm,5)vgvgn
7.12)

—

where
2

T
Vn,ll :E (3)\1,71 + Z (2)\3,1971 + >\4,k:n)> (713)
k#n
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1 1
= L 2
Vn,l (4’/T) ( + b> [3>\1,n
+- Z (2)\3 in + Nk + Adgen + Aspn) + (Agpn + Aagn — )\5,kn)2>:|
k;én
(7.14)
1

1
Vnm,3 + Vnm,4 + Vnm,S (471‘) ( + Lb) |:<>\1,n + Al,m)(3>\3,nm + 2)\4,nm + /\5,nm)

+ Mgm + Asum)” + 222 1 + 2(Asm + Adgum + As,nm)”
+ Z (/\3,kn)\3,km + (Askn + Aaon) (A3 km + Adjom) + >\5,lm/\5,km)]-
o (7.15)
The divergence of V,,; is absorbed into 0\, 1 and Vi3 + Vima + Vims into 0,3 +
OAnma + 05
7.3.2 Case 2
We now set the background fields to be

1 (0 1 (0
wn_ﬁ<vn>’ Spm_ﬂ(in)? pp =0, k#nm, n#m, k=1.. N
(7.16)

m

The mass matrix is similar to the 2HDM mass matrix, with the addition of 4(N, — 2)
terms on the diagonal. We can rearrange the columns and rows to obtain

rM2, 0 0 0 0 M2, O 0 0 0 0 7
0 M2, 0 0 M2, O 0 0 0 0 0
0 0 M2, 4 0 0 0 0 M2 . O 0 0 0
0 0 0 M2, , 0 0 M2 4 O 0 0 0 0
0 M2, O 0o MZ,, O 0 0 0 0 0 0
9 M2 s O 0 0 o M2,, O 0 0 0 0 0
M= = 0 0 0 M2, . 0 0 M2.s O 0 0 0 0
0 0 M2, 4 O 0 0 0o M2, O 0 0 0
0 0 0 0 0 0 0 0 MZ, O 0 0
0 0 0 0 0 0 0 0 0 M2, 0 0
0 0 0 0 0 0 0 0 0 0 MZ, O
2
|0 0 0 0 0 0 0 0 0 0 0 Mg, |
(7.17)
where
1
2 _ ~2
Mnn,l - _iun (718&)
1
2 _ ~2
M2,y = — 22+ Al + S(A A m)’ 7.18
nn,3 _Eun + 1,nUn + 5( 4nm 5,nm)(wm) ( : C)
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1_ 1
Msn,zl = _*/%21 + 5(/\4,nm + )‘S,nm)(w(r)n)Q

2
1
ME = 2
mm,1 2Mm
1
ME o= i
mm,2 2Mm
M? — _}~2 1 A A 2
mm,3 — /’l’m ( 4,nm + 5,nm)'Un
’ 2 2
I
Mrznm4 = _iu?n + )‘1 m(wm) + §(A4,nm — )\5’nm>1)721
1
anm,lﬁ 5()‘4,nm - AS,nm)UnwEn
1
Mgm 25 — 5()\4,nm - >\£’J,nm)'Un'lU21

2 0
M58 = (A3um + Adinm — Asum) Uy,

2 _ 0
Mnm,47 - )‘5,nmvnwm

M2, = —iﬂi
1.

MI?k,Q = —iﬂi
1. 1 1

M]?k,g - _5/1’2 + 5(/\4,1671 + A5,k'ﬂ)v721 + 5()\4 km — /\5 km)(wo )2
1. 1

Ml?kA = —iﬂi + 5(/\4,kn A5 en) U2 + 2()\4 km + A5 o) (Wpy) .

The shifted masses are

fin, = i = MV = Agm (wp,)?
ﬁ?n = Mgn — Arm(w , )2 Az nmvazm
fir. = 13 — A3 nVs — Ag o (W), )%,

The effective potential takes the form

1
Verr :§Vn,11U12L + Vm 11( ) + 4Vn 1U + 4Vm,1(w?n)4
1
+ Z(Vnm,?) + Vnm,4 - Vnm,5)vi(w21>2
where
T2
Vol =—= (3)\1,11 + ) (2As e + )\4,kn>>
12 i
1 1
Voi=———=-+1L A2
1T )2 ( * b) [3 L

(7.184)
(7.18e)

(7.18f)

(7.19)
(7.20)
(7.21)

(7.22)

(7.23)

73 (200 + Qi+ At + Ao+ (st + At — A

k:;én

(7.24)
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1 1
Vnm,?) + Vnm,4 - Vnm,S - _(47)2 (6 + Lb) {(Al,n + Al,m)(3>\3,nm + 2>\4,nm - )\5,nm)
+ ()\4,nm - )\5,nm)2 + 2)\§,nm + 2(>\3,nm + )\4,nm - )\L"),nm)2
+ Z (/\S,kn)\f%,km + ()\3,kn + )\4,kn)(>\3,k’m + )\4,km) - )\S,kn)\5,km)] .
k#n,m

(7.25)

Now, the divergence of V; ,, is absorbed into 0y, and Vi3 4+ Vi a — Vi 5 into 0N, 3 +
OAnma — 0Anm 5. The coefficients V,, 1; and V,,; should be the same as in section 7.3.1.

7.3.3 Case 3
We set the background fields to be

n — 3 @m—i 5 90— 5 %n,m, n%m, =1,..., .
Q. \/_ v \/_ O k h

The mass matrix is similar to the 2HDM mass matrix, with the addition of 4(N, — 2)
terms on the diagonal. We can rearrange the columns and rows to obtain

rM2, 0 0 0 0 0 M., O 0 0 0 0 T
0 M2, o 0 0 0 0 0 M2, O 0 0 0
0 0 M2, 0 M2 . 0 0 0 0 0 0 0
0 0 o M., 0 0 0 0 0 0 0 0
0 0 M2 . 0 M2 ., O 0 0 0 0 0 0
M2 0 0 0 0 0 M2, O 0 0 0 0 0
— | M2, O 0 0 0 0 M2,s O 0 0 0 0
0 M2, O 0 0 0 0 MZ,, O 0 0 0
0 0 0 0 0 0 0 0 MZ, O 0 0
0 0 0 0 0 0 0 0 0 M2, 0 0
0 0 0 0 0 0 0 0 0 0 M2, 0
0 0 0 0 0 0 0 0 0 0 0 M2,
(7.27)
where
M2 =Lyl A )2 7.28
nn,l — _ilun + 5( 4,nm + 5,nm)(wm) ( : a)
M? ——1~2+1(A — As.m) (w)? (7.28b)
nn,2 zun 2) 4,nm 5nm )W, '
M? ——1~2+A 2 (7.28¢)
nn,3 — 2/'Ln l,nvn . C
M2 = Ll (7.28d)
nn,4d — 2:un :
M2 =12 (wh)? (7.28¢)
mm,l — 2:um Lm\ Wy, -20€
M2 =l (7.28f)
mm,2 ~ 2:um :

75



Chapter 7. N-Higgs Doublet Model

1. 1
Mrzzm,fﬂ = —ilﬁn + 5()‘4,nm + >\5,nm)U7ZL (7.28g)
1 1
M'r?@m4 - _5[%271 + 5()‘4,71771 - /\B,nm)vi (728h)
1
Mr2zm 17 — 2 ()‘4,nm + >\5,nm)vnw7—; (7281)
1 .
MELm 28 — 5()‘4,7”11 - >\5,nm)vnw; (728J)
Mzm 30 T )‘3 nmUnUJJr (7281()
1.
M., = —5/1% + 5()‘4716771 + A5 o ) (W) (7.281)
1. 1
Mi?k,z = —gﬂi + 5()\4,km - /\5,km)(w;2)2 (7.28m)
1. 1
My = —gui + 5()\4,]671, + As,kn) Uy, (7.28n)
1. 1
Ml?kA = —§ui + 5()‘4,1671 - )\5,kn)v721~ (7.280)
The shifted masses are
un un A n¥s = Agm (w7)? (7.29)
ﬂm um — A (W,h)? = Ag (7.30)
ff = 1 — A3gnts — Az (wh)2. (7.31)

The effective potential takes the form

1 1
Ver = §Vn,11v72I + Vm ar(wih)? + Vn 1 + 4V H(wh) + ZVnm,ng(w;’l)Q (7.32)
where
T2
Van =75 (3A1,n £ 30 (A + i) (7.33)
k#n
1 1
Ly ) |3X1,,
 (4m)? <e * b) {
1
+ Z 273 ko + (A3kn + Aden + As i) + (Asen + Aon — )\S,kn)2>] (7.34)
k#n
1 1
Vn 2 E + Lb) |: )\1” + )\1 m>(3)\3nm + >\4nm) + 2>\3nm + )\4nm + )\5nm
1 1
+ Z <)\3,kn>\3,km + 5)\3,kn)\4,km + 2)\3,km/\4,kn):|- (735)
k#n,m

We can find the individual contributions to the coefficients in the expansion of the effective
potential by solving the system of equations from sections 7.3.1 to 7.3.3.

7.3.4 Gauge sector

The gauge bosons couple identically to all the scalar doublets through the covariant
derivative. Thus, the gauge boson contributions decouple from each other, and we can
write down the contribution directly, using the results obtained previously;
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o

Voms == 8(417r)2 (i +3Ly — 2) [394 +9" —2¢% ’2}
2 12

Vima = = 29(4!7};)2 (i 3k 2)

Vam,s =0

7.3.5 Fermion sector

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

The fermion sector takes the same form as for the 2HDM, since only ®; couples directly

to the fermions. The contributions to the effective potential are

T2
41
Vin = 129 (7 )
1 1
= “+ Ly )Gy 42
‘/1,1 (471')2 <E + f> GY,I (7 )
with the rest being zero.
7.3.6 Total contribution to the effective potential
We summarise the total contribution to the effective potential,
T2719 3 5
Vo = { P+ =g%+3Mn+ D (2Xskn + An) + 5n19y1] (7.43)
12 14 4 in
Vir == geria (o +800—2) 30"+ o+ 2% + 2 (L1 Yot
’ 16(4m)2 \ e (4m)2 \ e o1
1
< + Lb) [3/\1,71
Z ( 3 kn )\3 Jkn + )\4 kn + /\5 kn) + (>\3,kn + )\47kn - )\5,kn)2)} (744)
k#n
1
Viim,s = — ( + 3L, — 2) {394 +9" - 2929’2}
1
(471’) ( + Lb) |:()\1 n T >\1 m)<3)\3 nm T )\4 nm) + 2)\3 nm + >\4 nm + )\5 ,nm
1 1
+ > ()\B,k:n)‘?),km + §>\3,kn/\4,km + 2)\3,kzm/\4,kn):| (7.45)
k#n,m
99" (351 L ) [+ A + 4 Adm) A
Vnm,4 2(47_[_)2 <€ +3 b > (477')2 (E + b> [( 1,n + 1,m + 3,nm + 4,nm) 4nm
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+4)\2

5,nm

1 1
+ Z ()\S,knA?),k’m + /\47kn)\4,k:m + §>\3,k‘n)\4,km + 2/\3,km>\4,k’n)} (746)
k#n,m

1 1
Vnm,S = - (47T)2 (6 + Lb> {(Al,n + )\1,m + 4)\3,nm + 6)\4,nm)>\5,nm + Z >\5,k:n)\5,km} .

k#n,m

(7.47)
We see that the effective potential reduces to the 2HDM effective potential when n, m =
1,2, as it should. We can directly write down the counterterms

1 (9, 3 3
oA = (4 [8g4 + ég’4 + Zg2g’2 — 26,1Gy, + 67,

1
+ 5 Z (2>‘§,kn + (/\3,Im + )\4,kn + >\5,kn)2 + ()\3,kn + )\4,kn — /\5,kn)2):| (748)
k#n

Ssmm = 1 [9944—39/4 3 9 1

-= Mo+ A ) (3A30m 4 Adnm) + 202
(477')26 8 8 49 g +( 1, + 1, )( 3, + 4, )+ 3,nm
1 1
F Rt Mt X (asrnason + sk + GAasmAiin)|  (7.49)
k#n,m
5 nm:[ 207 1 (At 4 Mo £ D + 2\ ) Ao £ 42
4, (4m)2e 29 97+ M+ Am 403 0m + 200 0m) Ao, + 5.nm
1 1
+ Z A3 kn A3 km + A knAd km + 5)\3,kn)\4,km + 2)\3,km)\4,kn)] (7.50)
k#n,m

5>\5,nm =7 N9

(47’(’)26 |:()\1,n + )\1,m + 4)\37nm + 6)\47nm))\5,nm + k;;m )‘S,kn)\’),km:| . (751)

To find the S-functions, we need the wave function renormalisation counterterms. From
egs. (4.13) and (4.14) we have that
1 79 3
67y, = SN 2] 752

similarly to the 2HDM. Thus, the S-functions can be found by using the same procedure
as previously,

179 3
P =g

3
14 2 12 2
Sgta s 12)
4g+4g +4gg+ 1n
+ 37 (22 4+ Mskn + Akn + A kn)” + Qaon + Asn — Ason)?)
k#n

— 31, (3% + ¢7) — 45n1(G§Lf,1 - /\l,ng%,l)

(7.53)
_ L P33 2(\ A ) (3 A AN2
/6>\3,nm_(47r)2 19 "‘19 _Zgg + ( 10+ l,m)( 3nm T 4,nm)+ 3.nm
+ 20 + 203

+ Z (2)\3,kn/\3,km + )\3,kn/\47km + )\3,km/\4,kn>
k#n,m

- 3)\3,nm<392 + 9/2) + 2(5171 + 51m))\3,nmg12/71}

(7.54)
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Bam = i)’ [392 2+ 2(An F A+ 430 + 2X0m) M + 8AZ
+ k; (2>\3,kn)\3,km + 2A g knAdkm + A3 knAdkm + )\3,km)\4,k:n)
— 31 (39° + ¢%) + 2(01n + 51m)A4,nmg§1} (7.55)
Brsnm = : [2(&" + M+ 403 0m + X amim) Asm + D 2X5 kA5 km (7.56)
(4m)? o
— 35 (307 + ) + 2(01 + 51m)A5,nmg;J . (7.57)

Most of the terms in the S-functions are just generalisations of the terms in the 2HDM -
functions, while the sums over k # n, m are novel, as they arise from interactions between
additional Higgs doublets not present in the 2HDM.

7.4 Dimensional reduction

We are now in a position to integrate out the superheavy modes and get a three-dimensional
effective theory. The effective theory is similar to eq. (6.4), except for

A
ﬁgz’;lar :Z |:D7’<D:r’LD7“(I) M?)n(DTCI) + ; ((I)T(D ) ]

+ > {Ag,nm(@mn)(@;@m) + Ay (BT ®,,) (D] D)

m>n
A ,nm
+ 52 (2],@,,)? (cbjncbn)ﬂ] (7.58)
and
(3) ay2 | 1 R VICEN 2
‘Ctemporal (‘D A ) 5(87"30) + 5777‘D(‘4 ) + 2mDB
1,1 1, .
+ 151(140) + 1“233 + 153(140)23(2)
+> (hl,nqq)n(Ag)Q + Dy ®! @, B2 + hy, By®! Ay - fcbn). (7.59)

The procedure for determining the parameters of the three-dimensional theory in terms of

the parameters of the original theory is identical to the procedure in chapter 6. Therefore,
we simply list the results

7219 , 3
Wl [ P+ 207 430+ Y (2Asm + M) + 5n1gY1} (7.60)
’ 12147 T4 =
2 2
g° (1) g [(44— Ny, 53— 2N, 4 ) N 9
hyp =T L — “Ny(L;—1 ~g% =26,
1, { 4 + 4(4m)? 6 b 6 3 #(Ly ) )9+ 29 19y,
+ 60+ D (g hn + 2A47kn)} } (7.61)
k#n
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2 2 1 2N, —3 20 3
hQ,n :T{g (,LL) — g |:<NhLb + h + 7Nf(Lf — 1))9 — 592 + 2577,1932/,2

4 4(4m)2 [\6 6 9
— 610 — > (4Ashn + 2)\4,kn)] } (7.62)
n#k
g(p)g' (1) 99’ {
s, =T (AL Adjon)
% { 5 2(4ry2 [TV ,% Lk

M=—Ny 54N, 2
2 L - - SNA(L; - D)
T R A

v 1 53— N, 10

— —N,L — Ny(Ly — 1) + 20105 )]} :
12 h b_l_ 6 9 f( f )+ 1gY,3 (763)

We use the effective potential to determine the scalar couplings. The couplings take the
form

_ 1 4 14 2 12 2

— 3\
(169 + 169 t+ 89 g+ M

- (47T )?
+ - Z 2)\3 kn >\3 kn + >\4 kn + /\k‘n) ()\S,kn + )\4,k:n - )\kn)Q)
k;ﬁn
I o)

AS,nm =T [/\S,nm(,“) + 4(47()2 (394 + 9/4 - 2929,2 - 4Lf)\3,nm9}2/,1)

Lb 94 3/4 32/2
(47r)2(g+g 99

8 8
()\1 n T )\1 m)<3)\3 nm 1 )‘4 nm) + 2)‘3 nm + )‘4 nm + )‘5 ,nm

3
Y Osndasn + Asknmm AgkmAMn)—QAg,nm<392+g’2))} (7.64D)
k#n,m

A4,nm =T [/\4,71771 (M)

1
(i) <929’2 Lm0y

3
- L (5929/2 + <)\1 n + /\1 m + 4)\3 nm + 2)\4 nm))\4 nm + 4)\5 nm

+ Z )\3 kn>\3 Jkm + /\4 kn)\4 em 1 >\3 k’n>\4 fem 1 /\3 km>\4 k’n)

k;én m
§A4,nm(392 + 9’2)))} (7.64c)
1
A5,nm =T [/\5,nm(,u> - 47T)2 (Lf)\S,nmg)Qﬁl + Lb ()\B,nm(Al,n + )\1,71 + 4)\3,nm + 6)\47nm)
3
+ 2 Asandssm = 5A5am(39° + 9'2))>]. (7.64d)

k#n,m

The remaining couplings are the same as in chapter 6.
We can also include a mass-mixing term which softly breaks the Z; symmetries
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1
Loix =— Y =(m2,, @/ ®,, +h.c.). (7.65)

nm=> n
m<n 2

The terms in L, can be treated as perturbations, and we can calculate the counterterms
as we did in eq. (4.16). The counterterms become

1
5m,21m = W {(Ag,nm + 2)\47nm)mim + 3)\5,nmmj;2m} (766)

and the [-functions take the form

9 3
592 + 59 2 (5711 + 5m1)g}2/,1>:| :
(7.67)

We also include mass-mixing terms in the effective three-dimensional theory. The three-
dimensional mass-mixing parameters become

1
Pt = g 20+ P i+ O =i

9 3 Ly
2 o 2 *2 2 2 2
:unm - mnm - |:()\37nm + 2)\47nm)mnm + 3)\5,nmmnm B <4g + Zg/ )mnm:| (477)2
2 2
ngmnm
Gy 4 6y T 7.68
(Ot +0m1) 5 e L (o

All the three-dimensional parameters are independent of the renormalisation scale. This
serves as an independent check for the correctness of our results.
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CHAPTER 8
CONCLUSION AND OUTLOOK

We have calculated the g-functions of the gauge couplings g and ¢’, and the scalar cou-
plings A;, where ¢+ = 1,...,5, for the Two-Higgs Doublet Model in the Landau gauge
at one-loop. The results are in agreement with previous calculations of the S-functions
[78]. In addition, the four-dimensional theory has been matched to an effective three-
dimensional theory through the method called dimensional reduction, where the non-zero
Matsubara modes have been integrated out. As the fermions have only non-zero Mat-
subara modes, the effective theory is purely bosonic. The masses and couplings of the
effective theory have been determined as a function of the the masses and couplings of
the original four-dimensional theory, and the temperature. This is done by calculating
correlators in the three- and four-dimensional theory, and requiring that the long distance
behaviour of the two theories should be the same, i.e. the correlators with zero external
momentum should be matched. The scalar correlators were calculated using the effective
potential, with different choices for the background fields. When comparing the results
with previous calculations of the effective couplings, we discovered a discrepancy in the
results by Losada [25]. There is a factor of 2 difference in the three-dimensional scalar
couplings Ay and As. As our results for the S-functions for the scalar couplings agree
with the review article by Branco et al. [78], and the factors trivially go through in the
calculation of the three-dimensional couplings A4 and As, we believe the error is in the
paper by Losada. Apart from the factor of 2, our results agreed with the calculations by
Losada. We extended the calculation to include both the hypercharge gauge boson and
the fermions.

We also extended the calculation to the N-Higgs Doublet Model. This is the first
calculation of dimensional reduction for the general N-Higgs Doublet Model with softly
broken Z, symmetries at one-loop. In the limiting cases of N, = 1 and N}, = 2 the results
agree with the SM and 2HDM results. The method of using the effective potential, with
different choices for the background field, turned out to easily generalise to N, doublets.
Also, the S-functions was calculated for the NHDM.

At first we calculated the dimensional reduction with a strict Zs symmetry imposed,
i.e. with no mass-mixing. Later, we relaxed this restriction, and treated the mass-mixing
term as a perturbation. The corrections to the mass-mixing term in the effective theory
turned out to be of order g*, while the corrections to the other mass terms are of order
g%. The corrections to the couplings are also of order g*. To be consistent with the order

83



Chapter 8. Conclusion and Outlook

of accuracy in our calculations, we should have extended the calculations for the mass
terms to two-loops and order g*. We reserve this calculation as a natural extension of the
calculations in this thesis.

Also, the gluonic sector of the 2HDM has been neglected. This could be incorporated
in the calculations with minimal difficulties.

In the dimensional reduction step we integrated out the superheavy modes, i.e. the
modes with a mass of order 7. A natural second step is to also integrate out the heavy
modes, i.e. the modes with a mass of order ¢g7". Thus, the temporal part of the gauge
bosons would be integrated out, possibly along with some scalar doublets.

The 2HDM has been proposed as a possible candidate for explaining baryogenesis.
In the collaboration between NTNU, the University of Stavanger and the University of
Helsinki we do numerical simulation of the effective three-dimensional theory to find the
region of parameter space where the electroweak phase transition is a sufficiently strong
first order phase transition. The calculations of dimensional reduction will be a major
part of the project of determining the potential of the 2HDM for explaining baryogenesis
at the electroweak phase transition. With the extension to the general NDHM we are in
the reach of investigating a large family of theories as possible candidates for the theory
describing Nature. However, the parameter space increases rapidly when additional scalar
doublets are included, and thus makes numerical simulations impractial.
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APPENDIX A
NOTATION AND CONVENTIONS

Here we establish the notation used in this thesis. Both Euclidean and Minkowski space
play a role in thermal field theory. We will for the most time be working in Euclidean
space, where we write

X =(raz), = |z, S:/ﬁ, (A.1)
X

where s =1,...,d,

/XE/OBdT/mE/OBdT/ddx, 55;, (A.2)

and d is the dimensionality of space. When we move to Minkowski space we will explicitly
label the action and Lagrangian accordingly, Sy, and £,;. Going to momentum space, we
have

K= (o, ki), k=K, &(X) :%{&(K)ei“ (A.3)

where

iK =TY /k (A.4a)
;éK} =Ty /k , (A.4b)

where w? and w!” are the discrete Matsubara frequencies. The square of a four-vector in
Euclidean space is K? = w? + k*. We will use dimensional regularisation to regularise
both ultraviolet and infrared divergences, and the dimensionality of space is d = 3 — 2,
while the dimensionality of space-time is D = 4 — 2¢. The integral is defined in eq. (C.3).

We employ the natural units, where the speed of light ¢, the Boltzmann constant kg
and the reduced Planck constant / all have been set to unity, c = kg = h = 1.
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APPENDIX B

FEYNMAN RULES

The Feynman rules are given in Euclidean spacetime in the unbroken phase, i.e. they
are valid in the high temperature limit, where the Higgs field expectation values vanish.
The gluon sector is not included, as we will not include the gluons in the dimensional

reduction step.

B.1 Propagators

We define the projection operators

K, K,
PT(K)MV = uv ;{2 )
1
PR = 5(1 + 75),
1
PL = 5(1 — ’}/5)

The propagators take the form

K

K K.
U(1)y gauge boson: H ~ A V= PT§(2>M
K
SU(2), gauge boson: 4 wwww by — ﬂ’;{(z)u
K, 5o
SU(Q)L ghost: a - = %
K, ;
Fermions: —®— = Py /p—
K
= 5

ij

KQ

®, Higgs doublet: ¢ e

(B.4)

(B.5)

(B.6)

(B.7)
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K
P, Higgs doublet: ¢ ==m== j —

KQ

B.2 Interactions

The interaction vertices take the form

SU(2); gauge boson self-interaction

af
5 0
A = —ige™ (P = Q)udur + (Q = K)udxy + (K = P)xb
s
by
ap dk
= 92 {6ab50d(6u)\51/5 + 6,U,I‘QCSV>\ - 25MV5>\H)
by cA

+5a65bd(5;1u5)\n + 5#551/)\ - 25#/\51/&)
+5ad6bc(6uV5AH + 5#)\511% - 25MH5V)\)

SU(2);, gauge boson - ghost interaction
b

%

MWW L — G ge |
«
.

Gauge boson - matter interaction

i

2

K= —¢'Y~, (all fermions)

ap — %Q(Ta)z‘j% (left-handed fermions)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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7 7
\vg\ 'g
PN22422227 ap — (,,\"vvvvvvw ap — g(Ta)U(K_|_ P)u
% %
J J
1 2 1 2
\\ >
AN > 1
< e R
/( ’/I
j 4 v j v v
1 apy 1 afs
ko _ ™ S
/(/ = ,/{’/ — 29 ijYab¥ v
J bv J by
} Qb () ap
\\ ‘\\ 1
/
s’ = 2 = —z49g (Ta)i'5 v
/( ,/( 2 J Y
j ’ 1 j ! v

J l
> b
N = — A1 (0051 + 0i0k1)
v \\ j j
) k
J [
\‘\\ ,,,,
,/(o\\\\\\ = — (03051 + 0i;0k1)
) ’ k
J ) [
\\\ ’/,
///\‘i\* = —(A30450k1 + Aadir0j1)
) k

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)
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J l J !

N, 7 N

N T T, e
; ’ N L . v N I

) |
[/ --’--><=-= J = §5Z~jmf2

Yukawa interactions

1A B
) e
- 5 1 e — i s (o
J = —dijhap J = —bijhap
€ [
B 1A
1A B
q d
-<--j = g5;hY) - j=—5;hy
d q
B 1A
1A B
q U
== = —i(n)ihY% - = () hYY
U q
B 1A

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)
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APPENDIX C
SUM-INTEGRALS

We use the imaginary-time formalism for quantum field theories at finite temperature.
The 4-momentum K = (wy, k) is Euclidean, K? = w? —|—kz2 where the Matsubara frequen-
cies take discrete values, w, = w? = 2mnT and w, = wf = (2n + 1)7T for bosons and
fermions, respectively, with n € Z. Loop diagrams 1nvolve sums over w, and integrals over
k. We will employ dimensional regularisation to regularise both ultraviolet and infrared
divergences. We follow the common notation for the regularised sum-integrals

=72, o e

wp=21nT

fo= ()72 / ©2

=(2n+1)7

(=) ) éffidv ©3)

where d = 3 — 2¢ is the dimensionality of space and p is the renormalisation scale. The
factor (e7/4)¢ is introduced so that u coincides with the MS renormalisation scale after
minimal subtraction of the poles in € due to ultraviolet divergences.

We list the one-loop sum-integrals needed in the thesis, which have been calculated in
[25; 28; 29; 71]:

of =Tt
1=y (K_lQ) (4; [1 b Ly + Oe )} (C.5)
i =Y. (;{f) = 4(417T)2 E +Ly+2+0(0)] (C.6)
=y (ﬁ) - 8(417T)2 {1 + Ly + i + O(e)] (C.7)
yé{ fo; [5 8,0, — (1 —26)%5”0};; [;2 (C.8)




Chapter C. Sum-integrals

where Ly = 2log ;£= 4 2yp and 7g is the Euler-Mascheroni constant, as defined in [28].
The corresponding fermionic one-loop sum-integrals are

e Ei{K} [;2 - —2[1 +O(e )] (C.9)
2’ = 1K} (KlQ) N (471T)2 [1 Tt O(E)} (€10
E;é 0 = 417T) [1 VL4240 )} (C.11)
I} zgé ( = 417T)2 [1 + L+ 2 + (’)(6)} (C.12)
zgé E g (22t 1)y Eﬁ;i (C.13)
gf [5 8,504 — (1= 26)5,00,0] %K} ;2 (C.14)

where Ly = Ly 4+ 4log 2. For the effective potential we need the integrals

1 m2T?  m3T m* /1 mb
J”(m)_ﬁélog(f{”mz)_[ 21 121 647r2< +L”)]+O<T2> (C.15)

1 m27T? m* /1 mb
Jf(m):§ {K}log(K2+m2): [— T +647T2< +Lf>}+O<T2>. (C.16)

In the three-dimensional effective theory we need the one-loop integrals:

/ka+17n2 i —[1+00) (C.17)

1 1
/k P2+ m2)(p? +m3)  Am(my + mo) 14 0(e)]. (C.18)

C.1 Derivation of some sum-integrals

We will in this section derive some formulas for sum-integrals later used in loop calcula-
tions. The calculations are performed for bosonic fields, but can easily be extended to
include fermionic fields as well.

We start with the sum-integral

J(m,T) yf log(K? + m?). (C.19)

From this integral we can obtain many other sum-integrals by taking the derivative with
respect to the mass m,

Im,T) = L2 g, ) = ;é{KQimQ (C.20)

m dm
For future reference we will calculate a generic integral in detail,
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C.1 Derivation of some sum-integrals

@(m.d, A) = | éﬂ’;d = +1m2>A (C.21)

where d and A are left unspecified. By changing the integration variable thrice, z = k2,
mit =z s=(t+1)"", we get

d/2

®(m,d, A) = (ci/7T227T/ dzzT (z +m?)™ (C.22)
md—24
WW/ dttd71(1 4 )~ (C.23)
md—24
W)‘“Fdﬂ/ dss Y2711 — ) ¥/271, (C.24)

We recognise that the last integral is simply the product of gamma functions,

! —d/a— _ ['(A—d/2)T'(d/2)
d A—d/2—-1 1 — d/2—1 — .25
| dsst 1 - ) 5 (C.25)
so we get the formula
1 I'(A-d/2) 1
d(m,d, A) = . C.26
(m, ) ) (47r)d/2 F(A) (mZ)A—d/Q ( )
Now we are in a position to evaluate the sum-integral
. ! (C.27)
Tk K2+ m? '
Firstly, we divide the sum into the zero and the non-zero parts
I =104 70 (C.28)

Using eq. (C.26) with d = 3 — 2¢ and A = 1 we can directly evaluate the zero mode
integral

P =T8S 261) = (i N e =g 00 (©2)

This evaluation clearly shows the unintuitive behaviour of dimensional regularisation; a
linearly divergent, positive definite integral turns out to give a finite and negative result.
We can also from this get the zero mode contribution to eq. (C.19) by integrating our
result,

~5 00 (C.30)

Now we turn our attention to the non-zero modes. We start by Taylor expanding the
integrand, using eq. (C.26) with m = 27nT and A = [ + 1, and using the zeta function

C(S) = 2221 n-’,
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7 = /; = 2T < (m?)’ B C.31
iw% Tk +m Z / (2r)? Z [(QWRT)Q e T (C.31)
o (m2)l L(l+1-d/2) 1
B ; ; (4m)2  T(14+1)  (2nnT)2+2-d (C.32)
2T —m? 'I(+1—d/2)
= (an) 227 T)E g [(27mT)} Ty AF2=d (C.33)

Expanding the first few terms, with d = 3 — 2¢, we get

= G~ S [+ os ()] + e o) ro. o

Combining the zero-mode and non-zero mode contributions, we get

T Tm  2m2u=c[1 evE 2m*((3) mS
- _ — — 11 O C.35
1=~ ~ {26 N Og(47rT)] T T +O<T4> +0(,  (C35)

where we have used egs. (C.28), (C.29) and (C.34). By setting m = 0 we get eq. (C.4).
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APPENDIX D

DETAILED RESULTS FOR LOOP
DIAGRAMS

The one-loop diagrams needed for dimensional reduction are provided, expressed in terms
of the master integrals from appendix C.

D.1 Self-energy diagrams

The diagrams needed for wave function renormalisation and Debye mass for the bosons are
presented. The diagrams with only a quartic vertex contribute to the Debye mass, while
the wave function renormalisation is extracted from the part quadratic in momentum.

U(1)y gauge boson self-energy

(O == u-nfa-zame L yprg] S o

for p =0,v =0,

9 oia 2| r4b 2
R | LRl D B

f
for py=i,v=7y
/>\
,\J/ \ nll 4b 1 2 74b
= [2<d—2)11 +(@—d)P 12} (D.2)
‘/
for u =0,v =0,

1
=g [&jlfb + 6<Pipj — 5ijp2)[§b]

for y=i,v=7y
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Chapter D. Detailed results for loop diagrams

4

W 1 1
~ e gy [(d o) (4 d)PZIQ“’}
N > 2

for p=0,v =0,
1
20,11+ (PP — 6P|

foruy=i,v=y

wdy

SU(2); gauge boson self-energy

1
\% :2925ab[ —d(d=2)I{" + (16 - 3d + 2d2)PQI§“’}

for p =0,v =0,

1 1
— 250 [Qdaijlfb + (6(31 — 2)6,P* — (17 - d)]%ﬂ-)];‘b}

fory=1,v=7

V\/\%\/\A = — g25abd]ilb

for p =0,v =0,
= — g25a5(2d — 1)51]];1[)
for py=1i,v=y

@ == Phald - D1 - 21+ @ - )P S
left

for u =0,v =0,

1 —
—yPin(@ [P = 5, Y
eft

(D.7)

(D.8)
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D.1 Self-energy diagrams

foruy=1i,v=y
//P\ 1 1
W W= - 2%, [(d o) (4 d)]ﬂlgb} (D.9)
‘<’ 2 12
for py=0,v =0,

1
=g 0up {@‘jffb + g(Pz‘Pj - 5ijP2)I§b]

for py=i,v=7y

A 1 1

L W= —26%,, [2(d — I+ (4 - d)Pﬁlgb} (D.10)
for py=0,v =0,

1
=9 0u {@jffb + B(Pipj - 5ijP2)I§b]

fory=1,v=7
/A\\
|
/
MWW = — 26,6, T2 (D.11)
~.
n I
MWW = — 25,6, T2 (D.12)
. .h . 1 1
W, W =24%,, [(d — DI+ (4 - d)PQI;‘b} (D.13)
- 2 12
for py =0,v =0,

1
= %G1 — SRPP;+ 0, P

for y=1,v=7

Lepton doublet self-energy

We calculate the divergent momentum dependent part of the lepton doublet self-energy
in order to determine the wave function renormalisation.

1
—_—— zii{h(e”h(e)hB&jPlﬁb (D'14)
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Chapter D. Detailed results for loop diagrams

Higgs doublet self-energies

We include only those diagrams which contribute to the wave function renormalisation of
the Higgs fields, i.e. those diagrams with a divergence proportional to the external mo-
mentum squared. The mass renormalisation will be extracted from the effective potential.

- _>_C_}_>_ 229/251‘7P2I§b
- _>§l\f—%_>_ _ 9 25 P2]4b
— 9 %ut b

- ~ = g},0,20 — P°L,Y)

E } 3 AL
= =\= Ppp= & P= 9/26ijp2 Z
_éké E - g 5Z]P ]

where g3 = Tr[hOTAE) + N ADTRD 4 N M),

The @{@2 correlator

(D.15)

(D.16)

(D.17)

(D.18)

(D.19)

To extract the mass mixing counterterm, the diagrams for the @Iqb correlator have been
calculated. The momentum-independent divergences are absorbed by the mass mixing

counterterm.

//’X\\“
\ 1
“\ Iy = —5()\3 + 2)\4)(5@'77’1%2];“)
- L-o:’&:
V74 K \\\
“ y = )\55”m£]§b
--\\\«:':/»:

(D.20)

(D.21)
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D.1 Self-energy diagrams

Lepton doublet - U(1)y gauge boson vertex

1
>-- :gig'BYﬁdmo(d —3)I° (D.22)

for u =10
=0
for p=r
3.
}Vw =319°9'Yidi;70(d — 3)15" (D-23)
for p =0
=0
for p=r
>v\'\~ :}Zgly O {h(e)Th(e)} »)/O(d — 2)[4b (D 24)
4 eYij AB 2 :
for p =0

1, ()t 7.(e) n
=19 Yoy [WOTR]

for p=r

T - 1 . e e
>;m~ =190, [PRO] (4 — )3 (D.25)
for p =0
iy
_ = | plety(e) 4b
=190 [PRO] 1

for p=r

Lepton doublet - SU(2); gauge boson vertex

1,
>WWW‘ zglgg'2Y12(7'a)ij’yo(d —3)I% (D.26)

for p =0
=0
for p=r
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Chapter D. Detailed results for loop diagrams

1.
}VM\AX\ J— glg3<7—a)ij70(d - 3)[317

for p =10
=0
for y=r

3.
WWVW\A :Zzgg(Ta)ijﬁ)/O(Zl — d)[24b

for p =0
3.
:ZZQS(Ta)ij%fgb

for y=r

-~ 1. O (e
)—; :Zlg<7—a)ij {h( T )L“B’YO(4 — )L’
for u =10

1
=24 | p@ty(e) T4b
—4zg(7'a)m {h h }AB%IQ

for p=r

U(1)y gauge boson coupling

(D.27)

(D.28)

(D.29)

The four-point functions for the temporal component of the gauge fields are found at zero

external momentum.

//’>\\ /,,'A\\ 3
\
. 14 14b
\ =39 [2
/ u 2
N s Yo 7
S - \‘5

(D.30)

(D.31)

(D.32)
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D.1 Self-energy diagrams

}__::{ - —i(d —1)(d - 3)(2" ~ 1)Nf<18 - chégl)g”lé‘b (D-33)

SU(2); gauge boson coupling

The AZASASAS correlator at zero external momentum is

1
% = 6d<14 + d)g4(5ab60d —|— 5@05bd —f— 5ad5bc)lg4b (D34)

/”b\ P 5’\\
7 \ /I/ K
1
2z = 2 = 50" (Gude + Gacua + Gaado) I3’ (D.35)
N AN
20
% - _Ed(él o d)g4(6ab56d + 5acébd + 5ad6bc)I§b (D36)
-~ 4 = ﬁ

= (4~ d)g" (Vaped + OacOba + Saadpe) Iy*  (D.37)

4
% = gd(ﬁl — d) (6 — d)g4(5ab5cd —f— 5ac5bd —I— 5ad5bc)j§b (D38)

Yy
\

Z

1
= —5 (4= d)(6 — A)g" (9us0ea + dacdna + Faadie) " (D.39)

‘@‘. -
1

= 6(4 - d) (6 - d)g4<5ab50d + 5ac(5bd + 6ad5bc)[§b

(D.40)
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Chapter D. Detailed results for loop diagrams

1
— —é(d —1)(d = 3)(2" % = )N (1 4+ No)g* (0apOed + SacOpad + Saadpe) 15

(D.41)

The A3AB?2 correlator

The four-point functions for the temporal component of the gauge fields are found at zero

external momentum.
s ’/"\
/ ) " K 1 4b
= ' = —g°9* 0wl (D.42)
\ / N 7 2
S’ -”’
/’>\ ’/A
, \ ” A\
o= 4 X =8l (D.43)
\\<,, \\\“,,

y \
RN\ a2
[l
II«\
r
Nhaa2
I
W
A
N
I
W
r
NS

e G S “x.s;w %.:;f

Y +

A A _
ST AT PRy SRy,

(4= d)(6 — d)g?g0ul  (D.46)

1
:Ej: ) k:[]; = 3@ D= BN+ NY D) oy’

(D.47)
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D.1 Self-energy diagrams

The CI)?(I){AZAI; correlator

The diagrams contributing to the correlator with two scalar legs and two SU(2), gauge
boson legs at zero external momentum are presented below. The diagrams with two ®,
legs instead of ®; take the same form, with the substitution A\; — A9, and the absence of
fermion loops (box diagrams).

v

3
==dg"6;;0a15" (D.48a)
4 4
/
for y =0,v =0
3
=(d- Z) 920 0ap0rs 130 (D.48b)
fory=nr,v=s
\ -
\ /’ N 3
/“\ = *)\19251']'5(#;6/41/[51[) (D49)
4d ! 2
/ S -
/
\ ., ;’\\
\\JI E 1 2 4b
P (Na+ 52) %0100, 1 (D.50)
// \‘\“'
1
:§d945ij5ab1§1b (D.51a)
for y=0,v=20
3
:§g45ij6ab5'rslgb (D51b)

forpy=r,v=s

1

:§d929/26i]’6ab1§1b (D.52a)
for y=0,vr=0
3

:§929/25z’j5ab5rsf§b (D.52b)

foruy=r,v=s
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Chapter D. Detailed results for loop diagrams

»
4 (4= d)dg 5 I (D.53a)
/
for y=0,vr=20
= — dg*0u0ij0rs 13" (D.53b)
foruy=r,v=s
\
\\\/ -~ )Xw 3 2 4b
/4/ \\\-% == 5(4 — d)A1g70ap0; 1, (D.54a)
/
for y=0,vr=0
=— 2/\1925ab5ij5r513b (D.54b)

fory=r,v=s

1
=—(4-d)(Ns+ §>\4) 9% 0ay0i, 12 (D.55a)

for p=0,vr=0
1
=— (s §A4) 9200030, 1 (D.55b)

fory=nr,v=s

1
A Y + A Y = — §(d _ 2)92932/,15ab5¢j[§f (D.56a)
P AR W%
for py =0,v=20
1
- 5929}2/,15ab6ij6r5124f (D56b)

foruy=r,v=s

The @Ii@{BMBV correlator

The contribution to the correlator with two ®, scalar legs instead of ®; is similar the dia-
grams listed below, except that no fermion loops are present (no box diagrams). Also, the
substitution Ay — Ag should be made wherever appropriate. The diagrams contributing

104



D.1 Self-energy diagrams

to the correlator with two scalar legs and two U(1)y gauge boson legs at zero external
momentum are

\\ L~
\
\‘4/ _ §)\ 125 5A‘]4b D.57
N - 19 pvliglo ( . )
4~ s 2
/ S -
/
\ e
\ \\\ 1
P G O R O L o (D.58)
// \\\‘:,’

(D.59%a)
3 14
fory=r,v=s
3.1
:gdg g 0s (D.60a)
for y=0,v=0
9
:ggQgQéij(srs (D.60b)
fOI' H=rv=Ss
\ /jJ
\ //’ 1 3
’\\\ A =- 5(4 - d)9/2/\15z‘jf§b (D.61a)
/N
for y=0,vr=0
3
= —59,2/\15z‘j5rsf§b (D.61b)
for n=r,v=s=s
\ ot 1
s A =—(4—d)g" ()\3 + */\4>5z‘j—7§b (D.62a)
A Y 2
/
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for y =0,vr=0
1
= —g" (>\3 + §>\4) 8105 15" (D.62b)

forpy=nr,v=s

) N o N _,
1
A Y + A Y = _§<d — 2)9’2% Tr[(YV? + Yf)h(e)h(e”
P AN et
+ NY2+ YHRDRDT 4 N (Y2 + V2R 1!
(D.63a)
for y=0,v=20

1
= — 3700, (Y2 4 YRR

+ NY2+ YHRDRDT 4 N (Y2 + V2R 1!
(D.63b)

forpy=r,v=s

Y =" Tr[YlYeh(e)h(e)T + NCYZIYdh(d)h(d)T + Nc}@Yuh(u)h(u)T]@j(SﬂyIQM
~ ot

A

(D.64)

The CIDYCI){AgBO correlator

Lastly, we list the diagrams contributing to the correlator with two scalar legs and two
different gauge field legs at zero external momentum. Again, the diagrams with two ®,
external legs instead of ®; take the same form, with the substitution \; — X5, with the
absence of fermion loops (box diagrams).

1
/\l‘ , = 599/)\1(7—(1)1']'[31) (D65)

1 1
A\ = 599/)\4(%)@[3[? (D.66)

1

= 16dgg'3(7'a)ij]§b (D.67)
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1

16

d939/<7—a>ij[§b

—*(4 - d).gg//\l(Ta)ij]gb

\ \
v N L.t
- A 1
il R o
N
A > 'JJ » > w %’ > v
A | + A \ + A Y
T T N T W

v

Y

/

N _, ¥ 4,
A \ i + A
P AR, 4
1
= (")

2

99 Tr[yeh(e)h(e)’r + VN DDt YuNch(“)h(“)T]]

L\.

v

<

/

AN

(D.68)

(D.69)

(D.70)

(D.71)

(D.72)
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