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Introduction

The research contained in the papers that constitute the present thesis is
primarily related to questions arising from operator-related function theory in
spaces of Dirichlet series

(1) f(s) = Zannfs, s =0 +it.
n=1

This subject combines different fields of mathematics such as analytic number
theory, complex analysis in one and several variables, ergodic theory, functional
analysis, harmonic analysis and probability theory. The modern treatment of the
subject was initiated in a 1997 paper by Hedenmalm, Lindqvist and Seip [13],
which relies on a century-old insight of Harald Bohr [4] on the interaction between
Dirichlet series and analysis in polydiscs. Essentially, Bohr’s point of view is that
each prime number p]s should be considered an independent complex variable
z;j, which associates the Dirichlet series (1) to a power series in an infinite number
of variables.

In the first decade following [13], the elements of various spaces of Dirichlet
series viewed as analytic functions in the half-plane

Cipp={s=0+it: o0>1/2}

were studied intensively by several authors [14, 24, 25, 26, 30, 32]. Among the
investigated topics were boundary limits, convergence properties, interpolation
problems, local embeddings, partial sums and zero sets. Independently of these
developments, pseudomoments of the Riemann zeta function were introduced in
[6]. Intended as tractable analogues to the classical moments investigated by
Hardy and Littlewood [12] and Ingham [19], we now interpret these pseudo-
moments as Hardy space norms of the partial sums of the Riemann zeta function
on the critical line o = 1/2.

It has consistently been found that the additive structure of the integers plays
a role whenever questions and problems arising from the half-plane point of view
are investigated. Papers 1, 4, 5 and 11 in the present thesis contain contributions
to this aspect of the theory.



Concurrently with the investigations discussed above, a nascent operator
theory in spaces of Dirichlet series was being developed. Composition operators
were first studied by Gordon and Hedenmalm in the pioneering paper [11], which
incited a flurry of activity [2, 3, 9, 20, 28, 29]. Papers 2, 3 and 4 in the present
thesis are concerned with composition operators.

In another direction, Helson initiated the study of multiplicative Hankel forms
[15, 16, 17]. For a sequence g € £2, consider the bilinear form

(2) Q(aab) = Z Zambngmn;
m=1n=1

where the subindex mn denotes the product of m and n. Helson observed that
from Bohr’s point of view, the form (2) is naturally realized as a (small) Hankel
operator on the infinite polydisc, and enquired whether a classical theorem of
Nehari [23] holds in this setting. He provided a positive answer in the case where
the bilinear form (2) is Hilbert—Schmidt, but it was demonstrated by Ortega-
Cerda and Seip [27] that Nehari’s theorem for multiplicative Hankel forms does
not hold in full generality. Papers 6, 7, 8 and 9 in the present thesis are devoted
to the study of multiplicative Hankel forms.

It is of interest to note that the positive result from [16] and the negative
result from [27] both are obtained by multiplicatively iterating a suitable finite
dimensional result. This phenomenon is typical for function spaces on the infinite
polydisc, which are infinite products of their classical one-dimensional counter-
parts. In particular, questions and problems arising from the polydisc often enjoy
multiplicative properties, which through Bohr’s point of view can be viewed as
statements about the multiplicative structure of the integers.

Function and operator theory in the unit disc clearly constitutes a major
source of inspiration for the development of the corresponding theory for Dirichlet
series. However, we also observe many new and interesting phenomena, which are
often related to analytic number theory or appear as a consequence of the infinite
dimensional nature of the spaces considered. Many of the classical objects exhibit
different and often surprising properties. Moreover, several of the powerful tools
employed in the development of the classical theory, such as duality arguments
and inner-outer factorization, do not exist in the Dirichlet series setting. In
practice, this means that results are often proved by novel combinations of the
various fields of mathematics mentioned above. We refer to [31] for an overview
of some of the recent developments and related open problems.

We have found that interactions between number theory and operator theory
appear naturally when investigating operators that rely on both the additive and
the multiplicative structures of the integers. This is featured most prominently
in Paper 10, where Volterra operators defined by multiplication, differentiation
and integration are studied. Other examples are found in Papers 7 and 11.



This introduction contains four additional sections. The first two sections
contain a minimal amount of background material in order to prepare the reader
for the papers that follow. We first recall the definitions of Bergman and Hardy
spaces of the unit disc and exemplify the deep connections between function
theory and operator theory. In the second section, we explain how spaces of
Dirichlet series can be defined and their connection to analysis on the polydisc
through Bohr’s point of view. The third section contains an overview of the
thesis, while the final section is comprised of some editorial remarks.

1. Function spaces in the unit disc

Function spaces in the unit disc and the related operator theory constitutes
a classical topic, and we refer generally to the monographs [7, 8, 33]. In this
introductory section we present suitable definitions of Bergman spaces and Hardy
spaces, which will serve as a backdrop for the exposition of function spaces of
Dirichlet series contained in the following section.

Let D = {z € C : |z| < 1} denote the unit disc and T = {z € C : |z| = 1}
its boundary. For o > 1, consider the measure
(3) dma(2) = (@ — 1) (1 — [22)° 2 d:;ﬂ.

Note that m,(D) = 1. For 0 < p < oo and a > 1, we take the Bergman space
AP to be the closure of the set of analytic polynomials in the (quasi)-norm

117, = / )P dma(2).

For the case o« = 1, we let m; denote the normalized Lebesgue measure on T and
define the Hardy space HP, for 0 < p < oo, as the closure of analytic polynomials
in LP(T). This definition is justified by the fact that

dim [flLag = 1o

Among the many interesting properties of Bergman spaces and Hardy spaces are
their rich function-related operator theory. In many cases, one can characterize
properties such as boundedness and compactness by investigating the symbol
generating an operator, rather than the operator itself. Let us now look at two
specific examples, compactness of composition operators on Bergman spaces and
boundedness of Hankel forms on Hardy spaces.

Composition operators on Bergman spaces and Hardy spaces are generated
by analytic self-maps ¢ of the unit disc, for which the composition operator is
defined by €4(f) = f o ¢. It follows from the closed graph theorem that every
composition operator is bounded and the following sharp upper bound for the



norm is easily deduced from Littlewood’s subordination principle [21].

a/p
0 6eflae < (=001 ) Il

where we in (4) include the case a = 1 by letting A} denote H?. For the Bergman
spaces A2, it can be shown that the operator 6 is compact if and only if

L =P
im —
z-1- 1= [6(2)?
For the Hardy space H? an analogous statement to (5) can be made in terms of
the Nevanlinna counting function Ng.

Given a symbol ¢ € H?, we can define a (possibly unbounded) Hankel form
on H? x H? by

(5) =0.

Htp(fg) <fg = Z Zam nOm-+n»

m=0n=0

where we in the final equality assumed that the coefficients of f, g and ¢ are a,,,
b, and gy, respectively. Clearly, if ¢ € L*°(T), then |[H,|| < ||¢|| £ (r). However,

the classical Hilbert inequality
~ 3
<r (3 o) (L)
m=0 n=0

7;) Z g
gives an example of a bounded Hankel form with the unbounded symbol
1 1
") o) = rog (12 ).

(6)

1—2

By orthogonality, we can replace ¢ by any symbol ¢ € L?(T) with zZ(n) =o(n)
for n =0, 1, 2, ... while retaining the property that (fg, )2y = (fg9,¥)r2(1)-
In particular, for the symbol (7) we may choose

P(2) = —iz Arg(z),

for which clearly |||/ () = 7. Nehari’s theorem [23] states that if ¢ € H?

generates a bounded Hankel form on H? x H?, we can always find a symbol
Y € L*°(T) such that H, = Hy and |[H,|| = |[¢|/ze(T). By the Hanh-Banach
theorem, this is equivalent to

[Holl = llpll )

The statement holds true also for Hankel forms on Bergman spaces, but the
norms of the Hankel form and the symbol are no longer identical, but merely
equivalent (see Paper 9).



2. Function spaces of Dirichlet series

We begin with the Hardy spaces J#P, which we for 0 < p < oo define as the
closure of the set of Dirichlet polynomials with respect to the Besicovitch norm

1 (T
P, = lim — it)|? dt.
(®) e = Jim 5 [ 15t
Let Cyp = {s =0 +it : 0 > 0}. The spaces " are Dirichlet series analogues to
the classical Hardy spaces HP (D). A simple computation shows that if f denotes
the Dirichlet series (1), then

o
£ 152 =D lanl*.
n=1

It therefore follows from the Cauchy-Schwarz inequality that #2 is a space of
(absolutely) convergent Dirichlet series in the half-plane C, /5, where its elements
enjoy the pointwise estimate

[F($)? < C2o)If15-

To see that 6 = 1/2 cannot be improved, consider f(s) = ((1/2 + ¢ + s) where
¢ denotes the Riemann zeta function and € > 0. These statements carry over
to P for every 0 < p < oo. Thus we observe that while the norm of J#?
is computed at the boundary of Cy, its elements are analytic functions in the
smaller half-plane C, /5.

Let us now turn to the Bohr correspondence. Every positive integer n can
be factored uniquely into a product of prime factors

tj(n)
FA
j=1

n =

The factorization defines a bijection between the positive integers and the set
of finite non-negative multi-indeces, by x(n) = (k1(n), k2(n), k3(n), ...). The
Dirichlet series (1) now corresponds to its Bohr lift, which is the power series

oo
%’f(z)zZanz“(”), 2= (21, 22, 23, - -+ )-
n=1

The Birkhoff ergodic theorem for the Kronecker flow on T gives that if f is a
Dirichlet polynomial, then

(%) [fllor = 1Bl Lo (oe)-
Here LP(T®°) is defined with respect to the (countably) infinite product measure

(10) my(z) =mi(z1) X my(z2) X my(z3) X -+,



which is equal to the Haar measure of T* considered as a compact group. Observe
that if p = 2, then it is easily verified that (9) holds. This leads to a simple proof
of (9) through the Weierstrass approximation theorem, which is found in [30].

Through (9), we find that % defines a multiplicative isometric isomorphism
from P to the Hardy space of the infinite polydisc HP(ID*°), where the latter
space is defined as the closure of the set of analytic polynomials in LP(T°). The
Bohr correspondence also allows us to define Bergman spaces of Dirichlet series
as the closure of Dirichlet polynomials with respect to the norm

e = | 125 dma(c).

Here m,, denotes the infinite product measure generated from (3) in the same
way as (10) was generated from my. Let d,(n) denote the coefficients of the
Dirichlet series defined by [((s)]*. For instance da(n) is the well-known divisor
function d(n). It now follows that if f is the Dirichlet series (1), then

— |an|®
n=1 da (n) .
By Cauchy-Schwarz inequality we conclude that 272 is a space of (absolutely)

convergent Dirichlet series in the half-plane C, /5 for every a > 1, a statement
which also holds for .7?.

I£11%2 =

3. Overview of the thesis

This thesis is organized into three parts. The first part contains five papers
concerned with the properties of elements in spaces of Dirichlet series viewed
as functions in the half-plane C;/5. The second part deals with multiplicative
Hankel forms and contains four papers. The last part consists of two relatively
unrelated papers, the first dealing with Volterra operators and the second with
pseudomoments.

It should be pointed out that there are several connections between the papers
in the different parts. For instance, Section 4 of Paper 4 builds on Paper 7, while
Theorem 3.4 in Paper 11 is an extension of Theorem 1 in Paper 4. Moreover,
Paper 10 relies crucially on certain results from Paper 8. Here follows a brief
summary of the contents of the three parts.

Part 1: Composition operators and local embeddings. One of the
most important problems when considering 7 as a space of analytic functions
in the half-plane C, /, is whether they are locally embedded in the usual Hardy
spaces of Cy /3. Equivalently, is there a constant C}, > 1 such that

1 [ d
(1) [ isazsir S <Gl

— 00



for every f € s#P?7 Ever since [13] it has been known that the answer is yes when
p=2,4,6, ..., but the problem remains open for other 0 < p < co. In Paper
5, we give a simple and direct proof of (11) for p = 2, 4, 6, ... and identify the
optimal constant C}, = 2. A similar question can be asked for Bergman spaces of
Dirichlet series, but nothing is known unless p is an even integer [24]. In Paper 1,
we show that the bounded zero sequences of certain Hilbert spaces of Dirichlet
series are the same as the spaces they are optimally embedded into.

In Paper 2, we use embeddings from [24] to extend the Gordon-Hedenmalm
theorem on composition operators [11] to Bergman spaces. The arguments of
[11] and Paper 2 rely on suitably applying the one-dimensional result (4). As
explained in [3, Sec. 3], we cannot generally use one-dimensional results such as
(5) to study compactness of composition operators on spaces of Dirichlet series.
This means that the question of compactness is considerably more difficult than
the question of boundedness.

Paper 3 is devoted to the study of compact composition operators on J#2.
We are able to completely describe the compact composition operators generated
by polynomial symbols of degree 1 or 2 through analysis on the polydisc and a
result from [29]. In Paper 4, we observe that the Gordon—Hedenmalm theorem for
P in fact is equivalent to the embedding (11). We also prove a weaker version
of (11), which is employed to give the first non-trivial examples of bounded
composition operators on 7P generated by polynomial symbols.

Part 2: Multiplicative Hankel forms. In Paper 6, we improve on the
construction from [27] to show that there are multiplicative Hankel forms (2) in
the Schatten class S), for every p > pg, where

1 —1
Po = <1 1‘;@1) — 5.7388...,

that do not satisfy Nehari’s theorem. The result from [16] states that Nehari’s
theorem holds in the Hilbert—Schmidt class Ss. Hence it remains an interesting
problem to find the biggest p such that Nehari’s theorem holds for multiplicative
Hankel forms in S,. We know that that the optimal p satisfies 2 < p < py.

In Paper 7, we identify and study a multiplicative analogue of the Hilbert
inequality (6) whose analytic symbol is the primitive of the Riemann zeta function

—S8

> 1
p(s) =Y —=——n
—~ Vnlogn

We are unable to verify if the multiplicative Hilbert matrix satisfies Nehari’s
theorem, that is whether ¢ € (#1)*. However, we demonstrate that if (11)
holds for p = 1, then this is the case. Note also that in Paper 4 it is shown that
© € (HP)* for every p > 1.



In Paper 8, we discuss certain technical details about weak product spaces of
Dirichlet series. We prove a square function characterization of 77 and formulate
a Schur multiplier problem related to skew products. The main goal of Paper 9
is to investigate multiplicative Hankel forms on Bergman spaces, but we also find
several counter-examples on the infinite polydisc to well-known finite dimensional
results regarding Carleson measures.

Part 3: Volterra operators and pseudomoments. In Paper 10, we
study Volterra operators

(T, =~ [ " fw)g (w) dw

acting on Hardy spaces of Dirichlet series for some symbol g € #2. The space
of symbols generating bounded Volterra operators on 2 serves as a promising
candidate for a BMOA-type space of Dirichlet series. We prove that it lies
between the classical spaces BMOA(Cy) and BMOA(C, /) and that its elements
satisfy a John—Nirenberg type inequality. When investigating symbols such that
1 + ¢'(s) can be represented by an Euler product, we find connections to two
number theoretic papers of Hilberdink [18] and Gal [10]. We are able to find
a symbol of this type which generates a Volterra operator which is bounded,
but not compact. This symbol converges in Cq, but fails spectacularly to have
bounded mean oscillation on the imaginary axis. We also study m-homogeneous
symbols, and prove results related to those obtained for multipliers in [1, 22].
The pth pseudomoment of the Dirichlet series (1) is the sequence

N
E apn”?®
n=1

In [6], precise asymptotics as N — oo for the pseudomoments of ((1/2 + s)
were computed for even integers p. For general values of 0 < p < oo, upper
and lower bounds were found in [5], and we improve these estimates for p > 2
in Paper 11. It is interesting to note that the improved estimates are obtained
after replacing an additive technique (partial sums of Euler products) with a
multiplicative technique (Hardy—Littlewood inequalities).

In the opposite direction, Paper 11 also contains an example related to the
zeta function which shows that for small 0 < p < 1, the multiplicative technique
does not always provide the correct asymptotics. In fact, Paper 11 contains
several results regarding the Hardy spaces J#P for 0 < p < 1 such as estimates
for coefficients and partial sums. When applying multiplicative techniques to
investigate these additive problems, we encounter again the intriguing interplay
between the additive and multiplicative structures of the integers.

p

JEP



4. Editorial remarks

The papers included in this thesis represents their final preprinted version,
with one notable exception. An additional section has been added to Paper 4.
This section contains a sharper version of the necessary and sufficient conditions
for bounded zero sequences for functions in 77 found in Section 3 of Paper 1
and [32, Sec. 4], respectively. The new results are the best possible we can expect
to obtain from Hilbert space methods.

Several typographical adjustments has been made in order to accommodate
the change to the B5 format of the thesis. The bibliographies have also been
revised and updated. Some effort has been made to make the notation employed
in the different papers as uniform as possible, but there are still some lingering
inconsistencies and constant vigilance is advised.

In particular, we would like to make clear some facts about the two scales of
Bergman—type Hilbert spaces appearing in the various papers. For the Dirichlet
series (1) consider the spaces defined by the norms

2 . |an‘2
115, = 3 e

o lan|?
“— ds(n)’
Here d(n) = da(n) denotes the usual divisor function, a > 0 and f > 1. In
particular 91 = @ and %y = &/ = 2, and these are the only cases of

equality. Note that 2, appear in Papers 1, 2, and 4, and also in [5, 32|, while
,2{52 appear in Paper 9 and (implicitly) in Paper 11. Both scales of spaces appear

11125 =

as examples in [24].

The scale 4&762 has several advantages compared to %,. First, its reproducing
kernels are simply [¢(s)]?, while the reproducing kernels of Z,, are perturbations
of [¢ (s)]2a. This is the reason why the scale ,52752 appears naturally when studying
multiplicative Hankel forms in Paper 9. Note also that the results of this paper
cannot generally be reproved for Z,. Conversely, every result for &, proved in
Papers 1, 2, 4 and in [5, 32] can with only minor modification be reproved for
dg, replacing a with § — 1 and 2% with £ in the various statements. Moreover,
the necessity of a Mobius factor in an inequality for %, discussed on [5, p. 203]
does not apply to the corresponding statement for 4&752
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ZEROS OF FUNCTIONS IN BERGMAN-TYPE HILBERT
SPACES OF DIRICHLET SERIES

OLE FREDRIK BREVIG

ABsTrRACT. For a real number a the Hilbert space %, consists of those
Dirichlet series >>° | an/n® for which

Z Janl?
,;[d<n>}a< ’

where d(n) denotes the number of divisors of n. We extend a theorem of Seip
on the bounded zero sequences of functions in Z,, to the case a > 0. Gener-
alizations to other weighted spaces of Dirichlet series are also discussed, as
are partial results on the zeros of functions in the Hardy spaces of Dirichlet
series P, for 1 < p < 2.

1. INTRODUCTION

Let d(n) denote the divisor function let « be a real number. We are interested
in the following Hilbert spaces of Dirichlet series:

%:{ﬂs):i SIS Z ol }

n=1 n=1

The functions of Z, are analytic in Cy/, = {s = 0 +it : ¢ > 1/2}. Bounded
Dirichlet series are almost periodic, and this implies that they have either no
zeros or infinitely many zeros, as observed by Olsen and Seip in [10]. This leads
us to restrict our investigations to bounded zero sequences for spaces of Dirichlet
series. In [13], Seip studied bounded zero sequences for Z,, when o < 0. This
includes the Hardy—type (o = 0) and Dirichlet—type (o < 0) spaces. The topic
of the present work is the Bergman—type spaces (a > 0).

Let us therefore introduce the weighted Bergman spaces in the half-plane, Ag.
For 3 > 0, these spaces consists of functions F' which are analytic in C,/, and

satisfy
1\ A1 3
F||AB—</ FeP (- 3) dm<s>> <.
Cy/2

The author is supported by Grant 227768 of the Research Council of Norway.
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It was shown by Olsen in [9] that the local behavior of the spaces %, are similar
to the spaces Ag, where 8 = 2% — 1. This relationship between o and § will be
retained throughout this paper.

For a class of analytic functions € on some domain 2 C C, we will say that
a sequence S of not necessarily distinct numbers in € is a zero sequence for € if
there is some non-trivial F' € ¥ vanishing on 9, taking into account multiplicities.
We will let Z(€) denote the set of all zero sequences for @.

A result proved by Horowitz in [6] shows that if ¥ = Ag we may assume that
F vanishes precisely on S € Z(Ap), i.e. F has no extraneous zeros in C;/,. We
will exploit this fact to prove our main result.

Theorem 1. Suppose S = (0 +it;) is a bounded sequence of points in Cy /o and
that o > 0. Then there is a non-trivial function in 2D, vanishing on S if and only
ZfS S Z(Aﬁ)

The “only if” part follows from the local embedding of %, into Ag of Theorem
1 and Example 4 from [9]. To prove the “if” part, we will adapt the methods of
[13], where an analogous result for a < 0 was obtained.

The “if” part can essentially be split into two steps. The first step is a dis-
cretization lemma, which depends on the properties of Z,, — or rather the weights
[d(n)]*. The second step is an iterative scheme, where the properties of Ag be-
come more prominent.

Comparing this with [13], the first step is somewhat harder, since we require
very precise estimates on the weights as a grows to infinity. The second step is
considerably easier, mainly due to the fact that the norms of Ag are easier to
work with than those of the Dirichlet spaces used in [13].

We will use the notation f(z) < g(x) to indicate that there is some constant
C > 0so that | f(z)| < Cg(x). Sometimes the constant C' may depend on certain
parameters, and this will be specified in the text. Moreover, we write f(x) < g(x)
if both f(z) <« g(x) and g(z) < f(z) hold.

2. PROOF OF THEOREM 1

We begin with the Paley—Wiener representation of functions F' € Ag, and seek
to construct a Dirichlet series f € 2, which approximates F.

Lemma 2 (Paley-Wiener Representation). Ag is isometrically isomorphic to

- d
12 = {qﬁ measurable on [0, 00) : H(b”i‘é _2 56(5)/0 |6(6)? 52 }

under the Laplace transformation
(oo}
5= [ oe g
0
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Proof. A proof can be found in [2]. O

The other ingredient needed for the discretization lemma is estimates on the
growth of [d(n)]®. We will partition the integers into blocks and use an average
order type estimate. To prove this estimate, we will need the precise form of
a formula stated by Ramanujan [11] and proved by Wilson [15]: For any real
number « and any integer v > 2% — 2, we have

= n)|*==x D Rl A _
(1) Daw) = Yld(m)}* = a(loga) (; s 0 (logx),,ﬂ)> .

n<z

Wilson’s proof of (1) can be considered at special case of Selberg—Delange method.
For more about the Selberg—Delange method, we refer to Chapter IL.5 of [14].
However, we mention that the coefficients A) depend on the coefficients of the
Dirichlet series ¢, which we implicitly define through the relation

(2) = Z J*n™" = H (1 +) (k+ 1)%;“) = [C()]* dals).
n=1 Jj=1 k=1

The partial sums of the coefficients of (, are estimated through Perron’s formula
and the residue theorem. While (2) is only valid for Re(s) > 1, a simple compu-
tation using Euler products shows that ¢, converges for Re(s) > 1/2; and thus
Theorem 5 of [14] may be applied. In particular, the coefficients A depend on
the coefficients of ¢, and since the coefficients of ¢, depend continuously on «,
so does A) in (1).

Lemma 3. Let a be a real number and 0 < v < 1. Then

(3) Z [d(Z)]a - j'y2“71,

Jr<logn<(j+1)7

as j — oo. The implied constants may depend on a and 7.

Proof. We will first assume that 2% is not an integer. Fix v such that v > 2% —
and v > 1/v — 1. We use Abel summation to rewrite

" > B0 Pele)_ Daly), " De(0),

y<n<z
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By using (1) and the fact that 2 — 1 — v < 0 we perform some standard calcu-
lations to estimate

Da(-T) o Day(y) — )Z:;)Ak ((k)gx)?’flf)\ _ (logy)2“717)\>

X

+0 ((ogn) =),
[ 25 A (g~ o)
Y A=0

+0 ((logy)** ).

Let us now take x = exp ((j + 1)) and y = exp (j7). For any exponent 7 it is
clear that

(logz)" — (logy)" = ynj"" " (1 +0 (;)) :

Hence we have

Dax(z_ - ”‘ZA’\ 2% _ 1 — ) y(2%—1— )‘)1—|—O( 2"21/))7
( ) (29 =X)— (29 —1—v
/y . ;A/\]v(z V-1, 0 (37(2 1 ))_

We combine these estimates with (4) to obtain

d(n)]®
3 [(n)]

J7<logn<(j+1)7

o “. B 1
- 572%—1 Y
~J <A0 + )Z:l G +0 (j'yQ“—l—'y(Q“—l—l/))) )

where By = Ax + Ax_17(2* — ). This proves (3) since v > 1/y — 1. By
continuity on both sides of (5), the assumption that 2% is not an integer may be
dropped. O

The parameter 0 < v < 1 will be used to control the “block size” in our
partition of the integers. It will become apparent that as a grows to infinity, we
must be able to let v tend to 0. In [13] it was sufficient to have a similar estimate
only for 1/2 < v < 1.

Lemma 4 (Discretization Lemma). Let o > 0 and let N be a sufficiently large
positive integer. Then there exists positive constants A and B (depending on «,
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but not N ) such that the following holds: For every function ¢ € L% supported
on [log N, 00), there is a function of the form

o0

o= o

n=N

in Dy, such that ||f| 2, < A||¢HL%, Moreover, f may be chosen so that

an

B(s) = /1 T g Y g — f(s)

og N

enjoys the estimate
|(s)| < Bls = 1/2[N "7 (log N) [l 2.,
m Cl/Q'

Proof. Let y = 2/(4+2%) and let .J be the largest integer smaller than (log N)'/7.
For j > J, let n; be the smallest integer n such that e/’ < n. When 7 is small
it is possible that n; = n;11. This can be avoided by taking N sufficiently large.
Set £, = j7 and for n; < n < njy iteratively choose &, such that

Gi—g )

where Aj; is chosen so that &,,,, = (j +1)7. Clearly, Lemma 3 implies that A;
is bounded as j — oco. Let us set

w =i [ o) de.

n

A simple computation using the Cauchy—Schwarz inequality shows that

2
Ent1 §,6’+1 _ 5/3"!‘1 Ent1 d¢
p(6)dEl <n- M/ 2 45
/En (6)de e ). Org
In view of (6) it is clear that ||f|lg, < A||¢||L§. Now, if n; < n < nj4; and
€ € [€n;, &nyyn] We see that

‘an|2 =n

(7) ‘e—(s—1/2) _ n—(s—l/Z)‘ < N—a+1/2|8 _ 1/2|j7_1.

o e\
(/ |¢<£>|2§§> .

Then, by (7) and the Cauchy—Schwarz inequality

00 njy1—1 53 7£ﬁ
[B(s)| < NTOH2s —1/21 ) 507 Y ("“ﬂ">

j=J n=n;
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By using the Cauchy—Schwarz inequality again with (6) we get

oo njt1—1 % %
. [ )] Ena dg
|(s)] < N “/2\8—1/2\21“ n; - (/f |¢(£>I2§,3> :

Now Lemma 3 and the Cauchy—Schwarz inequality yield

B(s)| < N=o+1/2)s — 172 | 3 j@+20-8 ( /lw 6(6)2 d5> |

j=J og N €'B

The series converges since v < 2/(2 +2%). The proof is completed by a standard
estimate of the convergent series,

1

2

Zj(2+zﬂ)y—3 < (log N)((+207=2)/(2) = (1og N)~1,
j=J

where we used that J =< (log N)'/7. O

The final result needed for the iterative scheme is the following simple lemma
on the 0-equation. We omit the proof, which is obvious.

Lemma 5. Suppose g is a continuous function on Cy o, supported on
QR,7)={s=0+it:1/2<0<1/2+7, —-R<t <R},

for some positive real numbers T and R. Then

u(s) = l/ 9(w) dm(w)

™o S—w

solves Ou = g in Cy /9 and satisfies ||[ullos < Callg|loo-

We have now collected all our preliminary results and are ready to begin the
proof of Theorem 1. For any positive integer N we set En(s) = N—st1/2 and
consider the space EnAg. By a substitution it is evident that any F' € EnAg
can be represented as

F(s)= [ o@e g
log N

for some ¢ € L3[log N, 00), in view of Lemma 2.

Final step in the proof of Theorem 1. Let us fix @ > 0 and a bounded sequence

S = (0j +1it;) € Z(Ag). From this point all constants may depend on « and S.

Since S is bounded we may assume S C Q(R — 2,7 — 2) for some R, 7 > 2. Let
© be some smooth function defined on C, /5 with the following properties:
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e O is supported on Q(R, 7),

e O(s)=1forse QR—-1,7—1),

e [00(s)| < 2.
Let G € Ap vanish precisely on S and assume furthermore that ||G||4, = 1. Now,
suppose that F' € ExAg, and let f € 9, be the function obtained by applying
Lemma 4 to F, and ® = F — f. Moreover, let v denote the solution to the
equation

~  0(09)
(8) ou = GEx

The right hand side of (8) is a smooth funcjion compactly supported on Q(R, T)
since |G(s)] is bounded from below where 90(s) # 0. We can use Lemma 5 and
Lemma 2 to estimate
a(69) B .

S| < om ) ol = Q0w ) 1L,

© |

We set Ty F = ©® — GEnu. The function T F' has the following properties:
o TnF(s)=®(s) for s € S,
e TnF is analytic in C, /5 since ITNF(s) =0 for s € Ci/2,
o TnF € EnAg, by the compact support of © and the estimate (9).

Hence T defines an operator on EyAg. By the triangle inequality, Lemma 4
and the fact that © has compact support, it is clear that

ITNF 4y < 102]a, + |GENulla, < (og N)" @l 12 + llullcl|Glla,-
Since ||G||a, = 1 and ||¢||L% = ||F|la, we have ||Ty|| < (log N)~! in view of (9).

Let N be large, but arbitrary, and define Fy(s) = En(s)G(s). Then Fy € ExAg
and its norm in this space is < 1. Set

Fj =T} Fy.
Let f; be the Dirichlet series of Lemma 4 obtained from Fj. Then fo+F; vanishes
on S, since

fo(s) + Fi(s) = fo(s) + TnFo(s) = fo(s) + Fo(s) — fo(s) = Fo(s) =0,

for s € S, by the fact that TxF(s) = ®(s) for s € S. Iteratively, the function
fo+ fi+---+ fj + Fj+1 also vanishes on S. Define

fl&) =Y fils)
=0
and choose N so large that ||Tv|| < 1 so that ||F}||4, — 0 and, say

HOED WAL
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so that f is non-trivial in %, and vanishing on S. |

By again following [13], we can modify the iterative scheme in the following
way: Let F' € Ag be arbitrary, and set Fy = F'. Using the algorithm in the same
manner as above, we see that Fy(s) + fo(s) = Fy(s) for s € S. Moreover,

Fip1(s) + fi(s) + fi—1(s) + -+ fo(s) = F(s),
for s € S. Continuing as above, we obtain the following result:

Corollary 6. Suppose S = (0; + it;) € Z(Ap) is bounded. For every function
F € Ag there is some f € D, such that f(s) = F(s) on S.

We can extend Theorem 1 and Corollary 6 by considering different weights.
Let w = (wy, wa, ...) be a non-negative weight. Define the Hilbert space of
Dirichlet series Z,, in the same manner as above, with the added convention that
the basis vector n~?° is excluded if w, = 0. Theorem 1 in [9] states that 2,
embeds locally into Ag if and only if

(10) Z w, < z(logz)?,

n<x

where 8 > 0. By modifying the proof of our Theorem 1, we can obtain a similar
result for 2,, with respect to Ag provided we additionally have

(11) Z Wn _ jv(BJrl)*l’
n

J7 <logn<(j+1)7

as j — oo, for some 0 < v < 2/(3 4+ ). Several of the weights considered in
[9] are possible, but we only mention the case w, = (logn)? for 8 > 0. These
spaces were introduced by McCarthy in [8]. It is easy to show that these weights
satisfy (10) and (11) for any 0 < v < 1, and similar results with respect to Ag
are obtained.

Remark. The embeddings of [9] extend to any 8 < 0, in view of (10), and we
get the Hardy space (8 = 0) and Dirichlet spaces (8 < 0) in the half-plane. We
can extend the results in [13] in a similar manner as above. However, this is only
possible for —1 < 8 < 0. The method of [13] breaks down for § < —1 due to the
fact that the norms of the corresponding Dirichlet spaces in the half-plane uses
higher order derivatives and different estimates are needed.

3. BLASCHKE-TYPE CONDITIONS FOR %, AND P

Now that we have identified the bounded zero sequences of %, as those of Ag,
let us consider necessary and sufficient conditions for bounded zero sequences of
Ap. The zero sequences of Bergman spaces in the unit disc D have attracted
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considerable attention. We refer to the monograph [3]. For 8 > 0, these are the
spaces

45(@) = {F ¢ HO) : |7 = [ PP~ )7 ame) < oo
D
Results pertaining to zero sequences of Az(ID) are relevant to our case since
s—3/2
o) =7
is a conformal mapping from C,/; to D, and
—-3/2
F 1/9)~28+) g s 9=
= (s +1/2) s+1/2
defines an isometric isomorphism from Ag(ID) to Ag. This implies that S € Z(Ag)

if and only if ¢(S) € Z(Ag(D)). Since the Hardy space H?(D) is included in
Ap(D) for every 8 > 0, it is clear that the Blaschke condition

(12) > (0 —1/2) <0

J

is sufficient for bounded zero sequences of Ag. Moreover, Theorem 4.1 of [3] shows
that the Blaschke condition (12) is both necessary and sufficient provided the
bounded sequence S is contained in any cone |t —to| < ¢(o —1/2). Unfortunately,
the situation becomes more complicated in the general case and we do not have
a precise Blaschke-type condition for bounded zero sequences. In fact, for every
€ > 0 and every Ag a necessary condition for bounded zero sequences is

(13) > (o —1/2)' < o,
J
by Corollary 4.8 of [3]. Clearly, this condition does not offer any insight into
what happens as 3 — 07. However, using the notion of density introduced by
Korenblum in [7] it is possible to provide a generalized condition describing the
geometrical information of the zero sequences of Ag(DD). The most precise results
on Korenblum’s density are obtained by Seip in [12]. We omit the details, only
mentioning that this generalized condition in a certain sense tends to (12) when
B — 0F.
The Hardy spaces of Dirichlet series 5P, 1 < p < oo, can be defined as the

closure of the set of all Dirichlet polynomials with respect to the norms

an . ( 1 T

Z — = lim | — /
n T—oo \ 2T [ 1

N
dt) |
n=1 AP

For the basic properties of these spaces we refer to [4] and [1]. However, we
immediately observe that /2 = %,. In [13], the bounded zero sequences of

N N

Qn
> i

n=1
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the spaces P, for 2 < p < oo, are studied. In particular, for .7#? the Blaschke
condition (12) is shown to be both necessary and sufficient. Results for 2 < p < oo
are obtained through embeddings 2, C 7 C 2, where a < 0 depends on
p. The embedding of P into .2 implies that the Blaschke condition (12) is
necessary for J£P.

The sufficient conditions are obtained through a similar result as Theorem
1: For a@ < 0, the spaces %, have the same bounded zero sequences as certain
weighted Dirichlet spaces in C,/,. In particular, for 2 < p < oo there is some
0 < v < 1 such that a sufficient condition for bounded zero sequences of J#7 is

(14) D (0 —1/2)'77 < o,
J
and moreover v — 0 as p — 2~. We omit the details, which can be found in [13].
We will now consider the case 1 < p < 2. That #2 C P C s for
1 <p < 2 is trivial, and this shows that (12) is a sufficient condition for bounded
zero sequences of JZP. In [5], Helson proved the beautiful inequality

(15) 1/llz = (Z %) <11 flloe,

which implies that 57 C 2;. This shows that the Blaschke-type condition (13)
is necessary for bounded zero sequences of P, for every € > 0. Regrettably, this
means we are unable to specify how the situation changes as p — 27, in a manner
similar to (14). However, if we again restrict S to the cone [t — tg] < ¢(o — 1/2),
the Blaschke condition (12) is both necessary and sufficient for bounded zero
sequences of J£P.

Remark. The Blaschke condition (12) is well-known to be necessary and sufficient
for bounded zero sequences of the Hardy spaces H?(C,/3). By a theorem in
[4], 72 embeds locally into H?(C /). This trivially extends to even integers p.
Whether the local embedding extends to every p > 1 is an open question. Observe
that if (12) is not the optimal necessary condition for bounded zero sequences of
JCP, when 1 < p < 2, then the local embedding would be impossible for these p.
However, since (14) is a sufficient condition for bounded zero sequences of P
when p > 2, its optimality would not contradict the local embedding for these p.

ACKNOWLEDGEMENTS

This paper constitutes a part of the author’s PhD studies under the advice of
Kristian Seip, whose feedback the author is grateful for. The author would also
like to extend his gratitude to Jan-Fredrik Olsen for helpful discussions pertaining
to Section 3.

26



10.

11.

12.

13.

14.

15.

REFERENCES

. F. Bayart, Hardy spaces of Dirichlet series and their composition operators, Monatsh.
Math. 136 (2002), no. 3, 203-236.

. P. Duren, E. A. Gallardo-Gutiérrez, and A. Montes-Rodriguez, A Paley—Wiener Theorem
for Bergman spaces with application to invariant subspaces, Bull. Lond. Math. Soc. 39
(2007), no. 3, 459-466.

. H. Hedenmalm, B. Korenblum, and K. Zhu, Theory of Bergman spaces, vol. 199, Springer,
2000.

. H. Hedenmalm, P. Lindqvist, and K. Seip, A Hilbert space of Dirichlet series and systems
of dilated functions in L?(0, 1), Duke Math. J. 86 (1997), no. 1, 1-37.

. H. Helson, Hankel forms and sums of random variables, Studia Math. 176 (2006), no. 1,
85-92.

. C. Horowitz, Zeros of functions in the Bergman spaces, Duke Math. J. 41 (1974), no. 4,
693-710.

. B. Korenblum, An eztension of the Nevanlinna theory, Acta Math. 135 (1975), no. 1,
187-219.

. J. E. McCarthy, Hilbert spaces of Dirichlet series and their multipliers, Trans. Amer. Math.
Soc. 356 (2004), no. 3, 881-894.

. J.-F. Olsen, Local properties of Hilbert spaces of Dirichlet series, J. Funct. Anal. 261 (2011),

no. 9, 2669—2696.

J.-F. Olsen and K. Seip, Local interpolation in Hilbert spaces of Dirichlet series, Proc.

Amer. Math. Soc. 136 (2008), no. 1, 203-212.

S. Ramanujan, Some formulae in the analytic theory of numbers, Messenger of Mathematics

45 (1916), 81-84.

K. Seip, On Korenblum’s density condition for the zero sequences of A=, J. Anal. Math.

67 (1995), no. 1, 307-322.

, Zeros of functions in Hilbert spaces of Dirichlet series, Math. Z. 274 (2013),

no. 3-4, 1327-1339.

G. Tenenbaum, Introduction to analytic and probabilistic number theory, vol. 46, Cambridge

University Press, 1995.

B. M. Wilson, Proofs of some formulae enunciated by Ramanujan, Proc. Lond. Math. Soc.

2 (1923), no. 1, 235-255.

27






Paper 2

Composition operators on Bohr—-Bergman spaces
of Dirichlet series

Maxime Bailleul
Ole Fredrik Brevig

Published in Ann. Acad. Sci. Fenn. Math. 41 (2016), no. 1, 129-142.

29




Is not included due to copyright






Paper 3

Compact composition operators with non-linear
symbols on the H? space of Dirichlet series

Frédéric Bayart
Ole Fredrik Brevig

To appear in Pacific J. Math.

49







COMPACT COMPOSITION OPERATORS WITH NON-LINEAR
SYMBOLS ON THE H? SPACE OF DIRICHLET SERIES

FREDERIC BAYART AND OLE FREDRIK BREVIG

ABsTrRACT. We investigate the compactness of composition operators on
the Hardy space of Dirichlet series induced by a map ¢(s) = cos + po(s),
where ¢o is a Dirichlet polynomial. Our results depend heavily on the
characteristic ¢ of ¢ and, when c¢g = 0, on both the degree of ¢ and its local
behaviour near a boundary point. We also study the approximation numbers
for some of these operators. Our methods involve geometric estimates of
Carleson measures and tools from differential geometry.

1. INTRODUCTION

A theorem of Gordon and Hedenmalm [9] describes the bounded composition
operators on the Hilbert space 2 of Dirichlet series,

fls) = Zannfs,
n=1

with square summable coefficients endowed with the norm || f||%,2 := > _0"; |an|*.
We let Cy denote the half-plane of complex numbers s = o + it with o > . The
Dirichlet series in .72 represent analytic functions in C; /2 and a mapping ¢ of
C, /5 into itself defines a function €, (f) := fop on Cy o, if f € #2. The operator
Cp: H? — A is well-defined and bounded if and only if ¢ is a member of the
following class:

Definition. The Gordon—Hedenmalm class, denoted ¢, is the set of functions
¢: Cy/p — Cy /o of the form

(1) ¢(s) = cos + Z can”® =1 o8 + po(s),
n=1

where ¢y is a non-negative integer called the characteristic of p, the Dirichlet
series o converges uniformly in C. (¢ > 0) and has the following mapping
properties:

(a) If cg = 0, then ¢o(Co) C Cy 5.

The second author is supported by Grant 227768 of the Research Council of Norway.
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(b) If ¢g > 1, then either pg = 0 or o(Cy) C Cy.

Since the paper of Gordon and Hedenmalm, several authors have studied the
properties of composition operators acting on %2 or on similar spaces of Dirichlet
series (see for instance [1, 2, 7, 8, 11]). In the present work, we are interested in
the study of the compactness of %, when ¢ is a polynomial symbol, say

N
(2) o(s) =cos+ 1+ Z enn” %,

n=2

and we implicitly assume that ¢ € 4. The symbol ¢ is said to have unrestricted
range if

1/2 ifC()ZO7

s€Co 0 if Co > 1.

inf Re(p(s)) = {

Correspondingly, if ¢(Cy) is strictly contained in any smaller half-plane, we say
that €, has restricted range. It is well-known that the composition operator ¢,
is compact when ¢ has restricted range [1, Thm. 21]. In what follows, we will
assume that ¢ has unrestricted range.

Definition. A set of integers A C N — {1} is called Q-independent if the set
{logn : n € A} is linearly independent over Q.

Symbols of the form (2) have been extensively studied in the linear case,

d
(3) p(s) = cos+c1+ Y g q;°,

j=1

where the set {g;} is Q-independent and c,; # 0. When ¢y > 1, it is proven in [2]
that the operator ¢, is compact if and only if ¢ has restricted range. Our first
result extends this to the case of an arbitrary polynomial:

Theorem 1. Let ¢ be a Dirichlet polynomial of the form (2) with co > 1. Then
C, is compact if and only if ¢ has restricted range.

As is to be expected when investigating composition operators on #2, the
symbols with ¢y = 0 are more difficult to handle and require different techniques.
In this case, it is proven independently in [2] and [8] that composition operators
induced by linear symbols (3) with ¢y = 0 are compact if and only if ¢ has
restricted range or d > 2.

The main effort of this paper is dedicated to extending this result to gen-
eral polynomials. We rely crucially on a geometric description of such compact
composition operators found in [11] (see Lemma 5 below). Our second result is:
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Theorem 2. Suppose that {g; };l:l are Q-independent and that

p(s) = Pia;*)

j=1

is in ¢, and that the polynomials P; are non-constant. Then 6, is compact if
and only if ¢ has restricted range or d > 2.

Theorem 2 is truly a non-linear extension of the results for linear symbols,
however it fails to handle the relatively simple cases

9
p1(s)=-—27°=-37°-2-6"7,
2
(4) 13
QDQ(S) = 3 74'27874'3784’2'678,

where “mixed terms” are present. However, the compactness of the associated
operators can be decided by our main result. Before this result can be stated, we
need to introduce some additional definitions.

Definition. Let A C N — {1}. We let the complex dimension of A, denoted
2(A), be the infimum of card(Ag) where Ag C N — {1} is Q-independent and
multiplicatively generates A.

At this point, we should mention that the set Ay attaining such an infimum is
not necessarily unique. This is easily seen by considering

A={2%.3% 2.3 2%.3% 2.3},
where Ay can be chosen as any of the following sets:
{2,3  {2%,3} {2,3*} {22,3*} {2°.3,3}  {2,2.3%}

Now, we will rewrite (2) as
(5) o(s)=c1 + Z cpn”®
neA

with ¢, # 0 for every n € A. We pick some Ay = {q1, q2, ..., g4} where d =
Z(A). Since Ay generates A, any n € A can be written uniquely as a product of
elements in Ag,

d
o114
= qj .
j=1

This associates to n the d-dimensional multi-index a(n). Clearly, a(n) depends
on the choice of Ag as the example considered above illustrates.
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Definition. The degree of ¢ with respect to Ag is defined by
deg(p,Ag) = sup {|a(n)| = a1 +az+---+aq : n € A}.

Among the different Ag which generate A and with card(Ag) = 2(A), we choose
an optimal Ag in the sense that it minimizes deg(y, Ag). The degree of ¢ is then
equal to the value of deg(y, Ag) where Ay is optimal in the previous sense.

It is clear that there can be more than one optimal Ay, as the example con-
sidered above again demonstrates, where the three final possibilities all have
deg(p, Ag) = 4 if ¢ is given by (5).

Remark. For maps of the form (3) as considered before, the complex dimension
is equal to d and the degree is equal to 1, which justifies our terminology “linear
case”.

The study of the Hardy space of Dirichlet series .72 is intimately related to
function theory on polydiscs. In our concerns, the main tool will be the so-called
Bohr lift. Indeed, consider an optimal Ay and use the substitution qj_s = 2.
To simplify the expressions in what follows, we will also subtract 1/2. Hence we
obtain a polynomial in d variables with the same degree as ¢,

1 o(n
(6) D(z) = (61 - 2) + Z enz®M.
neA
The polynomial ® will be called an optimal Bohr lift of ¢. Using Kronecker’s
theorem (see for instance [10, Ch. 13]), the Q-independence of Ay implies that @
maps D? into Cy. The polynomial ® induces a map, denoted by ¢, on R? defined
by
P01, 0oy ..., 0g) = (e, €2, ..., ).

Remark. We will sometimes need to define the Bohr lift when the map ¢(s) =
Y n>1Can”° is not a Dirichlet polynomial. It is then defined as

P(z) = (cl - ;) + chza(n)

n>2

where we use the substitution p;® — z;. If we assume that ¢ € ¢, its Bohr lift
® is now well-defined on D> N ¢g, and Kronecker’s theorem shows that this set
is mapped by @ into Cg.

Let us come back to a polynomial ¢ € 4. If we assume that ¢ has unrestricted
range, there exists at least one point w € T¢ so that Re®(w) = 0, by the
compactness of T¢. Let w = (6“91, e, emd). Then ¥ = (¥4, Ja, ..., 9q)
has to be a critical point of Re ¢ since this last map admits a minimum at 9.
Moreover, the mapping properties of ¢ implies that the Hessian matrix of Re ¢
at ¢ should be non-negative.
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Definition. We define the boundary index of ® at w as the non-negative integer
J(®,w) such that the signature of the Hessian matrix of Re¢ at ¢ is equal to
(J(@,w),0).

With these definitions at hand, we are able to state our main theorem which
shows that, when there are mixed terms, the complex dimension does not give
enough information and that we need a more careful study of .

Theorem 3. Let ¢(s) = c1 4+ Y.,55nn” ® be a Dirichlet polynomial in & with
unrestricted range. Suppose that its complex dimension d is greater than or equal
to 2, and let ® be a minimal Bohr lift of . Assume that

e cither the degree of ¢ is equal to 1 or 2,
e or the degree of ¢ is at least 3 and for any w € T?, either Re ®(w) > 0
or Re ®(w) =0 and J(®,w) > 2.

Then %, is compact on 2. Moreover, the result is optimal in the following
sense:

o If the complex dimension of ¢ is equal to 1, then €, is never compact.
e There exist polynomials ¢ € & of arbitrary complex dimension and of
arbitrary degree greater than or equal to 8 such that €, is not compact.

At this point we should mention that Theorem 3 does not encompass Theo-
rem 2, and we will return to this point later (see Section 7). However, Theorem 3
allows us to conclude that for the Dirichlet polynomials ¢ given by (4), which
have complex dimension and degree equal to 2, the induced composition operators
are compact.

We are also interested in the degree of compactness of our operators, which
may be estimated using their approximation numbers.

Definition. Let H be a Hilbert space and let T € £(H). The nth approximation
number of T, denoted a,,(T), is the distance of T to the operators of rank < n.

The study of the behaviour of a,(%,) when ¢ € ¢ is a linear symbol (3) has
been done in [11]. In particular, it is shown there that

(d—1)/2 (d-1)/2
1 1
(> < an(6,) < ( Ogn)

n n

where d is the complex dimension of ¢. We will extend this result to a general
context. To keep this introduction sufficiently short, we refer to Section 8 for our
statement, and give only one striking consequence of it: We may distinguish the
Schatten classes of linear operators on .72 using composition operators induced
by polynomial symbols. By definition, a compact linear operator T belongs to
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the Schatten class .S, for 0 < p < oo, if
IT(E = Tr (|T17) = Y an(T)? < oo.
n=1

Corollary 4. Let 0 < p < q. There exists a Dirichlet polynomial ¢ € & such
that €, € Sg\Sp.

Let us end this introduction by mentioning that the the composition operators
induced by the maps ¢; and @9 have different degrees of compactness. Indeed,

we will show that
1\ /2 logn 1/2
() o= (22)”

1\ /3 logn\ /3
<’I’L) <<6Ln(<5¢2)<<< " > .

Organization. The remainder of this paper is divided into seven sections.

e Section 2 contains the proof of Theorem 1. The content of this section is
independent from that of the following sections.

e In Section 3 we introduce some necessary tools and results needed for the
proof of Theorem 2 and Theorem 3.

e Section 4 is devoted to the proof of Theorem 2.

e Section 5 contains the proof of Theorem 3.

e In Section 6 we prove Lemma 12, which is the most technical part of
Theorem 3.

e In Section 7 we discuss the case deg(p) > 3 and J(®,w) = 0, its connec-
tion to Theorem 2 and some related examples.

e Finally, in Section 8, we discuss the decay of the sequence of approxima-
tion numbers for some of our operators.

Notation. The notation f(¢) < g(¢) will mean that f(g) < Cg(e) for some
constant C' which does not depend on €. We will sometimes write f(g) <, g(¢)
to emphasize that C' depends on a. As usual, we let {p;} denote the sequence
of prime numbers written in increasing order. We let mg denote the normalized
Lebesgue measure on T¢. This measure is invariant under rotations. If we do
not have a priori knowledge of the complex dimension d, we will often call this
measure my,. For a point z = e on the unit circle T, we will always assume
that 0 € (—m, 7). Finally, 0 will denote the point (0, ..., 0) € C% and 1 will
similarly denote the point (1, ..., 1).
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2. PROOF OF THEOREM 1

Let o(s) = cos +¢1 + Zﬁ;z cnn~® € 4 such that ¢y > 1. We already know
that if ¢ has restricted range, then %, is compact. Let us therefore assume
that €, is compact and also assume that ¢ has unrestricted range, to argue by
contradiction.

By [2, Thm. 3], we know that

Rep(s) Re(s)—0
Re(s)
Now, since ¢ has unrestricted range there exists a sequence {s; = o+ ity }r>1

in Cg such that Re p(sg) — 0. It is well-known that this forces that o — 0 (see
[2]). Then

(7)

400

N

Re ¢(sk) = coor+Re(cy +Zn 7k (Re(cy) cos(ty log(n))+Im(c,) sin(ty log(n))).
n=2

By successive extraction of subsequences, we may assume that there exist real

numbers a,, and b,, so that for 2 < n < N we have, as k — 00,

cos(ty log(n)) — an, and sin(t log(n)) — by,.

Hence, we may write

Rep(sk) = coor + Re(er) + Zn Tk Re(cn)an + Im(c,,)b —|— Z n~ 7k F, (),

n=2

where each F,,(tx) — 0 as k — oco. Since Re s, = oy also goes to 0, we may

deduce that
N

Re(er) + Z (Re(cn)an + Im(cn)bn) =0,

n=2
so that we have

Rep(s) = coo + Z Re(cn)an + Im(c, )b + Z n~ 7 Fp(

We will now choose another sequence {s), = 0}, + itp},~, where Re(s},) — 0 in
order to obtain a contradiction with (7). More precisely, let {o}},-, be any
sequence of positive real numbers tending to 0 such that, for any n = 2,..., N
and every k > 1, we have n~%|F,(t;,)| < of. Then we obtain

N
Rep(s),) = coop, + Z (n“”/c — 1) (Re(cp)an + Im(cy)by,) + Z n=% Fy (te),

n=2

so Rep(s)) = O(0},) = O(Re(s})) and this contradicts (7). The assumption
that ¢ has unrestricted range must be wrong. ([l
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Remark. An inspection of the proof reveals that the statement of Theorem 1
remains true if we assume that p(s) = cos +c1 + Y vepcan™* € 9 with ¢p > 1,
>0 i lenl < +oo and that the complex dimension of ¢ is finite. The latter
assumption is needed to use (7).

3. PRELIMINARIES

As explained in the introduction, our main tool for proving or disproving
compactness is a result from [11]. We formulate it in a more general context than
for polynomials since it will be used under this form in Section 8. Recall that a
Carleson square in Cy is a closed square in Cy with one of its sides lying on the
vertical line ¢R; the side length of @ is denoted by ¢(Q). A non-negative Borel
measure p on Cy is called a vanishing Carleson measure if

i su wQ)
ooy AQ)

=0.

Lemma 5. Suppose that ¢(s) = >, can™° € 4 and that ¢(Co) is bounded.

The corresponding composition operator €, is compact on F? if and only if the
measure

po(E) :=mq ({2 € T™ : ®(2) € E}), E C Cy.

is vanishing Carleson in Cy, where ® denotes a Bohr lift of ¢.
Proof. This is Corollary 4.1 in [11]. O

Hence we consider squares
Q=Q(r,e)=1[0,¢e] x [T —¢e/2, 7 +¢/2],
and want to investigate whether ;,(Q) = o(e) uniformly in 7 € R. Our next

lemma points out that this depends only on the local behaviour of ®.

Lemma 6. Let ¢ be a Dirichlet polynomial (2) with ¢¢ = 0 mapping Co into
Ci/2 and let @ be a minimal Bohr lift of . If for every w € T with Re ®(w) = 0
there exists a neighbourhood %, > w in T%, constants Cy > 0 and Ky > 1 such
that for every T € R and every ¢ > 0 we have

(8) my ({z €%, : D(z) € Q(1, e)}) < Cpe™,
then €, is compact.
Proof. Since ¢ is a Dirichlet polynomial, it has finite complex dimension d.
We first observe that (8) is always satisfied for those w € T? with Re ®(w) > 0.
Indeed, by continuity of ®, we may always find a neighbourhood %, > w and

g0 > 0 such that, for all e € (0,g9) and all T € R, {z € %, : ®(2) € Q(7,¢)} is
empty. We may then take s, > 1 be arbitrary and choose C,, with Cyeg® > 1.
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We will then use a compactness argument and Lemma 5. Indeed, there exists
a finite number of points w, ..., wy such that T¢ is covered by %, ;. .., %uwy -
Now, we may take C'= Cy, + -+ Cyy and K = min(Ky,, ..., Kw,y ). Hence, for
all 7 € R and all € > 0,

my ({z € T : ®(2) € Q(r, g)}) < Ce”
which achieves the proof of the compactness of 6, on 7#72. O
Hence, we will require more information about the Taylor coefficients of ® at

a boundary point. Assume that ®(w) = 0 where w = 1. In this case, we will
rewrite

d
(9) o)=Y @ [[1-2)" = 3 call = 2)°,

neA  j=1 aeNd
where we have adopted the convention ¢, = ¢,, which is not generally equal to
¢n. We shall need a kind of Julia—Caratheodory theorem for ® of the form (9).

Lemma 7. Let ® : D¢ — Cg be of the form (9) and let |a| = 1. Then c, > 0.
Moreover, there exists at least one multi-index o with |a] =1 and ¢, > 0, unless
® =0.

Proof. We may assume that a = (1,0,...,0). Consider the one-variable polyno-
mial
Y(w) =d(w,1,...,1).
Clearly, v maps D to Cp, and ¢(1) = 0. We write
Y(w) =a(l —w) + b1 —w)>+ 0 ((1-w)?).

We set w = e and obtain
2
w(ei‘g) =a <92 — i@) —b0*+0 (93) .

In particular,

Re (¢(e"?)) = 6Im(a) + 6* (Re;“) - Re(b)) +0 (6*).

Since this should be non-negative, clearly Im(a) = 0. We now set w =1 — § for
0 < 6 < 1 and consider ¢(8) = ad+ O (6?). Since the real part of this also should

be non-negative as § — 0" we must have a > 0. Hence ¢, > 0 when |a| = 1.
Now, consider the mapping

d
a—n(a) = Hp?j.
j=1
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It defines a total order on N by setting o < 3 if and only if n(a) < n(3). Assume
that ® # 0 and that ¢, = 0 whenever |a| = 1. Consider

B =inf{a : ¢4 # 0},
which exists since ® # 0. There is § € (—, 7] so that cs = |csle??. Fix 0; €
(—m/2,7/2) and define
zj=1 —pj_oemj7
where o > 0. For large enough o, clearly z = (21, ..., z4) € D% Moreover,
O (21, ..., za) = |egle’ [n(B)] 77!t HE0) 1o ([n(B)]77)
as ¢ — oo. This implies that

Re (®(z1, .-, 24)) = |eg|[n(B)] 77 cos(0 + B161 + - - - Baba) + 0 ([n(,@)}_") i

Since |8] > 2, we can always choose 6; € (—n/2,7/2) such that cos(6 + 5161 +
-+« 4 B404) < 0. This contradicts the mapping properties of ®, and hence the
assumption that ¢, = 0 whenever || =1 is wrong. O

We will also need two lemmas from differential geometry. The first one is the
parametrized Morse lemma (see for instance [5, Sec. 4.44]).

Lemma (Parametrized Morse Lemma). Let % C R x R4~ be a neighbourhood
of 0 c R and let F : % — R, (u,v) — F(u,v) be a smooth function. Assume
that F'(0) =0, that OF/0u;(0) =0 for alli=1,...,J and that the matriz

0%F
<o>)
(8u28uj 1<ij<J

is positive definite. Then there exist a neighbourhood ¥ > 0 with ¥ C %, a
smooth diffeomorphism T : ¥ — R, (u,v) — (y(u,v),v) with T(0) = 0 and a
smooth map h : R~ — R such that, for any (u,v) € ¥,

J
F(u,v) = Z v; (, v)? + h(v).
j=1

The second lemma reads as follows.

Lemma 8. Let p > 1 be an integer, and let f : I — R be a smooth function
where I is an open interval containing 0 and f(x) ~q¢ xP. Then there exist C > 0
and an open interval I' 5 0 inside I such that, for any 7 € R and any § > 0, the
set {x € I' . |f(x) — 7| < 8} has Lebesgue measure less than C5'/P.

Proof. Assume first that f(z) = aP. If |7| < 26, then the result is clear. Other-
wise, if 7 > 2§, then z has to live in [(7 —&)1/P, (7 + 6)1/P] and the length of this
interval may be easily estimated using the mean value theorem.
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The general case reduces to this one. For small values of z, set y = [f(z)]*/?
if p is odd or y = [f(z)]'/P for x > 0, y = —[f(x)]'/P for x < 0 if p is even. In
both cases, y is differentiable at 0 and dy/dz > 0. Hence, x = 7(y) where v is a
smooth diffeomorphism. Now, for some small open interval I’ 3 0, we have

{fzel :|fle)—7|<d}={ael: |('y_1(x))p—7'| <4},

Since v is a diffeomorphism, the latter has Lebesgue measure less than C6/?. [0

4. PROOF OF THEOREM 2

We intend to apply Lemma 6. Hence, let w € T? with Re ®(w) = 0. By the
rotational invariance of mg, we may always assume that w = 1. Moreover, since
the conditions in Lemma 6 are invariant by vertical translations, we may also
assume that ®(w) = 0. In this case we have

d
@(21,22,...,zd):Z<I>j(zj ZZam (1—z)F
j=1

j=1 k

Since ® is a minimal Bohr lift of ¢, inspecting the proof of Lemma 7, we may

(9)

conclude that in this case a;”’ > 0 for every j =1, 2, ..., d. This means we have

Re@(ei91,6i927.. wd Zb@ —|—o< )

where the coefficients b; # 0 are real numbers and the exponents k; > 2 are
integers. The fact that this quantity is supposed to be non-negative implies that
b; > 0 and that k; is even, by similar considerations as those in the proof of
Lemma 7. Moreover

Im@(ewl, e wd Zalj)e + 0 )
Proof of the first part of Theorem 2. Let 7 € R and € > 0 be arbitrary. The
preceding discussion means there is some neighbourhood % > (1,1,...,1) in T¢
so that

d d
%ijaff <Re® (e, ¢, ..., ef) <23 b0,
=1 i

when e’ € % . Hence if ®(e’) € Q(7,¢) and e’ € %, we conclude from the real
part that 0;| < el/ki for j =1,2,...,d. Now, fixing 0; for j =2,...,d we
conclude from the imaginary part and Lemma 8 that 6; can live in an interval of
size at most C's. Hence we have

my ({Z S %w . @(Z) = Q(T, 5)}) <<’LU €1+1/k2+"'+1/kd.
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In fact, we may choose
d
1 1
Fw = 1+Zk—j i
j=1
and conclude by Lemma 6, since d > 2. O

Proof of the second part of Theorem 2. In this case d = 1, and the polynomial
®(z) is of only one variable. We again consider some neighbourhood % > 1 in
T, so that when e’ € % we have

0 < Re q)(eig) < 200" and |Im<1>(ei‘9)‘ < 2ald|,

where a = a1, b = b; and k > 2 is even. Now, we choose 7 = 0 and observe that
¢ (") belongs to Q(7,¢) provided || < e. Hence

my ({z€T: &) €Qr,6)}) 2m ({z € % : (2) € Q(7,8)}) > ¢,
and %, cannot be compact by Lemma 5. (]

Remark. Inspecting the proof of Theorem 2, we see that we may replace the
polynomials P;, by corresponding power series

o0
P, (qj—s) _ Z cl(cj)qj_ks’
k=0

provided 2;020 ’c,(cj )’ < 0o. However, we still require the complex dimension d to
be finite.

5. PROOF OF THEOREM 3

We begin by observing that the penultimate point of Theorem 3 follows from
the second part of Theorem 2. Regarding the final part of Theorem 3, it is
contained in the following result:

Lemma 9. There are polynomials ¢ € 4 of any complex dimension and of any
degree > 3 for which the corresponding composition operator €, is non-compact.

Proof. Let P(z) = P(z1,22,...,24) be any polynomial in d variables and define
O(z) = (1—2) +6(1 — 2)?P(2),
for some d > 0 to be decided later. We compute
Re®@(e™,... e") = (1 —cosb)
x (1 —26 (cos (61) Re P (") —sin (6;) Im P(e)))..
Pick ¢ small enough so that we have

1 — cosb;

3 §Re¢>(ei01,...,ei0d) < 2(1 —cosby).
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The first inequality tells us that ® is a minimal Bohr lift of

-5 —s\2 —s —s
(,0(5):(17])1 )+5(17p1 )P(pl 7"'7pd )7
with ¢ € ¢4 having unrestricted range. Using the second inequality and a Taylor
expansion of Im @, we also get that near 1,

ReCI)(ewl,. .. ,ewd) =0 (9%) ,
Imq)(ewl, .. ,ew‘i) = O(6y).
Similar considerations as in the proof of the second part of Theorem 2 allow us

to conclude that %, is not compact. (]

Remark. The key point of Lemma 9 is that even if ® involves d variables, its
local behaviour near 1 depends too heavily on z; to ensure compactness.

Having now concluded the negative parts of Theorem 3, we turn to the positive
parts. Let us fix a polynomial ¢ € ¢4 and let ® denote a minimal Bohr lift of .
We can simplify how to write ® around a point w € T¢ such that Re ®(w) = 0.
Without loss of generality, we may again assume that w = 1 and that ®(w) = 0.
Then we may write

d

d
D(z) = Za]‘(l — )+ Y bi(1—2)°

Jj=1
+ > erl—z)A—z)+o| D [1—z)
1<j<k<d 1<j<d
We let z; = €% and since a; > 0 by Lemma 7 we get
40
Re (®(2)) = > (?j —Re(bj)> 02— 3 Re(ej)bib+o| > 62
j=1 1<j<k<d 1<j<d

The quadratic form appearing above is brought to standard form by a linear
change of variables,

d
Re (®(2)) = > _(4;(0)* +o| > 63

j=1 1<j<d

Next, we write
d d d
I (B(2)) = =Y af;+o | D 10| = —Lara(0) +0 | D165 ]
j=1 j=1
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and by Lemma 7 we know that {41 # 0, since at least one a; > 0. The last step
to finish the proof of Theorem 3 is the following result:

Lemma 10. Let ® : D — Cy be an optimal Bohr lift of ¢ € 4, where ¢ has
unrestricted range and complex dimension d > 2. Suppose that w € T? is such
that Re ®(w) = 0. Then there exist a neighbourhood %, > w in T, k = Ky > 1
and C' = Cy > 0 such that, for any 7 € R and for every e > 0,

my ({z € %, : () € Q(r,e)}) < Ce”

in the following cases:

o J(®,w) > 1 and Lyyy is independent from (€1,...,L5). We may choose
k=1+J(®,w)/2.

o J(®,w) > 2 and l441 belongs to span(fy,...,L;). We may choose k =
1+ J(P,w))/2.

o J(D,w) =1, Lg1 is a multiple of £1 and @ has degree 2. We may choose
k=19/8.

o J(®,w) =0 and ® has degree 2. We may choose k = (d + 3)/4.

Before we prove the different cases of this lemma, let us make some comments.
Firstly, it is clear that Lemma 10 and Lemma 6 imply Theorem 3 when the degree
of ¢ is at least 2. When the degree of ¢ is equal to 1, then

d
O(2) =Y a;(1—2)
=1

so that each a; is positive. This implies that J(®,w) = d so that we may again
apply Lemma 10 and Lemma 6.

It is also important to notice that ® cannot be an arbitrary polynomial map-
ping of D? into Cy. It is an optimal Bohr lift of some ¢ € ¥ with complex
dimension d. In particular, we shall use that g—z # 0 for every 1 < j < d. More-
over, the polynomial ®(z) = A\(1—z;22) is not an optimal Bohr lift. Otherwise, it
would arise from ¢(s) = A(1 —¢; °¢5 °), but the optimal Bohr lift of ¢ is A(1 — z).

We are now ready for the proof of Lemma 10. By similar considerations as
before, we may again assume that w = 1 and that ®(w) = 0. We write J for
J(®,w).

The case J = 0. This implies that



for jk=1,...,d. Weset z; = e and compute
Re(a;(1 — z;)) = a;(1 — cosb;)
Re (bj(1 — 2;)?) = —a;j cos0;(1 — cos0;) + 2Im(b;) sin 6;(1 — cos ;)
Re (¢ k(1 —2z;)(1 — 2;)) =Im(c; ) (sind; (1 — cosBy) + sin O (1 — cos §;))

This means that

d d
I .
)= Imped+ Y M (20%’“) (0,03 +0563) +o | > : 0,[°
j=1 j=1

1<j<k<d
However, the non-negativity of Re ® then implies that Im(b;) = Im (¢, ;) = 0.
Hence we in total have b; = a;/2 and ¢; ; = 0, which means

d o

B(z) = (aj(1 —z)+ 20 zj)2) .
j=1

In fact, this means that a; > 0 for every j, by the assumption that the complex
dimension is d and Lemma 7. We may now use (the proof of) Theorem 2 to
conclude that there exists a neighbourhood %, > w such that

d+3

my({z € %, : B(2) €Q(re)}) <exe® =&+,

since we now have
Re<I>( 01 ’9‘1 E aJ04 +0 94

and we are done with this case. (]
The case J > 1 and independence. After a linear change of variables, we
may write Re ¢ and Im ¢ as

d
Rep(0y,...,04) = ui+---+ud+o Zu?

Jj=1

d
me6s,....00 = watol> |ul

Since a linear change of variables does not change the value of the volume up to
constants, we may assume that ¢ depends on (u,v) with u = (uy,us,...,us) and
v = (Ujt1,--.,uq). Applying the parametrized Morse lemma to Re ¢, we may
write

Re ¢(u7 'U) =N (’U,, U)2 +eet ’V.I(u’ 1})2 + h(’l))
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We also apply the change of variables (u,v) — I'(u, v) to Im ¢ and since T'g(u, v) =
ugq, we find

Im ¢(u,v) = ug + g(I'(u,v)),
where ¢ is a smooth function defined on ¥ such that dg/duq(0) = 0.

Now, we know that Re ¢(u,v) > 0 for every (u,v) € R Since T is a diffeo-
morphism, v can take any value in some neighbourhood of zero in R?~7 even if
we require that

Y (u,v) = y2(u,0) = -+ =75 (u,0) =0,
and hence h(v) > 0.

This implies that we may find some neighbourhood # 5> 0 in ¥ such that, for

every 7 € R and every ¢ > 0,

(w,v)€#  and ¢u,v) €Q(re) = |y(uv) <2

Now, for if we fix y1(u,v), ... ,vi—1(u,v), it follows from Lemma 8 with p = 1
that v4(u, v) = ug has to belong to some interval of size Ce, provided that (u,v)
is sufficiently close to 0. This means that there exists a neighbourhood O C #
of 0 such that

{(u,v) € O : ¢(u,v) € Q(1,6)} C {(u,v) € O : I'(u,v) € R(r,¢)},

where the volume of R(7,¢) is less than Cel*z. Since I'is a diffeomorphism, we
are done. (]

The case J > 2 and dependence. With a similar linear change of variables as
in the previous case, we may write

Rep(u, ... ,uq)

d
2 2 2
uy+---+ujy+o E uj
Jj=1

Imo(ug, ... ,uq)

J d
> ajuito | Y |uyl
j=1 j=1

We use again the parametrized Morse lemma with Re ¢, and it is again easy to
show that v;(u,v) = u; + o (Z?:l |uJ|) so that

J
Im ¢(u,v) = Z a7 (u,v) + g(I'(u, v))
j=1
with 0g/0u;(0) =0 for j =1,...,d.
We argue as in the previous case. For every j = 2,...,J, for any 7 € R and
every € > 0,
(w,v) e C ¥ and ¢(u,v) € Q(T,¢) = i (u,v)] < e'/2.
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Now, for a fixed value of y2(u,v),...,vq4(u,v), it is again clear that v (u, v) has
to belong to some interval of size Ce, provided (u,v) is sufficiently close to O.
This means that there exists a neighbourhood O 5 0 in # such that

{(u,v) € O : Pp(u,v) € Q(1,¢e)} C {(u, v) €0 : T'(u,v) € R(T,E)},

where the volume of R(7,¢) is less than Ce'*=". We conclude as in the previous
step. ([

The case J = 1 and dependence, d = 2. This is the most difficult case. At
first, we do not assume that d = 2 but we always assume that the degree of ¢
is equal to 2. We know that there is constant A € R* so that ¢1(0) = AMg411(0),
which means

= _Re(b;) = Aaj, 1<j<d

and that A > 0 by the computations in the beginning of this section. We nor-
malize ®(z) as A"2®(z), so that we may assume that A = 1. Hence

d
06(0) = a;0;,
=1

and this immediately implies that
a; .
(10)  Re(b;) = 5] - a? and Re(cj k) = —2ajag, 1<,k <d.
Suppose that a; = 0. Then Re(b;) = 0 and Re(c15) = 0 for 2 < k < d. We
compute A
Re (®(e*,1,...,1)) = —2Im(by) sinz(1 — cosz) > 0,
which means that Im(b;) = 0, so that b; = 0. Next we compute
(I)(eia;7eiy, 1..., 1) = as(1l —cosy) + (a?z — a%) (1 —2cosy + cos2y)
—Im(c12)( —sinz — siny + sin(z + y))
= (1 — cosy) (az(1 — cosy) + 2a3 cosy + Im(cy ) sin )
+Im(cq 2) siny(1 — cosx).
Taking y = %0 for small enough ¢, we obtain that Im(cy 2) = 0. There is nothing
special about 22, and hence we conclude that Im(cy ) = 0, for 2 < k < d.
In particular, ¢;,, = 0 for the same values of k. But this is impossible, since
the variable z; no longer appear in our polynomial. Hence the assumption that
a1 = 0 must be wrong.

Arguing in the same way, we have that a; > 0 for 1 < j < d. Moreover, after
renaming the variables, we may suppose a; > as > ---ag > 0. Finally,

O§Re(<I>(71,1,...,1)):2a1+4(%faf) — a<l,

67



so without loss of generality, we may assume that
1>a12>2a2>-->aq>0.
From now on, we assume that d = 2 and that 1 > a; > ay > 0. We need the
following lemma.

Lemma 11. We have ax <1 —ay.

Proof. We compute
®(—1,—1) = —4a? — 4a3 — 8ajas + 4ay + das = 4(a; + az)(1 — a1 — ag).
Since this has to be non-negative, we get the result. ]

Remark. Lemma 11 immediately implies that a; € (0,1) and ag € (0,1/2] by the
assumptions that 0 < as < a; < 1.

Let us apply the change of variables 61 = asu + asv, 02 = aqju — a1v to ¢:
(11) Red(u,v) = —4ataiu?® + o(u® +v?)
(12) Tmg(u,v) = 2ayazu+ ofju] + [v]).

As before, we intend to apply the parametrized Morse lemma to Re¢. Setting
U =T"! we get that, around 0,

RegpoW(u,v) = u?+h(v)

ImgpoU(u,v) = u+g(u,v)
with h and g smooth functions which have no terms of order 1 at 0.

Assume first that h # 0. Let p > 2 be such that h(v) ~g a,vP with ¢, # 0.
Because ¢ o ¥ maps R? into Cy, we must have that ap > 0 and that p is even.
Now, if ¢ o U(u,v) € Q(7,¢) with (u,v) sufficiently close to 0, then 0 < h(v) <€
which implies by Lemma 8 that v belongs to some set of measure less than Ce!/?.
Moreover, for a fixed value of v, a look at the imaginary part and Lemma 8 yield
that «w has to belong to some interval of size Ce and thus we are done with
k=1+1/p.

Thus, we are lead to study what happens if h = 0. The situation is easier if
the Taylor expansion of g(u,v) admits some term in vP. In that case, we may
write

Im ¢ o ¥(u,v) = ugy(u,v) + vPga(v)
with smooth functions g; and go, such that ¢;(0,0) = 1 and ¢2(0) # 0. If
oW (u,v) belongs to Q(7, ), we conclude from the real part that then |u| < e'/2,
and from the imaginary part, we get that, near 0,

[uPga(v) — 7| < Cel/2.
By appealing again to Lemma 8, we conclude that v belongs to some set of

Lebesgue measure less than Ce'/?P. For a fixed value of v, we look once more at
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the imaginary part, and obtain that u must belongs to some interval of size Ce.
Hence, we are done with x =1+ 1/(2p).

Therefore, it remains to show that we will always fall into one of the previous
cases and compute the value of p. We again recall that the polynomial

<I>(z) = )\(1 — 2:12:2),

is a contradiction to the fact that ® is a minimal Bohr lift of ¢ € 4. More
precisely, we are reduced to proving the following lemma.

Lemma 12. Let0 < as < a; <1 and ay <1 —ay. Suppose that ® : D? — Cqy is
the polynomial

(13) ®(2) = a1(1—21) +as(l—20) +b1(1—21) +ba(1 —22)% + (1 — 21) (1 — 23),
where

Re(by) = % —a?, Re(by) = a2 _ a3 and Re(e) = —2a;as.

Set 01 = asu + asv, 0 = a1u — a1v and
o(u,v) = @(eiel,emZ).
Then there does not exist smooth maps v : R?2 — R and h : R? — R so that

(14) Reo(u,v) = ~(u,v)?
(15) Imp(u,v) = y(u,v)h(u,v)

except if ®(z) = 5(1—z122). More precisely, if ®(z) # 3(1—2122), for any smooth
maps v:R?2 = R and h: R = R, then
e cither the Taylor series of Re¢ — +% at 0 has a non-zero term of order
<5,
e or the Taylor series of Im¢ —-h at 0 has a non-zero term of order < 4.

The proof of this lemma is rather delicate and will be postponed in Section 6
in order to keep a clearer exposition of the proof of Lemma 10. However, using
Lemma 12 we are able to finish this case. Indeed, if I'(u,v) = (y(u,v),v) is the
map given by the parametrized Morse lemma and if fi1, fo and f3 are smooth
functions such that

Reg(u,v) = 7(u,0)* + fi(v)  and  Imo(u,v) = y(u,v)f2(u,v) + f3(v),

then Lemma 12 implies that either fi(v) ~o a,vP with p < 5 or f35(v) ~¢ Bpv?P
with p < 4. By the considerations above we may conclude that k = 9/8 is
possible. (Il
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The case J = 1 and dependence, d > 3. It remains to consider the case
J =1,d > 3 and ¢; is a multiple of ¢;1,. We shall deduce this case from the
case d = 2 using the following lemma.

Lemma 13. Lete >0, 7 € R and z3,...,24 € T*2. Consider the set
Asyza(T8) ={(21,22) € T? : ®(2) € Q(r, e)}.

Then, for every ws, ..., wq € T2, there exists a neighbourhood
W > (ws,...,we)
in T2 such that, for all (z3,...,24) € # we have

Ay 20 (7€) T Ay, wy (T, 26).
Proof. Assume that this is not the case. Then there exists a sequence
(28,2
in T¢ such that z](-k) — w; for 3<j <dand
(zgk),zék)) € Azék)7.‘.,z‘(1k) (1, e)\\Auws,... wy (T, 26).
Extracting a subsequence if necessary, we may assume that ng) — w; and zék) —

wy for some (wy,ws) € T2 By the continuity of ®,this implies that ®(w) €
Q(7,2)\Q(7, 2¢), which is a contradiction. O

We now set
\I/LQ(Zl, ZQ) = @(21, Z2, ]., ey ].)
Since J(®,w) = 1, we already know that a; > 0 for all j = 1,...,d and hence
the variables z; and z; both appear in the polynomial ¥; 5. Provided ¥y o(z) #
AM,2(1 — z122) for some Aq 2 € R*, we know from the case d = 2 that there exists
a neighbourhood ¥ > (z1,22) in T? and C' > 0 such that, for any 7 € R and
every € > 0,
mg({(zl,zg) eV ®(z1,29,1,...,1) € Q(7, 25)}) < Ce”
with x = 9/8. By Lemma 13, there exists a neighbourhood # > 1 in T¢~2 such
that, for any (z3,...,24) € #/,
{(21722) S :(I)(Zla s 7Zd) € Q(T,E)}
C {(21722) €Y . P(z1,20,1,...,1) € Q(r, 25)}.
This yields
my({z€¥ xW : &) eQ(r,e)}) <Ce".

So the result is proved except if, for every j < k, there exists some A;; > 0

such that

(16) O(1,..., L, 2,1, Lz, 1,000 1) = A (1 — z52).
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Writing 1 — 2z, = (1 — 2;) + (1 — 2,) — (1 — 2;)(1 — 2;) and comparing this with
the expansion of ® near 1, we get

aj = ak = Ajk, b; =0, Cjk = —Aj k-

Using (10), we may conclude that a; = 1/2 and ¢, = —1/2. In total this means
that

d
1 1
®(21, 22,5 20) = 5 > -z - 3 > d=z)1 - ).
j=1 1<j<k<d
However,
2d —2d(d — 1
O(—1,-1,...,-1) = % —d(2-d) <0,

since d > 3. Hence (16) is not possible for every j < k and we are done. |

6. PROOF OF LEMMA 12

We intend to prove this result by contradiction. We require several tedious
computations, which can be done either by hand or by a computer algebra system.
We have used Xcas, and our file is available for download [3]. In the proof below,
we will skip certain computations such as computing Taylor coefficients, simpli-
fying algebraical expressions and solving simple equations. The proof consists of
three steps, and in each step we refer to the lines in [3] where the computations
are performed.

The idea of the argument is rather easy. We assume that we may factorize
Re ¢(u, v) and Im ¢(u,v) as (14) and (15) and we write

Y(u,v) = —2a1a2u + Ya,0u* + Y1100 + Y020 + Y3.0u> + Y2107V + Y1 200
+ 70,31)3 + ’74,07«04 + 73,1u3v + ’72,27121)2 + ’71,37«“13 + 70,4114 + 0(|U|5 + |U|5)7
h(u, ’U) =1+ h1707.l, —+ hoﬁl’U —+ h270U2 —+ h171U’0 —+ h0’2’02 + 0(\u|2 —+ |’U|2).

We already know the first coefficients of v and h by (11) and (12). We will
then compare the Taylor expansions of Re ¢(u,v) and Im ¢(u,v) obtained using
(13) or using (14) and (15). Looking at all coefficients of a given order, we will
get first the value of the coeflicients of the Taylor expansions of v and h of a
certain order and also an equation for Im(b;), Im(b2) and Im(c).

At one point, we will have more equations than variables. These equations will
have to be compatible, and will force ®(z1, z2) = (1 — 2122)/2, which is equivalent
to saying a; = ag = 1/2 and Im(b;) = Im(by) = Im(c) = 0. This will imply the
desired result.
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Step 1. The goal of the first step is to show that if we have a1 = ag = 1/2, then
we also have Im(b;) = Im(bz) = Im(c) = 0. In addition to this, we obtain some
useful equations for the following steps. [3, Lin. 1-14]

We begin by looking at the coefficients of uv? in the real part of ®(u,v). Using
on the one hand (13) and on the other hand (14) we conclude that

—6a3 Im(by) — 6a3 Im(b1) + araz(a; + az) Im(c)
8a1a2 '

Y0,2 =

We then obtain the first equation for Im(b;), Im(bs) and Im(c) by looking at the
coefficients of v? in the real part:

(17) ayIm(by) — af Tm(by) + W Im(c) = 0.

Since we know the value of g 2, we can get a second equation for Im(b ), Im(bs)
and Im(c) by looking at the coefficients of v? in the imaginary part. Hence we
get

78(11(12 + a1 -+ ag
8

dara? — 32 2
(18) 20192 7305 1y 4 m(by) +

I =0.
ta; m(c) =0

By the assumptions on a; and as, we know that 2(a; +as) < 3 and hence we can
solve (17) and (18) with respect to Im(b;) and Im(b3) to obtain

a1(2a3 + 2ajas + a; — 2az)
Im(by) = I
m( 1) 20,%(2@1 + 2a9 — 3) H’l(C)
202 + 2 -2
Im(bQ) _ a2( ai + 2a1a2 1+ CLQ) Im(C)

20,%(2@1 + 2a9 — 3)

In particular, we may conclude that if Im(c) = 0, then we also have Im(b;) =
Im(by) = 0. If we substitute these values into the expression for g 2, we obtain

— (a1 + az)?
S 2 S Y
702 = 350, + 2, —3)

Now, looking at the coefficient of v* in the real part shows that

9 ajas(ay + az)(a1a? + alas — a? — a3 + ajaz)
(70,2) = - 4 )

and this yields our first expression for Im(c)?,

—ayaz(2a; + 2az — 3)*(ara3 + ataz — a? — a3 + ajas)
(a1 + ag)?

From (19), it is evident that if a1 = as = 1/2, then Im(c) = 0. O

(19) Im(c)? =
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Step 2. In this step, we want to show that a; = as. Our first goal is to compute
another equation to compare with (19). [3, Lin. 15-21]

We begin by successively looking at the coefficients of u?v in the real part, uv
in the imaginary part and wv® in the real part, to obtain

a1 — az

M1o= 5 Im(c),
(a1 — a2)(4a1 + 40,2 - 3)
h = I
0.1 dajaz(2a1 + 2a9 — 3) m(e),
—a1 + as
0,3 =

X
24a1 a9 (2@1 + 2a9 — 3)

(20@12a24 + 40(1130,23 + 20a14a22 - 12&1(124 — 54a12a23 — 54a13a22
—12a14a2 + 18&1@23 + 18@12(122 + 18a13a2 + 3(@1 + a2)2 Im(c)Q).
Using these values, we will investigate the coefficient of v® in the imaginary part.
This term depends indeed only on 71 1, ho,1 and 7 3. Using the above expression,
we obtain our second equation on Im(c)?:
—3(0,1 — ag)(al + a2)2(a1 +as — 1)

4&1@2 (2(11 + 2&2 - 3)2
—(a1 — a2)(3a1a3 + 3a3ay — a3 — a3 — aras)
1 .
At this stage, we have to consider several cases. Assuming that a; — as # 0 and
a1 + as — 1 # 0, we may compute

Im(c)? =
(20)

—araz(2a; + 2az — 3)?(3a1a3 + 3a3as — a? — a3 — ajas)
3(a1 + az)?(a; +az — 1)
The only possibility is that the two values for Im(c)? have to coincide. Equating
(19) and (21) and simplifying, we obtain
araz(2a; + 2az — 3)?P(ay,az)
3(a1 +az)?(a1 +az — 1)

(21) Im(c)? =

:O7

where
P(ay,az) = 2a3 + 2a3 + aya3 + alay — 3a] — 3a3 + 3ajas.
Since 2(a; + as) < 3, the only possibility is that P(a1,as) vanishes somewhere in
the domain
Q= {(a1,a2) € (0,1)* : ay <ai, ap <1—ay}.

We first look at what happens on the boundary, where we have

P(a;,0) = 2a}—3a3 <0 provided a; € (0,1),
P(ai,a1) = 3a(2a; —1) <0 provided a; € (0,1/2),
P(a;,1—a1) = —(2a1—1)<0 provided a; € (1/2,1).
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Hence, P is negative on the boundary of , except at (1/2,1/2). Hence, if P
vanishes in €, then it admits a critical point there. Now, we consider the system

O:gTP(al,ag) = 6a? + a2+ 2ajaz — 6a; + 3as,
0:(%2(@1,02) = a?+6a2 +2ajas + 3a; — 6as.

The solutions of this system are easily found to be at the intersection of two
distinct ellipses. We cannot have more than two points of intersection and we
have two trivial solutions, (0,0) and (1/3,1/3). Hence, none of the critical points
of P are inside . Hence we get a contradiction, and we have finished this case.

Hence we must have a; + a2 = 1 or a; = as. Let us now investigate the case
a1 + az = 1. Looking at (20), this means that either a; = as = 1/2 (and we are
done) or

2 2 2 2
3a1a5 + 3ajas —ay —a; —ajaz = 0.

Taking into account that as = 1 — a1, we get the equation —4a% +4a; —1=0
which admits the single solution a; = 1/2 and we get the same conclusion. Hence,
the only remaining possibility is that a1 = as. (I

Step 3. It remains to deal with the case a1 = az = a € (0,1/2]. We can no
longer use (21) and need to find another equation for Im(c)?. [3, Lin. 21-30]

We will be looking at the coefficient before v* in the imaginary part. By
considering v x h, we see that this coeflicient is equal to

Y0,4 + 7Y0,3h0,1 + Y0,2h0,2-

Hence, it remains to compute 94 and hgo. First, we compute some auxiliary
values. By looking at u? in the real part, u? in the imaginary part and u?v? in
the real part, respectively, we obtain

B a(2a — 1)
Y20 = ——g— Im(),
(2a —1)(4a — 1)
h —— 1
Lo 2a(4a — 3) m{e),
_a(2a—1) (48a* — 72a® + 27a* + 41m(c)?)
n2 = 4(4a — 3)2 '

Knowing these values, we look at the coefficients of uv* in the real part and uv?
and the imaginary part, respectively, to obtain

32a® — 96a* + 90a® + 12aIm(c)? — 27a% — 6 Im(c)?

= —ql
0.4 aTm(c) 6(4a — 3)3 :
128a® — 240a* + 144a® + 16aIm(c)? — 27a? — 8 Im(c)?
ho’g = (—2a+1) ( ) ( ) .
8a(4a — 3)?

74



Finally, we investigate the coefficient of v* in the imaginary part to obtain the

equation

16a* — 32a3 + 15a% + 4 Im(c)?
A(da — 3)2

Now, if Im(¢) = 0 and a1 = as = a, it follows at once from (19) that a = 1/2,

since a € (0,1/2]. Conversely, we divide away Im(c) and solve for Im(c)? to

obtain the equation

a(2a — 1)

Im(c) = 0.

Tm(c)? = (4a - 31(4(1 —5) .
Now, this has to be equal to (19), and we find
~a(2a —1)(4a — 3)2 a 2(4a — 3)(4a — 5)
8 B 4 ‘

Here the only solutions are a = 0 and a = 3/4, neither of which belong to

(0,1/2]. Hence the assumption Im(c) # 0 must be wrong and we conclude a; =

ag — 1/2 O
7. REMARKS AND FURTHER EXAMPLES

If we look more closely at the map ® defined in Lemma 9 (the negative part
of Theorem 3), then we may observe that these counterexamples all satisfy

. , 02
Re®(e', ... et%) = ?1 +0(63)
Im® (e, ... %) = —6; +o(|6y]).

Hence, J(@, 1) = 1 and, using the terminology of the Section 5, we have de-
pendence. Our next results shows that we may also have non-compactness if
J(®,w) = 0 for some w € T

Theorem 14. There are polynomials ¢ with unrestricted range, of any complex
dimension d > 2 and of any complex degree > 4 for which the corresponding
composition operator €, is non-compact and such that they admit a minimal
Bohr lift ® satisfying J(®,w) =0 for any w € T with Re ®(w) = 0.

Proof. Let 6 > 0 and define
q)(Zl,Zg) = 2(]_ - Zl) + (1 — 21)2(1 — (5(1 — ZQ) — 5(1 - Zl)(]. - ZQ))

Let p(s) = ®(p; %, p3). Clearly @ is a minimal Bohr lift of ¢. Then a computation
shows that

Re ®(z1,22) = 2(1 — cosx) ((1 —cosz)(1 + 28(sinzsiny + (1 — cosy) cos z))

+ (1 — cos y))
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Clearly, for small enough § > 0 this quantity is non-negative. Hence ¢ € ¢
and J(®,(1,1)) = 0 because of the relation between a; and b;. Considerations
similar to those of Lemma 9 show that %, cannot be compact. To produce a
counterexample with degree 3 and a bigger complex dimension d, we may simply
replace (1 — z2) by

1
H'Z(l—zj)

Jj=2

in the definition of ®. The production of examples with degree > 5 is easier. Set
1
D(z)=(1-2)+ 5(1 —21)2 +6(1 — 21)*P(2),

where P(z) = P(z1,22,...,24) is any polynomial. The proof follows now that of
Lemma 9. (]

The reason the first counterexample in Theorem 14 works is that we have a
cancellation of the term (1—cos ) sinz siny. It seems difficult to obtain the same
cancellation if we restrict ourself to degree 3 and require J = 0.

Question. Is it possible to construct a counterexample of degree 3 with J = 07

An answer to the question would in a certain sense improve the optimality
of Lemma 10, but it would not yield the complete answer to which Dirichlet
polynomials in ¢ induce compact composition operators. Indeed, the natural
next point of investigation would be this: What happens when the “quartic form”
is degenerate?

In this case, terms of degree 5 also have to disappear. This follows by the
mapping properties and the argument is identical to the one used to show that
degree 3 terms disappear in the case J = 0 given above. Hence we are reduced
to studying a “sextic form”.

Our counterexamples can be modified to work in this case, but they now have
degree 6 and 7. Degree < 3 will also easily reduce to the case of Theorem 2 in
the same manner as J = 0 did for degree < 2. However, the cases with degree
4 and 5 would need further investigation. Even if we could solve this case, we
would need to investigate the case when the “sextic form” is degenerate and this
leads to the “octic form” and so on.

Remark. The previous counterexample shows that we cannot deduce Theorem 2
from Theorem 3. Indeed, it is easy to construct symbols ¢ € ¢ which may be
written ¢(s) = 2?21 Pj(p;®) and such that J(®,1) = 0 for  a minimal Bohr
lift of ¢. Indeed, we may consider

Pi(z)=(1—-2)+ %(1 —2)246(1— z)4Qj(z)
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where @; is an arbitrary polynomial and J > 0 is sufficiently small. Then %, is
compact by Theorem 2 if d > 2 but this cannot be deduced from Lemma 10.

This construction can be generalized to show that Theorem 2 can handle a
variety of different interesting cases not covered by Theorem 3. In fact, given any

d positive integers k;, we may find a polynomial ®(z) = E?Zl ®,(z;) which is a

minimal Bohr lift of some ¢ € ¢, with Re ®(21,...,24) =0if and only if z =1
and here we have the expansion

d d
; ; 2k, 2k
Re@(e“gl,...7ewd): g 0:" +o E 0" |,
J j
=1 i=1

d d
Im@(ei‘gl, el ew‘i) :Zagj)ej +o Z|9j|
j=1

j=1
As remarked upon in the proof of Theorem 2, we must have a(lj ) > 0. The
construction of such a polynomial is immediate from our next result.

Lemma 15. There is a polynomial ® : C — C which satisfy Re@(e”) =(1-
cosx)¥, for any k € N.

Proof. Fix N with k < 2N, and for real numbers a,, and b,, consider
Y (=)t 2n—1 2
P(2) = ~——(ap (1 —=2)"""" — b, (1 —2)").
0= 2 (a2 (1-2")

Our first goal is to expand the real part of ®(e’”) as degree 2N polynomial in
(1 — cosx) with no constant term. To this end, we compute

(1 . ez‘x)%*l — ei(@n—1)z/2 (671‘;1:/2 . em/z)?n*l

_ ei(2n—1).’r/222n—1(_1)ni gin2n—! (g) -

We use 2sin®(x/2) = 1 — cosx, and obtain
Re (1 — e”)gnfl =221 ()" Lgin?n ! (g) sin (nx - g)

5, Sin (na: — %)
2sin (%)

(22)
= (=1)""12"(1 — cosx)

Similarly, we obtain
Re (1 — e”“’)zn = 22"(—1)"sin®" (g) cos(nz)

= (=1)"2"(1 — cos )" cos (nx).

(23)
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To continue the computations, we introduce the Chebyshev polynomials

n

Unly) = 2(2)]‘%(1 .

The Chebyshev polynomials are relevant due to the formulas
sin na = sin(x)U,—1(cos x) and cosnx = Tp(cosx).

We record the following coefficients.

W, — (Lay1 < (2n —1)(n - 2))

n 2
ulYy = (=2)" 1 (2n), ) = (=2)""1 (n),
u{M = (=2)"71 (~2), £ = (—2)"t (-1).

Now, we rewrite (23) as
Re (1 - e”)zn = (—1)"2"(1 — cosz)" T, (cos ),

which is then clearly a degree 2n polynomial in (1 —cosz) with no constant term.
For (22) we have to work a bit more, so we first compute

sin (nz — %) _ sin(nz) cos (£) — cos(nz)sin (%)

2 sin (%) 2 sin (%)

= cos? (g) Up—1(cosx) —

T, (cosx)
2 b

which implies that we may rewrite (22) as

Re (1 — ei"’”)%fl =(—1)"'2"(1 — cosz)"
X ((1 _ 1 cosw —;30596) Up—1(cosx) — Tn(CQOS:E)) .

Again we observe that this is a polynomial of degree 2n in (1 — cosx) with no
constant term. In total, we have

2N
Re®(1—e™) = Z em(l —cosx)™

m=1

w(1 —cosz) + b,Qn(1 —cosx)),
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where

Puly) = jz:)d§”)y"“ =y ((1 - D) Uy - Tu{‘”) ,

n
Quly) =D ey =y T, (1 —y).
j=0

Given any choice of ¢, (for instance ¢, = 0 for m # k and ¢, = 1), we now have
2N linear equations and 2N unknowns, a,, and b, for 1 < n < N. We will now
show that this system can always be solved.

We first observe that a,, and b, only have an effect on ¢,, when n < m <
2n. Ordering the unknowns as ay,by,an_1,bn_1,...,a1,b1 and the datas as
CoN,CaN_1,---,C1, this means that the matrix of our system can be written in
upper triangular block form, where the blocks on the diagonal are

(n) (n)
6(777,1) d(’r;) ; n:N,N_].,...,]..
€n-1 dnfl

We know that (™, = ¢ and el”) = ", which we recorded above. It is now
easy to verify that

(n) (n)
t 2n —1)(n — 2
d(n) u(n) _ Upo n-1 _ (_2>n—1 <3n n (n)(n)) )

’I’L—1 n—l 2 2 2 4
(n) (n)

(n) _ ) _ Y=t o pmen (3

d, Uy, 5 5 (-2) ( 5 ")

Hence we are reduced to considering the equation

. d™ e —dMel™ (Z’m L @n-1n- 2)) 1) (_3 - n) .
4n—1 2 4 2
s (2n—-1)(n-2)
e
which has no integer solutions, and we are done. ]

The construction of ® with specific expansion facilitated by Lemma 15 will be
used in the next section to prove Corollary 4.

8. APPROXIMATION NUMBERS

In this section, we consider only the case ¢g = 0. We intend to estimate the
decay of a,, (€, ) for maps ¢ which are, in a certain sense, regular at their boundary
points. For this we need as previously a careful inspection of the behaviour of
the Bohr lift ® near these boundary points.
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Definition. Suppose that ¢(s) = ¢; +Zg:2 c,n~% € 4, and that ¢ has complex
dimension d and unrestricted range. Let ® be a minimal Bohr lift of ¢ and let
w € T4 be such that Re ®(w) = 0. We say that ¢ is boundary regular at w if there
exist independent linear forms ¢1, ..., {5 on C?, even integers ki1 > ko > ... > ky
and real numbers by, ..., by, 7 with b; # 0 such that

(24) Re@(ewlwl, ce ewdwd) =0(0)F + - g0k + Z o (E-I;Ij (0)>

j=1
' . d
(25) Im® (" wy, ..., e%wy) =7+ b141(0) + -+ + bala(0) + 0 Z [¢;(6)
We define the compactness index of ¢ at w as
()
= k; 2(ky — 1)

If every boundary point is boundary regular, we say that ¢ is boundary regular.

The proof of Theorem 2 then shows that given a boundary regular map ¢, the
composition operator %, is compact if and only if d > 2. We shall now assume
that there is only one point w € T¢ such that Re ®(z) = 0. In this case, we let
the compactness index of ¢ be 1, = 1y .

The main theorem of this section now reads.

Theorem 16. Let ¢(s) = ¢1 + 22;2 cnn”® € & have unrestricted range and
complex dimension d. Let ® be a minimal Bohr lift and assume that there exists
a unique w € T¢ such that Re ®(w) = 0. Suppose moreover that o is boundary

reqular at w. Then
1\ logn e
- (€
(1) <@ < (2£2)

This statement may be applied to several cases.

Corollary 17. Let ¢(s) = ¢1 + 22;2 cnn”® € 9 have unrestricted range and
complex dimension d. Let ® be a minimal Bohr lift of ¢ and assume that there
exists a unique w € T¢ such that Re ®(w) = 0 and that J(®,w) = d. Then

(d—1)/2 (d—1)/2

1 1

(> << an(%(p) << ( Ogn) '
n n

Proof. Under these assumptions, ¢ is boundary regular at w with ky = -+ =
kg = 2. O
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In particular, this corollary covers the result of Queffélec and Seip for linear
symbols (3), as well as the map ; given in (4). We may also apply Theorem 16
to the maps considered in Theorem 2. In this case, one has simply ¢;(6) = 6,
(up to a reordering of the terms).

Another interesting application of Theorem 16 is that we may distinguish the
Schatten classes of bounded linear operators on %2 using composition operators,
as mentioned in the introduction.

Proof of Corollary 4. Let p’ < ¢’ and € > 0 be such that
1
p<p//2 and (2 +6) ¢ <q

Then let d > 2 and k > 2 even such that
, d—1 , 1 k 1
P <T<q and §<m<§+5.
By Lemma 15, we know that there exists a boundary regular polynomial ® :
T¢ — Cop such that Re ®(w) = 0 if and only if w = 1 and
(e, .. e =0F + ...+ 05 +0o(0F) +...+0(6)).

Letting ¢ € ¢ any map such that ® is a minimal Bohr lift of ¢, we immediately
get

1 et x ﬁ logn et x ﬁ
n n
which completes the proof. (]

Theorem 16 may be also applied to many other maps. We will consider here
the map ¢ given in (4). Its boundary regularity is different than that of 4, and
hence the degree of compactness is also different.

Example. Let po(s) =13/2—-4-27°—4-37°42-6"° asin (4) and let ® be
its minimal Bohr lift. It can be shown that Re ®(w) = 0 for w € T? if and only
if w=(1,1), and

Re®@ (e, e) = £,(0)* + €2(0)* + 0o(£1(0)) + o(£3(6)),

In® (e, e') = =26,(0) + o(|01(0)] + |£2(0)]),
where 61(9) = 01 + 92 and 42(9) = 91 — 92. Hence Nps = (1/2) X (4/6) = 1/3

The remaining part of this section is devoted to the proof of Theorem 16. We

use the scheme introduced by Queftélec and Seip in [11] in the context of Dirichlet
series (see also [12] for similar works on the classical Hardy space of the disk).

Their method is based on Carleson measures, interpolation sequences and model
spaces. In Subsection 8.1, we survey these tools and give a couple of lemmas.
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Subsection 8.2 is devoted to the proof of the upper bound, in a more general
context, whereas Subsection 8.3 will be devoted to the lower bound.

8.1. Tools.

The Hyperbolic Metric. The pseudo-hyperbolic metric on the half-plane Cq is
defined by

z—w 1 — e dzw)
= |252]-

1+ ed(zw)
where d(z,w) is the hyperbolic distance between two points z and w in Cy. The
hyperbolic length of a curve I' C Cy is given by the integral
|dz|
= A Res’

z4+w|

Ly(I)

Carleson Measures and Interpolating Sequences. Let H be a Hilbert space of
functions defined on some measurable set €2 in C. A non-negative Borel measure
won Q is a Carleson measure for H if there exists some constant C' > 0 such
that

/Q £ Pdu(z) < Cf I

for every f in H. The smallest possible C' will be called the Carleson norm of
with respect to H and will be denoted by ||u|l%. o -

We also assume that the linear point evaluation is bounded at any z € .
Then H admits a reproducing kernel K¥ € H for any 2z € € which satisfies
f(z) = (f,K) for every f € H. We then say that a sequence Z = (z,) of
distinct points in € is a Carleson sequence for H if the measure

pon = YK
m

is a Carleson measure for H.

We say that a sequence Z = (z,,) of distinct points in € is an interpolating
sequence for H if the interpolation problem f(z,,) = a,, has a solution f € H
whenever the admissibility condition

> lam P |KE [ < o0
m

is satisfied. By the open mapping theorem, if Z is an interpolating sequence for
H, there is a constant C' > 0 such that we can solve f(z,,) = a,, with f satisfying

1/2
Ifla <C (Z | HKZHJ) :

m

The smallest constant C' with this property will be called the constant of inter-
polation of Z and will be denoted by My (Z).
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We shall consider the two spaces H = 5#2 and H = H? (']I‘d). Then we have,
respectively, 2 = C;/; and Q = D4, and moreover

2 d d
172 = c@Res) ! amd KT TI -1
j=1

We will need the three following lemmas.

Lemma 18. Let y1 be a Borel measure on Cy, let o € (0,1) and R > 0. Assume
that p is supported on the rectangle 0 < Res < o, |Ims| < R. Then

#Q(r,¢) p(Q(r,¢)
lulle 2 <r  sup ACIGL)) <2 nQ(72)
e>0, TER 3 £€(0,0), TER e

Proof. The first inequality is Lemma 2.3 in [11] (the involved constant does not
depend on o € (0,1)). The second follows from the inequality

“ 1(Q(r, 25 a)) < su 1(Q(r,2%0))
TE% 2k+lg a TG% 2ka ’

valid for any k£ > 0. Indeed, for any 7 € R and any k£ > 0, we may find 7,72 € R
such that

M(Q(T7 2k+10)) = M(Q(Tla 2k0)) + :U’(Q(T27 2k0))7
since the support of p is contained in 0 < Res < o. O

Lemma 19. Let v > 0. There exists C > 0 such that, for any § € (0,1/v),
M p2(Ss5) < C where S5 = (sm)}?{il With Sy, = % 4+ v +imd.

Proof. The proof of this lemma can be found in [11, Sec 8.2]. O

Lemma 20. Let C1,Cy > 0. There exists D > 0 such that for any 6 > 0 and
any (finite) sequence

Z = (Z(a)) = (1 - pr(@))e® @ ..., (1 = pa(a))e(@)

in D% satisfying

® SUP;=1,..4d 10;(ar) — 0;(8)] = C16, when a # j3,
o pi(a) <Cs0, foranya and j =1, ..., d,

we have }’[/LZ,HZ('H‘OL <D.

)H<g,H2(1rd)

Proof. To each point Z(«), we associate a rectangle R, on the distinguish bound-

ary T? centered at
< z1(a) za(a) )
(@) Jzala)] )
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with side lengths 2(1 — |z1(@)]), ..., 2(1 — |z4(@)]). By Chang’s characterization
of Carleson measures on the polydisc (see [4] or [6]), it is enough to show that we
for all open sets % of T¢ have

> my(Ra) < Dmy(%).
RoC%

If R is some rectangle in T% and A > 0, denote by AR the rectangle with the
same center and side lengths multiplied by A. Then our assumptions on Z imply
that there exists some A € (0,1) depending only on C7 and Cs such that the
rectangles R, are pairwise disjoint. Thus

1 1 1
> my(%) < LA Ra) < gmy ( U /\Ra> < (),
RoC% RoC% RoC%
which completes the proof with D = 1/\%. (I

The Queffélec—Seip Method. We have to introduce additional conventions. For
¢ € 9 and € a compact subset of Cy, we denote by j, o the non-negative Borel
measure on Cy defined by

po.o(E) =my ({z € T : &(z) € E\Q}).

Next, assume that ¢ has complex dimension d and Bohr lift ® : C* — C. Let
S = (sm) be a sequence of n points in C;/, and let Z be a finite sequence of
points in D? such that ®(Z) = S — 3. We set

No(sm: Z) i= 3 [Pl
2€ZNP~1(sm—1/2)

We state Theorem 4.1 of [11] as the forthcoming lemma (we have modified it
slightly to take into account our normalization).

Lemma 21. Let ¢(s) = .., con™* €9 such that p(Cy) is bounded.

(a) Let o > 0 and Q be a compact subset of C,. Let B be a Blaschke product
of degree n on Cy whose zeros lie in Q). Then

1/2
an(6,) < <sup|B(s)|2C(1 +20)+ sup M’Q(Q(T’g))) .
s€Q e>0,7€R €
(b) Assume that ¢ has complex dimension d. Let S and Z be finite sets in

respectively Cy /o and D? such that ®(Z) = S — % Then

_ —1/2 .
an(cgtp) 2 [Mﬁf’2 (S)} ' ||/LZ,H2('JI“’)||<€J/{2(Td) 12; [Nti'(Sm; Z)C(2 Re 87”)]1/2 :
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8.2. The Upper Bound.

Let ¢(s) = Y07, con™ € ¢ and suppose that ¢(Cp) bounded. By Lemma
5, €, is compact if and only if p,(Q(7,€)) = o(¢) uniformly in 7 € R. We
are planning to get an upper bound of a,(%,) depending on the behaviour of
SUpP,cRr Mo (Q(T, 6)) with respect to € and on the size of the image of ¢ near a
boundary point.

Thus, let ® be a Bohr lift of . We define , as the infimum of those x > 1
such that there exists a constant C' > 0 such that, for every 7 € R and every
e >0,

me, ({z €T : &(2) € Q(1, e)}) < Ce”.
Assume now that there exists a unique w € T such that Re ®(w) = 0 and write
®(w) =it. Let w, be the infimum of the positive w such that, for any s € Co,

1
Imp(s) — 7| <C (Re o(s) — 2) .
Theorem 22. Let o(s) =Y .~ con™* € G with ¢(Cy) bounded, let ® be a Bohr
lift of p and assume that there is a unique w € T such that Re ®(w) = 0. Then

exp (—)\n_l/Q) if w, <1,
an((gip) < (loﬁ)(’%*l)xﬁ

if wy, > 1.
Here \ is some positive constant depending on .

This theorem illustrates the following general principle for composition opera-
tors (valid beyond .7#2): The more restricted the image of the symbol is, the more
compact the associated composition operator is. In particular, the case w, =1
(the range of ¢ is contained in an angle) is reminiscent from [12, Thm. 1.2] where
a similar result was obtained for composition operators on H?(DD).

Before we embark upon the proof of Theorem 22, we first employ it to deduce
the upper bound of Theorem 16.

Final part in the proof of the upper bound of Theorem 16. Suppose that ¢ € ¥
is a boundary regular Dirichlet polynomial, and assume that Re ®(1) = 0. We
write

d
Re®@(e, ... %) = £(0)" +-- +£4(0)F + Zo(f? (9)),
Jj=1
' _ d
Im® (e, ..., €)= 74011 (0) + - +bala(0) +o0 | Y_160)] ]
=1

with k1 > ... > kg and b; # 0. The proof of Theorem 2 shows that we have
Ky 2 1"‘2?:2 1/k;.
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Now, let us write the Taylor expansion of Re ® and Im ® near 1, but also now
for a point belonging to the unit polydisc. Writing

d d
2)=Y aj(l—=z)+o0| > [1—zl
j=1 j=1
and z = ((1 — p1)e®, ..., (1 — pa)e’®?), it is easy to get
Re@(z):a1p1+~~+adpd+£1(9) <4 Lq(0) + o Z(pj+€ ) ,
j=1

d
Im®(2) =7+ bify(0) + - + bala(6) + 0 [ > [¢;(0)

Recalling that a; > 0 for j =1, ..., d, it is easy to conclude that there exists a
neighbourhood % > 1 in D¢ and C > 0 such that, for all z € %,

| Tm ®(2) — 7" < CRe ®(2).
Outside %, Re ®(z) is bounded away from 0, and [Im ®(z) — 7| is here trivially

majorized. Hence, the upper bound of Theorem 16 follows from Theorem 22. [

Let us now turn to the proof of Theorem 22. The proof will be preceded by
two lemmas. The first one is inspired by Lemma 3.1 in [12].

Lemma 23. Let Q) be a bounded domain in Cy whose boundary is a piecewise
regular Jordan curve T', with L,(T') > 1. Let s1, ..., s, be points in I such that
the hyperbolic length of the curve between any two points s; and sjy1 is equal to
L,(I)/n, 1 < j <n, where s,41 = s1. Let B be the Blaschke product of degree n
whose zeros are precisely si, ..., S,. Then, for any s € Q,

IB(s)] < exp <_CL:(F)) .

Proof. By the maximum principle, it is sufficient to prove this inequality for

s € T. In this case, we know that there exists some j € {1, ..., n} such that
d(s,sj) < Ly(T")/n, from which we deduce that
L,(T
(s, < 2004 k)
for any £ =1, ..., n. Using the link between the pseudo hyperbolic distance and

the hyperbolic distance, we deduce that
n —j LP(F)
H LP(F)
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By a Riemann sum argument, this means that
1 1 — e—=Lp(D)
‘B(S)‘ S exp (—’I’L/O In <1<|»61LP(F)> d.f)
1
n 1 14y
<exp | ——= —In({——=)dy|,
<o (-5 [y (755) %)

and we get the desired conclusion, since by assumption L,(I') > 1. O

Hence, we require estimates of the hyperbolic length of some curves which are
linked to the way that ¢ touches the boundary. Such estimates are contained in
the following result.

Lemma 24. Letw > 1, 0 € (0,1/2) and C > 1. Consider
Qoo = {5 €Cp : |Ims|* < CRe(s), 0 <Res < C’}.
Let Iy, 5,c denote the boundary of Q0 »,c. Then
1%
Lp(Fw,U,C) <<w,C (U) wa > 17
—In(o) fw=1.

Proof. Consider the curves

r = {SE(CO : Res=o, |Ims| §C’1/°J(Res)1/“’}7
s = {S€(C0 : Res=C, |Ims| SCI/“’(Res)l/“},
I3 = {SE(CO :0<Res<C, |Ims| :Cl/“’(Reg)l/“’}_

Clearly, I'y, 5,c C I't UT'2 UT's and it is sufficient to prove the corresponding
inequalities for I';, j = 1,2, 3. Firstly, L,(I's) <, ¢ 1. Regarding I';,
cl/wol/w

w—1
d 1 Tw
L,(T'y) =/ Y e ()
_Cl/wgl/w O g

which is even a stronger inequality than required when w = 1. Finally,
\/1—1—3:?_1 —In(o) ifw=1,
/ —_—dx T <Ly,0 g
(L)% ifw> 1.
The last estimate follows from inspecting the integrand near x = 0, since o €
(0,1). O

Proof of Theorem 22. Let o € (0,1) and n > 1. Without loss of generality, we
may assume that ®(1) = 0. Keeping the notations of Lemma 24, there exists
C > 0 such that

1
#(Co) =5 C{s€Co: 0<Res <o} U, o0

FS <<wC
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Let B be a Blaschke product of degree n defined as in Lemma 23 with Q- c-
Enlarging C' if necessary, we may always assume that L,(I'y, ,c) > 1, so that
the assumptions of Lemma 23 are satisfied. The set

Q= {w(S)—; : Rep(s) > ;Jra}

is a compact subset of Cp, and we may apply part (a) of Lemma 21. Since
QC Q%%c, we obtain

n
sup | B(s 2 < ex (20’) .
s€g| ( )| o P Lp(Fw‘;,,o',C')

Moreover, ¢(1 + 20) < 1/0. Finally, using Lemma 18, we obtain
Hep,Q (Q(T7 E))

w2 < sup T gl
e€(0,0), TER €

||M%Q

We will now optimize the choice of ¢ with respect to n. When w, > 1, we set

logn T
o=r\—, 5

where ¢ is some numerical parameter to be chosen later. Then

Yo
vol ]. 1 wep—1 (H“Ffl)
Sup|B(5)‘2C(1 + 20) < exp <_2C’p fw 10gn> S« ( Ogn> ’
sEQ o n
provided p > 0 is sufficiently large. When w, < 1, we set 0 = exp ( — pn~1/2),
so that
C//
sup |B(8)|2C(1 +20) < exp (_n1/2 + pn1/2> ’
seQ P

and the result is proved provided p > 0 is sufficiently small. (]

Remark. Our method of proof also shows, provided ¢(Cyp) is bounded and x, > 1,
that

N@—l

an(€,) < (bg”>2

n

Indeed, we apply the same method with Q,c = {s € Cy : 0 < Res <
C, |Ims| < C} which satisfies L,(I') <¢ o~'. The rest of the proof remains
unchanged.
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8.3. The Lower Bound.

Let ¢ € ¢ satisfying the assumptions of Theorem 16 and let us assume that
around 1, ¥ satisfies (24) and (25). Let v > 0. For § € (0,1/v), we consider the
sequence S5 = (8,,), given by

1,7
1 1
sm:§+1/5+im5, where 1§m§<6> 1.
We intend to apply part (b) of Lemma 21. We will require the construction of
preimages of S5 — 1/2 by ®, and the inverse function theorem will provide the
solution.

Lemma 25. Let ¢ € ¢ satisfy the assumptions of Theorem 16. Then there exist
vg, C1,Co > 0 such that for allv > vy and every 6 € (0,1/v), there exists a finite
sequence Zs = (Z(a)) in DT with

Z(a@) = [(1 = pr(@))e® @ (1 = pa(a))ei®a(@)]

such that
o for any o # B, we have sup,_,__4165(a) — 65(8)] > 19,
e for any o and any j =1, ..., d, we have C5 8 < p;(a) < a6,

L
o O(Zs)=S5—1/2 and, for any1l < m < (%)1 1 the equation ®(Z(a)) =
_1
Sm — % has at least Hj:z {(%)1 "'iJ solutions.

Proof. We start as in the deduction of the upper bound in Theorem 16 from
Theorem 22, writing

d
Re®(:) = aupn + -+ aupu+ 50+ -+ 0 0 [ 3 (n+£20) |

j=1

d
Im ®(2) = 7+ bily (0) + -+ + bala(0) + o [ > 1;0)] | ,

for z = ((1— p1)e, ..., (1 — pg)e'®). To simplify the notations, we use the
(linear) change of variables u; = ¢;(6). We also set
d -4
1 kj
A=N'n 1(=
RO

and, fora € Aand j =2, ..., d we let p;(a) =6 and u;(a) = a;0.
Setting m = aq, we want to find Z(a) such that Re®(Z(a)) = vd and
Im®(Z(a)) = md. It remains to determine p;(«) and wu; (). We rewrite this
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system as

falpr,u)pr + ga(pr,un)uf' = v +dg
(26)
ha(pi,ut)ur = md+eq
where f,, go and h, are smooth functions depending only on as, ..., ag and

there exists a neighbourhood % > (0,0) so that for every (p,u) € %,
lfalpu) —ar] <6, [ga(p,u) —1| <6 and  [ha(p,u) — 1] <.

Here, the open set % and the involved constants are uniform with respect to «,
v >1and ¢ € (0,1/v). Moreover, the real numbers d,, and e, satisfy

d d NI k;
doy K o+ - <0
23 (() )

1
1-%

d
1 J 1
E Z =
€a<<(5j_2<6) <46

We now apply the inverse function theorem to solve the system (26). Provided v
is large enough, we get a solution (p1(a), u1(a)) satisfying sup(p1 (), |ui(a)]) <
8k In this case, the involved constant depends on v, but it is uniform with
respect to a and 0.

Now, a look at the first equation of (26) shows that we in fact have the more
precise inequality § < p1(a) < §, provided v is sufficiently large, and this is
independent of & and § € (0,1). Looking now at the second equation of (26),
if o # p € A satisfy o;j = B for j > 2, so that e, = eg and h, = hg, then
|u1(a) —ua (B)] > 6. )

Hence, we have obtained H;‘lzz {(%) 17"‘7J solutions to the equation ®(Z(«)) =

Sm, and they satisfy the conclusions of Lemma 25 since the inequalities on u;(«)
are also valid for 6;(a) up to a constant depending only of ®.

O

Final part in the proof of the lower bound of Theorem 16. We apply Lemma 21
to S5 and Zs given by the previous lemma, for

L
1 k1—1
=)
n
so that S5 has cardinal number equal to n. Since M »2(S5) < 1 and

1z, 1200) |4 g2 ray < 1

by Lemma 19 and Lemma 20, it remains to estimate the sum Ng (sm; Z)((2Re sp)
for any m. Using the fact that p;j(a) > 6 for any j =1, ..., d and any «, we
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obtain

No(sm; Z)C(2Re i) > (

> §2= R s

o <1><Z?%)nf%

and we are done. O

Remark. We may modify the proof of Theorem 16 so that we do not assume that
there exists a unique w € T? such that Re ®(w) = 0. Suppose that ¢ is boundary
regular at any w € T? such that Re ®(w) = 0. Define now the compactness index
of ¢ as the real number

ne(s) = inf {1, : Re®(w) =0}.

It should be observed that this infimum is in fact a minimum. Indeed, our
assumptions imply that the points w € T? such that Re ®(w) = 0 are isolated.
Theorem 16 remains true with this new definition of 7.

1.

2.

10.

11.

12
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COMPOSITION OPERATORS AND EMBEDDING THEOREMS
FOR SOME FUNCTION SPACES OF DIRICHLET SERIES

FREDERIC BAYART AND OLE FREDRIK BREVIG

ABSTRACT. We observe that local embedding problems for certain Hardy
and Bergman spaces of Dirichlet series are equivalent to boundedness of a
class of composition operators. Following this, we perform a careful study of
such composition operators generated by polynomial symbols ¢ on a scale
of Bergman-type Hilbert spaces .. We investigate the optimal 8 such
that the composition operator 4, maps %, boundedly into Zg. We also
prove a new embedding theorem for the non-Hilbertian Hardy space J#P
into a Bergman space in the half-plane and use it to consider composition
operators generated by polynomial symbols on P, finding the first non-
trivial results of this type. The embedding also yields a new result for the
functional associated to the multiplicative Hilbert matrix.

1. INTRODUCTION

A paper by Gordon and Hedenmalm [11] initiated the study of composition
operators acting on function spaces of Dirichlet series, f(s) =, <, ann™°. Their
object of study was the Hilbert space of Dirichlet series with square-summable
coefficients, .#2. In this paper, we consider composition operators acting on
various scales of function spaces of Dirichlet series.

For 1 < p < oo, we follow [3] and define the Hardy space P as the Banach
space completion of Dirichlet polynomials P(s) = 25:1 a,n "% in the Besicovitch
norm

T P

1
— 1 N P
(1) | P||ser == lim o7 / |P(it)|P dt

The spaces P are Dirichlet series analogues of the classical Hardy spaces in unit
disc. We refer to [19] and to [20, Ch. 6] for basic properties of J#?, mentioning for
the moment only that their elements are absolutely convergent in the half-plane
Ci /2, where Cg := {s € C : Re(s) > 0}.

The second author is supported by Grant 227768 of the Research Council of Norway.
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For a € R, we let 2, denote the Hilbert space consisting of Dirichlet series f
satisfying

2) 1fllo, == (Z [C'l‘g;g]a> < .

n=1

Here d(n) denotes the number of divisors of the positive integer n. Note that
9Dy = ?. We are interested in the range o > 0 and, as explained in [1], these
spaces may be thought of as Dirichlet series analogues of the classical scale of
weighted Bergman spaces in the unit disc. Since d(n) = O (n) for every € > 0, it
follows from the Cauchy—Schwarz inequality that Dirichlet series in %, also are
absolutely convergent in C; /5.

Due to an insight of H. Bohr (see Section 2), both .7 and %, can be identified
with certain function spaces in countably infinite number of complex variables,
and — consequently — the norms (1) and (2) can be computed as integrals on
the polytorus T° or in the polydisc D>, respectively.

In an attempt to better understand these spaces, their composition operators
€,(f) = f o ¢ have recently been investigated in a series of papers. It is well-
known (see [1, 3, 11, 21]) that any function ¢: Cy/5 — C; /2 defining a bounded
composition operator from J#? to J#, for some p,q > 1, or from %, to %3, for
some «, 8 > 0, necessarily is a member of the following class.

Definition. The Gordon—Hedenmalm class, denoted ¥, is the set of functions
¢: Cyjp = Cy o of the form

o(s) = cos + Z enn” % =1 cos + o(s),
n=1
where ¢g is a non-negative integer called the characteristic of ¢ and is denoted
char(¢y), the Dirichlet series ¢ converges uniformly in C; (¢ > 0) and has the
following mapping properties:
(a) If cg = 0, then ¢o(Co) C Cy 5.
(b) If ¢p > 1, then either ¢g = 0 or ¢o(Cp) C Co.

Regarding sufficient conditions, the case (b) is the most well-understood. It
was shown in [3] that (b) is sufficient for boundedness of %, from 7 to J7
and in [1] that the same holds for boundedness of €, from %, to Z,.

The case char(p) = 0, which is the topic of this paper, is more difficult. Here
it is only known that (a) is sufficient for boundedness of €, from J? to #P if
p is an even integer. In [1], it was shown that if ¢ € ¢ with char(p) = 0, then
€, maps P, into Zpa_q (which is smaller than 2, if 0 < o < 1 and larger than
Do if @ > 1). Tt was left open whether the value 2% — 1 is optimal or not.

The sticking point seems to be that in order to prove sufficient conditions for
boundedness of composition operators with char(¢) = 0, we require an embedding
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of the function spaces of Dirichlet series into certain classical function spaces in
the half-plane C; /5. The existence of such embeddings in the non-Hilbertian case
is a well-known open problem in the field.

This paper is initiated by the observation that such embeddings are in fact
equivalent to the sufficiency of condition (a). Our approach is related to the
transference principle introduced in [21]. As a corollary, we obtain that the
parameter 2% — 1 discussed above is sharp, since it was demonstrated in [15] that
the corresponding embedding is optimal.

We also discuss embeddings of P when 1 < p < 2. Although we were unable
to prove that J#P embeds into the corresponding conformally invariant Hardy
space of C;/p, we show that it embeds into an optimal conformally invariant
Bergman space.

Theorem 1. Let 1 < p < 2. There exists a constant Cp, > 0 such that

1

- 2 1 72 dodt 2
</R/1/2'f<5)' (”2> +1/2/> < Gyl florr.

for every f € P, The exponent % — 2 is the smallest possible.

We then perform a careful study of composition operators with polynomial
symbols mapping 7, to Zg, in the spirit of [5]. We show that for certain poly-
nomial symbols, €, maps Z, into ¥ with § < 2% — 1 and that the optimality
of B = 2% — 1 also can be decided by investigating the most simple non-trivial
symbol, namely ¢(s) =3/2 —27°.

Consequently, we consider boundedness of this simple composition operator an
interesting necessary condition for the embedding problem for sZ°P. This leads
us to an in-depth study of composition operators with linear symbols on 7.
By using Theorem 1 and estimates of Carleson measures, we prove the following
result.

Theorem 2. Let p(s) = ¢1 + Z?zl cp;p; ° be a Dirichlet polynomial belonging
to & such that c,;, # 0 for j =1, ..., d and suppose that d > 2. Then ¢, is
bounded on FP, for p € [1,00).

Observe that the case d = 1 corresponds to the simple symbol discussed above.
It should also be mentioned that very few non-trivial composition operators of
characteristic 0 on P are known when p is not an even integer, and none
involving two or more prime numbers. Moreover, it is possible to generate more
examples from our method and results in [5].

We show that if ¢(s) = 3/2—27° generates a bounded composition operator on
s, then Nehari’s theorem holds for the multiplicative Hilbert matrix introduced
in [9]. Furthermore, we apply Theorem 1 to demonstrate that the associated
functional is bounded on J#P for p € (1,00). We also explain how Theorem 1
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and the techniques used in its proof can be used to improve the necessary and
sufficient conditions for bounded zero sequences for 77 from [8, 23].

Organization. This paper is divided into seven sections. Section 2 contains
an exposition of our observation that the embedding problem is equivalent to
boundedness of certain composition operators for P and Z,, in addition to
the proof of Theorem 1. In Section 3, we collect some results regarding Carleson
measures in the half-plane and on the polydisc. Section 4 is devoted to a study
of composition operators from %, to 93 generated by polynomial symbols. In
Section 5, we discuss composition operators with linear symbols on J#P. The
penultimate section contains some connections from the results obtained in this
paper to the validity of Nehari’s theorem for the multiplicative Hilbert matrix,
while the final section is dedicated to bounded zero sequences for J7°P.

Notation. We will use the notation f(x) < g(z) when there is some constant
C > 0 such that |f(z)] < C|g(z)| for all (appropriate) z. If both f(z) < g(z)
and g(z) < f(x) hold, we will write f(z) =< g(z). As usual, {p;};>1 will denote
the increasing sequence of prime numbers.

2. COMPOSITION OPERATORS AND THE EMBEDDING PROBLEM

2.1. Hardy spaces. As mentioned in the introduction, functions in 7 are
holomorphic in the half-plane C, /. It is therefore interesting to investigate how
they behave on the line 1/2 4+ it. In this context, the most important question is
the embedding problem (see [22, Sec. 3]), which can be formulated as follows. Is
there a constant C), such that

T7+1
3 sup [ IP(1/2+ 0P dt < Gy P,
T€R J

for every Dirichlet polynomial P? It follows from an inequality of Montgomery
and Vaughan (see [14, pp. 140-141]) that (3) holds for p = 2, and hence for every
even integer p, but its validity for other values remains open. Now, from (1) it is
clear that the J#P-norm is invariant under vertical translations, so it is enough
to check (3) for a fixed 7, say 7 = 0.

A typical application of the local embedding is to deduce that ¢ € ¥ with
char(p) = 0 is a sufficient condition for boundedness of the composition operator
¢, on P, This is usually done through the following equivalent formulation of
(3).

The conformally invariant Hardy space in the half-plane C, /5, which we denote
H?, consists of those functions f such that f o .7 € HP(T), where 7 is the
following mapping from D to C /s,

1 1-=z

9(z):§+1+z.
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The mapping .7 appeared in the transference principle of [21], where it was used
to transfer certain results about composition operators on H?(T) to results about
composition operators on .#2. Now, the norm of H? can be computed as

1 T

-

17 =18 0 TWny = 5 [ 1172+ itan(e/2)|? do
(1

! o
= [1sar+in)

14t2°

The inequality (3) is equivalent to || P||g» < Cp||P| s, since evidently

1 T4+1
/ P(1/2 + i) dt < |P|,, < sup/ \P(1/2 + it)|P dt.
0 1 T€R J 1

Our observation is that not only does the embedding (3) imply a sufficient
condition for boundedness of certain composition operators, it is in fact equivalent
to boundedness of all composition operators of this type.

Theorem 3. Fiz 1 < p < co. The following are equivalent.

(a) The local embedding (3) holds for p.

(b) For every ¢ € ¢ with char(p) = 0, the composition operator €, acts
boundedly on FP.

(c) Let o(s) = T(27°). The composition operator €y acts boundedly on
HOP.

As explained in [3], the proof of (a) = (b) can be adapted from the proof
given for p = 2 in [11]. This argument relies on approximating the Besicovitch
norm (1) by taking a limit in a family of conformal mappings. A simpler proof
of this implication, based on a trick from [1], is included below.

To facilitate this, let us recall the Bohr lift. Every positive integer n can be
written uniquely as a product of prime numbers,

oo
— g
n =[]
i=1

This factorization associates the finite multi-index k(n) = (K1, ko, ...) to n.
Consider a Dirichlet series f(s) = >, <, a,n"*. Its Bohr lift Af is the power
series -

Bf(z) = Z a2,
n=1

It is well-known (see [3, 20]) that the Bohr lift defines an isometric isomorphism
between J#P and the Hardy space of the countably infinite polytorus, HP(T°).
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The polytorus T is a compact abelian group, which we endow with its normal-
ized Haar measure v, so that

1 =12 ey o= ([ L@f(znpdu(z));

It is important to note that the Haar measure v = 1 of the polytorus T°° is simply
the product of the normalized Lebesgue measure on T, denoted m = my, in each
variable. The subscript is included to indicate the connection to %, = J#2.

Proof of Theorem 3. For (a) = (b), we first suppose that ® is a holomorphic

function mapping D to C, /5. Using Littlewood’s subordination principle (see [27,
Ch. 11]), we find that

(5) I 0 ¥lpey < 11T Gy,

for f € HP. For G € HP(T*) and w € C, set G (z) = G(wz1, wza, ...). By
Fubini’s theorem,

HGHZP(TOO) = /TOO/E|GM(Z)|pdm(w)dV(Z)'

Let P be a Dirichlet polynomial and assume that ¢ € ¢ with char(p) = 0.
The latter assumption implies that Z(P o ¢) = P o (#p). Thus, by setting
G = ZB(P o ), we obtain

1P ol = [ [ 1Po (@)l dmw)in(z).

Fixing for a moment z € T, we notice that ®(w) = (#¥)w(z) maps D to C, /5
with ®(0) = ¢;. Con51der1ng therefore P a member of HY, we apply (5) and
conclude that

1+ |7 el ) 1+|9_( V)
owllP, . < R Al R b Al
IPoelty < [ (o=l ) ant) = Bl
seeing as the constant in this instantiation of Littlewood’s subordination principle
does not involve z.

The implication (b) = (c) is obvious, seeing as it is easy to verify that
Y € 4. To prove that (c) = (a), assume that &, acts boundedly on J#7, say
that

1€y Pllar < Cpll Pl
holds for every Dirichlet polynomial P. Arguing as above, we find that Z(Poy) =
P o (%) and that, in this case, B (z) = F(z1). In particular, using the Bohr
lift, this means that
1€y Pl = [|1P o T |lar (),

so we are done by (4). O
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2.2. Bergman spaces. Let us now explain how to do the same for the Bergman—
type spaces Z,. Let o, > 0, and consider the following probability measures
on D.

a—1
(6) dme(z) = ﬁ <1og |zl|2> dm;(2),

(7) ding(z) = B (1—|22)" ™" dma(2).

Here m; (which is the only case where m = m) is taken to be the standard
Lebesgue measure on C, normalized so that m;(D) = 1. For a > 0, the Bergman
space D, (D) can be defined as the L2-closure of polynomials with respect to
either measure, yielding equivalent norms. We will for simplicity use the measure
(7) in most cases.

However, in an infinite number of variables, the norms are no longer equivalent.
We use (6) to compute the norm of %, as an integral over D> to ensure that
(2) is satisfied. Therefore, we define dv,(z) = dmq(z1) X dma(2z2) X -+ It is
straightforward to verify that

115, = [ \BFGIP dva(2).

Set S = [1/2,1] x [r,7 + 1]. For the Bergman spaces Z,, the local embedding
problem takes on the following form: Given « > 0, what is the smallest 8 > 0
such that

B—1
1
® sw [1PGP (0-3)  dmi(s) < CuslPIE,

TER
for every Dirichlet polynomial P? Again, it is clear that the norm of %, is
invariant under vertical translations, so arguing as above, we find that (8) is
equivalent to ||P||p,, < C,, 5| P||%, , setting

— [e3

B—1
1 dm(s)
9 MAD,, = 1f o TlD,m =478 [f(s)]? (U_ ) s+ 1/2p28+2°
Dg i Dg(D) Ci/2 2 |s + 1/2[25+2
since any f in 2, is uniformly bounded in C; by its Z,-norm. For the next
result, (a) = (b) is part of the main result in [1]. The other steps are identical
to the proof of Theorem 3 in view of the discussion above.

Theorem 4. Fiz o, > 0. The following are equivalent.
(a) The local embedding (8) holds for a and j.
(b) For every ¢ € 4 with char(yp) = 0, the composition operator €,: Do —
D3 is bounded.
(c) Let ¢¥(s) = T(27°). The composition operator €, maps Do boundedly
into Dg.
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It was shown in [15] that 8 = 2% — 1 is the optimal exponent in (8). We will
touch upon the reason behind this value in the next section, see in particular
(17). From this optimality, we obtain at once the following result, clarifying the
optimal 5 in the main result of [1], which states that if ¢ € ¥ with char(p) = 0,
then %, maps %, boundedly into % if 8 > 2% — 1.

Corollary 5. Let o > 0. There is ¢ € ¢4 with char(¢) = 0 such that €,: Do —
D3 is bounded if and only if B > 2% — 1.

2.3. Embedding of 77 into Dg ;. Even if one is unable to prove the embedding
inequality (3) for 1 < p < 2, it is natural to ask whether it is possible to embed
P into some Bergman space Dg;. For the Hardy spaces of the unit disc, this
type of result goes back to the function theoretic version of the isoperimetric
inequality due to Carleman, which asserts that

(10) Ifllpy @y < [ fll a1 @)-

Iterating the inequality (its contractivity is crucial) and using the Bohr lift, Hel-
son [12] found that || f||o, < ||f|ls#1. Combining Helson’s inequality with the re-
sults from [15] discussed above, one finds that 7! is embedded in D; ;, thereby
reclaiming (10) in the context of Hardy spaces of Dirichlet series and weighted
Bergman spaces in Cy 5.

If we seek to extend Helson’s inequality to 1 < p < 2, we are required to use
the measure (6) when defining the spaces D, (D), to ensure that we get %, after
the iterative procedure. By a standard interpolation argument between (10) and
H?(D), one find that for p € (1,2),

(11) 1fllp,_, @) < Cpll fllarm)-

Nevertheless, the constant C), arising from interpolation between Hardy spaces is
strictly bigger than 1 (see [7]). Without contractivity, we cannot argue as Helson,
starting from (11), to prove that 7 embeds into %,,,_;. It turns out that this
embedding is false, since it can be proved (see [7] or the argument at the end of
the proof of Theorem 1) that if P embeds into 2, then a@ > 1 — logp/log?2
which is stricly bigger than 2/p — 1 when p € (1, 2).

On the other hand, such an embedding is not known to exist, unless p € {1, 2}.
If we could prove that P embeds into Z,, with o = 1 — logp/log 2, then the
embedding (8), which is valid with 8 = 2% — 1, would imply that

(12) 1llp, < Nflloer,

again reclaiming (11) for Hardy spaces of Dirichlet series and weighted Bergman
spaces in Cy /5. Similarly, the embedding (3) also implies (12), in this case by first
translating (11) to Cy /o with 7. We have been able to prove (12) by different
methods, which is our Theorem 1.
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The proof uses several tools from harmonic analysis and analytic number the-
ory. The first is a special case of a result of Weissler [25], who studied the
hypercontractivity of the Poisson kernel.

Lemma 6. Let p € [1,2]. For any f(z) = Y 5 arz”, we have the contractive

estimate
oo . 1/2
p
(ZW (5) ) < flls oy,

k=0

The second tool is a way to iterate this inequality multiplicatively, first devised
in [3] and later used in [7, 12]. We formulate it in an abstract context and we
give a brief account of the proof.

Lemma 7. Let p € [1,2] and assume that there exists a sequence {Vi}r>o0 of
positive real numbers with v = 1, such that for every f(z) = > ,saxz" €
H (D), )

- 1/2
(Z |ak27k> < | fll e (m)-
k=0

Let T' denote the multiplicative function defined on the prime powers by I‘(p;?) =
Yx- Then,

0o 1/2
(Z IanI2F(n)> < [flloer,

n=1
for every f(s) =35, ann™° € HP.
Proof. Fix d > 1 and f(z) = Y, cyaaxz™ € HP(TY). By the Bohr lift, it is
sufficient to prove that
1/2

(13) Z ‘am‘g'%n © " Vra < ||f||HP('J1‘d)~

rENd

The assumption of the lemma is that (13) holds for d = 1. We will argue by
induction on d and assume that (13) is true for d — 1. Then, fixing z1,...,24-1 €
T4=1 and considering f a function only of z4, we use (13) with d = 1 to get

2 p/2 D

/ Z anvéfzfl-nzgd dm(zq) S/ Z aezyt -2t dm(zq).
T T

kENd rENd
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We integrate over the remaining coordinates z1,...,24—1 and use Minkowski in-
equality in the following form: For measure spaces X and Y, a measurable func-
tiongon X xY and r > 1,

l9(z,y)|dy i I/TS l9(z,y)|"dx 1/Tdy-
X Y Y X

This yields, with X =T, Y = T¢~! and r = 2/p, that

P 2/p r/2
S UL 3wtz ezl dmie) o) | itz
T4 e
<Ay -
The induction hypothesis allows us to conclude. [l

Our final tool is a number theoretic estimate on the average order of a mul-
tiplicative function. Let Q(n) be the total number of prime divisors of n, say
Q(pi*---pl') = k1 +- -+ kg For 0 <y < 2 we refer to Selberg-Delange method
(see [24, Thm. I1.6.2]) and for y = 2 we refer to [2].

Lemma 8. Let 0 <y < 2. Then

(14) 72 am) _ ) (logz)’™1 if 0 <y <2,
(logz)*  if y=2.

n<z

Observe the phase change at y = 2, which occurs since 2 is the first prime
number. We are now ready to proceed with the proof of (12).

Proof of Theorem 1. Combining Lemma 6 and Lemma 7, we get the inequality

o A2 1/2
2
(15) (gzlj anf? (2) ) < If e,

for every f(s) = 3,5, ann™" € JP, since in this case I'(n) = (p/2)™). In other
words, following the conventions of [15], the space S is continuously embedded

into
o0 o0
Zannfs N, = (Z |an|2/wp(n)> <0y,
n=1 n=1

where w,(n) = (2/ p)Q(n). The main result of [15] relates the average order of the
weight w(n) with the optimal embedding of /¢, into Dg;, the relation being the
two-sided estimate

(16) - Z = (log z)”.

n<a:

[NIE

104



Now, the case p = 1 was discussed and resolved above, using Helson’s inequality.
For 1 < p < 2, we have 1 < y < 2, so we conclude using (14) that J7, is
continuously embedded in %,/,_;; and that the parameter 2/p — 1 is optimal,
with respect to /7, . This proves (12), using (15).

It remains only to verify that the optimality of the parameter 2/p — 1 extends
to JP. Fix € > 0 and consider

[((s+1/2+¢€)]¥/P

Ca+2er
which, as shown in [3, Thm. 3], satisfies ||fc||#» = 1. For s = o + it satisfying,
say, 1 <o <3/2and 0 <t < 1, we have that ((s) < (s — 1)~!. Assume now

that 7 embed continuously into Dg;. Then, for 1 <p <2and 0 < 8 <1, we
estimate

(s +1/2 +¢))*/7 !
1 - dtd
> || fellps, > 1/2/ C(1+2¢ ]2/” 7732 7

_1/2)8-1
>>52/P/ / 1/2) 57, dtdo
1/2 0—1/2+5) + t2)°/P

1
- 52/]0/ (0 — 1/2)54 do > e2/rHB—4/p+1
12 (0 — 172+ )1

f&(s) =

which means that if 72?7 is continuously embedded in Dg ;, then necessarily 8 >
2/p—1. O

Let us compare the space .77, to the space Z,, for a = 1—logp/log2. It turns
out that if n is square-free, then (p/2)™ = 1/[d(n)]*. For other values, w,(n)
is strictly smaller than 1/[d(n)]*, and it can be significantly smaller, most easily
seen by considering n = 2¥. Thus, the space M, is (strictly) bigger than Z,.
However, when 1 < p < 2, the weights w,(n) are dominated by their square-free
parts, so %, and 77, are embedded into the same Z3.

To explain why this happens, let £ be any positive multiplicative function with
&(pj) = B and f(p;?) < (2 —9)k for some 0 < § < 2. Then, for Re(s) > 1,

2 smn=r =] (1 +Bp; " + Zi(pf)pj_ks>

n=1 j=1
+ Bp;° +0(p;>)) (1 - Bp;* + O(p;*))
+ O —25 ) ,

fjl
fjl
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so by the Selberg-Delange method, we find Y, .. &(n) < z(logz)?~1. Observe
again the phase change at § = 0, leading to different embeddings for 7, and 2,
in view of (16), since the latter weight satisfies the assumption &(p¥) < (2 —6)*,
while the former does not.

3. CARLESON MEASURES IN THE HALF-PLANE AND ON THE POLYDISC

3.1. Carleson measures in the half-plane. For § > 0, the non-conformal
Bergman space Dg(Cy/2) consists of the holomorphic functions f in C, /5 which

satisfy
1\°
= [ WP (a-3)  ds<.
1/2

If 3 =0, then Dg(C,/5) is taken to be the non-conformal Hardy space, H? (Cy/2),
with norm

||f||%12(c1/2) ‘= sup / |f(o +it)|* dt < oco.
o>1/2JR

For a, 3 > 0, let X denote either Z, or Dg(Cy/3). A positive Borel measure ;. on
Cy 2 is called a Carleson measure for X provided there is a constant C' = C(X, i)
such that for every f € X

/ () duts) < CIfI%.
Ci/2

The smallest such constant C(X, u) is called the Carleson constant for p with
respect to X. A Carleson measure p is said to be a vanishing Carleson measure
for X provided

lim | fr(s)]* dp(s) = 0

k—o0 (Cl/2
for every weakly compact sequence { fk}k21 in X. In this case, weakly compact
means that ¢(f) — 0 for every ¢ € X*. Since both X = Dg(C,/3) and X = 7,
are reproducing kernel spaces, it is clear that {f;},~, in X is weakly compact if
and only if || fx||x < C and fi(s) — 0 on every compact subset K of Cy 5.

Lemma 9. Let a > 0. Suppose that p is a Borel measure on Cy /o with bounded
support. Then p is a Carleson measure for 2, if and only if u is a Carleson
measure for Daa_1(Cy/2). Moreover, u is vanishing Carleson for P, if and only
if  is vanishing Carleson for Daa_1(Cy 2).

The first part of this result can be extracted from [15, 16]. In preparation
for the part regarding vanishing Carleson measures, let us collect some prelimi-
nary results. The following geometric characterization of Carleson measures for
Bergman spaces can be found in [27, Sec. 7.2].
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Lemma 10. Let 3 > 0 and let p be a Borel measure on Cyj5. Then p is a
Carleson measure for Dg(Cy /o) if and only if

1(Q(r.e)) = O("1)

for every Carleson square Q(1,¢) = [1/2,1/2+¢€| x [T—¢/2,7+¢/2]. Additionally,
p is vanishing Carleson for Dg(Cy /3) if and only if

n(Q(r,e)) = o(e"),
as € — 0T, uniformly for 7 € R.

The reproducing kernels of 7, are given by K, (s, w) = (4 (s + w), where

= Z [d(n)]

It is clear that [|[Ka (-, w)|y. = 1/Cal(2 . We extract from [26, pp. 240-241]
that
(17)
Galo) = Sl n =" = G T (1 + Z bmpjms> ) dals),
n=1 =1

where the Euler product ¢, (s) converges absolutely in C; /o with ¢4 (1) # 0.

Proof of Lemma 9. As stated above, the first part regarding Carleson measures
can be extracted from [15, 16]. We will only consider the part pertaining to
vanishing Carleson measures here.

We argue first by contradiction. Assume that p is vanishing Carleson for
P, and that p is not vanishing Carleson for Dsa_1(Cy/2). By Lemma 10,
the latter assumption implies that there is some sequence of Carleson squares
{Qr(Tr,€k)}>1, Where e — 0, satisfying

wQr) > e .
Let s = 1/2 + & + i1, and consider
K.(s,s o (s + 3%
fk(S) _ = ( k) _ C ( k) )
[Ka(,sk)ll2. Co(1 + 2¢1)

It is easy to see that f, is weakly compact in %, since || fx||2, = 1 and fr(s) — 0
uniformly in ¢ > 1/2 4 § for every § > 0. Since p is assumed to be vanishing
Carleson for Z,, this means that

lim [ 1P duts) < Jim [ 1) duts) =0,

k—oo C1/2
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Now, let s =o+it € Q. Then 1/2 < 0 < 1/2+¢ and 74, —e;/2 < t < T +€1/2.
Recalling the simple pole of the zeta function and using (17), we obtain

Co(s+38) =< (s+5;— 1)72& > (1426, +ie/2-1)" = 5;2a.

_ga—1

Similarly, /Ca(l+2e;) < g . Hence, by the assumption that p is not
vanishing Carleson for Doa_1(Cy/2), we estimate

0= Jim [ AP du(s) > Jim p(@) > 1,

and the desired contradiction is obtained.

In the other direction, assume that p is vanishing Carleson for Daa _1(Cy/2).
Let {fx},>, be a weakly compact sequence in Z,. Since u has bounded support,
there is some constant M > 0 so that

(18) /<c | fi(s)|* dp(s) < M Iix(s)
1/2

2
G|

Ci/2

Let Fi(s) = fr(s)/(s+1/2)*". Clearly Fj,(s) — 0 on compact subsets K of Cy 5
since this is true for f. From (9) and the discussion following Theorem 4, we
conclude that ||Fi||pye , < ||fk]l2.. In particular, this implies that {F}},~, is
a weakly compact sequence in Do _1(Cy /) and hence by (18), the measure fi is
vanishing Carleson for Z,,. O

Remark. The first part of the proof of Lemma 9 does not use that u has bounded
support, so a vanishing Carleson measure for Z,, is always vanishing Carleson for
Daa_1(Cy ).

3.2. Carleson measures on the polydisc. Let ¢ € ¢ with char(¢) = 0, and
let ® denote the Bohr lift of ¢. For 5 > 0 we will consider the following measures
on (Cl/2'

1. (E) = {Vﬁ({zemw: ®(z) € E}), if 5>0,

ECCyp.
vs({zeT®: ®(z) € E}), ifB=0, 1/2

The following necessary and sufficient Carleson conditions for boundedness and
compactness of ¢, when ¢ € ¢ with char(y) = 0 and ¢(Cy) is a bounded set
will be our main technical tool for the study of composition operators between
the spaces Z,.

Lemma 11. Let o, > 0. Suppose that ¢ € 4 with char(p) = 0 and suppose
that ©(Co) is a bounded subset of Cy)5. Then €,: Zo — Dp is bounded if and
only if

(19) 156 (Qr.6)) = O(e*")
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for every Carleson square Q(7,e) = [1/2,1/2+ €] x [T —e/2,7 4+ ¢/2]. Moreover,
C, is compact from Do to Dg if and only if

K, (Q(Ta 5)) = 0(52a)7
as € — 0T, uniformly for 7 € R.

Proof. We begin with the proof of the boundedness criterion (19). Assume at
first that a;, 8 > 0. Let P be a Dirichlet polynomial. Since ¢y = 0, we observe as
in the proof of Theorem 3 that Z(P o ) = P o By, so

(20) 1€ Pl = /Dw [P (®(2)) [* dvg(2).

Now, since g, = v3,, 0 @~ and since Dirichlet polynomials are dense in Z,, it
is easy to deduce from (20) that %, is bounded from %, to Z3 if and only if

/ PP dpp o) < 112,
Cy/2

Using Kronecker’s theorem and the maximum modulus principle on the polydisc,
we find that supp (us,) = ¢(Co). By assumption, ¢(Cy) is a bounded subset of
Ci/2, 80 pig,, has bounded support. Hence, by Lemma 9 and Lemma 10, pg , is
a Carleson measure for 7, if and only if

B0 (Q(77 5)) =0 (‘Sza) :

The argument for compactness follows by similar considerations. If a = 0, these
arguments work line for line. If 8 = 0, we appeal directly to [21, Lem. 4.1].

Clearly supp (/146,@) C ¢(Cy), so the measure is still boundedly supported. The
remaining deliberations apply directly. (I

This lemma can be combined with a compactness argument as in [5, Lem. 6],
to obtain the next result. But first, note that if ¢ € ¢ is a Dirichlet polynomial
with char(p) = 0, its Bohr lift ® = Py is always a polynomial of d < oo variables.
We call d the complex dimension of ¢ and write d = dim(yp).

Corollary 12. Let ¢ € 4 be a Dirichlet polynomial with dim(y) = d and Bohr
lift @. If for every w € T with Re ®(w) = 1/2 there exist a neighborhood %, > w

in D?, constants Cy, > 0 and Ky, > 2% such that, for every 7 € R and every € > 0,
vs({z € : ®(2) € Q(7,2)}) < Cpe™,

then €, maps Do boundedly into Pg. If moreover ky, > 2 for every w € T¢
with Re ®(w) = 1/2, then 6,: Zo — D3 is compact.
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3.3. Measures of some sets in D?. Corollary 12 indicates that we need to
estimate the measure of some sets in D% Let us collect some estimates for
some particular subsets of D¢. To simplify the computations, we will replace the
measure vg with the new measure g associated to mg as defined in (7). Now, if
dim(f) = d, then clearly

| B8P @) =aa [ 125 vslo)

In particular, we can replace vg by vg in Corollary 12. We should also point out
that for 5 = 0, we do not change the measure and adopt the convention vy = 1.

For §,e > 0,let S(6,e) ={z=(1—p)e? €D : 0<p <4, (0] <e}. As usual,
B(w,r) will denote the open ball centered at w € C with radius > 0. Geometric
considerations show that there exist absolute constants ¢,C' > 0 such that, for
every € > 0 and every w € T, we have

(21) S(ce,ce'?) c{zeD : Re(l —2) <e} C S(Ce,Ce/?)
(22) wS(cg,ce) C B(w,e) ND C wS(Ce, Ce).

The following lemmas are inspired by [4], and for the sake of clarity we include a
brief account of their proofs.

Lemma 13. For any 8 >0, mg (5(6, 5)) =g 5Pe.
Proof. This follows from an integration in polar coordinates. ]
Lemma 14. For any >0, mg({z € D : Re(1 — 2) < &}) =3 ePts,
Proof. The result follows from Lemma 13 and (21). O
Lemma 15. Let 8> 0 and v € C. Then

mg({z €D : Re(l —z2) <e, |Im(v—2z)| <e}) <ge'tr.
Proof. This follows again from an integration in polar coordinates. (|
Lemma 16. Let > 0. There exists ¢ > 0 such that, for any v € C satisfying

|Re(v) — 1] <ece  and  |Im(v)| < (ce)/?,

then
mg({z €D : Re(l—2) <e, [v—2z| <e}) xge'h.

Proof. The upper bound is Lemma 15. For the lower bound, observe that, pro-
vided ¢ € (0,1/2), then {z € D : |z —v| < ¢/2} C{z €D : Re(1l —2) < e}.
Hence, we just need to minorize mg (B(v, €/2) O]D)). Now, it is easy to check that
upon the conditions ¢ € (0,1/2) and € € (0, 1),

—8ce <1 —|v| < 8ce.
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Writing

|z —v| < PR + 1= 1vl|
|v]
we get that B(v/|v|,e/4) C B(v,e/2) provided ¢ < 1/32. We finish the proof as
in Lemma 15. U

Remark. When 6 = ¢, the sets S(,¢) are the classical Carleson windows of the
disc. However, we are required to handle inhomogeneous Carleson windows in
what follows.

4. COMPOSITION OPERATORS WITH POLYNOMIAL SYMBOLS ON %,

Let us consider a polynomial symbol in ¢ of characteristic ¢ = 0, say ¢(s) =
ZnN:1 cnn”%. We are only interested in symbols having unrestricted range, which
means that ¢(Cop) is not contained in C, 945, for any 6 > 0. If the symbol
has restricted range, it is trivial to deduce from [1, Thm. 1] that %, maps Z,
compactly into Zg, for any choice of a, 5 > 0.

Let us now look at the Bohr lift of ¢, denoted ®. As in the previous section,
we will let dim(y) denote the complex dimension of ¢, which is equal to the
number of variables in the polynomial ®(z1, ..., z4). Now, the degree of ¢ will
be the degree of ®, and we will write deg(y). When the complex dimension is
big and the degree is small, we can improve 8 = 2% — 1 from the main result of
[1] substantially.

Theorem 17. Fiz o > 0 and consider a Dirichlet polynomial ¢ in 4 with unre-
stricted range.

(i) If d = dim(p) > 2 and deg(p) € {1,2}, then €, maps P, boundedly
into Pg for some B < 2% — 1. More precisely, C,: Do — Di2e—1y/a 8
bounded.

The result is optimal in the following sense.
(i) If dim(p) =1, then €,: Do — PDp is not bounded for any B < 2% — 1.
(iii) There are polynomials ¢ € 4 of any complex dimension and with arbi-
trary deg(y) > 3 for which 6, is not bounded from P, to Ds for any
8 <2%—1.

From the proof of Theorem 17 (and Corollary 12) it is possible to deduce the
following result regarding compactness. However, before we state the result, let
us stress that the inclusion %, C %3 is not compact for o < . To realize this
one needs only consider the weakly compact sequence generated by the prime
numbers, {p;°};>1, since d(p;) = 2.

Corollary 18. Fiz a > 0 and consider a Dirichlet polynomial ¢ in & with
unrestricted range.
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(i) If dim(p) > 2 and deg(p) € {1,2}, then €,: Do — PDoo—_1 is compact.
The result is optimal in the following sense.
(ii) If dim(p) =1, then €,: Do — Poa—_1 is never compact.
(iii) There are polynomials ¢ € 4 of any complex dimension and with arbi-
trary deg(p) > 3 for which €,: Do — Poo—_1 is not compact.

It is interesting to compare Corollary 18 to its version for e = 0 which is [5,
Thm. 3|. Ignoring the technical part of [5, Thm. 3] regarding minimal Bohr lift
and boundary index, we observe that the results match up. However, going into
the details, we observe that this correspondance is not completely true. We shall
give later (see Theorem 21) simple examples of polynomial symbols ¢ such that
%, maps 9, compactly into Zae_; for a > 0, but does not map #? compactly
into .72, This phenomenon is due to the necessity to introduce the minimal
Bohr lift in the context of .J#2.

Observe also that it is possible to deduce a version of Theorem 17 for the case
Cp: Do — % from |5, Lem. 10| using Lemma 11 and Corollary 12. However,
the result would be cumbersome to state, due to the above mentioned technical
parts, so we avoid it here.

We need one final lemma to prove Theorem 17, which can easily be deduced
from the Julia—Caratheodory theorem (or from elementary considerations as in
the proof of [5, Lem. 7]).

Lemma 19. Let P(z) = Zszl ar(1 — 2)* be a polynomial mapping D into Cy.
Then P=0 ora; > 0.

We split the proof of Theorem 17 into two parts, and begin with the easiest
part.

Proof of Theorem 17 — (ii) and (iii). We begin with (ii). Fix a > 0 and assume
that ¢ € ¢ is a Dirichlet polynomial with dim(¢) = 1 and unrestricted range.
By Corollary 12 we investigate some w € T such that ®(w) = 1/2 + i, where
® denotes the Bohr lift of ¢. We may assume that w = 1 and 7 = 0 after,
if necessary, a (complex) rotation and a (vertical) translation. Hence, ® is a
polynomial of the form

1 K
B(2) =5 + > ap(l—2)".
k=1

By Lemma 19 we know that a; > 0. In view of Corollary 12, it suffices to prove
that for 5 > 0 and every small enough £ > 0,

HB.e (Q(O, 5)) > et

Using Lemma 13, we see that it is sufficient to prove that the homogeneous
Carleson window S(g, €) is included in the pre-image of Q(0, ce) under ® for some
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fixed ¢ € (0,1) and for every small enough £ > 0. Now, note that if z € S(e,¢),
then

max {Re ((1 — z)k), Im ((1 - z)k)} <&
In particular, since ® is a polynomial and a; > 0, we find that if z € S(g, ¢), then
1/2 <Re®(z) < 1/2 + a1e + O(e?),
|Im ®(2)| < a1 + O(e?).
Hence any ¢ > a1 /2 will do. Part (iii) can be deduced from this argument in the

following way. Let 6 > 0 and let ¥U(z) = U(zq, ..., z4) be any polynomial in d
variables and define

1
O(2) = 3+ (1—21) +6(1 — 21)%0(2).
Clearly @ is the Bohr lift of

1 —s —s —s —5
50(5):§+(1*p1‘)+5(1—p1 )2‘1'(171 y +oo Py )-

It is proved in [5, Lem. 9] that by choosing § > 0 sufficiently small, we can
guarantee that ¢ € ¢4, that ¢ has unrestricted range and furthermore that if ®
touches the boundary of C, /5 at some point z € D9, then necessarily z; = 1. The
argument given above works line for line with one minor modification. Suppose
z1 € S(g,¢). Then for every choice of zy, ..., z4 in D we have

max {Re (6(1 — 21)?¥(z)), Im (6(1 — 21)*¥(2)) } < §]|¥]|?,
so we conclude again by Corollary 12 and Lemma 13. 0

Proof of Theorem 17 — (i). Let ¢ € ¢4 be a Dirichlet polynomial and assume
that dim(p) = d > 2 and deg(p) € {1,2}. Let ® be the Bohr lift of . We
will again apply Corollary 12. Hence, let w € T¢ be such that Re ®(w) = 1/2.
Without loss of generality, we may assume that w = 1 = (1,...,1) and that
®(1) = 1/2. We may write ¢ as

d d
1
(z) = 5 + Zaj(]- —zj) + ij(l - Zj)2 + Z (1 —2z5)(1 — 2zg).
j=1 j=1 1<j<k<d
We first claim that a; > 0 for any j =1, ..., d. Indeed, applying Lemma 19 to

®(1,z;,1) — 1/2, we know that either a; > 0 or a; = b; = 0. Assume that the
latter case holds. Since ¢ has complex dimension d, there exists k # j so that
¢k 7 0. Let us consider U(z;,z,) = ®(1, 2;,1, 2,,1). Then a Taylor expansion
of W(e®s, e') shows that
o 1
ReW (e, %) = = + (%’“ ~ Re(be) ) 07 — Re(c;)0;0 + o(62) + 0(63).
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Choosing 0; = ¢ and ), = 6% and letting ¢ to 0, this implies that Re(c;x) = 0
since by assumption Re ¥ > 1/2. On the other hand, for p; € (0, 1),

- 1 a
Re W (1 — pj,e*) = = + (l - Re(bk)) 07 + Tm(c; k) p;0k + 0(p3) + 0(67).

2 2
This in turn yields that Im(c; ) = 0, a contradiction.
We come back to ® and, for j = 1, ..., d, we write z; = (1 — p;)e’% where

p; € (0,1) and 0; € [—m, 7). We shall use the local diffeomorphism between a
neighborhood of 1 in C? and a neighborhood of 0 in R2¢ given by

<p7 9) — ((1 - pl)ei017 LR (1 - Pd)ewd)-
A Taylor expansion of Re ® near 1 shows that

d
Re®(z) = 2 + > p;F5(p,0) + G(6)
j=1

where F;(0) = a;. Taking all p; equal to zero, we get that G(f) > 0. Hence,
there exists a (fixed) neighborhood % > 1 in D9 such that for all € > 0 and all
TER,

d
w
< Fi(p,0) < d Fi(p,6) > =L
0_;pjj(p,)_€ an i(p0) 2 5

provided z € % and ®(z) € Q(7,¢). This implies that |p;| < 2¢/a; for any
j=1,...,d. We now look at Im ® and let us write it under the following form:
Im CI)(Z) = 7(0,92,m79d)(01) = a101 + 0(91).
The map (p,0) = Y(p.0,,....0,)(01) is smooth and satisfies ’ygp b 0,1)(0> = qai.
Then there exists ¥ a neighborhood of 1 in C* = R?¢ such that, for any z € ¥,
ai

(23) Vpsba,...00)(01) > bR
Now, if (p, 0o, ...,0,) are fixed and 6, is such that z belongs to ¥, the condition
®(2) € Q(1,¢) implies that v(,¢,,..6,)(01) belongs to some interval of length e.
By (23), this implies that §; belongs to some interval of length Ce, where C' does
not depend on (p,0s,...,04) provided z € 7.

Let us summarize the previous computations. We have shown that there exist
a (fixed) neighborhood # = % N# of 1 in C? and a constant D > 0 such that,
for any 2 € # ND? and any ¢ > 0 satisfying ®(z) € Q(r,¢), then p; < De
and p, 0o, ..., 04 being fixed, #; belongs to some fixed interval of length De. By
Fubini’s theorem and polar integration as in Lemma 13, we get that

s ({zew nND? : &(z) € Q(r,e)}) < ¥t
We conclude by Corollary 12. O
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Let us focus our attention on part (ii) of Theorem 17, which implies that it is
sufficient to consider the most simple non-trivial symbol,

(24) p(s)=3/2—-2"°"=1/24(1-27°),

to conclude that the sharp § for €,: Yo, — Z3 is B = 2% — 1. This is perhaps not
so surprising, since we can consider (24) a local version of the symbol associated
to the transference map,
s 1 1-2"°
72 )*2+1+2ﬂ’

as considered in Section 2. We will devote the remainder of this section to
investigating two classes of examples that generalize (24).

The first extension of (24) are the linear symbols, namely symbols which are
of the form

d
(25) p(s)=ci+ Y cpp;®
j=1

Observe in particular that (24) is just the case d = 1. We have the following
result.

Theorem 20. Let o, 8 > 0. Let ¢ of the form (25) with unrestricted range and
cp; # 0 for every j. Then 6,: Do — Dp is bounded if and only if

1 1
2 —+d| = > 29,
(26) sra(3+6) 2
Moreover, €,: Do — D is compact if and only if the inequality in (26) is strict.

Proof. It = 0, this can be extracted from [21, Lem. 8.2] in combination with
Corollary 12.

Assume therefore that § > 0. Arguing as in [21], we may assume that ¢; > 0
and that ¢, <0 for every j. Since ¢ has unrestricted range, we know that

1 d
c1 = §+§:1|ij|
j=

We will represent the Bohr lift of ¢ in the following way.

d d d
1
(27) B(2) =1+ cp, =D e, (L=2) =5+ D ey, (1 - 2).
j=1 j=1 j=1

Let 7 € R and € > 0. If ®(z) € Q(7,¢), we inspect (27) to conclude, for any
j=1,....d—1, that

€
Re(l — z;) < .
! |ij|
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Hence, for any j = 1,...,d—1, by Lemma 14 we know that z; belongs to some set
R;(e) satisfying mg(R;(e)) < £2 8. Moreover, for a fixed value of z1, ..., zq_1,

we also have
Re(l1—2y) < —  and  |Im(v — 29)| <
|cpal
for v € C depending on 7,z1,...,249—1. By Lemma 15, z4 belongs to some set
Ra(21,...,24-1) satisfying mg(Ra(z1,...,24-1)) < e'7P. Using Fubini’s theo-
rem, we get

2|ep,|

5@l 2)) < b ¥4+
and we compare this with the sufficient condition for continuity.

Conversely, assume that z; belongs to D(n) = {z € D : Re(l — z) > ne} for
some small 7 > 0 and for any j = 1,...,d — 1. Observe that g (D(n)) > e3+7.
Then, setting

v = (lepy [(1—21) + -+ lepyy [(1 = 2a-1)) /lepa
we get

(a1, 2) € Q0,2)

0 <Re ( |CZ71|Z1_"'_|C;Dal|'zd)SE

L m(lcpllzl + o Jepy|2a)| < e/2
{ 0< \cpl\Re(l —z1) 4+ +|cp, | Re(l — 24) < e

[T (Jep, (1= 21) + -+ [epyy [(1 = za-1) = lep,|2a) | < /2

0 < Re (v—i— (1- zd)) <e/lep,l

[Im (v — 2q) | < €/2|cp,|-

Now, Re(v) < Cne and |Im(v)| < (2Cne)'/? for
lepu [+ -+ + [epas |

—
—
—

C:

Hence, provided 7 is small enough, then ®(z1,...,z4) € Q(0,¢) as soon as Re(1—
z4) < nme and |v — zgq| < ne. By Fubini’s theorem and Lemma 16,

15,0 (Q(0,)) > 34 +5),

We conclude by Corollary 12. The same proof shows that €, maps %, compactly
into Zg if and only if 1/2 4+ d(1/2 + 3) > 2. O

It is clear that in J#2, the monomials n~*° all have norm 1. This is of course
no longer the case in 2, when a > 0. Thus we have more flexibility in choosing
the Bohr lift for 72, since we may use any sequence of independent integers
(g1, --,qq) instead of (p1,...,pq). Thislead us to introduce the notion of minimal
Bohr lift in [5]. For the Bergman spaces, we are by definition required to consider

the canonical Bohr lift, since it is used to compute the norm. In this sense the
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situation is less subtle. To further emphasize the difference between o = 0 and
a > 0, we have the following result.

Theorem 21. Let o > 0 and consider ¢(s) = 3/2 —n~*% for some fized integer
n > 2. Set d = dim(yp), which in this case is equal to the number of distinct prime
factors of n. Then €,: Do — D3 is bounded if and only if 8 > (2% —1)/d. If
a =0, then 6, is not compact on A%, If a >0, then Cp: Do — D5 is compact
if and only if B > (2% — 1)/d.

Observe that for every o > 0, we can make %, map Z, into %z for any 8 > 0,
by increasing the number of prime factors in n. However, we can never obtain
£ =0 in this case.

Proof. Assume first that « = 0. As explained in [5], the minimal Bohr lift is
simply ®(z) = 3/2 — z for every integer n > 2, and by the results in [5], this
means that €, : 2 72 is bounded, but not compact.

Assume now that @ > 0. Let p be any prime number that does not divide
n and consider ¥(s) = 3/2 — p~°. By Theorem 17 (ii) and Corollary 18 (ii) we
know that €, : Zo — Zp is bounded if and only if § > 2 — 1 and compact if
and only if § > 2% — 1. Now, define the operator T' on 6,(Z,) by T'(p™°) =n""
so that €, = T o €. A trivial estimate with the divisor function shows that if
g € 6y(Pa), then

lgllzs <N TDNl2s,0 <n.p l9ll 25,
so we are done. O

Remark. Tt is natural to ask whether the space Z(za_1)/q in Theorem 17 (i) is
optimal. We found that this is not the case for linear symbols in Theorem 20.
By Theorem 21, it is optimal if dim(y) = 2. For dim(y) > 3, we conjecture that
(2% — 1)/d is not optimal, but our results do not further substantiate this claim.

5. COMPOSITION OPERATORS WITH LINEAR SYMBOLS ON P

Let us reiterate that the results of the previous section show that the optimal
B for the local embedding of %, can, through the results of Section 2, be decided
simply by considering the symbol ¢(s) = 3/2 — 27°. The embedding problem
is in general open for J#P, so it is therefore interesting to investigate how the
composition operator generated by this symbol acts on F#P.

As previously mentioned, composition operators with characteristic 0 acting
on J£P are not well understood when p is not an even integer. In particular, very
few examples are known. To our knowledge, the only known non-trivial examples
appear in [6]. The symbols of these operators are given by

(28) o) =5+ (1)
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where w is an analytic self-map of D and € € (0,1). Observe that the fact that we
are not allowed to set € = 0 restricts the range of ¢ in C; /5. Symbols of this type
are a type of lens maps from Cy to C; /5. Observe also that the most simple case
w(z) = z yields a restricted version of the “transference map” from Theorem 3
(iii).

Now, it is clear that ¢(s) =3/2 —27°, or indeed any Dirichlet polynomial, is
not of the form (28). We are not able to settle the boundedness of the composition
operator induced by this symbol on 7P, but we will again consider symbols of
linear type. Using Theorem 1, we will be able to prove boundedness when the
complex dimension is bigger than or equal to 2.

Our last main tool for this will be the so-called p/q—Carleson measures. Let
1 < p,q < oo and let X be one of the spaces considered in this paper, for instance
X =" X = HI(Cy)3). f X = P, or X = Dg(C, /2) then ¢ = 2. We require
that a measure y satisfies

(20) ( / If(S)Ipdu(S)>p < 0|l fllx,
1/2

for some constant C' = C(p, ¢, X) to be p/q-Carleson for X. For X = HI(C, ,)
and ¢ < p, the following description can be found in [10, Thm. 9.4].

Lemma 22. Let 1 < q < p < co. A positive Borel measure p on Cy /9 is p/q-
Carleson for H1(Cy ) if and only if

n(Q(re)) = O(/9)
for every Carleson square Q(7,e) = [1/2,1/24¢€] X [t —€/2,7 +¢/2].

Let us now extend a result from [16] to the case p < ¢, which will be needed
in the proof of Theorem 2 for the range 2 < p < oc.

Lemma 23. Fiz 1< q <p < oo and let p be a positive Borel measure on Cy 5.
(i) If p is p/q—Carleson for 59, then p is p/q-Carleson for H1(Cy s).
(ii) If the embedding (3) holds for q and p has bounded support, then the
converse s true.

Proof. To prove part (i), we use Lemma 22 and argue by contradiction as in the
first part of the proof of Lemma 9. In particular, assume that p is a p/g—Carleson
measure #°?. Consider a sequence of Carleson squares Qr = Q(7k, k) and the
Dirichlet series

fe(s) = [C(s +1/2 + ey + i) ¥4,

which satisfies || fx || za = [C(142¢)]*/9. We deduce from (29) that u(Qr) < 5Z/q
as g, — 0 and conclude as in Lemma 9. Part (ii) follows from a routine application
of the embedding. We proceed as in the proof of the second part of Lemma 9,
setting now F(s) = f(s)/(s +1/2)*? and using the same trick as in (18). O
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To make the statement of our final lemma more convenient, we will move to
Cp as in [5]. This change is easily carried out when working with composition
operators, since it corresponds to the changes f(s) — f(s+ 1/2) and ¢(s) —
©(s+1/2)—1/2. In particular, the translated f € %, is embedded in Daa_1;(Co).

Let dy(z,w) be the hyperbolic distance in the half-plane Cy which is defined
by

1— e—dH(z,w)

1+ ede(z,w) -

z—w
Z+ w’

and let By(s,r) be the hyperbolic disc of centre s and radius r € (0,1). It is
well-known that By(s,r), for s = o + it, is simply the Euclidean disc of centre
(o coshr,t) and radius o sinhr. In particular, we shall use that if r is not too big,
then By(s,r) is contained in [0/2,20] x [t — 0,t + o].

Luecking in [13] has characterized the p/q—Carleson measures of the (un-
weighted) Bergman spaces in the unit disc when p < ¢. As observed in [18],
his proof carries on the weighted Bergman spaces. The next lemma is simply
[18, Thm. B] with p = 2 and n = 0, translated from Dg(D) to Dg;(Cp) using
T —1/2.

Lemma 24. Let 1 < p < 2 and let pu be a positive Borel measure on Cy. Then
w is p/2-Carleson for Dg;(Co) if and only if for some (any) r > 0,

(p—=4)—pB 2p(B+1)

(30) /C (1(Bu(5:1)) 77 025 | 111552 iy (5) < o

We are finally in a position to prove Theorem 2.

Proof of Theorem 2. We first assume p > 2. We begin by fixing some positive
integer k£ and consider ¢ = 2k < p < 2k + 2. We want to investigate when
¢, maps J9 to JP. Since p > ¢, this also means that 4, acts boundedly on
JEP. Setting 1, := po,,, We argue as in the proof of Lemma 11 to find that
boundedness of €, : 7 — P is equivalent to

(31) ( /C If(S)Ipduq;(S)) < |f e
1/2

Using Lemma 22 and Lemma 23, while keeping in mind that the embedding (3)
holds for ¢ = 2k, we find that (31) is equivalent to

1o (Q(ry€)) < P9,

for every Carleson square (). However, from [21, Lem. 8.2] we know that
1o (Q(7,€)) < gld+1)/2,
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Hence we require of d that

i>2_ 1Py
q k
It is easy to check that d > 2 is sufficient if p € (2,3] U (4,00) and d > 3 is
sufficient if 3 < p < 4.
We now consider 1 < p < 2. First, we use Theorem 20 with o = 1 and g = 0 to
conclude that if d > 3, then €, maps 2, boundedly into %y = 2. To conclude

that €, : HP — JP is bounded, we use the inequalities

[fllze <[ flloer <A fller <[ flle2,

where the first one is Helson’s inequality.
It remains to prove that d > 2 is sufficient when 1 < p < 2 and p € (3,4). The
trivial identity
If o @l % = 172 0 0l
shows that it is enough to conclude for p € [1,2). Assume that ¢(s) = ¢1 +
Cpy P + Cp,py ° has unrestricted range. Using Theorem 1, we find that it is
sufficient to verify that

([ e @(z)V’du(z«)f - ( L If(S)Ipduo,w(S)y <Dy, @0ror

We now move to Cy to use Lemma 24, and subtract 1/2 from . Arguing as in
(27) we may assume that ®(z) = |cp, [(1 — 21) + |cp,|(1 — 22), and we consider the
measure p defined on Cy by

ﬁ(E):V({(Zl,ZQ)eT2 : 5(21,22)EE}), E C C,.

We need to investigate for which 1 < p < 2 the measure p satisfies the condition
of Lemma 24 with 8 = 2/p — 1. Recall that, for s = o + it and some suitably
small » > 0,

f(Bu(s,7)) < i(lo/2,20] x [t — 0, t + 7))
= V({(Zl,ZQ) S T2
Jep (1= 21) + lepal(1 = 22) € [0/2,20] x [t — o+ o }).

Since ®(T?2) is a bounded subset of Cy, it is clear that f(Bu(s,r)) = 0 when
Re(s) is large enough, say o > o, or when |Im(s)| is large enough, say |t| > to.
This means that the integral (30) in our case is equal to

g0 i
/0 /|< (ﬂ(BH(“)))% o3 |5+ 1|75 dtdo
t|<to

<[ [ (Bats ) o o =1
0 [t|<to
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This means we only need to prove that I < oo for any fixed pair (og, tg). Because
ﬁ(BH(s,r)) is bounded, we may in fact assume that og is very small. Now, let
us fix s € Cy with Re(s) < o and let us consider (0y,6s) € [—7,m)? such that
B(e1, ¢i%2) € By(s,r). Writing

Re ® (e, ) = |cp, | (1 = cos(01)) + |ep, | (1 = cos(6a)),
it is clear that 6, and 6, are close to 0, so that
02 + 02 < Re ® (e, €?) < 20,

and hence we conclude that |0;],|f2] < ¢/2. On the other hand, this implies
that

[ B(e®, %) = Jley, | in(01) + ey sin(6:)] < 02

which yields that fi(Bu(s,7)) = 0 provided [¢| > o/2. Otherwise, for a fixed
value of 6>, we note that 6; belongs to some interval with length dominated by
Co. Therefore, by Fubini’s theorem, fi(By(s,7)) < 02 where the involved
constant does not depend on t. In total, this means that we require

(o) ago
2p—3 2p—3 1
I<</ / 02*Pdtd0x/ 02=7 "2 do < o0.
0 [t|kol/2 0

This last integral is convergent for p > 1. O

Remark. Tt is possible to generate more examples from the results in [5] or from
the results of Section 4 in combination with Theorem 1. If 2k < p < 2k + 2,
we can choose any Dirichlet polynomial with x > p/2k, where x as defined in
[5, Lem. 10]. However, this also illustrates the disadvantage of this interpolation
method, since the natural condition is x > 1, which corresponds to the case d = 1
in (25).

We end this section by emphasizing that results with d = 1, or results for
Dirichlet polynomials ¢ € ¢ with unrestricted range and dim(p) = 1, cannot be
obtained from the type of Carleson measure arguments employed in this section
and the local embedding (3) seems to be completely unavoidable in this setting.

6. THE MULTIPLICATIVE HILBERT MATRIX

It was asked in [9, Sec. 6] whether the multiplicative Hilbert matrix introduced
in the same paper has a bounded symbol on the polytorus T°°, or, equivalently,
whether the functional

(32) - [ :<f<s>—a1>ds

is bounded on #!. It follows by standard Carleson measure techniques that if
the embedding (3) holds for s#P, then the functional (32) acts boundedly on
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JCP. It is therefore only known that the functional is bounded on J#P when
2<p<oo.

Returning to the composition operator with symbol ¢(s) = 3/2—27°, we write
out explicitly the associated Carleson measure, finding that boundedness of %,
on P is equivalent to the inequality

/ PP dm(z) < ||P|%y.
3/24T

for every Dirichlet polynomial P. If we apply the characterization of Carleson
measures for H?(T), we find furthermore that

/1/2 |P(2)|Pdz <« /3/2+1r |P(2)|? dm(z).

From this and the results in [9, Sec. 6] we observe that if %, acts boundedly
on ', then the multiplicative Hilbert matrix considered in [9] has a bounded
symbol on the polytorus T°°. In [9] it is only shown that the embedding (3)
implies that the multiplicative Hilbert matrix has a bounded symbol, so this
observation is in some sense an improvement.

Using Theorem 1, we can prove boundedness of L on J#7 for p € (1,00).

Theorem 25. The functional L defined by (32) is bounded on P for anyp > 1.

Proof. We may restrict ourselves to p € (1,2). By Theorem 1, it is suffi-
cient to verify that the functional of integration from 1/2 to 1 is bounded on
D3)p—1,i(Cy/2) or, equivalently, that the functional of integration from 0 to 1 is
bounded on Dy, (D). By duality, this is true since

fol?) = Sk 1)
k=0
is in D, (D) if and only if o < 1, so that p > 1 is sufficient for L to act boundedly
on JP. ]

This theorem has an interesting corollary. Write L(f) = (f, g) =2, where

Z flogn
We first have the following computatlon.
Lemma 26. g € 5P if and only if p < 4.

Proof. From the estimate >, __[d(n)]* =< z(logz)?"~! (see [26]) and a standard
computation with Abel summation, we find that

Z logn
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if and only if 2% < §. Assume first that 2 < p < 4. Using [23, Thm. 3] we have
that

1

00 _4\ 2

[d(n)]*"

lglloer < (Z 5 < 00,

“— n(logn)

since « =2 —4/p < 1 when 2 < p < 4. For p = 4, we compute
2

4 2112 1 -1 - [d(n)]2
4 = = — 1 1 A oNd
lollses =llg*lre = 2 5 | 2 (or(@log(n/d))™" | > D 0 s = o
1<d<n
so we are done. -

Theorem 25 and Lemma 26 yield an explicit and natural example of the ob-
servation that s C (P)* for Holder conjugates 1 < p,q < oo, as discussed in
[22, Sec. 3.

Corollary 27. Let 1 <p <4/3 and set 1/p+1/q = 1. The Dirichlet series g is
in (JOP)\A1.

7. BOUNDED ZERO SEQUENCES FOR P

Let us show how Theorem 1 and the technique used in its proof can be used to
improve the known partial results for zeros of functions in J#P. As explained in
[17], the almost periodicity of absolutely convergent Dirichlet series implies that
[ € AP either has no zeros or infinite many zeros in C; /5. One is therefore led
to consider bounded zero sequences. A sequence S C C;/ of (not necessarily
distinct) points is a bounded zero sequence of some space of analytic functions X
if it is bounded and there is some nontrivial f € X such that f(s) =0 for s € S.

If X is a Hilbert space of Dirichlet series, the situation is relatively clear thanks
to results in [8, 15, 17, 23|. For example, if X = #2| it is known that the Blaschke
condition

(33) > (Re(s) —1/2) < o0
seS

is both necessary and sufficient. In both [8] and 23], embeddings between Hilbert
spaces of Dirichlet series and J#P is used to obtain necessary and sufficient con-
ditions for 1 < p < 2 and 2 < p < o0, respectively. In particular, Theorem 1
of the present paper improves the results discussed in [8, Sec. 3|, and allows us
to conclude that the necessary condition for bounded zero sequences of P in a
certain sense converges to the Blaschke condition when p — 2.

However, the main point of this section is to sharpen the sufficient condition
from [23] when 2 < p < co. We begin by taking the dual of (11) in the H2-pairing,

123



we find for f(2) =) ;5 apz® that

(3) e < G, (Z a2k + 1)%_1)

k=0
for 2 < p < co. Here we introduce D, (D) for o < 0 as the Hilbert space of
functions f that satisfy Y, |ax|*(k+ 1)~ < co. The above inequality can be
written as -
[ leze @) < Coll fllpy s, ))-
As before we are interested in contractive inequalities. We test with f.(z) = 14-¢z
to find that if
Il f ey < Il Do (),
then @ < 1 — (logp)/(log?2). Indeed, it was shown in [23] that if p = 2F this is
also sufficient which yields for the Dirichlet series f(s) =3_, 5, ann™* that

(35) ||f||ms<Z|an|2[d<n>ﬁi§5-l>, p=2"
n=1

Following this, Riesz-Thorin interpolation between p = 2 and the results for
bounded zero sequences for Hilbert spaces of Dirichlet series gave a sufficient
condition for bounded zero sequences of J#P. Let us now show how to improve
this result by replacing interpolation with Weissler’s inequality as in (the proof
of) Theorem 1.

Note that for 0 < a < 1, we have

£, @) < |FO)1* + /D [F/(2) (1 = |21%)** dA(2).
The corresponding space in C; /5 can be given the norm

1(e)|2 1 dA(s)
o (r-3)  prie

The result in [23] discussed above was that every bounded zero sequences of
D, (Cy2) is also a zero sequence for P, but due to the interpolation step,
unless p = 2¥ then o > 2/p — 1. (We refer to [23] for the precise value.) Again,
we will find that a “worse” inequality than (35) will yield a better result locally.

1l erm = £/ + /

Ci/2

Theorem 28. Let 2 < p < co. Fvery bounded zero sequence in D2/p_1(C1/2) 18
also a bounded zero sequence for F€P.

Proof. Let f(2) = > ;5 apz®. Set P.f(z) = f(rz). Weissler’s inequality [25]
states that if 0 < p < ¢ < 0o and r < 1/p/q, then

1P flla < 1Sl
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We set p =2, ¢ > 2, r = +/p/q and recast the inequality as

1
2

(o)
q k
1o < 1Pyeflle = (D lanl® (3)
k=0

Iterating the inequality using Minkowski’s inequality, we find that

> q\ ()
1 les < (D laal® (3)
n=0

Using Lemma 8, the techniques from [15] and [23] show that the bounded zero
sequences of the Hilbert space of Dirichlet series weighted by (¢/2)*(™) weighted
space and Dy_5/4(Cy/2) are the same. O

In view of (34), Theorem 28 is the best possible result we can hope to obtain
by Hilbert space techniques. While the Weissler—type weights (q/ 2)9(") gives rise
to a rather small space when 2 < ¢ < oo (since the weights have the “wrong”
average order (compared to what is expected from (34)) when ¢ > 4), the local
embeddings and interpolation results used for zero sequences depends on the
average order of 1/(g/2)?™ which has the “correct” value compared to (34).
Hence it is a small space, but big enough to have all the bounded zero sequences

of Dl_g/q((cl/g).
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AN EMBEDDING CONSTANT FOR THE HARDY SPACE OF
DIRICHLET SERIES

OLE FREDRIK BREVIG

ABsTRACT. A new and simple proof of the embedding of the Hardy—Hilbert
space of Dirichlet series into a conformally invariant Hardy space of the half-
plane is presented, and the optimal constant of the embedding is computed.

Let 2#? denote the Hardy-Hilbert space of Dirichlet series,

fls) =) ann™",
n=1

with square summable coefficients, and set

1flle2 = <Z anl2> :

n=1

Using the Cauchy-Schwarz inequality, we find that a Dirichlet series f € J#?2 is
absolutely convergent in the half-plane C; /5 := {s : Re(s) > 1/2}. To see that
Cy 2 is the largest half-plane of convergence for #°2, consider f(s) = ((1/2+&+s),
where ¢ denotes the Riemann zeta function and ¢ > 0.

When studying function and operator theoretic properties of 2, it has proven
fruitful to employ the embedding of S#? into the conformally invariant Hardy
space of Cy 5 (see e.g. [6, Sec. 9]). The embedding inequality takes on the form

~ PN
0 Iz = (5 [ sz 40P 25 )" < Clif e,

— 00

Observe that the embedding inequality (1) implies that Dirichlet series in 5772
are locally L2-integrable on the line Re(s) = 1/2. Indeed, the proofs of (1) in the
literature go via the local (but equivalent) formulation

T+1 % ~
@) sup (/ |f(1/2+it)|2dt) < Cllf N2

TER
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To prove (2), one can use a general Hilbert—type inequality due to Montgomery
and Vaughan [3] or a version of the classical Plancherel-Polya inequality [2,
Thm. 4.11]. It is also possible to give Fourier analytic proofs of (2), the reader is
referred to [4, pp. 36-37| and [5, Sec. 1.4.4]. It should be pointed out that these
proofs do not give a precise value for either of the constants C' and C.

This note contains a new and simple proof of (1), which additionally identifies
the optimal constant C. The proof is based on the observation that the H2-norm
of a Dirichlet series is associated to a Hilbert—type bilinear form which is easy to
estimate precisely.

Theorem. Suppose that f(s) = oo ayn™* is in . Then
1
1 [ 2 dt\?
— 1/2 +14t)|” —— 2
(3 [ izl £55) " < Vale
and the constant v/2 is optimal.

Proof. Let x be a positive real number. We begin by computing

1 [ ., dt
I(x) := —/ z'

T) o 1+t2
L e dt 1

_ 2 log 2t = e lhEt =
ﬁ[m cos(| log z| )1—|—t2 € max(x,1/x)

Expanding |f(1/2 + it)|?, we find that

B Il = Z W8 /) = 3 amtn M%

mlnl m=1n=1

The identity (3) will serve as the starting point for both the proof of the inequality
[ fll 2 < V2|| £l s>, and for the proof that /2 cannot be improved.

Let us first consider the Hilbert—type (see [1, Ch. IX]) bilinear form associated
to (3). Given sequences a,b € ¢?, we want to estimate

Z Zam " ma;(/inn)]?

m=1n=1

By the Cauchy—Schwarz inequality, we find that

B(a,b)] < (Zam?_: frax(m ) (Zb Zm<mn>

Then |B(a,b)| < 2||a||¢2]|b||e2, since

2

m

Z [max(m,n)]? - ; m2 +

n=1

= m * dx
> H<tem [ G
n x

n=m+1 m
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Setting b = @, we obtain the desired inequality | f| gz < V2| f| w=>-

For the optimality of v/2, we again let f(s) = ((1/2 + ¢ + s) for some ¢ > 0.
Clearly, | f]|%: = ¢(1 + 2¢). We insert f into (3) and estimate the inner sums
using integrals, which yields

[e%) ~ 1 m B %) n—=¢
G = Do m™ (5 D"+ 3 o7
m=1 n=1 n=m+1
— I m'=<—-1 (m+1)~'=
> I
;m <m2 1—¢ + 1+«
C1+2)—¢2+e) ((1+2)—-1
> + .
1-¢ 1+e¢
Letting ¢ — 0%, we conclude that if || f|| g2 < C||f|l sz, then C% > 2. O
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FAILURE OF NEHARI'S THEOREM FOR MULTIPLICATIVE
HANKEL FORMS IN SCHATTEN CLASSES

OLE FREDRIK BREVIG AND KARL-MIKAEL PERFEKT

ABsTrRACT. Ortega-Cerda—Seip demonstrated that there are bounded mul-
tiplicative Hankel forms which do not arise from bounded symbols. On the
other hand, when such a form is in the Hilbert—Schmidt class S2, Helson
showed that it has a bounded symbol. The present work investigates forms
belonging to the Schatten classes between these two cases. It is shown that
for every p > (1 —logm/log4) ! there exist multiplicative Hankel forms in
the Schatten class S, which lack bounded symbols. The lower bound on p
is in a certain sense optimal when the symbol of the multiplicative Hankel
form is a product of homogeneous linear polynomials.

1. INTRODUCTION

For a sequence ¢ = (01, 02, 03, -..) € £? its corresponding multiplicative Han-
kel form on £2 x (2 is given by

(1) Q(avb) = Z Z Omn by,
m=1n=1

which initially is defined at least for finitely supported a,b € ¢2. Such forms are
naturally understood as small Hankel operators on the Hardy space of the infinite
polydisc, H?(D>). Therefore, one is led to investigate the relationship between
the symbol — a function on the polytorus T°° generating the Hankel form —
and the properties of the corresponding Hankel operator.

In the classical setting, (additive) Hankel forms are realized as Hankel opera-
tors on the Hardy space in the unit disc, H2(ID). Nehari’s theorem [8] states that
every bounded Hankel form is generated by a bounded symbol on the torus T.

On the infinite polydisc, the study of the corresponding statement was initiated
by H. Helson [4, pp. 52-54], who raised the following questions.
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Question 1. Does every bounded multiplicative Hankel form have a bounded
symbol 1 on the polytorus T°°?

Question 2. Does every multiplicative Hankel form in the Hilbert—Schmidt class
Ss have a bounded symbol?

Helson himself [5] gave a positive answer to Question 2. Ortega-Cerda and
Seip [9] proved that there are bounded multiplicative Hankel forms that do not
have bounded symbols, using an idea of Helson [6], and hence gave a negative
answer to Question 1. Furthermore, their argument also quickly produces that
there are compact Hankel forms without bounded symbols (see Lemma 1). In
light of these results, a next natural question to ask is:

Question 3. Does there exist a Hankel form belonging to a Schatten class S,
2 < p < oo, without a bounded symbol? If so, for which values of p does such a
form exist?

We will answer the first part of this question, by showing that for every

log ™
log 4

-1
p>po= <1 — > ~ 5.738817179,
there are multiplicative Hankel forms in S, which do not have bounded symbols.

Our construction relies on independent products of homogeneous linear sym-
bols and is optimal when testing against products of linear homogeneous poly-
nomials, see Theorem 4. It is quite tempting to further conjecture that forms
without bounded symbols can be found in S, for every p > 2, but our method
does not substantiate this claim.

The paper is organized into two further sections. Section 2 reviews the con-
nection between multiplicative Hankel forms, the Hardy space of Dirichlet series,
and the Hardy space of the infinite polydisc. In Section 3 the main results are
proven.

2. PRELIMINARIES

We let 572 denote the Hilbert space of Dirichlet series
(oo}
(2) f(s) = Z anpn”®
n=1

with square summable coefficients. If g and ¢ are Dirichlet series in J#? with
coefficients b,, and 9, respectively, a computation shows that

(fg,0) > = 0(a,b).
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A key tool in the study of Hardy spaces of Dirichlet series is the Bohr lift [1]. For
any n € N, the fundamental theorem of arithmetic yields the prime factorization

o0
— K
n= p;7,
Jj=1

which associates the finite non-negative multi-index «(n) = (K1, K2, K3, ...) to
n. The Bohr lift of the Dirichlet series (2) is the power series

o0
(3) Bf(z) =) anz"",
n=1
where z = (z1, 22, 23, ... ). Hence (3) is a power series in countably infinite

number of variables, but each term contains only a finite number of variables.
Under the Bohr lift, 5#2 corresponds to the infinite dimensional Hardy space
H?(D*>), which we view as a subspace of L?(T*). We refer to [3] for the details,
mentioning only that the Haar measure of the compact abelian group T*° is
simply the product of the normalized Lebesgue measures of each variable. In
particular, H2(D?) is a natural subspace of H?(ID>).
A formal computation shows that

(BfRBg, Bo) 21y = ([, 0) 22,

allowing us to compute the multiplicative Hankel form (1) on T°. In the re-
mainder of this paper we work exclusively in the polydisc, with no reference to
Dirichlet series. Therefore, we drop the notation % and study Hankel forms

(4) Hy(fg) = (fg.9)r2r=y,  f.g € H*(D™).

In the previous considerations we had that ¢ € H?(D>), but there is nothing
to prevent us from considering arbitrary symbols from L?(T°). Hence, each
¢ € L*(T*) induces by (4) a (possibly unbounded) Hankel form H,, on H*(D>)x
H?(D>). Of course, this is not a real generalization. Each form H, is also
induced by a symbol ¢ € H?(D>); letting ¢ = Py we have H, = H,, where P
denotes the orthogonal projection of L?(T>) onto H?(D>).

Note that if ) € L°°(T°°), then the corresponding multiplicative Hankel form
is bounded, since

[Hy (f9)l = [{(£g, D) < [ f 12 |92l 9 lloo-

We say that H,, has a bounded symbol if there exists a ¢» € L>(T>) such that
H, = Hy,. As mentioned in the introduction, it was shown in [9] that not every
bounded multiplicative Hankel form has a bounded symbol.

On the polydisc the Hankel form H,, is naturally realized as a (small) Hankel
operator H,,, which when bounded acts as an operator from H?(D*) to the anti-
analytic space H2(D>). Letting P denote the orthogonal projection of L?(T>)
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onto H2(ID*), we have at least for polynomials f € H?(ID*) that
() H,f =P(®f).

It is clear that when written in standard bases, the form H, and the operator
H, both correspond to the same infinite matrix

01 02 03
02 04 06
My=105 05 09

Finally, we briefly recall the definition of the Schatten classes S,, 0 < p < oo.
Assume that the Hankel form H, is compact. Let A = {A;}72; denote the
singular value sequence of M,, which of course is the same as the singular value
sequence of the operator H,. The form H,, or equivalently the operator Hy, is
in the Schatten class Sp if A € ¢P, and

[Hells, = [Hells, = | Aller-

3. RESULTS

To prove that there for each p > pg exist multiplicative Hankel forms in S,
without bounded symbols, we will assume that every H, € S, has a bounded
symbol and derive a contradiction. We begin with the following routine lemma.

Lemma 1. Let p > 1. Assume that every H, € S, has a bounded symbol on
Te°. Then there is a constant C, > 1 with the property that every H, € S, has
a symbol ¢ € L>(T>) with H, = Hy and such that ||[{|o < Cpl|Hy|s,

Proof. We will define a lifting operator and show that it has to be continuous by
appealing to the closed graph theorem.

Let BH denote the space of bounded multiplicative Hankel forms. By a stan-
dard argument it is isomorphic to the dual space of the weak product s#2 © 2
[6]. In particular BH is a Banach space under the operator norm. It follows
that S,H is also a Banach space, where S,H denotes the space of multiplicative
Hankel forms in S, equipped with the norm of S,,.

Now we define

X = L>(T>) N (L*(T*) & H*(T™)),

Y = L*®(T*)/X.
Y is a Banach space under the norm ||¢|ly = inf {||¢]|ec : ¥ — ¢ € X}, seeing as
X is a closed subspace of L>(T*). Since by assumption every H, € S,H has a

symbol ¢ € L>°(T*), we can define a map T': S,H — Y by T(H,) = . This
is a well-defined linear map since H, = 0 for a symbol ¢ € L>(T*°) if and only
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if o € X. An obvious computation verifies that T is a closed operator, hence
continuous. Therefore, there is a C}, > 1 such that

IT(Hp)lly < CplHells,-

The statement of the lemma follows immediately. O

Given the assumption of the lemma, we hence have for each polynomial f and
form H, € S, that

[(fs o)l = [Hp(f - D = [Hy(f - D = [, D) < [ Plloll Il < Cpll Holls, 1F ]2
where || - || denotes the norm of L*(T>). We thus obtain

)
— T
©) AT

for every polynomial f and every H, € S,. To prove our main result we will
construct a sequence of polynomials and finite rank forms to show that no finite
constant C), satisfying (6) exists for p > pg, thus obtaining a contradiction to the
assumption of Lemma 1. We will require the following lemma.

Lemma 2. Suppose that o1, P2, ..., om are symbols that depend on mutually
separate variables and which generate the multiplicative Hankel forms H,, € Sp,
1<j<m. Then

(7) IHylls, = [[Hp, lIs, [Heslls, - [[Hp, s,
where © = Q1p2 - Om.

Proof. For 1 < j <m, we let X; denote the Hardy space of precisely the variables
that the symbol ¢; depends on, and if necessary let X, denote the Hardy space
of the remaining variables, so that — as tensor products of Hilbert spaces — we
have

HD®) =Xi®X10Xo® - Xp.

We set o9 = 1 and consider the small Hankel operators ItI% X — Yj, defined
similarly to (5) for 0 < j < m. Now, if f; € X;, 0 < j < m, we observe that

Hcp(f()fl . fm) = ItI«po(fO) ﬁsol(fl) Hsom(fm)a

and hence H, = ITIg,0 ® ﬁcpl ®:® ﬁ%n.
Note that H, has the sole singular value 1, of multiplicity 1. It follows that
all singular values A of H,, are obtained as products A = A1 Az -+ Ay, where A

is a singular value of I?I%.7 see [2]. The multiplicity of X is also obtained in the
expected way. From this, a short computation shows that

Holls, = [He, lls, [Heslls, - [He,, s, -
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Finally, we have H,,, = ﬁw ® ITIW, where we now regard ﬁw as an operator on
the Hardy space of the variables of which ¢; is independent. Arguing as above,

it follows that ||Hy,|s, = [[Hy,||s,, completing the proof. O
If f1, fo, ..., fm are polynomials depending on the same separate variables as
©1, P2, - -, Pm, respectively, and we set f = f1fo--- fin, then

[(f, o) = [(fr, 00| [{f2 02)| -+ [{ fms )]s
1Al = 1A 2l Ll

Let S be the shift operator Sf(z1,22,...) = f(z2,25,...). Suppose that we can
find polynomials f and ¢, both depending on the first d variables z1, zs, . . ., 24,

satisfying
ol

) [Holls, 17T
Then, for 1 < 5 < m, consider the functions
i(z) =8 Vp(z) and  fi(z) = STV f(2).
With & = g1+ and F = f1fo - fin, Lemma 2 yields
(Fo) ( (/0]
[Hells, [|1Flx \lHells, [1f ]l

giving us the sought contradiction to (6). We realize this scheme in the next
theorem.

m
> — 00, m — 00,

Theorem 3. For every p > pg there is a multiplicative Hankel form H, € S,
which does not have a bounded symbol.

Proof. Let d be a large positive integer to be chosen later. Consider the symbol
o(2) = 21tz +2z3+ -+ 2
Vd '

It is clear that the sequence ¢ = (9,,)5%, for the matrix of H,, is given by

_{1/\/8 ifn=pjand1<j<d

0 otherwise ’

where p; denotes the jth prime. In other terms, the matrix M, of H,, with all
zero rows and columns omitted, is the (d + 1) x (d + 1) matrix

—

0 1 1 1

10 0 0
11100 0
Vd :

10 0 0
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This matrix is easily seen to have the singular values 1 (with multiplicity 2) and
0 (with multiplicity d — 1), and thus
1
[Holls, =27.

We choose f(z) = ¢(z). Then (f,¢) = 1, and, moreover, the central limit
theorem for Steinhaus variables gives us that

lim ”le: lim E(|z1+22+23+...+zd|) _ ﬁ
d— o0 d—o0 \/E

In particular, for each § > 0 we have for sufficiently large d that

™
I <Y +a

We now observe that p = py is the solution of the equation 2'/7 . \/7/2 = 1, and
hence if p > py we may find § > 0 small enough that

T
Hyls, - /]l < 277 (\Zf +5) -1

5

This implies that if d is large enough, f and ¢ satisfy (8). This completes the
proof by appealing to the discussion preceding the statement of the theorem. [

Our result is optimal for symbols which are independent products of linear
homogeneous polynomials and test functions of the same form, as shown by the
following result.

Theorem 4. Suppose p < pg and consider
o(z) =a1z1 + agzo + -+ agzq and  f(z) =biz + bazo + - + byza,
foraj, by € C. Then |(f, )| < [|Hglls, I f]l1-

Proof. By the Cauchy—Schwarz inequality and Parseval’s formula, it is clear that

[(f,0)] < llallez[bll =
Straightforward computations with the matrix M, of H, show that

lalZ 0 o - 0
0 ayay ayaz - aiaqg
* 0 a20] GG -+ Q2G4
MM} = 2041 a2d3 204
0 aqa; GqQg -+ aqaq

Here we have again omitted zero rows and columns. Note that the lower right
block has rank 1. By considering the vector (0, a1, as, ..., aq) it is clear that
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it
A

has the sole eigenvalue ||a\|§2. Thus, the singular value sequence of M, is
= {llallez, llall¢2, 0, ..., 0}, and hence

1H,ls, = 2"/7|a]l 2.

We use the optimal Khintchine inequality for Steinhaus variables [7, 10], p = 1,
and obtain

NG
11 > LT e

The hypothesis that p < pg implies that 2”’\/77/2 > 1, and the proof is finished
by the following chain of inequalities.

NSOk

oo

10.

™
HHA@WUh22W“MWr%;WMwzﬂﬂ@WszKﬁ@L O
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THE MULTIPLICATIVE HILBERT MATRIX

OLE FREDRIK BREVIG, KARL-MIKAEL PERFEKT, KRISTIAN SEIP,
ARISTOMENIS G. SISKAKIS, AND DRAGAN VUKOTIC

ABsTrRACT. Tt is observed that the matrix with entries (v/mn log(mn))~!
for m,n > 2 appears as the matrix of the integral operator

“+oo
Hf(s) = [ f)cw )~ D
1/2

with respect to the basis (n~%),>2; here {(s) is the Riemann zeta function
and H is defined on the Hilbert space %2 of Dirichlet series vanishing at
+o00 and with square-summable coefficients. This infinite matrix defines a
multiplicative Hankel operator according to Helson’s terminology or, alter-
natively, it can be viewed as a bona fide (small) Hankel operator on the
infinite-dimensional torus T°°. By analogy with the standard integral rep-
resentation of the classical Hilbert matrix, this matrix is referred to as the
multiplicative Hilbert matrix. It is shown that its norm equals 7 and that
it has a purely continuous spectrum which is the interval [0, 7]; these results
are in agreement with known facts about the classical Hilbert matrix. It
is shown that the matrix (m'/Pn(®=1)/Plog(mn))~! has norm =/ sin(x/p)
when acting on ¢P for 1 < p < co. However, the multiplicative Hilbert
matrix fails to define a bounded operator on ,%’6’7 for p # 2, where %p are
HP spaces of Dirichlet series. It remains an interesting problem to decide
whether the analytic symbol }° -, (log n)~1n=5=1/2 of the multiplicative
Hilbert matrix arises as the Riesz projection of a bounded function on the
infinite-dimensional torus T°°.

1. INTRODUCTION

The classical Hilbert matrix

1
(i)
m+n+1 mn>0

is the prime example of an infinite Hankel matrix, i.e., a matrix whose entries
Gyn.n only depend on the sum m + n. The Hilbert matrix can be viewed as the

The research of the first and the third author is supported by Grant 227768 of the Research
Council of Norway. The fifth author’s work was supported by MTM2015-65792-P by MINECO,
Spain and ERDF (FEDER). This research was initiated while the third author served as a one
month visitor in the “Postgraduate Excellence Program” at the Department of Mathematics at

Universidad Auténoma de Madrid.
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matrix of the integral operator

1) HLf() = [ 00—z

with respect to the standard basis (2"),>o for the Hardy space H?(D). This
representation was first used by Magnus [14] who found that the Hilbert matrix
has no eigenvalues and that its continuous spectrum is [0, 7]. It was also used in
[5] and [6] to study the Hilbert matrix as an operator on Hardy and Bergman
spaces of the disc and in particular to obtain its norm on those spaces.

The purpose of this paper is to identify and study a multiplicative analogue of
A. This means that we seek an infinite matrix with entries a,, , that depend only
on the product mn and with properties that parallel those of A. Our starting
point is the multiplicative counterpart to (1) which we have found to be the
integral operator

+o0
2) H(s) = / , TG+ 8) = i

acting on Dirichlet series f(s) = Y, <, ann™°. Here ((s) denotes the Riemann
zeta function, and we assume that f is in %2, which means that

o0
17120 = 3 lau]? < co.

n=2

By the Cauchy—Schwarz inequality, every f in J#? represents an analytic function
in the half-plane ¢ = Re s > 1/2. The same calculation shows that point evalua-
tions f + f(s) are bounded linear functionals on S for s in this half-plane. As
is readily seen, the reproducing kernel K, of 7#? is K, (s) = ((s +w) — 1. This
implies that

(3) (B )z = | flw)glw)dw
1/2

when f and g are Dirichlet polynomials. Now observe that arc length measure
on the half-line (1/2, +00) is a Carleson measure for 4 (the contribution from
1/2 < s < 3/2is handled by [19, Theorem 4|, while the contribution from s > 3/2
is handled by a pointwise estimates). We therefore get that (3) in fact holds for
arbitrary functions f and g in %, and hence H is well defined and bounded
on ;2. Taking into account that every f in J#? is analytic when o > 1/2, we
find that (Hf, f>%2 = 0 if and only if f = 0. Hence (3) also implies that H is
a strictly positive operator. Now an explicit computation of the integral on the
right-hand side of (2) shows that the matrix of H with respect to the orthonormal
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basis (n™%),>2 is

M = (W) m,n>2 .

We will refer to this matrix as the multiplicative Hilbert matrix. We will be inter-
ested in understanding M as an operator on ¢ = ¢?(N\ {1}), which means that,
equivalently, we will be concerned with the properties of the integral operator H
acting on 7.

Our main result reads as follows.

Theorem 1. The operator H is a bounded and strictly positive operator on
with |H|| = . It has no eigenvalues, and its continuous spectrum is [0, 7.

This theorem, which is in agreement with what is known about the classical
Hilbert matrix, should be seen as an outgrowth of Helson’s last two papers [12,
13]. In these works, a study of multiplicative Hankel matrices was initiated,
mainly focused on the question of to which extent Nehari’s theorem [17, 21]
extends to the multiplicative setting. We will return to this interesting question
in the final section of this paper. At this point, we just wish to point out that
the existence of a canonical operator like H, closely related to the Riemann
zeta function, clearly demonstrates that multiplicative Hankel matrices may arise
quite naturally.

The computation of the norm of H is straightforward, by a simple adaption of
the classical proof of [10, pp. 226-229]. In fact, this adaption leads us to consider
an (P version of the multiplicative Hilbert matrix M, namely

1
where 1 < p < co. We will see that M, has norm 7/ sin(7/p), viewed as an oper-
ator on ¢P, which is analogous to the classical fact that A has norm 7/ sin(w/p)
when it acts on . We will explain this link in Section 2. This result was actu-
ally first obtained by Mulholland [16], as a corollary to certain related integral
estimates.

The identification of the spectrum is the hardest part of the proof of Theorem 1.
Inspired by Magnus’s work [14], it is split into two main parts. First, in Section 3,
we establish estimates near the singular point s = 1/2 for the anticipated solutions
f to equations of the form

H-Nf=c-,
where ¢ is a constant and v is the analytic symbol of H. This means that 1 is
the primitive of —(¢(s+1/2) — 1) belonging to ##?. The point of this estimation
is to show that f’(w) must be square integrable on (1/2,00). Here we make use
of the fact that ((s) — (s —1)~! is an entire function, which allows us to relate H
to a classical operator studied by Carleman. This analysis requires a fair amount
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of classical-type computations involving Mellin transforms. In Section 4, we may
then finish the proof by resorting to the following commutation relation, obtained
by integration by parts, between H and the differentiation operator D:

DH/f(s) = —f(1/2)({(s +1/2) = 1) —HDf(s).

After finishing the proof of Theorem 1, we turn to two questions related to
Helson’s viewpoint, namely that multiplicative Hankel operators are bona fide
(small) Hankel operators on the infinite-dimensional torus T°°. The first question
is whether there is a counterpart to the result of [5, 6] saying that the norm of H,
viewed as an operator on H?(DD) is again 7/ sin(w/p). We will show in Section 5
that the analogy with H, breaks down at this point, or, more precisely, that
H does not extend to a bounded operator on the HP analogues of 4, which
by Bayart’s work [1] can be associated with HP(T*). This negative result is
related to, though not a trivial consequence of, the fact that HP(T) is not
complemented in LP(T>) [8].

The final question to be discussed concerns the analytic symbol

) Z flogn

of the multiplicative Hankel matrix. Since — is, up to a linear term, a primitive
of the Riemann zeta function, it appears to be of interest to investigate it more
closely. While it is known from [20] that Nehari’s theorem does not hold in the
multiplicative setting, it could still be true that 1 is the Riesz projection of a
bounded function. In the final Section 6, we will explain the exact meaning of
this statement and show how this question relates to a long-standing embedding
problem for H? spaces of Dirichlet spaces.

A word on notation: Throughout this paper, the notation U(z) < V(z) (or
equivalently V(z) > U(z)) means that there is a constant C' such that U(z) <
CV(2) holds for all z in the set in question, which may be a space of functions
or a set of numbers. We write U(z) < V(z) to signify that both U(z) < V(%)
and V(z) < U(z) hold.

2. THE NORM OF THE MATRIX M,

In this section, ||Mpl|, will denote the norm of M, viewed as an operator on
£P. Our aim is to prove the following theorem, which in particular shows that
E) = .

Theorem 2. We have | M,||, = m/sin(m/p) for 1 < p < oco.
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Proof. The proof relies, as in [10, pp. 226-234], on the following homogeneity
property of the kernel (z +y) ™!

(5) /Oomfl/p ! dm:/mx*(p’l)/p ! do = —" .
0 1+ 0 1+ sin(m/p)

The exact computation of the integral can be found in [24, p. 254, Example 4] or
[7, Section 9.5].

We prove first that || M|, < 7/sin(n/p). We write ¢ = p/(p — 1) and assume
that (am)m>2 is in 2 and (b,)n>2 is in £7. By Holder’s inequality, we find that

0o
Z |am||bn|m_1/qn_1/p(log(mn))_1 S P- Q7

m,n=2
where
1/p
logm\ Y 1
6 P .= m|?
(6) Z|a | Zn <logn> log(mn)
n>2
and
1/q
logn 1/p 1
7 by |?
@ Z' | 7n2>2 <logm) log(mn)

By a change of variables argument, each of the inner sums is dominated by the
integral in (5), and hence we obtain the desired bound by duality.

To prove that the norm is bounded below by 7/ sin(m/p), we use the sequences
defined by

G = mil/”(log m)7(1+s)/p and b, = nfl/q(log n)f(HE)/q

for which we have
1 1
(8) 1(am)l}, = ~+0(1)  and 1(ba)1? = ~+o()
when € — 0F. We see that
= Amb ad 1
mUn — 1 —(1+e)/p 1 —(14e)/q,—1,_—-1_ L+
m2n;2 m!/ant/P log(mn) mzn: 2( o) (log ) e log(mn)
/ / pm (1Fe)/py = (HE)/ d:rdy
log 3 Jlog 3

This iterated integral can computed as the corresponding mtegral in [10, p. 233,
Equation 9.5.2] so that we get

- 1
Z apbym~ i1/ = 2 (” + 0(1)>
S

o sin(7/p)
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when € — 07. Combining this estimate with (8), we get the desired bound
[ Mpllp = m/sin(x/p). O

It is of interest to observe that when we replace the inner sums in (6) and (7)
by the respective integrals in (5), we get a strict inequality. In particular, we get
that

IHf ez < | fll 2

for every nontrivial function f in J#?2. This means that we have already shown
that 7 is not an eigenvalue for H.

Another observation is that the matrix M, fails to be bounded on 2" when
p’ # p. This is most easily seen when p’ > p because we can find a sequence a in
¢¢" for which the entries in M,pa become infinite. When p’ < p, we can apply the
same argument to the conjugate exponents ¢ and ¢’ and the matrix M.

In preparation for the proof of the second part of Theorem 1, we now clarify
the relationship between 2 and L?(1/2, o) implied by Theorem 2.

Corollary 1. If f is in JZ, then ||f|l12(1/2,00) < VTl fll ez Additionally, H
extends to an operator from L*(1/2, o) to H# and IHfllez < Vallfllzayz, 00

Proof. The first statement follows from Theorem 2 with p = 2 and the fact that
“+oo
e MR
1/2

Given f € L%(1/2, ), clearly Hf is a Dirichlet series vanishing at +oo. If
9(8) = 3,52 bpn ™, it follows from Fubini’s theorem that

(Hf.g)e = ( " fwpn dw> b= [ fwg@)de,

o \J1/2 1/2

so that (3) extends to hold for f € L%(1/2, co) and Dirichlet polynomials g. The
second statement now follows from the first, since

LS| 62 =  sup ‘(Hf,g>%z

Lp2=1

< sup [[fllzayz, o0 llglle (2, 000 < VA fllL2a 2, 00)- U

190l ez =

3. ESTIMATES FOR SOLUTIONS OF (H—\)f = ¢y

In preparation for the characterization of the spectrum of H, we will in this
section prove precise asymptotics as s — 1/2 for solutions f in #? of the equation
(H—M\)f = ctp, where ¢ is a constant and 1) is the analytic symbol of H defined by
(4). The considerations to come are in fact of a rather general nature, providing
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a spectral decomposition of f in terms of generalized eigenvectors of the (shifted)
Carleman operator [3, p. 169] defined by

oo

Cf(s):/ de, s>1/2.
1/2 S + w — 1

We choose to focus on H for simplicity, but it will be clear from the proof of

the next theorem that minor modifications yield similar results for other integral

operators whose kernels are perturbations K (s+w), K analytic, of the Carleman

kernel.

Theorem 3. Suppose that 0 < A < m, and let ¥ denote the analytic symbol of
H, that is

— 1
w(s)zzin_s, Res > 1/2.
“— /nlogn

If fin AP satisfies (H — \)f = i, then there exists a complex number d and
polynomially bounded sequences of complex numbers (cx)r>1 and (dg)g>1 such
that f has the following series representation for 1/2 < s < 3/2,

9)  fls) = ed+ 3 (s = 1/2)% 7 (euls — 1/2) % + du(s — 1/2)"),
k=1

where 0 is a real number dependent on \, namely

1 i 2
9—w1°g<f (5) —1)-
In particular, if f in H#Z solves (H — \)f = c1ip then f' € L?(1/2, 00).

Remark. Note that for each k, the functions s > (s—1,/2)2#~1/2%i are generalized
eigenvectors of the Carleman operator C belonging to the eigenvalue A, 0 < A <
m; see Lemma 1. The constant function s — cd is not such an eigenfunction, and
its appearance in (9) will allow us to derive a contradiction in the case that ¢ # 0.

It is also possible to treat the case A = 7 with the methods below, although we
choose not to since we do not need it. Carrying out the details, one obtains for
A = 7 a decomposition of f in terms of the eigenfunctions s — (s — 1/2)2%=1/2
and s — (s — 1/2)%*=1/21og(s — 1/2) of the Carleman operator.

To simplify the computations and to align our proof with the classical rep-
resentation of the Carleman operator, we will in this section shift everything to
Ry = (0,00), and prove Theorem 3 on this ray. Shifting the representation back
to (1/2,+00) will then give (9). This means that we consider #} the space of
Dirichlet series



with coefficients (an),>2 € ¢%, and the operator

IU@%:AmeMqS+w+D—1ﬁw

We let {z} denote the fractional part of z, and use the well-known formula

C(s+1) 1= ~(s+1) /f{w}»x—(”” &

T

:1—@+U/)@QE“MHM:E—K@)
S 0 S

The function 1/s is the kernel of Carleman’s operator, defined on L*(R,) as
cris) = [ L g

0o Stw
We will let K denote the similarly defined integral operator with kernel (s, w)
K(s+w), so that H=C — K. For 0 < A < 7 and f in 7, we consider the
equation (H — \)f = ¢, where ¢ denotes

1 —s
wls) = Z nlognn '

n=2

(Note that this function also differs by a 1/2 shift from the actual symbol ap-
pearing in Theorem 3.) It is convenient to rewrite this equation in the form

(10) (C=Nf=Kf+c.

To analyze the equation (10), we will use the Mellin transform, which is defined
by

(1) () = / T i)

By the Cauchy—Schwarz inequality and Corollary 1, taking into account the rapid
decay near infinity, we obtain that if f is in 2, then the integral (11) converges
absolutely when Re z > 1/2. This means that the function ./ f(z) is analytic in
(at least) Rez > 1/2. Our first goals are thus to compute .#ZCf and .#ZKf for
f in £}, as well as the special transform ..

ds
T

Lemma 1. Suppose that f is in ;2. Then
T
(12) (HCHE) = iy A,

has a meromorphic continuation to Rez > 1/2.

Proof. When Rez < 1, z ¢ Z and w > 0, we have

ee} Sz—l T o
ds = — w*T
0 Stw sin (7z)
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which is the same integral (5) which was used in the proof of Theorem 2. By
this formula and Fubini’s theorem, we obtain (12) in the strip 1/2 < Rez < 1.
However, the right hand side of (12) has a meromorphic continuation to the
domain Rez > 1/2. O

Remark. Note that the choice of 6 is such that 7/sin (7(:0 + 1/2)) = A. This
motivates the appearance of the functions s — s2F—1/2% ip (9) as generalized

eigenfunctions to the Carleman operator. Compare with the remark following
Theorem 3.

Lemma 2. Let f be a function in H#;2. Then (MK f)(z) has a meromorphic
continuation to Re z < 1 with simple poles at the non-positive integers. If Rez <
1—¢ and |Imz| > ¢, for some positive €, then

(13) (MKS)(2) < || F]l 2 |le 1122172,

Proof. We begin by computing

W K= [ s me72¢%w 0 (9) + Bu(5))

where
o0 o0
s) = / Ap(z) se™*F xdx and  Ba(s) = / 2B, (x) e”*" xdx,

0 0

with
1 {em} _
A fE
n(@) = 1+z/logn =

_ ! 1 1 {em}e_JE
)= 5 (e * rvaren) T

We will only need the estimates A, (z), B,(x) < e™®, which imply that Kf(s)
is analytic in Res > —1, since (a,/(y/nlogn)),>2 is in £!. We apply the Mellin
transform of (14), initially with 0 < Rez < 1, obtaining

(MK (= Z \mogn (P +2)an(2) + T(2)Ba(2))

where I' denotes the Gamma function and

/ Ay (z) 2t~ . dr and gn(z) = /OO 2B, (r) 2*~* d—x
0

X

When Re z < 1, we use the estimates A, (x), B, (z) < e~* along with the triangle
inequality to obtain

lan(2)] <T(1—Rez) and  |Ba(2)] < 20(2 — Rez).
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Hence .#K f has a meromorphic continuation to Re z < 1, with simple poles at
the poles of I'(z). Moreover, by the Cauchy—Schwarz inequality, we obtain that

(AKf)(2)] < ||fH%2 (|1"(1 + 2)|T'(1 —Rez) 4+ 2|T'(2)|T'(2 — Re z))

When |Im z| > &, we may use the functional equation and reflection formula for
the Gamma function, and estimate further that
(AK)(2)| < | fllz (01 +2)[ (1 - Rez))
(15) Il ™ I'(1 —Rez)
~ TV sin(ra)] - IT(=2)

By our restriction that Rez < 1 — ¢ and |Imz| > e, Stirling’s formula (see [15,
p. 525|) now yields that

I(1-Rez) |L—Rez|/27Re= @ s

7| Im z|/2
(=) IR < Jalem A

where the implicit constants depend only on . Hence returning to (15), we find
that

(AKS)(2)] < | ll gz )2le 172

as claimed. 0

Lemma 3. For Rez > 0, we have

1 X by
(16) M) = =5+ Y o+ Bu(2),
n=0

where |by,| decays super-exponentially, and Ey(z) is an entire function that, for
every real number R, is bounded in the half-plane Rez < R. Hence M (z) has
a meromorphic continuation to C with a double pole at z = 0 and simple poles at
the negative integers.

Proof. Set h(s) := 1(s)—logs. Since h/(s) = ((s+1)—1—1/s, h(s) = >, < bns"
is an entire function. Note now that for Re z > 0 we have -

! 1
/ sz_llogsds:——w
0 z

while
1 L o0 b
T h(s)ds = o
/0 s (s)ds HZ:O g
We finish the proof by setting Ey(z) := [~ s*~4(s) ds. O
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Proof of Theorem 3. Suppose that 0 < A < w. Transforming the equation (10)
by the Mellin transform and solving for .Z f, we obtain

™

-1
(17) Mf(z) = < A) (AKf(2) + ct(z)).
Initially this formula is only valid for 1/2 < Rez < 1, but we note that the left
hand side can be analytically continued to Rez > 1/2 and the right hand side
can be meromorphically continued to Rez < 1.

The inverse Mellin transform is given by

K+100
(18) MEh(s) = ! / sT7h(z) dz

sin(mz)

271—7, — oo

for a suitable k. For (17) the Mellin inversion theorem allows us to choose x €
(1/2,1). Our expressions for #ZKf and .#1 show that the right-hand side of
(17) is meromorphic in Rez < 1 with (possible) simple poles at the solutions
of sin(nz) = w/\ as well as at z = 0. Note here that the factor in front of
MK [f(2) + cp(z) has simple zeroes at the integers. Note also that there
actually are no poles in Re z > 1/2, since .# f(z) is analytic there. Hence we are
left with the pole z = 0 (if ¢ # 0) and those given by

A
1— —sin(mz) =0, Rez <1/2 = z = +if + (2k + 1/2),
71'

where £ =0, —1, =2, ...

We now compute (18) for h = .# f and x = 2/3 by the method of residues.
Let J,, = [0] + n and form the rectangular contour _#, with corners in 2/3 £
iJ, and —(2J, + 3/2) £ iJ,, traversed counter-clockwise. Using (13) and (16),
straightforward estimates show that for 0 < s < 1 we have

1 2/3+1i00
lim sTEMf(z)dz = sTEMf(z)dz.

n—oo | 4. 211 2/3—ico

Evaluating the left-hand side by residues, we obtain

f(s) =cd+ ZSQk_l/Q (cks™ ™ + dys™) 0<s<l1,
k=0

where cd, ¢, and dj, are obtained as the residues of the right-hand side of (17)
at 2 =0, z=1i0 — 2k +1/2 and z = —if — 2k + 1/2, respectively. In fact, it is
clear that ¢, and di grow at most polynomially in &, as seen from the estimates
of Lemma 2 and Lemma 3.

It remains to show that ¢y = dy = 0. However, either of them assuming a non-
zero value contradicts the fact that f is in L2(R, ). Moving back to (1/2,+00),
we obtain (9).
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The final statement follows from the fact that f/(s) is bounded in 1/2 < s < 1
due to (9), the contribution from s > 1 is easily estimated by the fact that f is
a Dirichlet series in J#2. O

Note that in the excluded case A = 7w one may use the same argument, but
the representation of f is different because all poles of the right-hand side of (17)
except z = 0 are double. We also note that a more careful analysis would show
that the sequences (cg)r>0 and (di)g>o are in fact bounded, but since we do not
need this, we have not made an effort to optimize this part of the theorem.

4. THE SPECTRUM OF THE MULTIPLICATIVE HILBERT MATRIX

In this section we establish that H has the purely continuous spectrum [0, 7]
on . Our argument is based on a commutation relation between H and
the operator D of differentiation, Df(s) = f’(s). To establish this relation, we
observe that

DHf(s) = 1: fw)D({(w + s) — 1)dw, s>1/2.

Supposing that f’ is integrable on the segment (1/2,1), we get that

—F/2)(C(s+1/2) = 1) - jo F(w)(C(w + ) — D)dw
— —f(1/2)(C(s+1/2) = 1) ~HDf(s),  s>1/2,

DH/f(s)

where we have defined f(1/2) = f(1 fl Jo f'/(w)dw. Thus, D and H anti-

commute up to an (unbounded) rank—one term. ThlS observation is crucial for
the characterization of the spectrum of H.

To demonstrate that H has the purely continuous spectrum [0, 7], it suffices
to show that H has no eigenvalues and that H — A does not have full range for
Ain (0,7). Indeed, H is a positive operator with norm 7, and so it follows that
its spectrum is [0, 7]. Since any A in the spectrum of a self-adjoint operator must
either be an eigenvalue or part of the continuous spectrum, we can conclude that
H has purely continuous spectrum. With this in mind we now finish the proof of
Theorem 1.

Theorem 4. The operator H : 52 — 3 has no point spectrum. Furthermore,
if f in 2 solves the equation (H — X)f = c1b, where ¢ is a complex number and

—S

1
V=2 elogn”
n=2
then f = ¢ = 0. In particular, the spectrum of H is [0, 7] and purely continuous.
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Proof. We have already proved that A = 0 and A = 7 are not eigenvalues, since
we have shown in Section 2 that H is a strictly positive operator for which
IHflle2 < mllfllz, f# 0. It is hence sufficient to verify the second part of
Theorem 4, since it shows simultaneously that no A in (0, 7) is an eigenvalue, and
that H — A does not have full range.

Accordingly, we suppose that f in 5 satisfies (H — \)f = ctp. By Theorem
3, we have the series representation (9). In particular f’ is square-integrable on
(1/2,00) and f(1/2) = cd. But noting that ¥'(s) = {(s + 1/2) — 1 and using the
commutation relation of H and D, we then get that

—(H+N)f —cd(C(s+1/2) = 1) =c(¢(s+1/2) — 1).

Since f’ is in L?(1/2,00) we use Corollary 1 to conclude that Hf’ is also in
L?(1/2,00). Since ((s + 1/2) has a pole of order 1 at s = 1/2, it follows that
d = —1. Hence, we have obtained that

(19) (H+\)f =0.

From (19) and Corollary 1, we get that f’ is J#?2. But since H is a positive
operator on 2, applying (19) again, we find that f’ = 0. O

5. FAILURE OF BOUNDEDNESS OF H ON J#” WHEN p # 2

We follow [1] and define 527 as the completion of the set of Dirichlet polyno-
mials P(s) =), .y a,n~° with respect to the norm

1 /7
— | ™
1P| e (Tlgn T/o |P(it)] dt)

The Dirichlet series of a function f in 2P converges uniformly in each half-plane
Res > 1/24¢, e >0, so f is analytic in the half-plane Res > 1/2 (see [1, 22]).
The space " is the subspace of # consisting of Dirichlet series of the form
Y nso Gnn~®, which means that series in %" vanish at +oo.

1/p

Theorem 5. H does not act boundedly on FF for 1 <p < oo, p # 2.

The proof of this theorem requires us to associate .77 with HP(T°). This
means that we need to invoke the so-called Bohr lift, which we now recall (see
[11, 22| for further details). For every positive integer n, the fundamental theorem
of arithmetic allows the prime factorization

m(n)
n= 117"
j=1
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which associates n to the finite non-negative multi-index x(n) = (K1, K2, K3, .. ).
The Bohr lift of the Dirichlet series f(s) = )", -, ap,n™° is the power series

(20) BI) =Y an ™,
n=1

where z = (z1, 29, 23, ...). Hence (20) is a power series in infinitely many vari-
ables, but each term contains only a finite number of these variables. An impor-
tant example is the Bohr lift of the Riemann zeta function. Let f,,(s) = ((s+w)
for Re(w) > 1/2. Using the Euler product of the Riemann zeta function, we find
that

oo o0
(21) Bfw(z) = Z n~wzrm = H (1- p;wzj)i1 :

n=1 j=1
Indeed, any Dirichlet series with an Euler product has a Bohr lift that separates
the variables in the same way.

Under the Bohr lift, %P corresponds to the Hardy space HP(T), which
we view as a subspace of LP(T). This means that % is a multiplicative and
isometric map from J#P onto H?(T>). We refer to [1, 4, 11, 22] for the details,
mentioning only a few important facts. Functions in HP(T°°) are analytic at the
points & € D™ N ¢2. Indeed the reproducing kernel at £ is given by

Keo) =TT (0 -&=) "

compare with (21). The Haar measure of the compact abelian group T is simply
the product of the normalized Lebesgue measures for each variable. In particular,
HP(T?) is a natural subspace of H?(T>). We denote the orthogonal projection
(Riesz projection) from L%(T*) onto H?(T>) by P.. Even though HP(T*) is
uncomplemented in LP(T>) when p # 2 [8], we can still identify its dual with the
Riesz projection of LI(T*) for 1/p + 1/qg = 1 using the Hahn—Banach theorem,
(HP(T=))" = P, LU(T=), 1 < p < oo.

We require the following lemma which is established by direct computation.
Here and in what follows, the LP norm with respect to normalized Lebesgue
measure on T (or T°°) is denoted by || - ||

Lemma 4. Let A be a real parameter and suppose that 0 < (1 + |A|) < 1/4,
1 <p<oo. Then

I1+eG+X2E =1+ 2 (-1 + X2+ Q-1 + 0.
The norm is minimal when A = (2 — p)/p:

1+6<z+(2;p)z> b -1 0.

p
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Proof. We write z = ¢*? so that we have
[1+e(z+A2)P = (14 2e(1 4+ A) cosd + (1 + A)? cos® § + £2(1 — \)? sin® 9)p/2

= 1—|—p€(1+/\)0089+§€2< [14—2(5 - 1)} (1 + A\)?cos? 0

+ (1 —X)*sin? 9) +O(e?).

Integrating, we get

I +e(z+A2)|E =1+ g [(p—DA+A2+ 1 -1 240 O

The point of the lemma is that p?/4 > p — 1 whenever p # 2, so that (one-
dimensional) Riesz projection acts expansively on ¢g(z) = 1 + e(z + A\Z), since
[P4glll =1+ (p/2)%e* + O(e*).

Proof of Theorem 5. Assume first that p > 1. To estimate the norm of H on J#
from below, we will choose G in LI(T*) with 1/p+ 1/¢ = 1 such that G(0) =1
Then using that ((s+w) — 1 is the reproducing kernel of /2, we get for f € S}
that

(BHS, G) 21y = (Hf, B PLG) 2 = 1/2f(w)(=%"1P+G(w)—1)dw-

SER)

Specifically, we set

where o > 1/2. Using Lemma 4 we find that

2 —« (2 - Q)—
IG1IG =TT |1+ 2r; (Zj - Zj)
q q .

N 4(g—1
— (1+ (Qq2 )pj2a+0(pj3a>> .

q

To estimate the Euler products J[;5, (1 + Ap;®) for, say 1 < s < 2, we use that

00 o] A _/\—s 9] —2s
110 +2w5) H L ((11_ é);r 2 ))XC(S)*X(s—l)‘A
Jj=1 Pj

Jj=1
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We get that |G|, < (2o — 1)~/ #4") as o — 1/2, since (¢ — 1)/q = 1/p. If
1/2 < a,w < 1, then

BP.G( H (1+ (2/9)p; w)x(a+w—1)_2/q.
=1
‘We now choose

H (14 @/pp;* ") 1= (a+w—1)"/7.

The norm of f can be computed as in the proof of Lemma 4,
(oo}
1
12f» = H 11+ @/pp; 2|, = [T (1 +9;2* + 0 ') = (2a = 1),
j=1
Combimng everything, we get that

‘<93Hf, G>L2(Too)| > /1 (2a— 1)4/(pq2)+1/1)
EZNER e atw—1p
The exponent is negative if p # 2 since, in this case, pg > 4 so letting o — 1/2
shows that H is unbounded on .

For p = 1, we make a minor adjustment. We can use the same f (with p = 1),
but we choose

dw =< (200 — 1)4/(pq2)+1/p—1_

G(z) =[] 1+ (1/9p; (2 — 7)) -

—

<
Il
—

The point is that z; — z; = 2isin(6;), if z; = €%, so we get that

1Gloe = H,/ (p;*/2) —H (14 (1/8)p;>* + O(p; **)) =< (200 — 1)~ 1/5,

The rest of the argument Works like above, the conclusion coming from that
1/8—-1/4<0. O

6. SYMBOLS OF THE MULTIPLICATIVE HILBERT MATRIX

To place our discussion in context, we begin with some general considerations
concerning Hankel forms, i.e., the bilinear forms associated with (additive or
multiplicative) Hankel matrices. We recall that any function ¢ in H?(T) defines
a Hankel form H, by the relation

Hﬁb(fv g) = <fng>L2(T)v

which makes sense at least for polynomials f and g. Nehari’s theorem [17] says
that H, extends to a bounded form on H?(T) x H?(T) if and only if ¢ = Py¢
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for a bounded function ¢ in L*°(T). Moreover, | Hy| = ||¢|loo if we choose ¢ to
have minimal L*° norm. By the Hahn-Banach theorem and the observation that

(f, <P>L2(T) =(f, P+80>L2(1r),

at least for polynomials f, we note an equivalent formulation of the first part
of Nehari’s theorem: H, defines a bounded form if and only if v induces a
bounded functional on H'(T), in the sense that there exist C' > 0 such that for
every polynomial f it holds that |(f,v)r2(r)| < C|f[l1. See for example [18,
Section 1.4].

In this context let us indicate an alternative proof (in fact, the original ap-
proach of Hilbert) of the fact that the usual Hilbert matrix has norm m. Let
©(0) = ie""(m —0), 6 € [0,27). Since

Z(n +1)7te™ = P, (), a.e. 0,

n=0
and ||¢lleo = 7, it follows that the Hilbert matrix has norm at most 7. As noted
above, it also follows that

Z cn(n+1)71

n=0

<7l £l

where f(z) =), 5o ¢n2". In the case of the Hilbert matrix, we have in fact the
stronger inequality

o0

(22) Yo lealn+ )7 <7l fl,
n=0

which was proved by Hardy and Littlewood [9].

We turn next to what is known about multiplicative Hankel forms. Every
sequence ¢ = (o1, 02, 03, -..) in £? defines in an obvious way a multiplicative
Hankel matrix, and we associate with it the corresponding multiplicative Hankel
form given by

(23) Q(avb): Z OmnAmbn,

m,n=1

which initially is defined at least for finitely supported sequences a and b in £2.
We will now explain, using the Bohr lift, that every multiplicative Hankel matrix
can be uniquely associated with either a Hankel form on H?(T>) x H?(T>) or
equivalently a (small) Hankel operator acting on H?(T).

If f, g, and ¢ are Dirichlet series in #? with coefficients a,,, b,, and o,,
respectively, a computation shows that

(fg,0) > = 0(a,b).
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A formal computation gives that

(BfBg, Bp)r2m>) = ([9,0) 52,

allowing us to compute the multiplicative Hankel form (23) on T°°. This means
that we may equivalently study Hankel forms

(24) Ho(FG) = (FG,®)2(7), F,G € H*(T™).

In our previous considerations we required that ® be in H?(T>), but there is
nothing to prevent us from considering arbitrary symbols ® from L?(T). Hence,
each ® in L?*(T*) induces by (24) a (possibly unbounded) Hankel form H, on
H?(T*°) x H?(T*>). Of course, this is not a real generalization. Each form Hg
is also induced by a symbol ¥ in H?(T>); setting ¥ = P, ® we have Hp = Hy.

On the polydisc, the Hankel form Hg is naturally realized as a (small) Hankel
operator Hg, which when bounded acts as an operator from H?(T*) to the anti-
analytic space H2(T>). Letting Py denote the orthogonal projection of L?(T>)
onto H2(T>), we have at least for polynomials F in H?(T>) that

HoF — P, (3F).

We now come to the question of to which extent Nehari’s theorem remains
valid in the multiplicative setting. Note first that if ¥ is in L>°(T°°), then the
corresponding multiplicative Hankel form is bounded, since

[He (f9)l = [{fg, O} < [f]l2 lgll2]l lloc-

We say that Hg has a bounded symbol if there exists ¥ € L% (T°) such that
Hg = Hy. In [12], Helson proved that every Hankel form in the Hilbert—Schmidt
class Sy has a bounded symbol, but it was shown in [20] that there exist bounded
multiplicative Hankel forms without bounded symbols, in sharp contrast to the
classical situation. Hence, there are in fact bounded Hankel forms Hg for which
f — Ha(f) does not define a bounded functional on H!(T*). For when this
functional is bounded on H!(T®°) it has, by Hahn-Banach, a bounded extension
to L(T*) and therefore is given by an L>°(T)-function ¥ which must satisfy
Hg = Hy. The result of [20] was strengthened in [2], where it was shown that
there are Hankel forms in Schatten classes S, without bounded symbols whenever
p> (1 —logm/log4)~! =5.7388...

In the opposite direction, we have the following positive result about Hankel
forms with bounded symbols, reflecting that when «(n) is a multiplicative func-
tion, variables separate in a natural way so that the classical Nehari theorem
applies to each of the infinitely many copies of the unit circle T.

Theorem 6. Suppose that p(s) := >, 5, a(n)n™° is in H?% and that a(n) is a
multiplicative function. If Hg, is a bounded Hankel form on H*(T>) x H?(T>),
then there exist U € L*°(T°) such that Bo = P.V. Moreover, if the function
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a(n) is completely multiplicative, then the Hankel form Hg, is always bounded
on H?(T>) x H?(T>).

Proof. We begin by proving the first statement. To this end, by the assump-
tion that a(n) is a multiplicative function, we may factor the symbol ¢(s) =
Y n>1 @(n)n™° into an Euler product,

o(s) =D amn= =[] (1 + Za(pé?)pj’“) = [T i),

which is absolutely convergent when Res > 1/2. We observe that ®; := HByp;
depends only on z;, so that ®(z) := Bp(z) = [[;5; ®j(2;). Now a version of
Lemma 2 in [2] can be used to show that

| Hall =TT 1Ha,]l
j=1
Since Hg, is a one variable Hankel form, we may appeal to the classical Nehari
theorem [17] to infer that there is some W; in L°°(T) so that He, = Hy, and
moreover that [|[He, || = [|¥}|[oc. Setting ¥(z) := ][5, ¥;(2;), we conclude that
|He| = [|¥ls and that & = P, . -

The second statement of Theorem 6 is just a reformulation of the fact that the
set of bounded point evaluations for H*(T*) is D> N¢? [4]. Following [4, p. 122]
or the proof of the first part of the present theorem, we may find corresponding
bounded functions explicitly: For every point z = (z;) on T, we set

() = H 1 1— oz(pj)zj'

L —la(p;)|* 1 — alpj)z;

j=1
This is a bounded function on T* because (a(p;));>1 € D®NF% One may check
that 27 1P, ¥(s) =Y, -, a(n)n™* by a direct computation or by checking that
® represents the functional of point evaluation at (a(p;));>1. O

Because of the factor 1/logn, the analytic symbol (4) of the multiplicative
Hilbert matrix does not have multiplicative coefficients, and we know from The-
orem 1 that it is not compact. This means that the preceding discussion gives
no answer to the following question.

Question. Does the multiplicative Hilbert matrix have a bounded symbol?

Equivalently, we may ask whether we have

(25) L |l

oo an
“ +n§::2 vnlogn
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when f(s) = 33,51 a,n™® is in #'. We could even ask if the analogue of the
Hardy—Littlewood inequality (22) is valid: Does (25) hold when we put absolute
values on a,,, or, in other words, do we have

(o]
E apn”® ?

o0
|an|
lag] + ) —2H— <
2 o o’

To see that we could not hope for a better inequality with \/nlogn replaced by
a function of slower growth, we look at the function

N 2
S) — (Zn—1/2—3> ,

which has || fx]|#1 ~ log N. On the other hand, we observe that in this case,
N
|an] d(n)
~log N,
Z\flogn_;nlogn o8
where d(n) is the divisor function and the latter estimate follows by Abel’s sum-
mation formula.

We observe that the left-hand side of (25) can be written as an integral, so that
another reformulation of the question is to ask if the linear functional defined by

(26) ir= | flwde
1/2

extends to a bounded linear functional on J#'. One of the most important open
problems in the theory of Hardy spaces of Dirichlet series is to determine whether

1
(27) /O P(1/2 4+ iD)|dt < |[ P

holds for all Dirichlet polynomials. If this were the case, then a Carleson measure
argument (see [19, Theorem 4]) shows that then we also have

3/2
/ | (w)|dw < [|fl] e
1/2

for all f in ##!. The contribution from Re(s) > 3/2 can be handled with a point
estimate. The easiest way (see also [4]) to deduce a sharp point estimate for 7'
is through Helson’s inequality [12], which states that Y, <, an|?/d(n) < ||f|%,:-
For f € /' and Re(s) = o > 1/2 we get that

oo a 2 % 0o %
s><<22 |d{;|)> <22d<n>n-20> < Wl (€(20)7 =)
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For instance, if w > 3/2 then |f(w)| < [[f||lz:4™". Therefore the validity of the
embedding (27) in fact implies that

/ | f(w)]dw < ||f||%1
1/2

This inequality is stronger than asking the functional of (26) to be bounded

on ', and hence we have shown that (27) would imply that the multiplicative
Hilbert matrix has a bounded symbol. Whether (27) holds is an open problem
that has remained unsolved for many years; we refer to [23] for a discussion of it.
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11.

12.
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14.
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WEAK PRODUCT SPACES OF DIRICHLET SERIES

OLE FREDRIK BREVIG AND KARL-MIKAEL PERFEKT

ABsTRACT. Let #2 denote the space of ordinary Dirichlet series with
square summable coefficients, and let %2 denote its subspace consisting of
series vanishing at +o0o. We investigate the weak product spaces 2 @ #2
and %”02 ® #2, finding that several pertinent problems are more tractable
for the latter space. This surprising phenomenon is related to the fact that
%2 @%”02 does not contain the infinite-dimensional subspace of J#2 of series
which lift to linear functions on the infinite polydisc.

The problems considered stem from questions about the dual spaces of
these weak product spaces, and are therefore naturally phrased in terms
of multiplicative Hankel forms. We show that there are bounded, even
Schatten class, multiplicative Hankel forms on %2 X %2 whose analytic
symbols are not in #2. Based on this result we examine Nehari’s theorem
for such Hankel forms. We define also the skew product spaces associated
with 2 ® 2 and 32”02 ® #2, with respect to both half-plane and polydisc
differentiation, the latter arising from Bohr’s point of view. In the process
we supply square function characterizations of the Hardy spaces J¢P, for
0 < p < oo, from the viewpoints of both types of differentiation. Finally
we compare the skew product spaces to the weak product spaces, leading
naturally to an interesting Schur multiplier problem.

1. INTRODUCTION

In this paper, we investigate certain properties of weak product spaces associ-
ated with the Hardy space of Dirichlet series,

A= 1() =D ann™ ¢ |f e = (3 laal?) " <00,
n=1 n=t

and its subspace %2, consisting of those f € #? with a; = f(+o0) = 0. The
main objects of study are the weak product spaces #2 ® 2 and J#F © H#.
With 2 = 2 or 2" = H}, the weak product 2° ® 2 is defined as the Banach
space completion of the finite sums F' = )", frgx, where f, gr € 2, under the
norm

1Pl 202 =ity | fullellgel 2
k

The first author is supported by Grant 227768 of the Research Council of Norway.
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The infimum is taken over all finite representations of F' as a sum of products.

While a separate study of 2 ® s may at first be thought unmotivated,
we will find that the norm of this space is significantly larger for certain types of
Dirichlet series (see Theorem 1 and its corollaries). The presence of such examples
is related to the obstructions faced in producing monomials n~* in a product fxgx,
for fi,gx € H#?, when n is an integer with a low number of prime factors. In
particular, elements of S ® J#? contain no terms of the form p~*, where p is a
prime number. Hence there is an easily identifiable infinite-dimensional subspace
of #? ® #°? which has trivial intersection with > ® .

The weak product space 72 ® #? was first investigated by Helson [21, 22| in
an attempt to decide whether Nehari’s theorem holds for multiplicative Hankel
forms (see also Section 2). Helson’s work was continued in [25], where it was
demonstrated that Nehari’s theorem does not hold in full generality. To explain
his point of view, note that each sequence ¢ € ¢? induces a (not necessarily
bounded) multiplicative Hankel form on ¢2 x ¢,

(1) o(a,b) = i i Qb O a,b € (2,

m=1n=1

The analytic symbol of (1) is the Dirichlet series

p(s) =D oan*.
n=1

Indeed, if f and g are elements of #2 with coefficients a and b, respectively, we
have that

(2) Hy(fg) = (fg,¢) = o(a,b).

Here, and throughout the rest of the paper, (-,-) denotes the inner product of
2.

Now, from (2) it is clear that the multiplicative Hankel form (1) is bounded
on (? x (%, or equivalently H, on 2 x 72, if and only if ¢ induces a bounded
linear functional on J#2 ® 2 through the J#2-pairing, i.e. if and only if ¢ is
in (20 ?)".

The first bona fide example of a multiplicative Hankel form was obtained in
[11], by the following approach. Note first that the elements of J#? are analytic
functions in the half-plane Res > 1/2, the reproducing kernel at each such s
being given by ((w +5), where ((s) = >, -, n~° is the Riemann zeta function.
It is thus natural to consider the Carleman-type operator

Hf(s) = [ f(w)(C(s +w) — 1) du

1/2
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acting on 72, since (((s+w) — 1) is the reproducing kernel of J#? at w, for
w > 1/2. The matrix of the operator H is that of the multiplicative Hankel
form whose analytic symbol ¢ is the primitive of (¢(s +1/2) — 1) in 5. In [11]
it was shown that the operator norm of H on 7 is 7, which in terms of its
corresponding Hankel form means precisely that |(fg, )| < 7| f|lse2]lg]| w2 for
f,g € 2. More explicitly written,

3) ’mz:wz: Flog mn) } - (§|am|2)%(2|b"|2>;

As explained more thoroughly in [11], inequality (3) is a multiplicative analogue
of the classical Hilbert inequality

0 IS (S ) (S

There are several other versions of (4) which are also usually referred to as
Hilbert’s inequality — we direct the interested reader to [19, Ch. IX]. Let us
extract a few facts. First, that by discretization of the continuous version of (4)
and the Hermite-Hadamard inequality, the following improvement of (4) can be
obtained.

’ZZm—&-n—i-l - (Z | )é(g;'b”'?)é

We mention without proof that the same procedure (with additional straight-
forward estimates) yields in the multiplicative setting that

ambn )
‘ Z Z V(m+1/2)(n+ 1/2)log((m +1/2)(n + 1/2))‘ < mllallez1b]]e2,

m=1n=1

which of course no longer represents a multiplicative Hankel form.
The strongest version of Hilbert’s inequality (4) is

® |3 | < (X ) (L)

m,n>0 m=0 n=0
m+n>0

The last variant can also be stated for two-tailed sequences {am, }mez and {b, }nez.
The proof of (5) amounts to a concrete application of Nehari’s theorem on H?(T),
since the associated Hankel form has the bounded symbol @ of supremum norm
//T7

(6) O(z) = —i Arg(z) = i(m — 0), z=e",
As far as the authors are aware, all proofs of (5) in the literature make use of (a

reformulation of) (6).
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Whether the multiplicative Hankel form (3) has a bounded symbol is an open
problem that is related to a long standing embedding problem of J#*! (see |11,
Sec. 6]). It therefore natural to ask if we also have

(7) [(fo. o) S llfllellglle,  foge€ %2

In light of the discussion above, this question actually turns out to be more subtle
than what one might expect at first. We are unable to settle it, seemingly due
to the lack of a Nehari theorem for multiplicative Hankel forms.

That (7) is significantly easier to settle for .72 than for /#? is not a peculiarity,
but rather an ongoing theme for all the questions we will ask about product spaces
in this paper. Note that inequality (3) is easily recast as a question about (the
dual space of) 2 ® ;. More generally, elements of (J3 © %2)* correspond
to multiplicative Hankel forms of the type (1), but with sums starting at m,n = 2.
The remainder of this section is an overview of the problems that we will consider.

In Section 2, we investigate the difference between Hankel forms on s#2 x 2
and Hankel forms on J#2 x 2. After some preliminaries, we obtain the main
result of this section, Theorem 1, which allows us to embed any bounded operator
C: (> — (? into a Hankel form on 2 x . This result is the basis for our
observation that S ® #? is significantly smaller than 2 ® 22, and it is also
an important tool in the proofs of our other main results.

Helson [21] proved that any Hankel form on J#? x #? which is of Hilbert-
Schmidt class S5 is induced by a bounded symbol on the infinite polytorus T<°.
In [10] it was shown that if p > py & 5.74, then there is a Hankel form on
A% x A°? of Schatten class S, that does not have any bounded symbol, leading
to the conjecture that the same might be true for all p > 2. In Theorem 6 we will
prove that p = 2 is indeed critical in this sense for multiplicative Hankel forms
acting on J#2 x 2, leading us closer to optimality of Helson’s result. In fact,
for p > 2 we will even demonstrate the existence of forms in S, that do not have
square-integrable symbols on the polytorus.

The penultimate section is devoted to the study of the skew product space
O~ (A2 © 0?). The motivation to study this space is twofold. Firstly, char-
acterizations of the dual spaces of skew products are often significantly easier to
obtain (see [1, 2|). Secondly, for the classical Hardy space H?, the comparison
between H?® H? and 9! (H 20 0H 2) leads naturally to a Schur multiplier prob-
lem for Hankel matrices. Much has been written about this problem, owing to the
fact that it was closely related to Pisier’s construction of a polynomially bounded
operator not similar to a contraction. We refer the reader to [9, 13, 16, 26].

We begin Section 3 by proving a square function characterization of 57, which
is of independent interest for the study of Hardy spaces of Dirichlet series. Due
to the notation involved, we defer a precise statement to Theorem 8. We first use
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this characterization to prove that
(8) HEPoH?Cot (8%26%2) c ot

We then study whether the first inclusion in (8) is strict. This appears to be a
difficult question, but by Schur multiplier methods we are able to demonstrate
that this is the case if every appearance of 72 in (8) is replaced by J5.

Finally, in Section 4, we look at the material of Section 3 again, but with the
Hardy spaces of the polydisc in mind. Noting that Dirichlet series differentiation
gives rise to a rather unnatural differentiation operator on the polydisc, we prove
instead a square function characterization of HP(T°) that is adapted to the radial
differentiation operator

(9) R = Z Zjazj .
j=1

This will allow us to conclude that on finite-dimensional tori, it holds that
H*(T%) @ H*(T%) = R~ (H*(T*) © RH*(T?)) = H'(T%).

It also turns out that radial differentiation has a number theoretic interpretation
when considered from the Dirichlet series point of view, something that too will
be elaborated upon in Section 4.

Notation. As usual, {p;};>1 denotes the sequence of prime numbers in increas-
ing order, and Q(n) will denote the number of prime factors in n, counting mul-
tiplicities. We will write f < g to indicate that there is some positive constant
C so that |f(z)] < C|g(z)|. If both f <« g and g < f, we write f < g.

When we speak of a Dirichlet series ¢ as an element of a dual space J#*,
where J# is a Banach space of Dirichlet series in which the space of Dirichlet
polynomials & is dense, we always mean that the functional induced by ¢ via
the .##2-pairing is bounded. That is, ¢ € #* if and only if the functional

U‘P(f):<f7§0>7 f€@7

extends to a bounded functional on % . Similarly, when we write that ™ C 2,
where 2 is a Banach space of Dirichlet series, we mean that for every functional
v € X* there exists a ¢ € 2 such that v = v, (on &) and |¢||2 < ||V«

2. HANKEL FORMS AND A MATRIX EMBEDDING

Much of the success in the theory of Hardy spaces of Dirichlet series is due to
a simple observation of Bohr [7], which facilitates a link between Dirichlet series
and function theory in polydiscs. By identifying each prime number with an
independent variable, z; = p;®, the Dirichlet series f(s) =3, 5, a,n™? is lifted
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to a function in the Hardy space of the countably infinite torus, H%(T*). More
precisely, the prime factorization

oo
— g
n=[1%
i=1

associates to n the finite non-negative multi-index x«(n) = (K1, k2, k3,...). This
means that the Bohr lift of f is

Bf(z) = anz"™,
n=1

where z = (21,22,23,...). The mapping %: #? — H?(T*) is an isometric
isomorphism that respects multiplication. T is a compact abelian group, and
its Haar measure is denoted by me,. The measure m, is equal to the product of
the normalized Lebesgue measure on T in each variable. In particular, H?(T%)
is a natural subspace of H?(T®). We refer to [20, 27| for further properties of
H?(T*°).

In [4], Bayart introduced the spaces P, for 1 < p < oo, as those Dirichlet
series f such that Zf € HP(T*), and we define the .#P-norm as

1
P

e = ([ 1207 amel2)

As above, HP(T?) is a natural subspace of HP(T>) ~ #P.
Returning to the multiplicative Hankel form H, defined in (2), the fact that
P respects multiplication implies that

H,(fg) = (BfBg, Bo)n>1>)-

From this representation, it is clear that we may replace %y with any 1 € L?(T)
such that Py = %y, where P denotes the Riesz projection from L?(T) to
H?(T*). In this case, we also denote the Hankel form H,, by Hy. If ¢ € L>(T*),
then ||Hy|| < ||%]|co, where |[H,|| denotes the norm of H,, acting on 2 x 72
and we say that H, has bounded symbol 1. Note that if the functional

fe=Afe),  fes,

is bounded on ' ~ H'(T*>) C L'(T*), then H, has a bounded symbol by
the Hahn-Banach theorem. Hence, H, has a bounded symbol if and only if
p € (SN .

The main result of [25] implies that there exist bounded multiplicative Hankel
forms that do not have a bounded symbol. It should be pointed out that the
proof is non-constructive, and no example of a bounded multiplicative Hankel
form without a bounded symbol has been identified. On the other hand, if
d = 1 then Nehari’s theorem [24] states that every bounded Hankel form H,
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on H?(T%) ® H%(T%) has a bounded symbol ) € L>(T%). Nehari’s theorem has
been extended to d < oo by Ferguson-Lacey [17] and Lacey-Terwilleger [23].
The matrix of the multiplicative Hankel form (2) is

01 02 03
02 04 Qs

(10) MQ = (Qm”)m,nZI “los o6 09

By isolating the first row and column in M, using the inner product representa-
tion of H, from (2), we obtain

(11) Hy(fg) = a1bior + a1 (g — b1, @) + b1 (f — a1, ) + Hy((f — a1)(g — b1)).
The left hand side is a bounded Hankel form if and only if ¢ € (%2 O] %2)*,

while the right hand side is bounded if and only if ¢ € (%’62)* = ?/C and
¢ € (HZ © AP)". While it is obvious that

(12) (#7207 C 2,

we shall now see that the corresponding statement for 7 is not true. This will
follow immediately from our next result, which also is crucial in establishing the
other main results of the paper.

Theorem 1 (Matrix embedding). Let C' = (¢; 1) jk>1 be an infinite matriz defin-
ing an operator on £2. Consider the Dirichlet series

oo oo

o(s) = ¢jk (P2j—1p2k) ",
J=1 k=1

where {p; };>1 denotes the sequence of primes numbers in increasing order. Then
(a) [[Hypllo = [Cl,
(b) [[Hell < IClls, = lllloe=,
where ||Hyl|lo denotes the norm of Hy, acting on ;2 x A, and ||C||s, denotes
the Hilbert-Schmidt matriz norm of C,

Clls, = (zz|cj,k|2)
=1 k=1

Proof. Let f,g € #§ with coefficients {a;};>1 and {by}r>1, respectively. Since
there are no constant terms in 4 we have that

(13) (fg ZZ a’P2J 1 sz + a:Dkang 1)CJ k-

j=1k=1
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Note that for every prime p, a, and b, each only appear once in this sum. Let
= span{pyy : k> 1},
o = span{py; : k> 1},
My = AT S (S © ),

and let Py, denote the corresponding orthogonal projections. Let a; and b;

denote the coefficient sequences, in the natural basis of .}, of Py, f and Py, g,
respectively. Then we may rewrite (13) as

Hy(fg) = (Cba,a1)e + (Cag, by)z = (T(CT ® O)(ar, az), (b1, ba)) ez,
where J is the involution on £2 @ ¢? defined by J (a1, a2) = (az,a;). We conclude
that

Hy| e = T(CT @ O) @0,
completing the proof of (a). For (b), we first observe that setting g = 1 implies

IlHoll > |l@ll 2y = @l w2 = [|C]ls,. Returning to the decomposition (11) we
see that ||H,|| < 4]|C||s,, by using (a). O

As a corollary of Theorem 1, we obtain that a bounded Hankel form on 73 x
2 does not necessarily have a symbol in L?(T), in stark contrast with the
classical situation where bounded Hankel forms have bounded symbols. We also
find that (12) does not hold for J#2.

Corollary 2. (@ © H#@)" ¢ #?. That is, there are bounded multiplicative
Hankel forms Hy, on HE x A with the property that there is no ¢ € L*(T>)
such that H, = Hy.

Proof. Use Theorem 1 and let C' be the matrix of the identity operator on £2. [

Actually, we have the following stronger version of Corollary 2, which can be
proven by considering all diagonal operators C' on ¢? and using Theorem 1. It
exemplifies concretely that S ® 7 is in some ways significantly smaller than
H? O A

Corollary 3. The Dirichlet series

£(s) = ar(pok—1pax)
k=1

is in A O A if and only if a € 01, while it is in %O A if and only if a € (2.

Recall that H2(T?) is a natural subspace of H?(T>) and that if f € J#2,
then Zf(0) = 0. We now observe that the inclusions behave as expected for the
corresponding finite-dimensional subspaces of the weak product spaces.
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Lemma 4. For1 < d < oo, let H2(T?) denote the space of functions F € H?(T4)
for which F(0,0,...,0)=0. Then
(H3(T%) © H3 (T))" € Hi(T?) © Lin(T?) C H(T?),

where Lin(']l‘d) denotes the subspace of Hg (’]I‘d) consisting of linear functions,
d
Lin(T9) = {L(z) = Zajzj taj € (C}.
j=1

Proof. 1t is sufficient to show that
HE(T?) © Lin(T%) C H3(T%) © H3(T*),

*

since it follows that any functional in (H¢(T?) ® HZ(T?))" must be represented
by a unique element of HZ(T?) & Lin(T9). Every F € HZ(T%) © Lin(T%) can be

written
d
F(2) =) 2F;(2),
j=1

where F; € HZ(T?). This representation of F is not unique, but we can always
organize it so that 3 HFjH%{Q(Td) = ”FHZH?(Td)' By the computation

d d 1
2
1Plizor < 31 1B ey < VA3 W Brngony)* = VAPl
Jj=1 J=1

we see that F' € HZ ® HJ. O

It is clear that the final part of this argument breaks down for d = oo; the key
point being that the subspace Lin(T) of linear functions in HZ(T>) ~ 2 is
infinite-dimensional, which from the Dirichlet series point of view corresponds to
the fact that there are infinitely many prime numbers. Even so, Corollary 2 is
surprising. We stress that its conclusion is related to the additional arithmetical
obstructions which appear when computing the norm of an element in 7 ®
2 rather than in 52 © 2. The following result is intended to clarify this
statement. In particular, it demonstrates that the subspace of linear functions
actually is complemented in 2 ® 2.

Theorem 5. For a non-negative integer m, let P,, denote the projection on
m-homogeneous Dirichlet series,

oo
P, E apn”® = E apn”°.
n=1 Q(n)=m

Then P,, is a contraction on €2 © 2.
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Proof. The case m = 0 is trivial. Let m > 1 and suppose that
(14) F=Y" frgn

k
is a finite sum. Then

PuF(s) =Y > P fu(s)Pmjon(s)-
— &

Jj=0

By applying the definition of the norm of #? ® 22 and the Cauchy-Schwarz
inequality, we find that

m
|PnFllsezomes <Y P frllse2 | P jgil e
k =0

b 3
<SSPl ) (D 1Pl
k=0 =0
<Yl lgrll e,
k

the final inequality following from the fact that

D NP3 = f 132, f e

j=0
The proof is completed by taking the infimum over the representations (14). O

We return to the matrix of H, acting on #2 x 2 from (10). The matrix
Mg corresponding to the action of H, on J#? x J#} is obtained from M, by
deleting the first row and column. That is, MS = (Pmn)m,n>2 in view of (10).

Now, suppose that H, is a compact form, i.e. that its matrix M defines a
compact operator on £2. Let

A={X, A, ...}
denote the singular value sequence of M. We say that H, is in the Schatten
class Sy, 0 < p < oo, if A € 7, and we let |H,|ls, = ||Alle>. When speaking
of a Hankel form H, we will write S,(7?) or S,(#?) to clarify which space
is being considered; using Theorem 1 as in Corollary 3, it is easy to construct
Hankel forms belonging to the latter Schatten class, but not to the former.

Helson [21] showed that if H, € S,(#?) and p = 2, then H,, has a bounded
symbol. In [10], the authors showed that this is no longer the case when

p > po &~ 5.738817179.
We will now investigate symbols for forms H, € S,(5#?). We start by verifying
that Helson’s result still holds for Sa(53).
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As in Lemma 4, any bounded Hankel form on J#2 x J#? has a symbol ¢ in
(A2 O HF)* of the form
= D e
Q(n)>2

From this fact, a computation shows that

1Ho 15, 2y = Z Z‘H )

m=2n=2
= > (dn)=2) el =< D dn)lenl”
Q(n)>2 Q(n)>2

Here d(n) denotes the number of divisors of n, and the final estimate follows from
the fact that d(n)—2 > d(n)/3 for n such that Q(n) > 2, seeing as d(n) > Q(n)+1
Hence we can use Helson’s inequality

(S5) <] So]

to conclude that ¢ € (J#1)* whenever H,, € So(#?). That is, H, has a bounded
symbol whenever H, € S3(.#?). We now show that Helson’s result is optimal
for S, (AF).

Theorem 6. Forp > 2 there exist Hankel forms H, € S,(H#3%) such that no v in
L?(T*) satisfies H, = Hy. In particular, there exist Hankel forms Hy, € Sp(H3%)
for which there are no bounded symbols.

Proof. Let C' = (¢jk), ;> be a matrix defining an operator on ¢ which belongs
to S, but not to Ss. In accordance with Theorem 1 let

= Z Z ¢k (P2j—1P2k)”
j=1k=1
Since, as in the proof of Theorem 1, H<p|%2 ~7J (CT &3] C’) @ 0, we have that
0
”H@ng(%2) = 2”0”2}, < o0.
On the other hand, we have by assumption that
lelloez = [|Clls, = oo 0

While Theorem 6 does not concern Hankel forms on J#2 x 2, we do consider
it to give us an indication that p = 2 might be the critical value also in this case.

Conjecture 1. For every p > 2 there exists a multiplicative Hankel form H, in
S, (#?) without a bounded symbol.
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3. A SQUARE FUNCTION CHARACTERIZATION OF J#P AND SKEW PRODUCTS

In the context of the classical Hardy spaces, it was Bourgain [9] who recalled
the square function characterization of H? due to Fefferman and Stein [15] and
used it to the effect of showing that H? ® 0H? C OH', where OHP denotes the
space consisting of the derivatives of all HP-functions. In view of the fact that
OH' = 0(H? ® H?) C H? ® 9H? this immediately implies that

(15) O~V (H?> ®0H?) = H?> ® H*.
In terms of bilinear forms, we can naturally associate a Hankel-type form J, to

every element g € (0~ (H? ® 9H?))". If an additive Hankel form H, on H? x H?
corresponds to the matrix (§(j + k)), x>, then J, has matrix

j+1 . )
— g+ k
(]"’k"'l ( ) §.k>0

Hence Bourgain’s lemma (15) can be equivalently rephrased to say that the map
Hy — J, is bounded in operator norm. This statement actually carries greater
interest than what its face value might suggest. The matrix

1)
JHEk+1/,50

is not a bounded Schur multiplier on all matrices, and hence the map H, — J,
is not completely bounded [13]. This observation is at the heart of Pisier’s [26]
construction of a polynomially bounded operator not similar to a contraction.

We define the skew product space 0~1(#? ® 0.#?) as the Banach space
completion of the space of Dirichlet series F' whose derivatives have a finite sum
representation F’ = >, fxgh, where fi, gr € #?. The completion is taken under
the norm

IFlo-1 (20ose2) = |F(+00) +inf > || fill se2llgkl| w2
k
where the infimum is computed over all finite representations. From the product
rule (fg) = f'g+ fg' it is clear that
(16) IO % C OO 047).

Our first goal is to establish a square function characterization of 2P, for
0 < p < oo, and use it to show that d~1(2 © 0.#7%) C #*'. We begin by
recalling that the spaces J#P are related to the Mdbius invariant Hardy spaces
in the right half-plane, Cy, defined as

1 dt N\
p _ ) b — 2z (P
H; ((Co) = {f € HO](C()) : ”f”H; (Co) ilip() (’/T /]R ‘f(O' + Zt)‘ T t2) < OO}
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Given a character xy € T, we “twist” the Dirichlet series f(s) =, <, ann™® to
obtain -

A = Soem(@n . ) =3
n=1

We will require the following basic result, which can be extracted from Lemma 5
and Theorem 5 in [4].

Lemma 7. Let 0 < p < 0o, and suppose that f € F€P. For almost every x € T,
fx € H'(Cy). Moreover,

1£e = ([ Wl dmoet0)

Remark. The results in [4] are stated only for p > 1, but the same arguments
lead to our statement of Lemma 7.
For 7 € R, let I be the cone
I.={o+it: |t—71| <o}

in the right half-plane Cy, with vertex at ¢7. For a holomorphic function f in Cy,
let Sf be the square function, or the Lusin area integral,

1/2
Sf(T):</ |f’(o+it)2dadt> . reR

T

and let f* denote the non-tangential maximal function

f[r(r)=sup |f(s)], TER
sel',

Since 1/(1+72) is a Muckenhoupt A,-weight for all ¢ > 1, it follows from Gundy
and Wheeden [18] that f € HF(Cy) if and only if

frel’R)=LP((1+7%) " dr),
for 0 < p < oo, with comparable norms. Furthermore, if lim,_, o, f(o 4 it) = 0,
then

(17) 1]
This gives us a norm expression for functions in 7 in terms of the square
function.

r®) =< [[Sfllr®)-

Theorem 8. Let f(s) =35, ann™°. Then for any 0 < p < oo, we have

15 <1l + [ 1SN donoe (1)

= ||’ + |f2 (o +it)|? do dt p/zid
= |ay Ay Xa—i—z)\ o T2 Moo (X)-
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Proof. In view of (17) and Lemma 7 we obtain (18) for f with constant term
a1 = 0, that is, for f € %’6”. Note that the linear functional f — a; is bounded
on P, corresponding to the functional Zf +— 2 f(0) on HP(T>) [12]. Hence,
the closed subspace 7" is complemented in .#? by C, and (18) follows in general
for f € J#P, with one side being finite if and only if the other is. O

Corollary 9. 012 0 0#?) C .

Proof. Suppose that f,g € 22, and that F is the Dirichlet series such that
F' = fg' with F(+o00) = 0. Since ||g — g(+0)||s#2 < ||g|| s it is for the purpose
of proving the statement justified to assume that g(+o0o) = 0. We then have that

V2 dr
1P [ [ ([ 1o+ inPisto+inParar) s dman)

<[ (oo ([ werorad) — an
= Jr r, L+7

. . dT 1/2
< / 1) e / / g (ot i) dodt—T ) dmas(x)
Too ! RJT., 1+7
= / I
TOO

This proves that 9~1(#2 © 0#72) C 1. O

2(Co) @Moo (X) < || fll o2 M9l 2

h (Co) ||gX

Before proceeding, we give a few remarks on the application of Theorem 8 to
the Hardy space HP(T) of a finite-dimensional polydisc, d < co. Let D denote
the differentiation operator on Dirichlet series,

Df(s) =0f(s) Zanlog n_°.

Consider a series f such that f € H?(T?), i.e. such that a, = 0 if p;|n for
some j > d. Identifying p; with the jth complex variable z;, the differentiation
operator D in the usual polydisc notation has the form

d
(19) DRAf(z1,...,24) = — Zlog(pj)zjazj%’f(zl, ey Zd)-

Jj=1

Hence Theorem 8 gives us a new type of square function characterization of
HP(T?), in terms of the differentiation operator D. In analogy with Corollary 9
it can be used to prove that

D~ (H*(T%) ® DH*(T%)) C H*(T)
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and by the characterization of H'(T%) due to Ferguson-Lacey [17] and Lacey-
Terwilleger [23] we conclude that in the finite polydisc we have
(20) D~ (H*(T*) © DH*(T%)) = H*(T*) ® H*(T*) = H'(T%).
It should be objected, however, that the weighted differentiation operator D
might not be natural in the setting of the polydisc. In Section 4 we shall consider
the constructs of the present section for the infinite polydisc, using the radial
differentiation operator instead of D, and in the process prove that (20) is valid
also for radial differentiation and integration.

We return to the discussion of products of Dirichlet series spaces, and note
that Corollary 9 in combination with (16) yields that
(21) AP A C O (07 0 A7) C
The remainder of this section is devoted to the investigation of whether these
inclusions are strict. We begin with the following observation.

Lemma 10. Let ¢(s) = 35,5, pek ™ be a function in 7. Then ¢ induces a
bounded linear functional v, on O~ (H? © dH?), via the H*-pairing, if and
only if the form

logn
22 mYn mn
(22) ZZa logm+10gnp

m=1n=1

is bounded on £? x (2, where the summand is understood to be 0 if m =n = 1.
The corresponding norms are equivalent,

[vall = lpal + 1T, ]]-
In particular, if pr, > 0 for all k, then ¢ € (07 (7 @3%2))* if and only if
pE (%2 ® %”2)*, with equivalent norms.

Proof. Suppose that f and g are Dirichlet series with coefficient sequences a and
b, respectively. Let 0~!(f’g) denote the primitive of f'g with constant term 0.

Then
logn
O~ (f'9) 0 ZZ oo o Tog P

m=1n=1
proving the first part of the proposition. For the second part, note as per usual
that the action of ¢ as an element in (éf 2o 2)* corresponds to the multi-
plicative Hankel form

(23) Hy(a,b) = Z Z b P -

m=1n=1

Hence, if pg, > 0 for all &k, then

lello-1(w2oamzy)y < oll(w2or):-

185



The converse inequality is a direct consequence of (16). O

Ortega-Cerd4 and Seip [25] showed that 72 ® #% C #'. With Lemma 10,
we are able to apply their technique to prove the corresponding statement for
O~ Y(H? © 047?).

Theorem 11. 0~ 1(#% © 0.¢7%) C #*

Proof. Let d be a positive integer and consider the function

d
va(s) =[] (02,1 +p25") -
j=1

where {p;};>1 again denotes the prime sequence. The norm of ¢4 as an element
of the dual of 72 ® .72 is 2¢/2 [25]. Since the coefficients of (g are non-negative,
Lemma 10 hence shows that

ledll(o-1 (202 =< 24/2,

On the other hand, consider f; = ¢4 as an element of S, ||f4l|r = (4/7)¢
[25]. Since (f4, pa)2 = 2¢, the functional induced by ¢4 on ! has norm at least
(m/2). If it were the case that 971 (2 ® 0.¢7%) = A, then the norm of ¢,
as a functional on #" and the norm as a functional on 9~ (J#? ® 0.#2) would
be equivalent, a contradiction as d — oo.

The remaining question of whether
(24) (071?07 = (#* 0 A7)
or, equivalently, whether the first inclusion in (21) is strict, appears to be subtle.

As we just saw in Lemma 10 it can be rephrased as to ask if the forms (22) and
(23) are simultaneously bounded, which would mean precisely that

logn
logm +logn /, . <4

is a Schur multiplier on the class of multiplicative Hankel forms. Specializing
to the one-variable case by only considering integers of the form 2%, we see that
the analogue of (24) for the classical Hardy space H?(T) is equivalent to the
statement that (5 + 1)/(j + k + 1) is a Schur multiplier on (additive) Hankel
forms, as discussed in the introduction of this section.

However, by applying Theorem 1 in full force together with Schur multiplier
techniques, we are able to show that the inclusion is strict when J#2 is replaced
by . We define 9~! (%’62 ® &%’62) in exact analogy with our previous con-
siderations, except that we impose all of its elements f to have constant term
f(+00) =0.

Theorem 12. J7 © H#P C 071 (AF © 0HF).
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Proof. Assume to the contrary that

( logn >
logm + logn n>2

is a Schur multiplier on bounded multiplicative Hankel forms

pla,b) = i i Wb Prn, a,be .

m=2n=2

Applied to every symbol constructed by the procedure of Theorem 1, we conclude
that

1 -
(25) ( g )
log par +10g p2j—1/ ; k51

is a Schur multiplier on all matrices C' defining bounded operators C : £2 — (2.
However, (25) cannot be a Schur multiplier, as this would defy Bennett’s criterion
[5], since

) ) log paj—1
lim lim =
j—00 k—oo log pai, + log paj_1

while
lim lim 108 p2; -1

=1. t
k—o0 j—oo log par + logpzj,l

It must be stressed that Theorem 12 does not imply that the inclusion in (16) is
strict. If we attempt to apply the proof to J#?® .2, the matrices constructed by
Theorem 1 are Hilbert—Schmidt. To be a Schur multiplier on Hilbert—Schmidt
matrices means only to have bounded entries, so no contradiction is obtained.
However, we do feel that Theorem 12 invokes the natural conjecture.

Congecture 2. The inclusion between the standard weak product and its skew
counterpart is strict, #2? © #2% C 971 (,%”2 ® &%”2).

4. RADIAL DIFFERENTIATION

From the polydisc point of view, the constructs of the last section all arose
from the weighted differentiation operator D of (19), obtained from the Dirichlet
series formalism. In the present section we shall consider instead the more natural
radial differentiation operator of equation (9). Before commencing, note that as
in Theorem 5 every Dirichlet series may be decomposed into m-homogeneous
subseries,

o0

f(s) = iann_s = Z ( Z ann_s) = i P f(s).

m=0 Q(n)=m
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Through the Bohr lift, this is equivalent to the corresponding decomposition of
a power series in a countably infinite number of variables,

z)zia,iz””)—Z( Z an? ) ZPF , 2= 1(2z1,29,...).
n=0

|k(n)|=m

We recall that k(n) = (k1, K2, . . .) is the finitely supported multi-index associated
to every positive integer n through its prime decomposition, so that

K] = 2n) = > ;.

Consider now, for any z € T, the following power series in one variable w.

F,(w)=F(zw) = Z an 2" M) = Z P, F(z)w
n=1 m=0

Observe in particular that the mth coeflicient of F,(w) is the m-homogeneous
subseries of F'. From here it is clear that differentiation in the auxiliary variable
w allows us to capture the natural radial differentiation of the polydisc, since
every monomial of order m is treated equally. This is further justified by the
formal computation
d o0
woFe(w) = w;zjasz(wz) = (RF).(w).

We have the following analogue of Lemma 7. We also point out that through

the Bohr lift a similar statement can be made for Dirichlet series.

Lemma 13. Let F' € HP(T*), 0 < p < co. Then F, € HP(T) for almost every
z € T and

1/p
(26) 1Plscry = ([ 1Ry ame)
Proof. This follows from Fubini’s theorem and the fact that z — F(z) and z —
F(wz), for w € T, have equal H?(T°)-norm. O

For 6 € [0,27), let T, (6) denote the Stolz angle in I with vertex at e? and of
some fixed aperture o < 7/2. The (slightly non-standard) square function Sg of
a function g holomorphic in D is given by

1/2
Sg(0) = < / ) |wg'<w>2dA<w>> ,

where dA denotes the normalized area element. If g(0) = 0 we have that
lgllzre () < 1S9l Le(r). Since F.(0) = F(0) for every 2z € T, this immediately
gives us the analogue of Theorem 8.
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Theorem 14. Let F € HP(T*), 0 < p < co. Then

27 p/2
1P my = PP+ [ (/ (0)|<RF>z<w>|2dA<w>> B oz,

Now most of the arguments of the previous section can be repeated. We collect
the results that follow without providing details. Note in particular the satisfying
conclusion obtained for the finite-dimensional polydisc. Indeed, this result partly
motivates the existence of this section.

Corollary 15. We have that
H*(T*)® H*(T*) C R (H*(T>) @ RH*(T*)) ¢ H'(T™).
On the other hand, when d < oo it holds that
H*(TY) © H*(T%) = R~' (H*(T%) ® RH*(T%)) = H*(T%).

We remark that it is not clear how to obtain Corollary 15 directly from the
considerations in Section 3, due to the weights log p; entering into Dirichlet series
differentiation. In fact, suppose that n =[] j p;j . Then

logn = Z kjlog p; and Qn) = Z Kj,
j J

J

illustrating the fact that the R treats every prime equally, while the half-plane
differentiation operator D does not. In particular, the proof of Theorem 12 does
not yield any information when D is replaced by R, since the Schur multiplier
vital to the proof has entries

Q(n) _ Q(p2j-1) 1

Qm)+Qn)  Qpak) + QUpzj—1) 2

It should also be pointed out that decomposing Dirichlet series (or power series
on the infinite polydisc) into homogeneous subseries is not a new idea. It dates
back at least to Bohnenblust-Hille [6], and has recently been applied to obtain
results for composition operators on spaces of Dirichlet series [3] as well as L!-
estimates for Dirichlet polynomials [8].

We conclude this paper by providing a charming inequality, which follows at
once from Lemma 13 and the classical Hardy inequality

(27) < b w™

H(T)
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Corollary 16. Let f(s) = Y_,5, ann™* € " and consider the m-homogeneous
subseries P f(8) = 3 q(n)=m ann”°. Then

P, 1
ZH f”%f < L.

Corollary 16 can be compared to the estimate || Py, f|| 21 < ||f]|#1 appearing
in [8, Lem. 3]. Returning to the beginnings of this paper, we mention that Hardy’s
inequality (27) in turn can be obtained by viewing the bounded symbol for the
sharpest version of Hilbert’s inequality (6) as an element in the dual of H'(T)
(see |14, pp. 47-49]).
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CONTRACTIVE INEQUALITIES FOR BERGMAN SPACES
AND MULTIPLICATIVE HANKEL FORMS

FREDERIC BAYART, OLE FREDRIK BREVIG, ANTTI HAIMI,
JOAQUIM ORTEGA-CERDA, AND KARL-MIKAEL PERFEKT

ABsTRACT. We consider sharp inequalities for Bergman spaces of the unit
disc, establishing analogues of the inequality in Carleman’s proof of the
isoperimetric inequality and of Weissler’s inequality for dilations. By con-
tractivity and a standard tensorization procedure, the unit disc inequalities
yield corresponding inequalities for the Bergman spaces of Dirichlet series.
We use these results to study weighted multiplicative Hankel forms associ-
ated with the Bergman spaces of Dirichlet series, reproducing most of the
known results on multiplicative Hankel forms associated with the Hardy
spaces of Dirichlet series. In addition, we find a direct relationship between
the two type of forms which does not exist in lower dimensions. Finally,
we produce some counter-examples concerning Carleson measures on the
infinite polydisc.

1. INTRODUCTION

Hardy spaces of the countably infinite polydisc, HP(ID*°), have in recent years
received considerable interest and study, emerging from the foundational papers
[16, 23]. Partly, the attraction is motivated by the subject’s link with Dirichlet
series, realized by identifying each complex variable with a prime Dirichlet mono-
mial, z; = p;® (see [5]). Hardy spaces of Dirichlet series, /7, are defined by
requiring this identification to induce an isometric, multiplicative isomorphism.
The connection to Dirichlet series gives rise to a rich interplay between operator
theory and analytic number theory — we refer the interested reader to the survey
[37] or the monograph [38] as a starting point.

One aspect of the theory is the study of multiplicative Hankel forms on £2 x ¢2.
A sequence ¢ = (o1, 02, . . .) generates a multiplicative Hankel form by the formula

(1) Q(CL, b) = Z Zambné)mn;
m=1n=1

The second named author is supported by Grant 227768 of the Research Council of Norway.
The third named author is supported by Lise Meitner grant of Austrian Science Fund (FWF).
The fourth named author is supported by the MTM2014-51834-P grant by the Ministerio de
Economia y Competitividad, and by the Generalitat de Catalunya (project 2014 SGR 289).
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defined at least for finitely supported sequences a and b. Helson [24] observed that
multiplicative Hankel forms are naturally realized as (small) Hankel operators on
H?(D*°), and went on to ask whether every symbol p which generates a bounded
multiplicative Hankel form on £2 x £2 also induces a bounded linear functional on
the Hardy space H!(D>). In other words, he asked whether there is an analogue
of Nehari’s theorem [32] in this context.

Helson’s question inspired several papers [9, 11, 25, 26, 35, 36]. Following the
program outlined in [26], it was established in [35] that there are bounded Hankel
forms that do not extend to bounded functionals on H*(D*). In the positive
direction, it was proved in [25] that if the Hankel form (1) instead satisfies the
stronger property of being Hilbert—Schmidt, then its symbol does extend to a
bounded functional on H!(D>). Briefly summarizing the most recent develop-
ment, the result of [35] was generalized in [9], in [11] an analogue of the classical
Hilbert matrix was introduced and studied, and in [36] the boundedness of the
Hankel form (1) was characterized in terms of Carleson measures in the special
case that the form is positive semi-definite.

Very recently, a study of Bergman spaces of Dirichlet series «/? begun in [3].
In analogy with the Hardy spaces of Dirichlet series, &P is constructed from
the corresponding Bergman space, AP(D*°). New difficulties appear in trying
to put this theory on equal footing with its Hardy space counterpart. One of
them is the lack of contractive inequalities for Bergman spaces in the unit disc.
In the Hardy space of the unit disc there is a comparative abundance of such
inequalities, each immediately implying a corresponding inequality for 7. For
example, the result of [25] on Hilbert—Schmidt Hankel forms relies essentially on
the classical Carleman inequality,

1 a2y < I1F 1l m)-
A second example is furnished by Weissler’s inequality: defining for 0 < r <1
the map P,.: H?(D) — HY(D), by P, f(w) = f(rw), then P, is contractive if and
only if r < \/m < 1. Since both of these inequalities are contractive, they carry
on to the infinite polydisc by tensorization (see Section 3), thus yielding results
for J°P.

We derive analogues of the mentioned inequalities for Bergman spaces of the
unit disc in Section 2. Our proofs involve certain variants of the Sobolev in-
equalities from [4] and [6]. Then, in Section 3, we follow the by now standard
tensorization scheme to deduce the corresponding contractive inequalities for the
Bergman spaces of Dirichlet series.

Section 4 is devoted to the weighted multiplicative Hankel forms related to the
Bergman space, defined by the formula

e Omn )
(2) Qd(aab) - Z Zambnd(mn), qu € ed'

m=1n=1
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In (2), d(k) denotes the number of divisors of the integer k, and ¢2 denotes the
corresponding weighted Hilbert space. Note that the divisor function d(k) counts
the number of times g appears in (2). In the same way that the forms (1) are
realized as Hankel operators on the Hardy space H?(D*), the weighted forms
(2) are naturally realized as (small) Hankel operators on the Bergman space of
the infinite polydisc, A2(D°>°). Equipped with the inequalities from Sections 2
and 3 we successfully obtain the Bergman space counterparts of results from
[11, 25, 26, 35].

In Section 4 we will also point out a surprising property of multiplicative
Hankel forms. We first observe that A%(D°°) may be naturally isometrically
embedded in the Hardy space H?(D*°), since the same is true for A%(D) with
respect to H?(D?). Then, we notice that this embedding lifts to the level of
Hankel forms, giving us natural map taking weighted Hankel forms (2) to Hankel
forms (1). The striking aspect is that this map preserves the singular numbers
of the Hankel form, in particular preserving both the uniform and the Hilbert—
Schmidt norm.

Finally, in Section 5 we come back to harmonic analysis on the Hardy spaces
HP(D*>°). We produce two counter-examples for Carleson measures, again point-
ing out phenomena that do not exist in finite dimension.

Notation. We will use the notation f(z) < g(z) if there is some constant C' > 0
such that | f(z)| < C|g(x)| for all (appropriate) z. If f(z) < g(z) and g(z) < f(x),
we write f(x) < g(z). As above, (p;);>1 will denote the increasing sequence of
prime numbers.

2. INEQUALITIES OF CARLEMAN AND WEISSLER FOR BERGMAN SPACES

2.1. Preliminaries. Let @ > 1 and 0 < p < oo, and define the Bergman space
AP (D) as the space of analytic functions f in the unit disc

D={z: |2/ <1}

that are finite with respect to the norm

iz = [ 177 @ = 1= e dm(w>);

Here m denotes the Lebesgue area measure, normalized so that m(D) = 1. It
will be convenient to let dmq(w) = (o — 1)(1 — |w])*~2 dm(w) for a > 1, and to
let my denote the normalized Lebesgue measure on the torus

T={z:|z] =1}
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The Hardy space H?(ID) is defined as closure of analytic polynomials with respect
to the norm

1
lr = [ 1) dona(w) )
The Hardy space HP(D) is the limit of AP (D) as a — 17, in the sense that
li Py = »
ag% ”fHAa(]D)) If Nl e (D)

for every analytic polynomial f. We therefore let AY(D) = H?(D). Our main
interest is in the distinguished case o = 2, when m, = m is simply the nor-
malized Lebesgue measure. Therefore we also let AP(D) = A5(D). We will only
require some basic properties of A2 (D) in what follows, and refer generally to the
monographs [18, 22].

Let ¢, (j) denote the coefficients of the binomial series

1 = o . jta-—1
B ———— J =
(3) 1= w)e ;:0 ca(fw’,  call) ( i )
It is evident from (3) that

(4) > cali)es(k) = carp(l).
jHk=l
If v is an integer, then ¢, (j) denotes the number of ways to write j as a sum of

o non-negative integers. Furthermore, if f(w) =35, ajwl, then

1
2

o o
(5) 1f1l42 @) = .
2 (D) jgo ca(7)
Functions f in AP (D) satisfy for w € D the sharp pointwise estimate
1
(6) |f(w)] < WH]B”AIQ(D)'

For the sake of completeness, we will state and prove the results in this section
for as general o > 1 as we are able, even though we will only make use of the
results for & = 2 in the following sections.

2.2. Contractive inclusions of Bergman spaces. It is well-known that, if
0 <p<gqand afB > 1, then A%(D) embeds continuously into A%(D) if and
only if ¢/ < p/a (see e.g. [45, Exercise 2.27]). By tensorization, this statement
extends to the Bergman spaces on the polydiscs of finite dimension. However, in
order for such embeddings to exist on the infinite polydisc, it is necessary that
the inclusion map in one variable is contractive.
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The first result of the type we are looking for was given by Carleman [13]. For
f € H*(D) it holds that
(7) 1fllaz) = 1 fllazwy < I fllar ) = 12 )-

A modern and natural way to prove (7) can be found in [43]. First, it is easy
to verify that

lghll a2y < llgllz2m) Al 2 D)

for example by computing by coefficients. If f is a non-vanishing function of
H'(D), writing f = gh with ¢ = h = f2 now leads to (7). For a general
function f € H(D), we first factor out the zeroes through a Blaschke product.
This is possible by what seems to be a coincidence: multiplication by a Blaschke
product decreases the norm on the left hand side of (7) but preserves the norm
on the right hand side.

The ability to factor out zeroes and take roots implies that Carleman’s in-
equality (7) holds for arbitrary 0 < p < oo,

Il fllaze @y < |11l z2e(0)-

In [12], Burbea generalized Carleman’s inequality, showing that for every 0 <
p < oo and every non-negative integer n, it holds that

(8) [y Fy s
Let

14+/1
_ %ﬁ — 1.280776 . ..

Qg
We offer the following extension of Carleman’s inequality.
Theorem 1. Let a > ag and 0 < p < oo. For every f € AP (D),
||f||AZ<+al+1J/a(D) < |1 £1l a2 -

Moreover, if @ > «g, we have equality if and only if there exists constants C' € C
and & € D such that
C

) = g

Let us give two corollaries. The first is mainly decorative, but it illustrates
that (8) gets weaker as n increases.
Corollary 2. Let f € H'(D) = A1(D). Then
[fllary = 1fllazy = 1flazy = 1l azwy = -
We also have the following corollary, which will be important in the next

section.
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Corollary 3. Let p=2/(1+n/2) for a non-negative integer n and suppose that
flw) =37 ,50a;w’ is in AP(D). Then

oo

|a;|?
A7 42 (D) = Z Cn+2(j) < HfHAP(]D))-

Jj=0

[

Proof. This follows from n successive applications of Theorem 1, starting from
p=2/(1+n/2) and o = 2. O

We now begin the proof of Theorem 1. A version of it was announced in [4]',
following a scheme designed in [7]. Observe also that an analogous result in the
Fock space was proved by Carlen [14] using a logarithmic Sobolev inequality. We
follow the general strategy of [4, 7], replacing [4, Sec. 5] with a result from [31].
We include many additional details in an attempt to make the scheme used in
[4, 7, 14] available to a wider audience.

We shall use two structures on the disk, the Euclidean and the hyperbolic.
The usual gradient and Laplacian of u will be denoted by Vu and Aw, while the
hyperbolic gradient and the hyperbolic Laplacian are denoted by Vg u and Ay u.
They are connected by the following formulas:

1— |w|?

Vi u(w) = (2) Vu(w) —and  Agu(w) = <2)2Au(w).

We shall also use the Mobius invariant measure
dm(w)
d =

H) = T (upye

We begin with an integral identity (essentially [4, Thm. 3.1]). An analogous
result was proven for the Fock space in [14], and a similar result also appears in
[7].

Lemma 4. Let p > 0 and 3 > 1/2. For an analytic function f in D, set
w(w) = [f(w)[P(1 = [w[*)?. Then

[ 1wt Pdute) = 5 [ utw) Pt
D

Proof. Integrating by parts gives

(9) /|VHu|2dp: 1/ |Vu\2dm:—1/uAudm.
D 4 D 4 D

ITheorem 3.2 in [4] is stated for kg > 2, but there seems to be a mistake in the proof of
uniqueness on p. 1083. The argument in its entirety seems to apply only when kq > 3.
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It follows from the assumption § > 1/2 that boundary terms do not appear here.
We compute the Laplacian now. At any point where f does not vanish, we can
write

0 _
S = U = ) = Bul (1 = ),
w

so that
T P PRI ) - BB e
U )P = 4 P )
B8~ DI 7(1  [w]?)~2
We see that
ubu = I PP ) 4 269l (0 )

+A4BI PP (1 — [w[?)?P =2 4+ 28| f12P72f fw(1 — |w]?)?P 71
— 482w | f1?P (1 — |w]?)?P 2.

Coming back to the expression of Ou/dw, we find that

1 u? ou|? u? Vi ul?
—qulu =B — |5 = 22 | |22'
4 (1= |wP)* 0w (1 —=lwP)? (1= fwf?)
Integrating with respect to dm and using (9) gives the result. g

Proof of Theorem 1. We set ¢ = pla+ 1)/a, A = (o — 2)/(av — 1) and B =
1/(a—1), so that A+ B = 1. We want to find the infimum of

(@=1) [ 1P (1 = ) dutw)
under the constraint

o [ 1)l = o) duw) = 1.
Equivalently, using Lemma 4 with
(10) u(w) = | f(w)[P?(1 = [w|*)*/?,
we want to find the infimum of

4B
(11) A [ JutwPdutw) + 22 [ [9nu(w)Pdutw)
D @ Jp

under the constraint

(12) o [ fuw)r/rduu) =1
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We now solve the latter minimization problem for real-valued u belonging to the
Sobolev space W12(D), i.e. functions u such that

/ |V u(w)]2du(w) < oco.
D

By the well-known inequality for the bottom of the spectrum of the Laplace—
Beltrami operator (see e.g. [31]) we know that for any u € W12(D),

/|u 2dp(w <4/|VHu 2dpa(w).

= (4 [ wrante) + 22 [ [wuutuPantan)

is a norm on W12(D) equivalent to the usual norm, since A > —B/a. By the
Rellich-Kondrakov theorem [30, Ch. 11], which asserts that the inclusion map
from W12(D) into L* (D, du) is compact for any finite s, the problem of finding the
infimum of (11) for u € W12(D) satisfying (12) is well-posed. Moreover, this also
ensures that minimizers do exist. Indeed, let us take any sequence (u,,) realizing
the infimum. This sequence is bounded in the reflexive space W2(ID), so we may
assume that it converges weakly to some v € W12(D). Then (u,) converges to

u in L?9/?(D,dp) so that Hu||i‘12{5p = 1/a whereas N(u) < liminf,, N(u,).
Next we compute the Euler-Lagrange equation corresponding to the con-
strained variational problem given by (11) and (12). By standard arguments,

we find that any local minimum of the problem is a weak solution of

Hence
1/2

4B
(13) Au— —Agu= Aus !
fe!

for some A € R. By Lemma 5 below, there are minimizers that are actually

C?(D). Multiplying by u and integrating with respect to i, we find from (9) that
A > 0. We now rescale (13) by setting v = kv with

4B

2q/p—2 _ 22

K e

Then v € W12(D) N C?(D) satisfies
(14) AHv—%v—kv%_ =0.

We now investigate (13) for our candidate solution ug(w) = (1 — |w|?)*/2. Since

« [0}
Anuo(w) = = (1 — [w?)*/? (1= Tful?)

we have that
4B o 2q _
AUO — 7AHUO = 704 1(1 — |’w|2)5+1 = )\Ouo" 1,
o —
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where A\g = a/(a — 1). Hence, if we let ug = kovg with
2q/p—2 _ ﬁ
o Oé)\o ’
then vg € W2(D) is a solution of (14). However, by [31, Thm. 1.3] we know
that the solution of (14) is unique up to a Mdbius transformation, as long as

04(24 «) - 4q N
p(%+2)
Replacing ¢/p by its value, we find that this inequality is satisfied if and only if
a > ag. Both the Euler-Lagrange equation and our constraint problem are in-
variant under Mobius transformations, so we have found all minimizers. Coming
back to analytic functions via (10), we have shown that we have equality if and

only if there exists £ € D and C € R such that
a/2

2

a/2
e — g LKD)
1= &wl®
This shows that f has to be a multiple of (1 — £w)~2%/? for some £ € D. Finally,

the assertion of the theorem for o = ay is obtained by taking the limit as a —
+
Qg - O

|[fw)P/? = C

11— |w

|

E—w
l—fw

The following is the regularity result that was used in the proof of the previous
theorem.

Lemma 5. There are minimizers of the variational constrained variational prob-
lem given by (11) and (12) that are C* smooth in D.

Proof. Let u be a minimizer. Then it is weak solution of the Euler-Lagrange equa-
tion (13). We also know that u € L?4/?(ID,dy). Since the radial rearrangement
decreases the Dirichlet norm (by the Polya—Szegd inequality [30, Thm. 16.17])
there is a minimizer u that is positive, radially symmetric and decreasing. There-
fore F(u) is bounded in the unit disk, where

F(u):= %(Au — /\u%q_l)
Consider any solution v to the Poisson equation:

F(u(2))
A =
e B
then u — v satisfies A(u — v) = 0 weakly. Therefore u = v + h where h is an
harmonic function. One explicit solution to the Poisson equation is given by

v(2) :/]D)K(z,w)(1F(u(£]|2))2 dm(w)
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where
w—z

1 21— w2 1—|w)?
K =<1 () L
(z,w) QW{Og‘l—wz s mr T\

It was shown in [1] that K (z,w) satisfies the estimate

(1 —Jwf?)?
[1 — wz|?

|-
|K (z,w)| < <1+log’wz

) , z,w € D.

w—z

The difference between u and v is harmonic, thus the regularity of u follows from
the regularity of v. O

Remark. The constants A and B, with A + B = 1, were chosen in the proof so
that u(w) = (1 — |w|?)*/? would be a solution of the Euler-Lagrange equation
for some A € R. This is only possible if 5 = a + 1, and thus explains why this
relationship is imposed in the statement of Theorem 1. The condition o > «g
comes from [31, Thm. 1.3], but we do not know if it is necessary for the uniqueness
of (14).

Question. For any 0 < p < ¢ and «,8 > 1 such that ¢/8 < p/«, does the
contractive inequality

1£1l4

hold? By Carleman’s inequality and Theorem 1, this is true when 8 = a + n for
some integer n, and either a = 1 or @ > ag. We remark that it is easy to show,
for example by computing with coefficients, that

@) < I fllaz o

q
B

£z, @y < 11l a2 )
holds for every o > 1.

2.3. Hypercontractivity of the Poisson kernel. For r € [0, 1], let P, denote
the operator defined on analytic functions in D by P.f(w) = f(rw). Clearly, if
r < 1 it follows from (6) that P. maps any A% (D) into every A%(D). We are
interested in knowing when this map is contractive.

Theorem 6. Let 0 < p < g < oo and let « = (n+ 1)/2 for some n € N. Then
P, is a contraction from AZ(D) to AL(D) if and only if r < \/p/q.

Weissler [44] proved Theorem 6 when oo = 1. The case oz = 3/2 is also known,
see [21, Remark 5.14] or [28], but it appears that these are the only two previously
demonstrated cases. To prove Theorem 6 we will use a classical argument of
complex analysis to transfer results from Hardy spaces to Bergman spaces in
smaller dimensions. This will be accomplished through the following lemma.
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Lemma 7 ([40], Sec. 1.4.4). Let S™ denote the real unit sphere of dimension
n > 1, and let o,, denote its normalized surface measure. Extend the function
h: D — C to S™ by h(x) = h(z1 + ixa) for x = (x1,22,...,Zny1) €S™. Then

l/nﬁ@ﬁdm*m):Léf“w*hnm+nm(w)

We can now demonstrate how Theorem 6 follows from a result of Beckner [6]
concerning the unit sphere.

Proof of Theorem 6. Let P, denote the Poisson kernel on S™, defined by
1—1r2

Pr(&,m) = e — gt

§mesS"

For a function g on S™, let

(Pr )(5) = o Pr(gan)g<n)dgn(n)'

It is proved in [6] that P, defines a contraction from L*(S™) to L*(S"), 1 < s <
t < oo, if and only if r < /(s —1)/(t —1).

Let us now start with 0 < p < ¢ < oo and r < \/1% Let m be a large number
such that mp > 1 and such that

T<”mp—1.
“Vmg—1

Given an analytic polynomial f, we define g on S™ by

g(x1, T, .. Tpyr) = | flzy + dzo)|V/™.
Since f is analytic, it follows that g is subharmonic and hence for any
(1,. ., Tpt1) €S
we get that
glrzy, .., rxpa1) < Prg(x1,. oo Tpgt)-

Using Beckner’s result with s = mp and t = mq we get that

1/q 1/p
(/ g(ray,... ,r$n+1)quan(x)> < (/ glx1,... ,xn+1)mpdan(a:)> .

By Lemma 7, this is the same as

(/D f('f'w)|qdm(n+1)/2(w)>}] < (/D |f(w)|pdm(n+1)/2('UJ)>

205

p



It follows that the condition r < /p/q is sufficient (by a limiting argument in
the endpoint case r = /p/q). Conversely, for fixed r > 0 and small € > 0 we
have that

1
“ gr® 4
14 cerw|Tdma(w) )] =1+ -—e"4 0(%).
D 4o
Letting € — 0 shows that ¢r? < p is also necessary, for any value of a > 1. O

Remark. As in the previous subsection, we conjecture that Theorem 6 is true for
all values of o > 1. Several other positive results can be deduced from Theorem
1. For instance, if a > ag, then

1P fllaz @) < Il yzoraen) gy

for every analytic polynomial f, if and only if % < (a + 1)/a. In fact, it follows
from Theorem 1 that

||fHAi+1(D) < ||f||AiLt/(a+1)(D).
Computing the norms as in (5), we have that

I1Prfllaz ) < 1 fllaz ., o)

a+1
if and only if, for any k£ > 1,
22k < cav1(k) _a+k

ca (k) «

3. INEQUALITIES ON THE POLYDISC AND IN THE HALF-PLANE

For a > 1, consider the following product measure on D>,
m,(2) = mqa(21) X ma(22) X mg(2z3) X -,

and for 0 < p < oo the corresponding Lebesgue space LP (D). We define
the Bergman spaces of the infinite polydisc, denoted AP (D), as the closure in
L? (D*°) of the space of analytic polynomials in an arbitrary number of variables.
The Hardy spaces HP(D>) are defined as the closure of analytic polynomials
with respect to the norm given by the product m; x my x --- on T, so that

ey = [ 17 ).
As before, HP(D>) is the limit as & — 17 of A2 (D), in the sense that

Jm 1Lz =) = 1Fllm o)
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for every analytic polynomial f. We distinguish the case @ = 2 by writing
AP(D>) = AB(D>). Applying the point estimate (6) repeatedly we find that if
f is a polynomial in AP (D), then

a/p
oo

1
(15) HOIES N | Eemwr P £ 1142 @)
j=1 J
which implies that elements of AP (D°°) are analytic functions on D> N¢2. Every
f in AP (D>°) has a power series expansion convergent in D> N ¢2,

(16) F) =) an",
KENG®
where N§° denotes the set of all finite non-negative multi-indices.
Finally, when p = 2 we can compute the norm explicitly. Suppose that f is of
the form (16). Then

2

2 o0
5
a7 Wlaeos=| 3 200 whee  catn) = [T ealsy):
=1

KENG® Ca (FL)

Note that the final product contains only a finite number of factors not equal to
1, since k is a finite multi-index.

The contractive inequalities of Section 2 can now be extended to D*° using
Minkowski’s inequality in the following formulation: if X and Y are measure
spaces, g a measurable function on X x Y, and p > 1, then

(/x (/y |g($’y)|dy)p dm); < /Y (/X lg(, y)[” dx)ll) dy.

It is sufficient to prove the contractive results on the finite polydiscs D?, d < oo,
as this allows us to conclude by the density of analytic polynomials. This is done
by iteratively applying the one dimensional result to each of the variables, and
applying Minkowski’s inequality in each step. This procedure has been repeated
many times (for instance in [5, 8, 25] or in [38, Sec. 6.5.3]) and we do not include
the details here.

In particular, Corollary 3 for n = 2 yields the next result on the polydisc.
Helson [25] proved the corresponding result for the Hardy spaces H?(ID*°), which
he used to study Hilbert—Schmidt multiplicative Hankel forms. We shall carry
out the analogous study for weighted multiplicative Hankel forms associated with
the Bergman space in the next section.

Lemma 8. [|f|lazm~) < [[fllarme)-
Let r = (r1,72,...) with r; € [0,1] and define P.f(z) = f(riz1,7222,...).

Following [5] and using Theorem 6 (with « = 2), we get the next result.
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Lemma 9. Let 0 < p < ¢ < oo. The map P: is a contraction from AP(D>)
to AY(D>) if and only if r; < \/p/q. Moreover, P; is bounded from AP(D>) to
A1(ID>) as soon as r; < \/p/q for all but a finite set of js.

When working with multiplicative Hankel forms and Dirichlet series, it is often
convenient to recast the expansion (16) in multiplicative notation. Each integer
n > 1 can be written in a unique way as a product of prime numbers,

(oo}
— Kj
n—”pj.
j=1

This factorization associates n uniquely to the finite non-negative multi-index
k(n). Setting a, = a,(n), we rewrite (16) as

(18) f2) = anz"™.

For o > 1 we define the general divisor function d,(n) as the coefficients of the
Dirichlet series given by (%, where ((s) = >, -, n~* is the Riemann zeta function.
Using the Euler product of the Riemann zeta function, say for Re(s) > 1, we find
that

(e

= | = H (Z ca(k)pj_ks> = Z de(n)n=%.
j=1 \k=0 =1

It follows that ¢y (k(n)) = do(n). In multiplicative notation, we restate (17) as

1
e o] [e’e} 2
Za Zﬂ(n) = ‘an‘z .
=1 A2 (Do =1 da(’ﬂ)
" & (D) n

When « > 1 is an integer, it is clear that d,(n) denotes the number of ways to
write n as a product of a non-negative integers. In particular, dy is the usual
divisor function d. It also follows from (19) that

(20) Z da(m)dﬁ(n) = daﬁ(l)»

mn=l

(19 < =]

in analogy with (4).
The Bohr lift of a Dirichlet series f(s) = Y, -, ann™° is the power series
defined by B

Bf(z) = anz"™,
n=1
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realizing the identification z; = p;S. The Bergman space of Dirichlet series /P
is defined as the completion of Dirichlet polynomials in the norm

[fllarr = 1B || ar(@oe)-

Inequality (15) implies that 77 is a space of analytic functions in the half-plane
Ci/2, and that f in &/? enjoys the sharp pointwise estimate

(21) ()] < C2Res)* P || f]lrn.
Let 7 denote the conformal map of D to C,/, given by

1 1—=z

The conformally invariant Bergman space of C; /3, denoted AZ’i((Cl /2); is the
space of analytic functions f in C,/, with the property that fo 7 € A? (D). A
computation shows that

1 a—2 40471
||f|‘ii,i(cl/2) = /Cl/2 |f(s)|p (Oé - 1) (Re(s) - 2) W dm(s)

By Lemma 8 we have the following version of Carleman’s inequality for Dirichlet
series in the half-plane.

Theorem 10. Suppose that f(s) =Y, <, ann™* is in &/*. Then

(22) ( ('%) <l

Moreover, there is a constant C' > 1 such that | f|| a2 (c, ) < Cllfllor1-

Proof. The inequality (22) is Lemma 8 in multiplicative notation. The second
statement follows from the first and Example 2 in [33]. O

For ¢ > 0, define the translation operator T by T.f(s) = f(s + ¢). Here
is a sharp and general version of [3, Prop. 9|, which we interpret as Weissler’s
inequality for Dirichlet series in the half-plane. The corresponding result for 7
can be found in [5].

Theorem 11. Let 0 < p < g < co. The operator T.: /P — /7 is bounded for
every € > 0, and contractive if and only if 27° < \/p/q.

Proof. This follows from Lemma 9, using the fact that T, corresponds to P, with
T = pj_e. O
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We end this section by demonstrating that Lemma 9 also implies a weak
generalization of Theorem 10 to more general exponents. In the Hardy space
context, it was proven in [8] that if f(s) =3 -, ann™* and 0 < p <2, then

(D ol 20 ) < lflle

The Mobius factor |p(n)| is 1 if n is square-free and 0 if not. From (8), it follows
that this factor may actually be replaced by 1 if p = 2/(1 + n) for some non-
negative integer n. We have the following extension to Bergman spaces in mind.

Theorem 12. Let 0 < p < 2 and suppose that f(s) = Y, <, apn™° is in /7.

Then
(D P > < fllor

If p=2/(1+n/2) for some non-negative integer n, then

00 1 5
|a'n|27 < | flleze-
<nz_:1 dasp(n) |

Proof. Let (n) denote the number of prime factors of n (counting multiplicity).
Using Lemma 9 with r; = \/p/2, we have that

1
00 . 0o D Q(n)/2 . 2

(S e ) (w ")E

In the final equality we used that d,(n) = a®™™) when n is square-free. When
p = 2/(14n/2) for a non-negative integer n, tensorizing Corollary 3 (by appealing
to Minkowski’s inequality) yields that the Mobius factor is actually unnecessary;
see Lemma 8 and Theorem 10. (|

>

o/ P

Remark. Considering the square-free terms only of a Dirichlet series is in many
cases sufficient to obtain sharp results, see for example [8]. Often, the reason
for this is related to the fact that the square-free zeta function has the same
behaviour as the zeta function ((s) near s = 1, since

oo 00 © 1 _ 723 s
>t~ = [T+ 5% = [T 12 = S

j=1 j=1 Py
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4. MULTIPLICATIVE HANKEL FORMS

The multiplicative Hankel form (2) is said to be bounded if there is a constant

C < oo such that
AN
<
=¢ (Z amy ) \ 2 ()
m=1 n=1

The smallest such constant is the norm of p. The symbol of the form p is the
Dirichlet series ¢(s) = Y, <, 0,n"°. If f and g are Dirichlet series with coeffi-
cient sequences a and b, respectively, then (23) can be rewritten as |H,(fg)| <
C| fller21lg]l a2, where we define

H@(fg) <fg Z(Z A n) T2TY Zzam ny an .

=1 \mn=l m=1n=1

(23) ol

Zzam n an

m=1n=1

Hence, the multiplicative Hankel form is bounded if and only if H, is a bounded
form on 72 x @72,

We begin with the following example, giving the Bergman space analogue of
the multiplicative Hilbert matrix studied in [11]. Let @7 denote the subspace of
/? consisting of Dirichlet series f(s) = > -, a,n® such that a; = f(+00) = 0.
As in [11], it is natural to work with Dirichlet series without constant term for
convergence reasons. We consider the form

(24) Hifg) = | F@)g(o) (a—l) do.  fige .
1/2

Theorem 13. The bilinear form (24) is a multiplicative Hankel form with symbol

= [t o3 -

The form H, is bounded, but not compact, on @ x .

Proof. To see that ¢ is the symbol, one can either compute H(fg) at the level
of coefficients or use that ((s + w)? — 1 is the reproducing kernel of 2. To see
that H is bounded, we first use the Cauchy—Schwarz inequality,

H(fg)| < (/jo ) (o= 3) d(,)% (/jo o) (o~ 3) da> i

By symmetry, we only need to consider one of the factors. We split the integral
at o = 1.

J a0 (o=3)ar- (// +/1°°> o (o 3) o
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The first integral is bounded by a constant multiple of || f[|,., as follows from
[33, Thm. 3 and Example 4]. For the second integral, we have by the pointwise
estimate (21) that

[F@)P < 1I£12- (Z d(n)n2‘7> < (240147 f1%2,

where we in the final inequality used that o > 1. To show that H, is not compact,
let k.(s) denote the normalized reproducing kernel of <7} at the point 1/2+¢/2,

2 1/2 2)—1

by = Clet L2t/ -1
2(1+¢)—1

The functions k. converge weakly to 0 as ¢ — 0, since they converge to 0 on every

compact subset of C; /5. By the fact that

1
)=+ o)
for Re(s) > 1 close to 1, we get for, say 1/2 < o < 1, that
(o+1/24¢€/2-1)"2+0(1) 1
ke() = (I+e-1)~140() B ((a 1/2 +¢/2)? +O(1>>'

Setting f = g = k., we find that

H(fg) = &2 (/1; ((U - 1/21+ it 0(1)> <a - ;) do + 0(1)> > 1,

showing that H is not compact. O

Since the Bohr lift is multiplicative, it holds that
(f9: )z = (BfBY, BP) a2(p<)-

For the remainder of this section we will work in the polydisc, and we therefore
tacitly identify the Dirichlet series f with its Bohr lift Zf. Hence, we consider
symbols of the form

(oo}
p(2) = onz"",
n=1

and define Hy,(fg) = (fg,¢) a2(p=), for f,g € A2(D>).
If ¢ defines a bounded functional on A!(ID>°), then it follows from the Cauchy—
Schwarz inequality that
|Hy (f9)l = 1(fg, ) a2] < ll@llcary- [ fgllar < llgllcary- 11l azllgll 4z,

i.e. the Hankel form H, is bounded on A*(D*°) x A?(D*°) in this case. Our
first goal is to show that the converse does not hold. We define the weak product
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A%(D>*)®A?(D>) as the closure of all finite sums f = >, grhk, g, hi, € A*(D>),
under the norm

£l 42(@o=)0 42 (<) = iﬂfz |9k |l 42 (o) [| Pk || 42 (oo -
!

Here the infimum is taken over all finite representations f = )", gxhi. Note that
[ £l areey < 1142 ()0 A2(D)-
Lemma 14. Suppose that ¢ generates a Hankel form on A?2(D>®) x A%(D>).
Then

[Hy| = ||80||(A2(Doo)@A2(Deo))*-
Every bounded Hankel form H, extends to a bounded functional on A'(D*>) if
and only if there is a constant Coy < 00 such that for any f € AL(D>),

Ilfll a2eyoazm=) < Cooll fIl a1 (moe)-

Proof. The first statement is a tautology. The weak product space A2?(D>) ®
A%(D>) is a Banach space, and therefore the second statement follows from the
closed graph theorem and duality (see [9, 25]). O

Factorization and weak factorization of Hardy and Bergman spaces have a
long history. Strong factorization for H!(D) was treated by Nehari [32], and the
analogous factorization for A(D) was given by Horowitz [27]. Every f in H'(D)
or A'(D) can be written as a single product f = gh, for g, h in H%(D) or A%(D),
respectively. In Nehari’s theorem it is even possible to choose g and h such that
I fllar @y = l9lla2m)llhll #2@). The same is not possible in the factorization of
A'(D), a simple observation we do not find recorded in the literature.

Factorization on the polydisc D? is a much subtler matter, even when 1 < d <
oo. Strong factorization is certainly not possible, but in [20, 29| it was shown
that the corresponding weak factorization holds,

H'(D) = H*(D%) 0 H*(DY),  d< .
The Bergman space analogue was established in [17],
AY(DY) = A2(DY) © A2(DY),  d < .
In [35] it was shown that the best constant Cy in the factorization,
Il 2 (eyo 2 ey < Call fll a1 (ays

satisfies growth estimate Cy > (72/8)%* when d is an even integer. This im-
mediately implies that the weak factorization H*(D>*) = H?(D>®) © H?(D>) is
impossible. By tensorization, it is explained in [9, Sec. 3] that Cyxq > C% for
every positive integer k, a result which effortlessly carries over to the context of
Bergman spaces. Hence we have the following.
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Theorem 15. Let Cy denote the best constant in the inequality

I £l a2@yo a2y < Call fllar ey,

ford=1,2,.... Then
9\ 42

In particular, the factorization in the unit disc is not norm-preserving, and there-
fore the weak factorization

AY(D>®) = A2(D™®) ® A%(D™)
does not hold.

Proof. In view of the discussion preceeding the theorem, it is sufficient to prove
that C; > 3/(2v/2). For every polynomial ¢, we get from duality that

el
o> llell At y)- - Pl %2 ()
N H<P||(A2(D)@A2(D))* - ||80||A1(D)||<P||(A2(D)®A2(D))*’

where we have estimated the (A!'(ID))*-norm by testing ¢ against itself. As in
Lemma 14, we have that

lell(azyoazmy) = [[Hopll a2D)x 42(D)-

We choose ¢(w) = v2w. Clearly ||| 42p) = 1. The matrix of H,, with respect
to the standard basis of A%(D) is

0 1

1 0)°

so we find that ||H,||42D)xa2m) = 1. We are done, since
1
2v2
lellarmy = 2\/5/ r?dr = T\[ ]
0

It would be interesting to decide if the symbol of the Hilbert—type form con-
sidered in Theorem 13, which lifts to

o~ d(n)
25 = r(n)
(25) o0 =3 g
defines a bounded linear functional on A!(D>°). We are unable to settle this prob-
lem, but offer the following two observations. First, if f is an analytic polynomial

on D* such that f(0) =0, we may write

(fs0) az(pe) = /1: (Z7'f) (0 +it) <0 - ;) do.
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If we could prove the embedding || f[[1(c, ) < C|lfllr1, which is a stronger
version of the second statement in Theorem 10, then it would follow by simple
Carleson measure argument that (25) defines a bounded linear functional on
A(D*°), through the (inverse) Bohr lift.

Our second observation is contained in the following result.

Theorem 16. Let ¢ be as in (25). Then ¢ defines a bounded functional on
AP (D) for every 1 < p < 0.

Proof. This is trivial when p > 2, since p € H?(D>). Let us therefore fix
1 < p <2, and suppose that f(z) =3, -, an 2™ is in AP(D*°). Then it follows
from the Cauchy-Schwarz inequality and Lemma 9 with r; = 1/p/2 that

’<fv >A2D°° ’: Zanm
2 an? 2\ (S 2\ dm)
: <Z i (3) ) <Z (2) " gy

g|UﬂAme><§§;<p) 7ﬂk2304>

where again ©(n) denotes the number of prime factors of n. We may conclude if
we can show that

> d(n)af™
3 (n)

n(logn)* =
fl<a<?2. Thib follows at once from Abel summation and the estimate
(26) - Z d(n)a™™ = C,(logz)**~ 1 + 0O ((log z**~2)).
77,<:E

To demonstrate (26), we consider the associated Dirichlet series, for say Re(s) >
1, and factor out an appropriate power of the zeta function

s) = zjci(n)oﬁ(”)rf‘q = H (1_€>

n=1 j=1 1- ap;

2a J_g) i 2a
II<1_§% ) = ()gals).

Note that since

<(1 pf)j) =1+ (a—Dap; > +0(p;*),

1 —ap;
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the Dirichlet series g, is absolutely convergent for

Re(s) > max (1/2, log, @) .
A standard residue integration argument (see e.g. [42, Ch. I1.5]) now gives (26)
with Cy, = g(1)/T'(20v). O

Next, we investigate Hilbert—Schmidt Hankel forms (2), following [25]. Recall
that on the finite polydisc D¢, d < oo, a symbol ¢ generates a Hilbert-Schmidt
Hankel form on H?(D?%) x H?(DY) if and only if it generates a Hilbert-Schmidt
Hankel form on A2(D?%) x A%2(D9). On the infinite polydisc we have the following
result. Theorem 10 is its essential ingredient.

Theorem 17. If the Hankel form generated by ¢ is Hilbert-Schmidt on A%(D>°) x
A%(D*®), then ¢ also generates a bounded functional on A*(D>°). If ¢ generates a
Hilbert-Schmidt form on H?(D>®) x H?(D>°), then it generates a Hilbert-Schmidt
form on A2(D*>°) x A%2(D>°), but the converse does not hold.

Proof. First, we compute the Hilbert—Schmidt norm on A%(D>°) x A?(D>°) of the
form H, generated by the symbol ¢(s) = Zn>1 0,2 An orthonormal basis

for A%2(D°) is given by
z) = 28\ /d(n).

Hence,
1|12 IR i)
1H 1%, a2 @00y azey) = D D [ Holemen) Z Z d(mn)]
m=1n=1 m=1n=1
— lai? 2 d4(l)
= d(m)d(n) = ) el
2 WO 2z, 3 el i
where we have made use of (20) after recalling the convention that do = d.

The first statement now follows from Theorem 10, since the Cauchy—Schwarz
inequality implies that
1 1
Ianl ae dy(n) \*
Z > lenl s
~ [d(n)]

||H<P||2SQ(H2(D°°)><H2(D°°)) = Z |Qn|2d(”)-

n=1

oo

>

|(f, Py aze=)| =

Similarly we have that

Note that when n is a prime power n = p;? we have that

(k+ 1) (k +2)(k + 3)
6

dy(n) = < (k+1)%=[dn)]>.
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Since both d4(n) and d(n) are multiplicative functions, it follows that d4(n) <
[d(n)]? for every n. Hence the second statement is proved.

To see that the converse of the second statement does not hold, consider the set
N ={n1=2,n2=3-5n3="7-11-13, ...} and define p(s) = Zneﬂgjz“(").
Then we have that

| 2

Mg

||H<,0||282(A2(D°°)><A2(]D)°°)) |on;

.
I
—

Mg

[ Holl3, (mr2me)x mr2mey) = D lon, 1727 U

1

.
I

The final part of this section is devoted to showing that every Hankel form
of the type (2) naturally corresponds to a Hankel form of the type (1) with the
same singular numbers. Let D denote the diagonal operator in two variables,
Df(w) = f(w,w), for which we have the following observation.

Lemma 18. The operator D is a contraction from H?(D?) to A%(D).

Proof. This is proven in [39], but in an abstract formulation it dates back at least
to Aronzajn [2]. The proof of our particular case is very easy and we include it

here. Consider
oo oo
f(z1,22) ZZa] kzle
=0 k=0
and use the Cauchy—Schwarz 1nequaht to conclude that

2

1D ) = Z R DRSO DRI T W

j+k=l 1=0 j+k=1

The diagonal operator D may be written as an integral operator using the
reproducing kernel of H?(D?),

1 1
D = P ——
Flw) T2 f(z1,2) 1—wzl—wz

dm1 (zl)dml (2’2)
Hence its adjoint operator E: A?(D) — H?(D?) is given by

1 1
E = —_—

9(1,22) /Dg(w) 1— 2w 1 — 2w
If f and g are in A?(DD), then

(Ef, Eg)m2m2) = (f, 9) 42(m),
that is, E is an isometry. Clearly, the composition DFE is the identity operator
on A%(D). Hence we have identified A%(D) with the subspace X = EA%(D) of
H?(D?) (although perhaps it would be more appropriate to think of it as the

dA(w).
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factor space induced by the map D). The projection P: H?(D?) — X is given
by P = ED. Note that P averages the coefficients of monomials of same degree.
Precisely, if f(2) = >, ;>0 aj 225, then

_ ik _ ,
Pf(z1,2) = ZZAJ-HCZlZéa where A= 1 2 g k-
=0 k=0 j+k=1

Clearly, D(fg) = D(f)D(g), but E does not have this property. For example, if

g(w) = w, then

21+ 29
2

so that E(g)E(g) # E(g?).

Let us now turn to the relationship between the operator E and Hankel forms.
To fix the notation, let Y be a Hilbert space with an orthonormal basis {e;};>1.
For a bilinear form H: Y xY — C, let s,,(H) denote its nth singular value, i.e.

sn(H) =inf{||H — K||yxy : rank K < n},

zf + 2129 + z%
3 )

Eg(z1,20) = and  E(g%)(21,22) =

where the rank of a bilinear form K : Y x Y — C is given by
rank K = codimker K = codim{f €Y : K(f,g)=0forall g€ Y}.
Of course, s, (H) is the same as the nth singular value of the operator
{H(ej,er)}jrs1: 02 — 02
The p—Schatten norm of H, 0 < p < oo, is given by

VEIG, vy = S lsalH)P.
n=0

When p = 2 we obtain the Hilbert-Schmidt norm, which can also be computed
as the square sum of the coefficients,

1 1% v xyy = D lsn ()P =D > [H(ej en).
n=0 j=1k=1
We have the following result.
Lemma 19. Suppose that ¢ € A%(D). Then
Sn(Hgo) = Sn(HEsO)a n > 0.
In particular, for 0 < p < oo we have
| Holl a2@yx a2m) = [ HEe || 2 2)x 52 (D2)s

[ Hyls, (a2)x a2(m)) = HBells, (7202 < H2(D2))-
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Proof. Let J: X x X — C be the restriction of Hg, to X = EA?(D),

J(f.9) = (f9. EQ)2m2),  [.9€X.
For f,g € H?(D?) we have the identity
(27) (f9, Eo) 22y = (D(f9), ) a2(m) = (DfDg,¢) az(v).-
Since D : X — A2%(D) is unitary, this implies that J is unitarily equivalent to
H,: A?(D) x A*(D) — C. If K : H*(D?) x H*(D?) — C is a rank-n form, then
its restriction to X, K’ : X x X — C, has smaller rank, rank K’ < n. Since

[Hpe — K| n2m2)xmz2m2) > |1 — K'l|xxx

it follows that

sn(Hpy) > sn(J) = sn(Hy), n>0.

Conversely, if the form K : A?(D) x A%(D) — C has rank n, then clearly
K’ : H*(D?) x H*(D?) — C has smaller rank, where K'(f,g) = K(Df, Dg), for
f,g € H?(D?). However, it follows from (27) and Lemma 18 that

I1H, — K| = [|[Hp, — K,
proving that also s, (Hy) > s,(Hgy,). O

Consider A?(D>) as a function space over the variables z = (21, 22,...) and
H?(D>) as a function space over & = (£1,&,...). Define the extension map &
from A?(D>) to H?(D*°) by its integral kernel,

1 1
Ke(z) = _ — 2, eD® N2,

so that
1O = [ SR dm(z).

By tensorization of Lemma 19 (the required technical details may be found in [9,
Lem. 2]), we obtain the following.

Theorem 20. The map & has the following properties.

(a) & defines an isometric isomorphism from the Bergman space A?(D>) to
a subspace of the Hardy space H*(D>°).

(b) For p € A2(D>), let H, : A2(D*>°) x A%*(D*) — C be the Hankel form
generated by ¢, and let Hg, : H*(D>®) x H?(D*) — C be the Hankel
form generated by &p. Then, for every n > 0, we have that

Sn(HLp) = Sn(Hé‘ga)

In particular, H, is bounded (p—Schatten, 0 < p < 00) if and only if He,
is bounded (p—Schatten), with equality of the norms.
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Remark. In [35], the symbol ¢(z) = (21 + 22)/2 is used to show that the weak
factorization H*(D>°) = H?(D>) ® H?(D>) cannot hold. In Theorem 15 the
symbol ¢(w) = w is used to demonstrate the corresponding fact for the Bergman
spaces. In fact the two examples considered are the same, because Fy = 1.

5. CARLESON MEASURES ON THE INFINITE POLYDISC

We end this paper by producing two infinite dimensional counter-examples to
well-known finite dimensional results for Carleson measures for the Hardy spaces
HP(D?). Let u be a finite positive measure on D? (where possibly d = o0),

: . . —d —d

i.e. a finite positive Borel measure on D" such that u(D" \ D?) = 0. As usual,
—d . .

measures on the compact space D correspond to linear functionals on the space

. . —d . .
of continuous functions C(D"). We say that u is a HP—Carleson measure if there
exists a constant C' = C(uq,p) < 0o such that

L P dnat) < Ul

for every analytic polynomial f. We say that p is a LP—Carleson measure if there
exists a constant C' = C'(ug,p) < oo such that

L 125G duate) < €Ul a0

for every trigonometric polynomial f. Here & f is the Poisson extension of f,
defined for f € LP(T?) by

P f(w) = 5 F(2) Pu(2) dmy (2), H |1 — Juwj[?

1- ijj|2

This is always well-defined as long as we restrict ourselves to L?(T9)-functions f
only dependent on a finite number of variables, since we may then suppose that
w is finitely supported.

The study of Carleson measures on the infinite polydisc is an important part
of the theory of HP spaces. For instance, the local embedding problem discussed
in [41, Sec. 3] can be formulated in terms of Carleson measures. Let %1 denote
the inverse Bohr lift, so that

(B f)(s) = f(27°,375, 57, ..p; %, ...

For 0 < p < o0, is it true that the measure po, defined on D> by
1
[ @) = [ (@i fec@),
0
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is a HP—Carleson measure? A positive answer is only known for even integers.
Additionally, the boundedness of positive definite Hankel forms (1) can be for-
mulated in terms of Carleson measures on D> [36], and the same is true for the
Volterra operators studied in [10].

From [15], it is known that a measure y on D¢, for d < oo, is a HP—Carleson
measure for one 0 < p < oo if and only if it is a Carleson measure for every
0 < p < oco. We will now construct a counter-example to this statement when
d = co. We recall that the diagonal restriction operator D f(w) = f(w,w) induces
a bounded map from HP(D?) to AP(D) for every 0 < p < oo (see [19]), and offer
the following clarification in the case 0 < p < 2.

Lemma 21. The diagonal operator D is not contractive from HP(D?) to AP(D)
when 0 < p < 2.

Proof. Let 0 < p < 2 and consider f(z1,22) = (21 + 22)/2 Clearly
1D Vo) = [ ) dm(w) = 55—

s0 it is enough to verify that ||fHHp(D2) < 2/(24p). We factor out z5 and compute
using various identities for the Beta and Gamma functions, obtaining that

I 1+ei”d9_1/2" o1
_2'/T 0

p _ * z
||f||Hp(]D)2) = o 9 cos 5 do

1 0\" 2 [t
_ 1 /1 $P=D/2(1 =12 g — B((p+1)/2),1/2)
0

D(p/2+1/2)0(1/2)  T(p/2+1/2) 2
- wl(p/2+1) T(1/2)(p/2)T(p/2)  pB(p/2,1/2)

To conclude we make use of the identity

kad n—y 1
B(x,y):Z( " )ern’ z,y > 0.

n=0

The binomial coefficient is positive for every n when y = 1/2, s0if 0 < p < 2 we
have that

1
B(p/2,1/2) > ﬁ +

Remark. Lemma 18 implies that D is a contraction from H?(D?) to AP(D) if p
is an even integer. It would be interesting to know if D is a contraction for every
p > 2.

1 2
B(L1/2) = § =41 O

Tensorization of Lemma 18 and Lemma 21 yields the following result.
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Theorem 22. Let jiso be the measure defined for f in C(D) by

(28) f(z1, 22,23, 24, .. .) dpioo (2) = f(z1, 21,23, 23, ...) dm(z),
Doo Doo

where m denotes the infinite product of the unweighted normalized Lebesgue mea-
sure on D. The measure ps s a HP—Carleson measure on D> if p is an even
integer, but not when 0 < p < 2.

Theorem 22 invites the following question.

Question. If p defines a HP—Carleson measure on D*° for some 0 < p < oo, does
it also define a H?—Carleson measure for every p < g < co?

In [15], it is also proven that LP—Carleson and HP—Carleson measures coincide
on D¢ when d < co. Again, this is no longer true on D>, as our next two
examples will demonstrate.

To obtain the first counter-example, we verify that the measure (28) of The-
orem 22 does not define a L%~ Carleson measure on D> by replacing Lemma, 21
with the following result.

Lemma 23. The operator D o & is not a contraction from L?(T?) to L*(D,m).
Proof. Consider

6291,6192 - 6191 + 61«92 + 612916—102 ,
i )= 5 )
for which clearly || f||z2(r2) = 1. Furthermore, we find that

i
e

Pf(re? re?) = 7

(2r +r%),

so it follows that
) 2 [t 32 43
|2 f(z,2)|° dm(z) = = (2r+7°)" rdr=—_ > 1. O
D 3 Jo 36

Our second counter-example is obtained through the connection with Dirichlet
series. In preparation, let us recall a few properties of L?(T*). Let Q, denote
the set of positive rational numbers. Each ¢ € Q4 has a finite expansion of the

form
oo
q=[]r}
j=1

where k; € Z. Hence Q4 can be identified with the set of all finite multi-indices.
As in (18), every function f € L?*(T*) has an expansion

f2)= ) agz"@, 1 1Z2my = D lagl.

q€Q4 q€Qy
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Note that if f € L2(T%) for some d’ < oo and s = o + it, then

(B 2f)(s) = D aglgy) ¢ ",  where gy = le o,

q€Qy

As our final preliminary, let w(n) denote the number of distinct prime factors of
n. It is well-known that if Re(s) > 1, then

() _ 7 LR S ), -
¢(2s) Ql—pgs 2 !

Theorem 24. Let jo be the measure defined for f in C(ﬁoo) by

F(2) dpioe (2) :/0 (B11)(1/2 + o) do.

]D)Oo
Then pso is a H?—Carleson measure but not a L?—Carleson measure.
Proof. Tt is well-known that ., is a H?-Carleson measure [11, 34]. Let us
therefore prove that ps, is not a L?~Carleson measure. Fix ¢ > 0 and define

w e D>® N2 by w; = p; ~1/27¢ We will consider the kernel of the d-dimensional
Poisson transform,

First observe that

) o0 1— p._2_46 C(l + 26) 2 B
T fullfageey = T 2 COL2 e
j=1

Next, we have that
: —1 —1l—e—0o
Jim (2712 fa)(1/2+0) = > q; 7

q€Q+

uniformly convergent in o € [0, 1]. Note that

Z q71 e—0o iQw(n)n_l_E_o = (0__’_5)—27

(IGQ+ n=1

since there are 2¢("™ rational numbers ¢ € Q4 such that ¢, = n. This concludes
the argument, since
1
do
/ 4 s, 0
0 (U + 5)4
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VOLTERRA OPERATORS ON HARDY SPACES OF
DIRICHLET SERIES

OLE FREDRIK BREVIG, KARL-MIKAEL PERFEKT, AND KRISTIAN SEIP

AssTracT. For a Dirichlet series symbol g(s) = 3, < bpn ™%, the associ-
ated Volterra operator T, acting on a Dirichlet series f(s) =3, <, ann™*°
is defined by the integral

o[ ™ Fw)g! (w) dw.

We show that T is a bounded operator on the Hardy space 7 of Dirichlet
series with 0 < p < oo if and only if the symbol g satisfies a Carleson mea-
sure condition. When appropriately restricted to one complex variable, our
condition coincides with the standard Carleson measure characterization of
BMOA(D). A further analogy with classical BMO is that exp(c|g|) is inte-
grable (on the infinite polytorus) for some ¢ > 0 whenever Ty is bounded.
In particular, such g belong to J#P for every p < oco. We relate the bound-
edness of T4 to several other BMO type spaces: BMOA in half-planes, the
dual of 1, and the space of symbols of bounded Hankel forms. Moreover,
we study symbols whose coefficients enjoy a multiplicative structure and
obtain coefficient estimates for m-homogeneous symbols as well as for gen-
eral symbols. Finally, we consider the action of Ty on reproducing kernels
for appropriate sequences of subspaces of .#2. Our proofs employ function
and operator theoretic techniques in one and several variables; a variety of
number theoretic arguments are used throughout the paper in our study of
special classes of symbols g.

1. INTRODUCTION

By a result of Pommerenke [32], the Volterra operator associated with an
analytic function g on the unit disc D, defined by the formula

(1.1) 1,/2)i= | fwyw)du, zeD,

0
is a bounded operator on the Hardy space H?(D) if and only if g belongs to the
analytic space of bounded mean oscillation BMOA(D). In view of the factor-
ization H? - H?> = H' and C. Fefferman’s famous duality theorem, according to

The first and third author are supported by Grant 227768 of the Research Council of Norway.

231



which BMOA(D) is the dual of H!(D), it follows that 7}, is bounded if and only
if the corresponding Hankel form H is bounded, where

H,(f.h) == /T fh(=)g) dma (), f.h € HA(D).

In recent years, it has become known how to give a direct proof of the equiva-
lence of the boundedness of Ty and H, [3|, with no mention of bounded mean
oscillation (BMO) or Carleson measures, relying instead on the square function
characterization of H' to show that 7, f is in H'(D) whenever f and g are in
H?(D). Although the systematic study of T, was conducted much later than that
of the Hankel form H, (see [2, 4]), one could now, based on this insight, easily
imagine an exposition of the one variable Hardy space theory which considers
the boundedness of Volterra operators before BMOA and Hankel operators. One
advantage would then be that the John—Nirenberg inequality, by Pommerenke’s
trick [32], has an elementary proof for functions g such that T is bounded.
This conception of Volterra operators, as objects of primary interest for un-
derstanding BMO, underlies the present investigation of such operators on Hardy
spaces of Dirichlet series 7P with 0 < p < oo. The precise definition of these
spaces will be given in the next section; suffice it to say at this point that ev-
ery Dirichlet series f(s) = >, <, a,n™® in JP defines an analytic function for
Res > 1/2, and that J#” can be identified with the Hardy space HP(D*) of
the countably infinite polydisc D°°, through the Bohr lift. For a Dirichlet series
symbol g(s) =Y, <, bpn~®, we consider the Volterra operator T, defined by

+oo
(1.2) T, f(s) := —/ fw)g (w) dw, Res > 1/2.

We denote the space of symbols g such that T, : 7 — P is bounded by Z,.
The index p = 2 is special, and we frequently write 2 instead of 25.

A general question of interest in the theory of Hardy spaces of Dirichlet series is
to reveal how the different roles and interpretations of BMO manifest themselves
in this infinite-dimensional setting. The space of symbols generating bounded
Hankel forms has been shown to be significantly larger than (#1)* [30], and
the space (##1)* itself also lacks many of the familiar features from the finite-
dimensional setting. For instance, a function f in (#!)* does not always belong
to JEP for every p < oo [26]. By Pommerenke’s trick, however, it is almost
immediate that the corresponding inclusion does hold for the space 2, i.e.,

2c ()
O0<p<oo

Furthermore, (#1)* is notoriously difficult to deal with, in part owing to the
fact that HP (D), viewed as a subspace of LP(T°), is not complemented when
p # 2. We shall find that the space 2" is significantly easier to manage.
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One of our main results is that the spaces 2, can be characterized by a
Carleson measure condition, in analogy with what we have in the classical one
variable theory. In our context, the Carleson measure associated with the symbol
g will live on the product of T and a half-line. Again deferring precise definitions
to the next section, we mention that this result takes the following form: The
symbol g belongs to 2, if and only if there exists a constant C' (depending on g
and p) such that

L[ ineplg@)e dedmecx) < I,

holds for every f in J#P. Here my, denotes Haar measure on T°°, while x
is a character on T and fy(s) = >, -1 anx(n)n™* for the Dirichlet series
f(s) =>,>1 ann~*. This result, proved in Section 5, is based on an adaption to
our setting of an ingenious argument from a recent paper of Pau [31]. Our Car-
leson measure condition gives us the opportunity to study non-trivial Carleson
embeddings on the polydisc D>, see Sections 5.2 and 5.3. Our understanding is
incomplete, but some of the questions asked are more tractable than the impor-
tant embedding problem of J#? (see [34, Sec. 3|) while still being of a similar
character. In the classical setting, the description in terms of Carleson measures
shows that T, is bounded on HP(D) if and only if it is bounded on H*(D). We
will see that our Carleson measure characterization implies that if g is in %2,
then g is in 2}, for every positive integer k. As is typical in this setting, we have
not been able to do better than this for a general symbol g, and the following
interesting problem remains open:

Question 1. Is T, bounded on 2 if and only if it is bounded on J#7 for every
p < oo?

We are able to give an affirmative answer to this question only in the case when
g is a linear symbol, i.e., when g has non-zero coefficients only at the primes p;
so that g(s) = 3,5, a;p; .

Before proceeding to give a closer description of our results, we would like
to mention another open problem related to Question 1. In Section 6, we will
observe that if T : #? — 2 is bounded, then the corresponding multiplicative
Hankel form is bounded. Furthermore, we will show that if T, : 1 — #! is
bounded, then g is in (#1)*. Hence, if the answer to Question 1 is positive, then
so is the answer to the following.

Question 2. Do we have 23 C (H1)*?

The reverse inclusion is easily shown to be false. In fact, it is not even true
when formulated for the finite-dimensional polydisc D? (see Theorem 6.6).

To give appropriate background and motivation for our general result about
Carleson measures, we have chosen to begin by exploring in some detail the
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distinguished space Z5 and its many interesting facets. This will allow us to
exhibit the ubiquitous presence of number theoretic arguments in our subject,
which is a consequence of our operators T, being defined in terms of integrals on
the half-plane Re s > 1/2. Roughly speaking, if trying to understand T, at the
level of the coeflicients of T, f, one has to investigate the interplay between the
number of divisors d(n) of an integer n and its logarithm, logn. One may also
analyze symbols of number theoretic interest in terms of their function theoretic
properties. In fact, our first interesting example of a bounded Volterra operator
T, : P — P, will be established by the result, shown in Section 2, that the
primitive of the Riemann zeta function,
— 1

o) = = [+ 1) = ds =3 o ne,

=n logn

is of bounded mean oscillation on the line Re s = 0. Such a BMO condition easily
implies that g is in 25, and also that g is in 2}, for 0 < p < 0o, once our Carleson
measure condition is in place.

To close this introduction, we now describe briefly the contents of the six
subsequent sections of this paper. We begin in Section 2 by introducing the Hardy
spaces /P and start from the preliminary result that 72 C 2" C ), <p<oo JOP.
In our setting, there is a considerable gap between J#°° and ﬂ0<p<oo JOP, as
for instance functions in J#>° are bounded analytic functions in the half-plane
Re s > 0, while functions in ), <p<oo J€P in general will be analytic in the smaller
half-plane Res > 1/2. In Section 2, the main point is to demonstrate how 2~
can be thought of as a space of BMO functions in the classical sense. Using the
notation Cy for the half-plane {s : Re(s) > 0} and Z for the class of functions
expressible as a Dirichlet series in some half-plane Cy, we prove that

BMOA(Co) N2 Cc 2 € BMOA(C, ),

and we also show that el9! is integrable for some positive constant ¢ whenever g
isin 2.

Section 3 and Section 4 investigate properties of 2~ with no counterparts in
the classical theory. After showing that the primitive of {(s + «) — 1 is in 2 if
and only o > 1, we make in Section 3 a finer analysis by identifying and studying
a scale of symbols associated with the limiting case o = 1. More specifically, we
find that if we replace p~1~* in the Euler product for (s + 1) by A(logp)p~1~%,
then this new symbol is in 2 if and only if A < 1, the point being to nail down
the exact edge for a symbol to be in 2~ when its coefficients enjoy a multiplicative
structure. The methods used to prove this result come from two number theoretic
papers of respectively Hilberdink [24] and Gal [19].

In Section 4, we deduce conditions on the coefficients b,, of a symbol g(s) =
Y n>1bnn”° tobein 27. We begin by showing that a linear symbol is in 2" if and
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only if g is in s#2. This leads naturally to a consideration of m-homogeneous
symbols, i.e., symbols such that b, is nonzero only if n has m prime factors,
counting multiplicity. We obtain optimal weighted ¢2-conditions for every m > 2,
showing in particular that the Dirichlet series of g in general converges in Cy ,,
and in no larger half-plane. Letting m tend to oo, we find that there exists a
positive constant ¢, not larger than 2v/2, such that

o 1/2

IT,) < c<|b2|2 +> |b|nﬁ)
n=3

holds for every g in £ . These results are inspired by and will be compared

with analogous results of Queffélec et al. [5, 27] on Bohr’s absolute convergence

problem for homogeneous Dirichlet series.

Section 5 begins with our general result about Carleson measures and is subse-
quently concerned with a study of to what extent our results for 25 carry over to
Zp. As already mentioned, our understanding remains incomplete, but we will
see that a fair amount of nontrivial conclusions can be drawn from our general
condition.

In the last two sections, we return again to the Hilbert space setting. Section 6
explores the relationship between T, Hankel operators, and the dual of 5. In
particular, this section gives background for what we have listed as Question 2
above. Finally, Section 7 investigates the compactness of T, with particular
attention paid to the action of Ty on reproducing kernels. Here we return to the
symbols considered in Section 3 which will allow us to display an example of a
non-compact T g-operator.

Notation. We will use the notation f(x) < g(x) if there is some constant C' > 0

such that |f(x)| < C|g(x)]| for all (appropriate) x. If we have both f(x) < g(z)

and g(x) < f(z), we will write f(z) < g(x). If
S

m ——:-=1
z—00 g(aj)

)

we write f(z) ~ g(x). The increasing sequence of prime numbers will be denoted
by {p;};>1, and the subscript will sometimes be dropped when there can be no
confusion. Given a positive rational number r, we will denote the prime number
factorization
r = pflﬁlpgz .. ,pgd

by r = (p;)*. This associates uniquely to r the finite multi-index s(r) =
(K1, Ko, ...). For x in T*, we set x(r) := (x;)~, when r = (p;)*. If r is an
integer, say n, then the multi-index x(n) will have non-negative entries. We let
(m,n) denote the greatest common divisor of two positive integers m and n. The
number of prime factors in n will be denoted 2(n) (counting multiplicities) and
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w(n) (not counting multiplicities), and 7(z) will denote the number of primes
less than or equal to x. We will let log; denote the k-fold logarithm so that
log, x = loglog z, logs x = logloglog z, and so on. To avoid cumbersome nota-
tion, we will use the convention that log, z = 1 when x < x, where x2 = e® and
Tr1 = €%* for k > 2.

2. THE HARDY SPACES 7P, SYMBOLS OF VOLTERRA OPERATORS,
AND BMO IN HALF-PLANES

2.1. Hardy spaces of Dirichlet series. The Bohr lift of the Dirichlet series
f(s) =>2,>1 ann™" is the power series Zf(z) = >_, 5, anz™™. For 0 < p < o0,
we define JP as the space of Dirichlet series f such that Zf is in HP (D), and
we set

s i= 18 lriomy = [ 185G dmect))

Here m, denotes the Haar measure of the infinite polytorus T°°, which is simply
the product of the normalized Lebesgue measure of the torus T in each variable.
Note that for p = 2, we have

I1flle> = (Z |anl2> :
n=1

We refer to [33] (or to [6, 22]) for a treatment of the properties of s, describing
briefly the basic results we require below. For a character x in T°°, we define

Fuls) = 3 anx(mpn.

For 7 in R, the vertical translation of f will be denoted by f,(s) := f(s+ir). It
is well-known (see [22, Sec. 2|) that if f converges uniformly in some half-plane
Cy, then f, is a normal limit of vertical translations {f;, }x>1 in Cy.

The conformally invariant Hardy space HY(Cy) consists of holomorphic func-
tions in Cy that are finite with respect to the norm given by

1
1 . dt P
lipien =suw (5 [ 110+ ir 155)

The following connection between 7 and HF(Cy) can be obtained from Fubini’s
theorem:

(2.1) 15er = [ 1y dmas(0):

Based on (2.1), one can deduce Littlewood—Paley type expressions for the norms
of ##P. This was first done for p = 2 in |7, Prop. 4], and later for 0 < p < oo in
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[8, Thm. 5.1], where the formula
(2.2)
dt

o0
9150 = Vel + [ [ [T 0o+ ioP 21 fi o + i Podo 5
T JR Jo L+t
was obtained. When p = 2, we have equality between the two sides of (2.2).

We note in passing that this fact can be used to relate 2~ to J#°°, the space of
bounded Dirichlet series in Cy endowed with the norm

[flloc :==sup[f(s)l,  s=o0+it
>0

dmso (X)

Indeed, let M, denote the operator of multiplication by g on S 2, and recall the
result that M, is bounded if and only if g is in 727, with | My|| = ||g|/ (see [22,
Thm. 3.1]). Since (fg)’ = f'g+(Tyf)’, it then follows from the Littlewood—Paley
formula and the triangle inequality that

(2.3) 1Tyl < 2[lglloo
and consequently J°° C 2.
Dirichlet series in 7 for 0 < p < oo are however generally convergent only

in Cy/5. In this half-plane, we have the following local embedding from [22,
Thm. 4.11]. For every 7 in R,

T+1
(2.4) / |£(1/2 +it)|? dt < C||f|%pe-
T
It is sometimes more convenient to use the equivalent formulation that
(2.5) 1112y o) < C 1302

It is interesting to compare (2.1) and (2.5). These formulas illustrate why both
half-planes Cy and C,/, appear in the theory of the Hardy spaces 7. It will
become apparent in what follows that both half-planes show up in a natural way
also in the study of Volterra operators.

2.2. BMO spaces in half-planes. The space BMOA(Cy) consists of holomor-
phic functions in the half-plane Cy that satisfy

1 ) 1 .
lgllsmocey) = Sup*/ J(6+it) - */f(e—i—m') dr
cr | Jr 1] J;

We let as before 2 denote the space of functions that can be represented by
Dirichlet series in some half-plane. The abscissa of boundedness of a given g
in 2, denoted by oy, is the smallest real number such that g(s) has a bounded
analytic continuation to Re(s) > o3, + ¢ for every 6 > 0. A classical theorem of
Bohr [10] states that the Dirichlet series g(s) converges uniformly in Re(s) > op+9
for every § > 0.

Lemma 2.1. Assume that g is in 2 N BMOA(Cy). Then

dt < oo.
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(i) g has op < 0;
(ii) gy is in BMOA(Cy) and ||gy|lBmo = |lgllB™mo for every character x;
(iil) g s in Nycpeoo 7P and exp(c|#Bg|) is integrable on T for some ¢ > 0.

An interesting point is that the space 2 NBMOA(Cy) enjoys a stronger trans-
lation invariance, expressed by items (i) and (ii), than what the space BMOA (Cy)
itself does. Lemma 2.1 can also be interpreted as saying that 2 N BMOA(Cy) is
only “slightly larger” than s°°. We will later see that part (iii) of Lemma 2.1
holds whenever T is a bounded operator.

Proof of Lemma 2.1. By the definition of oy, there exists a positive number M
such that |g(o + it)] < M whenever ¢ > o}, + 1. Since g is assumed to be in
BMOA(Cy), there exists a constant C' such that

o . . op+1 dr
_ — < (.
/.oo'g(”) R Py o e i

Therefore, by the triangle inequality, we find that

t+op+1
/ lg(im)ldr < 2(0y +1) - (M + C).
t—op—1

Writing g as a Poisson integral, we see that this bound implies (i). Now (ii) follows
immediately from the translation invariance of BMOA, the characterization of
BMOA in terms of Poisson integrals, and that f, is a normal limit of vertical
translations of f in Cy by (i). To prove (iii), we use the John—Nirenberg inequality
to conclude that there is ¢ = ¢(||g|lpmo) > 0 and C = C(]|g|lpmo) such that

1 / eelan—g) It~
R

Wl HLi1 (iR)

Since op(g) < 0, we know that g is absolutely convergent at s = 1, so

||ec|g_g(1)| HL}(iR) = Hec‘g‘ HL}(iR)’

where the implied constant depends on g, but only on the absolute value of its
coefficients. In particular, we can conclude that

Hec‘gX|||Li1(iR) =G,
for every x € T, and C does not depend on x, by (ii). Integrating over T
and using Fubini’s theorem as in (2.1) allows us to conclude that exp(c|%yg|) is

in L?(T*), which also implies that g is in No<p<oo 7 O

We require the following standard result, which can be extracted from [20,
Sec. VL1J.
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Lemma 2.2. Let g be holomorphic in Cy. Then the measure

dt
po(s) = g0 D) (o —0) do =2
is Carleson for H{(Cy) if and only if g is in BMOA(Cy), and ||pgllcmcary <
911Enoco)-

We are now ready for a first result, saying that for the boundedness of T,
it is sufficient that g is in BMOA(Cy) and necessary that it is in BMOA(C, /5).
On the one hand, it is a preliminary result, following rather directly from the
available theory of J#?2, outlined above. On the other hand, as we shall see in
Section 3 and Section 4, Cq and C, /5 are the extremal half-planes of convergence
for symbols ¢ inducing bounded Volterra operators.

Theorem 2.3. Let T, be the operator defined in (1.2) for some Dirichlet series
gin 9.

(a) If g is in BMOA(Cy), then Ty is bounded on 2.
Suppose that T, is bounded on 2. Then,

(b) g satisfies condition (iii) from Lemma 2.1;
(c) g is in BMOA(C,5).

Proof. We apply (2.2) to T, f and use Lemmas 2.1 and 2.2. Since (fg')y = fy 95
we find that

o , dt
1T = [ [ [ 109+ i0Pa do o dmeco
= Jr Jo 1+t
2 2 _ 2 2
<</Tr ||fX||Hi2((CU)HgX”BMO((CU)dmOO(X) = [|£1I5¢= l9lBMmocs)-

This completes the proof of (a).
For (b), we first observe that T,1 = g, so that ¢ is in 2. Applying T,
inductively to the powers g, for n = 1,2, ..., we get that

19"l < ITg[["nl.

Using this and the triangle inequality, we obtain

o0

¢|Bg) || 1/2 ¢ [ Tyl[\"
e ‘%ngLl(TOO) = |le l%g‘/2||L2(TW) = 7;0 (Tg) )

which implies that e°l#9! is integrable whenever ¢ < 2/||T}||.
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To prove (c), we use the Littlewood—Paley formula for H?(C, /) and (2.5) to
see that

> : _ 1 dt
/R/l/z |f(o +it)|? g (o + it)|? <o’ — 2) do T e = HTgf”?{?((Cl/z)

< T f 12

< 1Tl £ 113>

This means that

o) =19/t + 0 (o= 3) do

is a Carleson measure for J#2 in Ci/2. By [29, Thm. 3], this implies that p,(s)
is a Carleson measure for the non-conformal Hardy space H?(C, /2), which as in
Lemma 2.2 means that h(s) := g(s)/(s+1/2) is in BMO(C, ;). Indeed, we have
proved that ||hllsmocc, ) < [ Tll-

Let us show that the factor (s + 1/2)~! can be removed, so that g is in fact
in BMOA(C, ;). We note first that if |I| > 1, then it follows from the local
embedding (2.4) that

/mum+ﬁWﬁ<uﬂwm%%
I

since g is in #? by (b). Hence we only need to consider intervals of length
|I| < 1. For a character x in T°, we define

L gx(8)
hy(s) == S+1/3

Clearly, ||T,, || = ||T,| for every x in T°°. This means that

sup [|hyllBmO(C, ,0) < [ Tyll-

x €T
In particular, the BMO-norm of A is uniformly bounded under vertical transla-
tions of g, so that we only need to consider intervals I = [0,7] for 7 < 1. On
this interval, (s + 1/2)~! and its derivative is bounded from below and above. It
follows that g is in BMO(Cy3). O

Combined with a result from [22], part (b) of Theorem 2.3 yields the following
result.

Corollary 2.4. If T, is bounded on 2, then for almost every character x on
T, there is a constant C' such that

. 14|t
(2.6) gx(o + i) < Clog -1

holds in the strip 0 < o < 1/2.
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Proof. We assume that T is bounded on .2, Then by part (b) of Theorem 2.3,
there exists a positive number ¢ such that the four functions e*°9 and e***9 are
in 2. Now let f be any of these four functions. Then [22, Thm. 4.2] shows
that, for almost every character y, there exists a constant C' (depending on )
such that

o +it) — (o) < ¢V

for every point o + it in Cy. Combining the acquired estimates for the four
functions e*° and e**°9 and taking logarithms, we obtain the desired result. [J

Our bound (2.6) shows that almost surely |g,| grows at most as general func-
tions in BMOA(Cy) at the boundary of Cy. It would be interesting to know if this
result could be strengthened. For instance, is it true that g, almost surely satis-
fies the BMO condition locally, say on finite intervals, whenever T, is bounded
on 7 Note that we cannot hope to have the stronger result that g, is almost
surely in BMOA(Cy). Indeed, the proof of part (a) of Theorem 2.3 gives that if
gy 1s in BMOA(Cy) for one character x, then this holds for all characters x. In
view of this fact and what will be shown in Section 4, g, will in general be in
BMOA(C, /2) and in none of the other spaces BMOA(Cy) for 0 < 6 < 1/2.

2.3. An unbounded Dirichlet series in BMO. The canonical example of an
unbounded function in BMO(R) is log |¢|, the primitive of 1/¢. The Riemann zeta
function ((s) is a meromorphic function with one simple pole, at s = 1. We now
show that the primitive of —({(s) — 1) has bounded mean oscillation on the line
o = 1. In view of Theorem 2.3, this supplies us with an example of a bounded
T -operator.

Theorem 2.5. The Dirichlet series

1 —s
9ls) = Z nlognn '

is in BMOA(Cy).

Proof. We will show that g is in BMOA(C,), with BMO-norm uniformly bounded
ine > 0. Since g(s—1/2) is in 72, we can use the local embedding as in the proof
of Theorem 2.3 (c) to conclude that g satisfies the BMO-condition for intervals
of length |I| > 1.

Focusing our attention on short intervals, we fix a real number a and 0 <7 < 1
and set

1 .
c:= E —n "
nltelogn
logn<1/T
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To prove the theorem, we will show that
a+T
/ lg(e +it) —c|*dt < CT
a

where C' is a universal constant.
Notice first that

a+T T
/ lg(e +it) — [ dt = / G(e +it) — o dt,
a 0

where

- n s
g(s) == Z nlognn .

n=2
Accordingly, set b, :=n~"/(nlogn). Then we have that

1/2

a+T
</ lg(e + it) —c|2dt> <
. 9 1/2 . 9 1/2
/ dt + / dt
0 0

To deal with the second term, we use the local embedding (2.4) in a similar
manner as above, using now that

bnn—sn—zt

logn>1/T

byn S(n~% — 1)
logn<1/T

T
/ If(1/2 + e +it) > dt < ||f]|%2
0

in this case, since T' < 1. This gives us that

T
/ Z bnn—a‘n—it
0

2
dt< Y b <7,

logn>1/T logn>1/T
as desired.
For the first term, we compute:
T 2
(2.7) / bon =(n " = 1) dt=" Y bubm(mn) R (T),
0 logn<1/T logm<1/T
log n<1/T
where
—iT_l —iT_l 1 —iT_1
ilog ilog - ilogm

242



We write h,,, as a Taylor series in T', whence

00
hmn (T) = Z d’lrgnnTk7
k=3

dr = (_Zkﬁ <<log %)k_l — (logn)*—1 — <10g ;>k1> .

The point is that in the coefficient d¥ ., the terms of order (logm

mn?

where

)F=1 and

(logn)*~! cancel. Estimating the remaining terms in a crude manner, we have
that
2k: k—2
0] < T3 S (logm)? (log ).
b

Note that for 1 < j < k — 2, we have

T 57 [bullbmllogm)i (log )1 < T

logm<1/T
logn<1/T

We observe that this inequality fails if j = 0 or j = k — 1, corresponding to the
terms which disappear from d%,, .
Combining these estimates with (2.7) we obtain

/

also for the first term, concluding the proof. O

2
byn S(n~® —1)| dt < T
logn<1/T

3. MULTIPLICATIVE SYMBOLS

In this section, we study symbols of the form

(3.1) gs) = 5 20,
n=2

— logn

where ¥(n) is a positive multiplicative function. We know from the previous
section that if 1/(n) = n~!, then g is in BMOA(Cy), and therefore g is in 2". We
begin by considering the distinguished case when the function i (n) corresponds
to horizontal shifts of the Riemann zeta function. To be more precise, our first
task will be to show that g is not in 2" when ¢ is the function in BMOA(C;_,,)
with coefficients given by ¢¥(n) = n=* and 1/2 < a < 1. In particular, this
means that the Dirichlet series g(s) = >, <, 1/(y/nlogn)n™*, identified in [14]
as the symbol of the multiplicative analogue of Hilbert’s matrix and shown there
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to generate a bounded multiplicative Hankel form, is indeed far from belonging
to 2, as it corresponds to the case o = 1/2.

In this section and the next, we will be working at the level of coeflicients.
Observe that if f(s) = 3,5, ann™" and g(s) = >_, 55 b, /(logn)n™*, then

Z lOg’l’L(Z akbn/k>n s

k|n

Since the operator

log n

o0
a1+2ann75 = ap +Z
n=2

n=2

is trivially bounded and even compact on J#2, we will sometimes tacitly replace

T, with T,
=2 ] <Zakbn/k> n
n=2 Ogn k;"n,

where it is understood that b; = 1.

Theorem 3.1. T, is unbounded when g is the primitive of ((s + &) — 1 and
a<l1.

Proof. If f(s) =3, <, ann~°, then with the convention just described, we have
that -

o 1 o
SWIEE R e
n=2 k|n

We now choose f(s) = H;-Izl(l +p; ®), which satisfies || f[| = = 27/2. Let ¥ be
a subset of {1,...,J}.
Choosing n =n_g, where

’I”L/IZ Hpj,

j€L
we see that
S auk = TL0 7).

It follows that

ITatlls = 32

F#0

2H L4+p; %)%,

log n g)

which gives

2 J—1
HTgf||3f2 >2 I/\>J/2 lognj (logn #)2 H 1+p;®)
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We conclude that
T | e > e 0B D" |12,

for an absolute constant c. O

The preceding clarification of the case of horizontal shifts of primitives of the
Riemann zeta function motivates a more careful examination of what we need to
require from the multiplicative function ¥ (n) in (3.1) for g to belong to Z". We
will now see that a surprisingly precise answer can be given if we make a slight
modification of the Euler product associated with ((s).

We will need the following simple decomposition of bounded T g-operators.
Let M}, , denote the truncated multiplier associated with h(s) = >~ o c,n™°
and z > 1: -

My f(s) = Z (chan/k> n=*,
n<z k|n

where f(s) = Y, -, apn™°. We observe that M}, , acts boundedly on 2 for
every Dirichlet series h, but the point of interest is to understand how the norm
of My, , grows with z. Truncated multipliers are linked to T, by the following
lemma.

Lemma 3.2. Suppose that T, acts boundedly on S*. Then
3 —k 2 2 = —k 2
Sy 11y S IT 1 < 43 4
k=0 k=0
for every f in 2.

Proof. We start from the expression

2

=1
T fl2,, = E —_— E br(log k
I ngjzﬂ = (logn)? - k(log )an/k )

which we split into blocks in the following way:

=1
DS
k=0

k—1 k
e2 <n<e?

2
< 1Ty f 1152

Z b (log k)ay

k|n

ITofle <43 3
k=0

e2F 1 cp<e®

2

Z br(log k)an/x

k|n
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The upper bound is immediate from the right inequality, and the lower bound
follows from the left inequality and the fact that

2
> > bkt

e2Ften<e2h | kln

= HMg’,ezkaif? - HMg’,ezk_lfHijT O

The preceding lemma, which says that T, is bounded whenever the norm of
Mg 5 grows roughly as log z, connects the study of T, to the truncated multipliers
considered by Hilberdink [24] in a purely number theoretic context. Based on
this observation, we shall now present a natural scale of multiplicative symbols
gx, where 0 < A < 00, such that gy induces a bounded Tj-operator if and only if
A < 1. We shall later see, in Section 7, that T, is non-compact for the pivotal
point A = 1.

Theorem 3.3. For 0 < A\ < oo, let g be the Dirichlet series (3.1), where
Y(n) is the completely multiplicative function defined on the primes by ¥(p) =
Ap~t(logp). Then T, is bounded if and only if X < 1.

Proof. We begin with the case A < 1, for which we adapt the proof of [24,
Thm. 2.3]. Hence we let p(n) be an arbitrary positive arithmetic function and
note that the Cauchy—Schwarz inequality implies that

Y(d
1My 222 =D | D (d)ansa| <D Z Zw (F)|an/ul.
n<z | d|n n<z dln k|n
We therefore find that
¢
(3:2) 1My alle2 < 3 p(n)io(n) max Z
n<x dlm

We now require that ¢ be a multiplicative function satisfying

o) =37 p =
KZ?;1 d)(p'r), p > Ma

where the positive parameters K and M will be determined later. We find that

> em)ymn) <] (1 + i w(p"’)w(p’“)>
n<lx p k=1
< exp ( > iw(p’“HK > (iwﬂ) >

p<M k=1 p>M \ k=1
Ap~llo A2p~2(log p)?

- ( 2. 1—p)\ flip T2 7 —p)\ Elfgop) )2>'
p<M p gp p>M P gp
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By Abel summation and the prime number theorem in the form

Oy Yy Y
W) = gy T gy ¢ <<1ogy>3) :

we infer that

(3.3) S p(n)(n) < exp </\ log M + O(1) + O (KIOZM» .

n<N

We now turn to the second factor on the right-hand side of (3.2). We then use

that also ()
=2

is a multiplicative function. We observe that

Zw {1+Z$°1w<p*>, p< M,

1+ K1 p> M.
Consequently
)< 1 <1+Zw ) (14 K1)~
(3.4) psM
< exp <)\logM—|—O(l) +0 <K111(§;g;;>) ,

where we used that w(m) < log(m)/logy(m). If we now choose M = logz,
K = (logx)/log, x, and insert (3.3) and (3.4) into (3.2), then we find that

1My o ||* < C(logz)*.

Finally, we invoke Lemma 3.2 and conclude that T, is bounded whenever A < 1.

To show that T, is bounded when A = 1 we modify the proof. In addition to
the function ¢(n), we use another auxiliary function h,(n) and use the Cauchy—
Schwarz inequality to obtain

2
1My o fl2e = 3| 3 ()
n<z | dln
n<z d|n

We require from h,(n) that

bup Z h62k

er >m
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This will ensure boundedness if we can prove that

vl
B = D S )

enjoys the same uniform bound as that we found for ®(m) for a suitable h,(n).
To this end, we choose

1, VI <n<uz,
hiﬂ(”) = log =
exp (—2logy %0 ), 1<n<u,
which implies that
dy(m) < &(m)e?1°%3® < exp (logy m + 2logs x + O(1)).

This means that in what follows, we may assume that log(m) > (logz)/(log, z)?.
Using again the definition of h,(n), we also obtain, for § > 0,

¢<d) m 6210g2%
(35) 2 @i lmyd) = 2
m/d>axd

On the other hand, if m = z” with 0 < § < 1, then arguing as before and
choosing the same M and K, we get

®(m) < exp (log2 x — log% + O(l)) .

Hence, with 8 =logm/logx and § = /3/2, we find in view of (3.5) that

U(d)
2 @ (myay < €08

d<m
It remains to estimate
Y(d) 21 Y(d)
3.6 — < "8 —.
(36) 2 @ On/d) 2 o)
a>m d>/m

Note first that
V) e V)
2@ < T

S
The definition of E(m) shows that, in particular,
k
T (p” 1—p°(p))~*, p <M,
E(pk) — Zp w(f) ) < ( _16(5)) .
= v 1+ K= p*(1 =4(p))/(1 = p*¢(p)), p> M.
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We may assume that € is so small that the factor (1 — ¢¥(p))/(1 — p°¢(p)) does
not exceed 2. Letting & denote an arbitrary finite set of primes p, we then get
that

Em)< J[ a-pem)!

p<logm

IT (1 +257"p9)

max
P Epeg» logzoglogmpegZ

£
< exp | (logm)®logym +2K~1  max P logm + O(1) .
@%Spgx ogp
‘We now choose

__4loggw

logm

Then the latter estimate becomes

1 €
E(m) < exp ((log m)©logy m + K*IM log m>
logy

< exp (logam + O(1)) < exp (logy z + O(1)) .

We finally observe that the factor m—</2

exponent on the right-hand side of (3.6).

Following an insight of Gal [19], we argue in the following way in order to show
that T, is unbounded when A > 1. We start from the fact that

I » = v,

p<y

will take care of the term logs  in the

which is a consequence of the prime number theorem. We let ¢(n) be the multi-
plicative function defined by setting

. 1, pglfg% and r < §log, x,
e(p") = 2
0, otherwise.

Then ¢(n) = 0 for n > x if x is large enough. We set a,, := p(n)/(3, ¢(n))'/?

and use the Cauchy—Schwarz inequality to see that

>

- 2onp(n)

> aaip(n/d)

d|n

(Z 2> 1/2 Zn tp(n) Zd|n SO(d)l/J(n/d)

n<z
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To simplify the writing, we set y := logz/log, « and ¢ := |3 log, x]. Then we
infer from the preceding estimate that

(Z 2)”2>H1+e+w<p>+(f—1>w<p2>+--~+w<pf>

> aa(n/d)

n<N | d|n p<y 1+¢
>H 1+77/1( )| = exp AL logy + O(1)
- {41 (+1
Py
> (log )™
for some 1 < A < X\ when z is sufficiently large. We appeal again to Lemma 3.2
to conclude that T, is unbounded. (]

We notice that, clearly, the symbol g is not in BMOA(Cy) for any A > 0. In
fact, for o > 0,

v =T[ (1 —w@p) " =exp (AZ%{?)A /e,

p

which shows that ¢ is not even in the Smirnov class of C.

4. HOMOGENEOUS SYMBOLS AND COEFFICIENT ESTIMATES

The multiplicative symbols of the previous section represent analytic functions
in Cy. However, we saw in Theorem 2.3 that for T4 to be bounded, it is necessary
that g be in BMOA(C, /). We will begin this section by showing that the latter
condition cannot be relaxed by much. Indeed, to begin with, we will prove that
linear Dirichlet series give examples of bounded T,-operators with symbols g
converging in C; /o but in no larger half-plane.

Theorem 4.1. Let g(s) = ., by,p™° be any linear symbol in H2. Then || T,|| =
gl

Proof. We consider an arbitrary function f(s) = > -, a,n~* in 5?2 and com-

pute:

0 1 2

T 2 2 = B ——
1T f11% ;(logn)z

By the Cauchy—Schwarz inequality

< (Zlogp> (Z IprQ(logp)lan/pF)

pln pln

< (logn) Y _ [by|*(log p)|an,,|*-

pln

)an/p

Zb (logp) an/p

pln
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This shows that ||T,| < ||g||se2. Since Tyl = g, clearly | Tyl > ||g|| 2. O

We note that the space of linear symbols ¢ in J#? is embedded not only in
BMOA(C, /2) but in fact satisfies the local Dirichlet integral condition

1 1
/ / 19/ (0 + it) Pdodt < ||g]3.
0o Ji/2

as shown in [28, Example 4]. We do not know if this stronger embedding can be
established for a general symbol in 2.

While the norm of a linear function g viewed as an element in the dual of
At is also equivalent to ||g|| = (see [23]), there is a striking contrast between
the preceding result and the characterization of linear multipliers. Indeed, let
again M, denote the operator of multiplication by g on 2, and recall that
|1Mgl = llglloc- (see [22, Thm. 3.1]). Hence, in the special case when g is linear,
it follows from Kronecker’s theorem that

[ Mgl = llglloc = sup
>0

S
p p

The difference between a linear symbol g acting as a multiplier M, and as a
symbol of the Volterra operator T is therefore dramatic: A bounded multiplier
has coefficients in ¢!, while the boundedness of T, means that the coefficients
are in /2. The former implies absolute convergence in Cy and the latter only in
(Cl/2.

We may understand the phenomenon just observed in the following way. For
a general symbol g(s) = > -, b,n"°, we have, using also (2.3), the series of
inequalities -

(4.1) (Z |bn|2> < Tyl < 2llglloe <2 1bal-

n=1 n=1

The case of linear functions shows that neither the left nor the right inequality can
be improved. Loosely speaking, the maximal independence between the terms
in a linear symbol serves to make ||T,|| minimal and thus equal to ||g||2 and,
at the same time, to make || M,|| maximal and hence equal to ) -, |b,|. This
motivates an investigation of what happens when the dependence between the
terms in the symbol increases. Such a study, originating in the classical work of
Bohnenblust and Hille [9], has already been made in the case of multipliers, in
terms of m-homogeneous Dirichlet series. We will now follow the same path for
Tj-operators.
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Recall that 2(n) gives the number of prime factors in n, counting multiplicities.
An m-homogeneous Dirichlet series is of the form

(4.2) g(s) ==Y bun "
Q(n)=m

In this terminology, linear symbols are 1-homogeneous Dirichlet series. A precise
relationship between boundedness and absolute convergence for m-homogeneous
Dirichlet series was found in [5, 27]:

S b |M§Cm

Q(n)=m nzm

Z bon—?

Q(n)=m

o0

Here the exponent of logn on the left-hand side cannot be improved. Making
the choice m = 4/logn/log,n in (4.2), we may obtain the following statement:
If for some ¢, C > 0 we have

Z b |exp logn10g2 n
n

C byn~?
VD 2 "

then ¢ < 1. It was later shown in [16, 17] that (4.3) holds for ¢ < 1/4/2, and that
this is optimal.

The series of inequalities (4.1) suggests that we should search for upper ¢2-
estimates for ||T,|| as the appropriate analogues of the lower ¢! estimates (4.2)
and (4.3). Therefore, we now aim at finding weights w.,(n) such that

(4.4) ||Tg|§< ) |bn|2wm<n>) for gs)= 3 bun .

Q(n)=m Q(n)=m

(4.3)

[e.°]

N

The crucial ingredient in the proof of Theorem 4.1 which covers the case m = 1,
is the estimate

Z logp < logn.
pln

To find a replacement for this estimate, we argue as follows. Observe that if
m < Q(n), then

D logk <Y > o> log(pipa - pm)

(4 5) Q(ﬁ)im p1ln pa|n P |1
-m Z o Z log prm = mw(n)™ logn.
;D1|n pm\n
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This is sharp, up to a constant depending only on m. Indeed, let n be square-free,
so that Q(n) = w(n). Then

-1 w(n)—1
Z 1ogk—z Z logp = Zlogp( 1):(logn)<£nl>.
kln pln  plkln pln
Q(k)=m w(k)=m
This gives us an example of an admissible weight wy(n), since w(n)/logn is
bounded. It turns out that we can obtain the following optimal result from (4.5).
Theorem 4.2. The inequality in (4.4) holds when m = 2 with the weight function

logn

4.6 =C

(4.6) wa(n) = Cay- -
and Cy an absolute constant. This is sharp in the sense that we cannot replace
logy 1 in (4.6) by (logy n)'*e for any e > 0. When m > 3, the inequality in (4.4)
holds with

m—2

(4.7) W (n) = CmW

and C,, an absolute constant. This is also sharp in the sense that we cannot
replace (logn)™=2 in (4.7) by (logn)™* <=2 for any e > 0.

Proof. To prove that (4.6) is sufficient, we let Ty act on f(s) =Y, <, a,n °. By
the Cauchy-Schwarz inequality, -

= 1 log k
1Ty f11 % Sz(logn)2< > (Ingk)logk>< > \bk|2 5 7| n/k|2>
e a2 (=2

= log,n logk:
<Z (log )2 ( > logk>< > bl |an/k2)

k\n k\n

We complete the proof by using (4.5) and the well known estimate w(n) <
logn/(logy n).

To prove that (4.6) is best possible, we assume that there is some € > 0 such
that

1
logn :
T, <C g byl ————
” 9”— 2( | | (10g2n)1+s>

Q(n)=2
for every 2-homogeneous Dirichlet series g. Let x be a large real number and
consider the symbol

o 1+€/2
g(s) = Z (logy(pg))

z/2<p<uz p

S

(rg)~",
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where ¢ ~ e” is a prime number. The weight condition is then satisfied uniformly
in x, since

] 1 1 ]
3 |bn|2( ogn 3 0g(pq) ng(pq)vxogxﬁ(x)xl'

logy n)ite p? -T2

Q(n)=2 z/2<p<z

We now want to show that || T,4|| is unbounded as x — oo, and choose as a test
function

(4.8) f&)= [ (@+p™).
z/2<p<z

Let S, denote the set of square-free numbers generated by the primes z/2 < p <
z, so that || f[|2,. = |S.| = 2@, where N(z) := n(z) — m(z/2). Note that if n
is in Sy, then w(n) < N(x). It follows from the prime number theorem that

N(x) ~ .
(z) 2logx

Set V, :={n € S, : w(n) > N(x)/2}. By the symmetry of the binomial expan-
sion

X

N(z)
N(x N(x
si=3 ("= = (YY) em,
n=0 n<N(z)/2
we find that |V| ~ |Sz|/2. Then
2
ITo/ 3¢ (log,(pg)) "2
ITq % > = log(pq)
A2 Sal Z (log nq)) pqz;q P
2
IOg q 1+5/2
Sal Z Z P
neVy
logx 1+5/2
~5 wfn)| = (oga),
nevy

giving the desired conclusion.
The proof that (4.7) is sharp is similar. Let € > 0 be given and consider

g(s): Z n71+1/m(10gn)m71+5/2n7.§.

neSy
w(n)=m

We observe that

Z |bn|2n172/m(logn)27m75 _ Z (lognn)m - (logx)m (W(:E))m - 1.

rm
Q(n)=m 7(16)5}
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Now, if n is in S, then it follows from the prime number theorem that logn < x.
As test function, we use again (4.8). The function

t t—1+1/m(10g t)m—l+s/2

is eventually decreasing for every m > 3 and every £ > 0. We find that
2

2
||Tg||2 > ||Tgf||%2 > 1 Z ; Z k—1+1/m(10gk)7n—1+a/2

2. = 1501 2 Togn)?| 2-
Q(k)=m
2
1 1] _ w(n)
N _ m+1 m+e/2
> 5] g o (log x) < m )
1
> (log x)° 5 Z 1> (logz)®,

neVy

where we used that k¥ < z™ in the inner sum.
It remains to establish that (4.4) holds with the weight (4.7). Let T, act on
f(s) =2 .51 ann™*. By the Cauchy—Schwarz inequality,

= 1
Tofll%e <> —— | > k™ '(logh)™
| gf”ﬁfz = P (logn)? ( e (log k)
Q(k)=m

X ( Z bk|2k1_2/m(10gk)2_m|an/k2>~

k|n
Q(k)=m

Hence it suffices to show that

Ap(n) == Y k™ (logk)™ < (logn)*.

kln
Q(k)=m

Suppose that n has the prime factorization n = (p;)”. Let Kk denote a decreasing
rearrangement of £ and let 7 = (p;)*. The function
t s 2™ logt)™

is eventually decreasing for every m > 3, so clearly A,,(n) < A,,(n). On the
other hand 7 < n, so we may without loss of generality assume that n = n.
Hence, we have that

a1 K
n:pll...pdd,

where k1 > kg > -+ > kg > 0. By the prime number theorem,

d
(4.9) pa~ Y logp=log (Hm) < logn.

P<pa Jj=1
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By summing over the largest prime first, we find that

m—1
Am(n) <) (mlogp)™p* ™! (Z q2/m1>

P<pd q<p
< Z p(logp) < pj < (logn)?
pP<pd

using the prime number theorem twice. (I

As promised, Theorem 4.2 exhibits m-homogeneous Dirichlet series g in 2
that converge in Cy,,, but in no larger half-plane, for every m > 2. This can be
loosely interpreted as saying that the more prime factors we have in each non-
zero term, the closer we get to the half-plane Cy. In this sense, the multiplicative
symbols of Section 3 correspond to m = oo, and it is therefore not surprising that
they converge in Cy.

Setting m = y/2logn/log, n, we are led to a family of weights w (cf. (4.3))
that give estimates of the type (4.4) with no reference to homogeneity, allowing

arbitrary Dirichlet series g.

Theorem 4.3. If ¢ < 2, then

(4.10) IT,| < C’(Z b |*n exp (—c\/lognlogQ n) ) .

n=2
Conversely, if (4.10) holds for every T g-operator, then ¢ < 2V/2.

Proof. We observe first that we must have ¢ < 2v/2 for (4.10) to hold in view of
the sharpness of Theorem 4.2 and the fact that

1-2/m
n(logn) exp( 2\[\/10gnlog2n)

n _
(logn)™ 2 ~

if m = +/2logn/log, n.

It remains therefore only to show the positive result that (4.10) holds whenever

0 < ¢ < 2. To simplify the notation, we set ¢.(k) := exp (c\/logklogz k‘) By
the Cauchy—Schwarz inequality,

(k)
HTgf||w<Z TrE (Z@; (log ) )(zw |an/k|)
k|n

k|n

Choosing some ¢/, ¢ < ¢’ < 2, we find that

@c}ik) (logk)? < Z gpc/k(k) =: A(n)

k|n k|n
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The rest of the proof is devoted to showing that A(n) < (logn)?, which is
precisely what is needed.

Since x — @ (z)/x is eventually decreasing on [1,00), we may, as in the
last part of the proof of Theorem 4.2, assume that n = n. By splitting into
homogeneous parts and using (4. 9) we find that

Amy = > % ) < > e (logn)™) > k
w0 G, F '

In each inner sum Y k=1, we divide every prime factor of k by some a > 0 and
then bound the resulting sum by an Euler product (Rankin’s trick), to obtain

that
Lognr(i-9)
L=
k|n

Q(k)=m Pln
=a Mexp azf—i—O(l) < a "™exp azf
p p
pln P<pa
=< a” "exp (alogy pg) < exp(—mloga + aloggn).

Choosing a := m/(logz n), we obtain in total

A(n) < Z exp [c’ v/m(logy n)(logm + logz n) — mlogm + mlog,n + m}
m<Q(n)

< Qn) + Z exp [c’ V/2m(log, n)(logs n) — mlogm 4+ mlog,n + m} ,

m<log, n

where we first used that the exponential in the sum is bounded when m > log, n,
and then that logm < logsn when m < log,n. To estimate the final sum, we
use calculus to conclude that the index m of the largest term should satisfy
2
d 2
~ (logy n)(logg n) = m (logm —logyn)",

and we see that m = (¢/*/2 + o(1)) log, n/ logs n. Combining this with the stan-
dard estimate Q(n) < logn/log2, we find that

C

A(n) < logn + (logy n) exp <<; + o(l)) (log, n)) < (logn)?,

whenever ¢/? < 4, which is the desired estimate. O

It is not surprising that there is a gap between the necessary and sufficient
conditions of Theorem 4.3. When considering the inequality (4.3), the neces-
sary condition obtained from m-homogeneous Dirichlet series misses the sharp
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condition, also by a factor v/2. In the latter case, the proof of the sharp neces-
sary condition captures cancellations by L> estimates for random trigonometric
polynomials [16]. This suggests that our arguments, which only deal with the
absolute values of the coefficients of g, cannot be expected to tell the full story.

5. BOUNDEDNESS oF T, ON JZ7

5.1. Carleson measure characterization. We will now consider the action of
the Volterra operator T, on the Hardy spaces 527, for 0 < p < co. To this end,
we recall that £, denotes the space of symbols ¢ in Z such that the Volterra
operator Ty acts boundedly on J#7, and we set

lgll 2, := Tgll.2(oer)-

We will now establish our characterization of the elements of &, in terms of
Carleson measures.

Applying the Littlewood-Paley formula (2.2) to T, f, we immediately obtain
a characterization of the symbols g that belong to Z5: ¢ is in 25 if and only if
it there is a positive constant C'(g) such that

o . , dt
||Tgf||if2x/ // (o +it)?|g (o + it) o do —— dmeoo(x)
Te JR JO 1+t
< C(9)?|If 15

Using Fubini’s theorem, we may remove the integral over R, since each t repre-
sents a rotation in each variable on T°°. From this observation we obtain the
characterization

60 [ [ IROP @R sdodna ) < CPl e

Clearly, the smallest constant C(g) in (5.1) satisfies C(g) < || Tl (s2)-

Theorem 5.1. T, acts boundedly on P for 0 < p < oo if and only if there is
a positive constant C(g,p) such that

62 [ [ 1Pl o) dodna ) < Cla.pP I

for all f € FP. Furthermore, if

53 Cen= sw ([ /OOOfx(U)ng;(a)IQUdadmoo(x));7

I fll er=1

then C(g,p) < | Tyll.2(ser)-
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We observe that if we restrict to only one variable, meaning that we consider
only Dirichlet series over powers of a single prime, then the condition of Theo-
rem 5.1 is independent of p and reduces to the familiar one variable description
of BMOA(D).

Our proof of Theorem 5.1 adapts arguments from [31], the main difference
being that we will additionally integrate every quantity over T°°. Before giving
the proof, we collect some preliminary results. By using Fubini’s theorem once
more, we find that (5.2) is equivalent to

(5.4) /m/R/OOO|fX(o+it)|p|g;(a+it)|2oda1

The virtue of introducing an extra parameter in (5.4) is that it allows us to
apply techniques adapted to the conformally invariant Hardy space H'(Cp). In
addition to the Littlewood—Paley formula (2.2), we will use the square function
formula

PR dr
55 Wl =l [ [ ([ o vioPara) S anao.
T JR \JT, +7

which can be found in [13, Thm. 7]. Here, for 7 in R, I'; is the cone
I.={o+it: |[t—71| <o}

dt
5 Moo (x) < Clg,p)?IF 1%

For a holomorphic function f in Cy, let f* denote the non-tangential maximal
function

(5.6) f5(7) :== sup |f(9)], TeR
sel',

Since 1/(1 + 72) is a Muckenhoupt A,-weight for all ¢ > 1, it follows from the
work of Gundy and Wheeden [21] that f is in HP(Cp) if and only if f* is in
LY(R) = L? (14 72)~!dr) for 0 < p < oo, with comparable norms.

Lemma 5.2. Let ¢ be a function and p a positive measure on {o+it : 0 < o <
1}. Then

[ [ et iauto = [ [ et it o 2

If 1 is a positive measure on all of Cy, then

t? d
(5.8) // (o +it)|dp(o, t) >>// (o +1it) LS (a,t)TTTZ.

Proof. For o + it in Cy, we consider the set I(oc +it) :={r € R : o+ it € T';}.
A computation shows that

dr o
5 =X T 0<o<1
I(o+it) 1+ 1+t
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and that

/ dr <« O<o<
— L —, o < oo.
Hotity LHT2 1412
The estimates (5.7) and (5.8) now follow from Fubini’s theorem. (]

Proof of Theorem 5.1. We may assume that g is in J#” since otherwise T is
trivially unbounded. Thus, for almost every x in T°°, the measure

tigx(0,t) = g\ (0 + it)|* odo o

is well-defined on Cj.

Suppose first that p > 2 and that (5.4) is satisfied. Then by the Littlewood—
Paley formula (2.2), Holder’s inequality, and two applications of (5.4), we have
that

ITo W< [ // (0 + P20 + i) g (0, ) dmoo ()

(/w// Py (.00 (0))
([ ][ 15t nanaco)

< Clg, P2 I Tg 52 1 113

giving us that [Ty f|ler < C(g,p)l|fll-

Suppose now that T, acts boundedly on 77, still considering p > 2. By
(5.7), Holder’s inequality, (5.6), (2.1), and the square function characterization,
we have

1
/ // |fx|pdﬂg,xdmoo
>~ JR JO

< /w// | fx (o +it)[?|gs (o + it)[? dadt dmoo( )

< [ [ ey [ e i s ()

-2
< B N Taf 120 < I TgllZeoen) 1F 15

The remaining integral can be estimated using the uniform pointwise estimates
that hold for f and g in P in the half-plane Re(s) > 1, yielding that

o0
/ N /R /1 | FiclPdpgx (0, 8) dmeo (X) < 1 FI5en 90560 < 1F 1500 I Tl % em-
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Suppose now that 0 < p < 2 and that (5.4) is satisfied. Using the square
function characterization ( .5), (5.6), Holder’s inequality, (2.1), and (5.8), we
obtain

PR gr
i< [ ([ 1o+l +infdoar) s dme )

T

2_p)p p/2 dr
< [ [ ([ Ifx(ff+it)”Ig;(UJrit)IQdadt) T dma ()

< IfIoE" (/ // o+ 0l + i) dodt 2 dmoo<x>)2

< Iflld (/w// (o i)y (0:1) dmc(x >>2

< 112 a1 I 20 = Clap?IF12,

Finally we deal with the case when 0 < p < 2 and T: J#P — P is bounded.
Note first that by the Littlewood—Paley formula (2.2), we have

1Tt = [ [ [ D215 Pl (ont) i 0

Using Hélder’s inequality and this identity, we obtain
2—p

L. / / TP (o dms ()
< IT, 1%, ( [ 1o amaix ))2

< ”Tng,}Tfp (9.9)*~ pIITgfllm L < Cle.p NPl oy 1 F 15

By an approximation argument, we can a priori assume that C(g,p) is finite.
Then, by taking the supremum over norm-1 Dirichlet series f, we obtain that
C(g,p) < [Tyl (er), as desired. O

5.2. Necessary and sufficient conditions. Theorem 5.1 can be applied to find
necessary and sufficient conditions for membership in 2, parallel to the result
for 25 proved in Theorem 2.3. However, there is one essential difficulty when
passing from p = 2 to the general case 0 < p < oo, namely that the proof of part
(c) of Theorem 2.3 relies on the local embedding property of 2 expressed by
(2.5). The local embedding extends trivially to hold for p = 2k, for every positive
integer k, since

(59) ||f||H2k((C1/2 = ||fk||2H‘2((C1/2) < ékaHigﬂz = 6”]0“?;02%

261



but it is a well-known open problem whether it holds for any other p. We refer
to [34, Sec. 3] for a discussion of the embedding problem.

Arguing similarly for the embedding constant (5.3), we find for every positive
integer n that

(5.10) C(g,p) > C(g,np).

We will use this to prove a rather curious incomplete analogue to part (c) of
Theorem 2.3. In view of (5.9) and (5.10), we are allowed to apply integral powers
before and after using the local embedding property of 2, leading us to the
expected necessary condition for g to belong to £, but only for rational p.

Theorem 5.3. Suppose that g is in 9.
(a) If g is in BMOA(C,y), then T is bounded from JP to HP.
(b) If g is in Z,, then g satisfies condition (iil) from Lemma 2.1.
(c) If g is in 2, and p is in Q4 then g is in BMOA(C, /5).

Proof. The proof of (a) is identical to the proof given for p = 2 in Theorem 2.3,
using Theorem 5.1, (5.4), and that Carleson measures in one variable are inde-
pendent of p. The proof of (b) is also the same.

For (c) we need two facts which follow from close inspection of the proof of
Theorem 5.1. First of all, it is clear from the first part of the proof that for p > 2
there is a constant C;, independent of p, such that

where C(g,p) is as in Theorem 5.1. Hence, we conclude by (5.10) that there is a
constant Cy such that for every positive integer n we have
(5.11) ITgll2(enme) < Col Tyl 2(er)-

Secondly, by mimicking the next part of the proof, also for p > 2, we see that
there is a constant C3 such that

dt
1) [ / NPl ()P0 = 1/2)dor = < Coll T s ey o W,y

at least for Dirichlet polynomials f. Here we have implicitly applied the maximal
function characterization of H(Cy /). However, by the inner-outer factorization
of HY, we see that the constants involved do not blow up as p — co. To prove
the theorem, let p = 2k/n > 0 be a rational number. Hence, by (5.11), T, is
bounded on #2F, with control of the constant. Combined with (5.12) and the
embedding (5.9), we find, setting C4 = C, that

dt
)|k 2(k—1)
/ /1/2 IPHG ()P0~ 1/Ddo s < Coll Ty s e, IZSTE,

< C3CIC I Tyl% (opow) | 11 5o
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It follows that vy (o+it) := |¢'(s)|*(c—1/2) dodt/(1+t?) is a Carleson measure for
A% with constant uniformly bounded by |\Tg||‘2§f(%p). Clearly, the argument
in [29, Thm. 3| produces uniform estimates, so we conclude that v, is a Carleson
measure on H2*(C, /2), with constant uniformly bounded by the same quantity.
By appealing to the inner-outer factorization again, we conclude that there is a
constant Cs such that

Wgllemzy < CslTgll % sery < CsClg,p).
The proof is now completed by arguing as in the proof of Theorem 2.3. (]

Theorem 2.5 now gives us an interesting example of a Tgj-operator that is
bounded on all J#P-spaces.

Corollary 5.4. Let g be as in Theorem 2.5, i.e.,

1 —S8
9(s) = Z nlognn '

n=2

Then T4 : P — JP is bounded for every p < oo.

5.3. Linear symbols. We will now extend Theorem 4.1 by proving that all linear
symbols g yield bounded operators T, on 5P, for the whole range 0 < p < oo.
We do this by showing that in this special case, the constant C(g,p) in the
Carleson measure condition (5.2) may be chosen independently of p.

Theorem 5.5. Let
o0
g(s) = bp;*
=1

be given. Then T, is bounded on P if and only if g is in 2. In fact,
o 1
swp [ [Pk Podadna ) = ol
FeAP | fller <1 JT JO

holds whenever 0 < p < 0.

It suffices to consider finitely many, say d, variables. The Poisson kernel on
the polydisc is then given by

where |z;] < 1 and w = (w;) is a point on T¢. Suppose that 0 < o < p and
that f is in H?(D). Then |f|® is separately subharmonic in each variable, which
gives us the following.
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Lemma 5.6. If f is in HP(D?), then
z)|* P, (w)|f(w)|*dmg(w
‘f( )| S/ﬂ‘d ( )‘f( )| d( )

for every point z in D and 0 < a < p.

Lemma 5.6 shows that if the Carleson embedding condition (5.2) holds for all
harmonic functions f, for one p, then (5.2) holds for all f in 57, for every p.
Hence, to prove Theorem 5.5, we only need to verify that linear functions g in .22
induce Carleson measures on the harmonic functions for p = 2. Obviously this
raises the question whether the corresponding statement is true for other symbols
g from Sections 3 and 4, or even if it could be true that the Carleson condition for
analytic functions implies the same condition for harmonic functions, cf. Ques-
tion 1 in the introduction. We only have the answer in the simplest case of linear
symbols.

To simplify the computations to be given below, we will use the multiplicative
notation that comes from identifying the dual of the compact abelian group T<°
with the discrete abelian group Q4 (see [22, 33]). This means that the Fourier
series of f on T takes the form

> er)x(r),

reQ4
where c(r) = (f(x), x(7))2(r=). (The notation x(r) is explained at the end of
the introduction.)

Proof of Theorem 5.5. To see that the supremum cannot be smaller than 1/4, it
suffices to set g(s) = p;~° and f(s) = 1. To prove the bound from above, we

begin by expanding the function &, (x) := |f,|?/? in a Fourier series on T,
hp(x) = > e(r)x(r).
reQt

Using Lemma 5.6 with z; = p;‘fx(pj) and a = p/2, we get that

@2 < [ (P @dmat) = 3 (%) mn) i (%),

(m,n)=1

where we in the last step integrated the Fourier series of h, term by term against
the Poisson kernel. It follows that

I, = / | (@)Pl, () o (x)
Z Z ‘ ( ) (g)‘(mnuvpjpk)_”\bjbkllogpjlogpk,

7,k=1 mu
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where it is understood that (m,n) = 1 and (u,v) = 1. By symmetry, we get
I, < 21,1 + 21,32, where

Z Z ’C (%) ¢ (g)‘ (mnuvp;pr) =7 |bjbi| log p; log pi,

k=1 mu_
nv pk
pjlm, pgln

Z Z ’C (%) ¢ (g)‘ (mnpuvp;ipr) =7 |bjbk|log pj log pi.

Gk=1 mu_
nv pk’
pjlm, pglv

We estimate the contribution from these two sums separately. First, by the
Cauchy—Schwarz inequality, we have

4 m\ |2 log p; log py, :

< — —or) "orh

(X X kG T
]k 1 (m,n)=1,
pjlm, pgln

[SE

(=

1
<( X )
X <( Z ‘ ( )‘ Z |b | |b |210gpjlo)gpk>27

pv)=1

( )‘ |b | |b |210gp310gpk
(pjpr)°

Nl= /_\

where we in the final inequality changed the order of summation in the first factor
and used that ijlm logp; < logm. To compute the integrals, we will use the

identity
> 1
/ (loga)*a*odo = -,
0 4

which is valid for every a > 0. We use the Cauchy—Schwarz inequality again and
take the two integrals into the respective sums, to deduce that

> m\ |2 logmlogn
Lo < {30 e()] Togmne
/0 1900 = ( Z)_l A% 4(log mn)?

1

1
2

[ S e e,

T et 4(log p;pk)?
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The fractions with logarithms are bounded by 1/16, so in total we get that

o0
[ teaodo < GlolBeal 11
0
To estimate I, 2, we use the Cauchy—Schwarz inequality and change the order of
summation:

(];1 (”L”Z)l ‘ ( )‘ b |22:Lip)g) )
pylm

< (T el
pklu

_ g;@(( 2)_1‘0(7:)‘2 S m)
(lo 3
(S oo )

X (
(u,v)=

The two factors are symmetrical, so by using the Cauchyfschwarz inequality
again we get

> 5 my |2 (logp;)*
| paode <ol 3 [e(5)] 3 g

(et oy (logmp;)
9132 > ‘ (m)f 1 log p;
- () o
logm log pj
4 (m,n)=1 n 1Ogm pjlm 2+ logpj + log'n]z

191152 1115

16 ’
where we used that logm/logp,; + logp;/logm > 2 when p;lm. Combining
everything yields

oo o0 o0 1
[ lodo<r [ hacdorz [ faode < fllBelfl.. O
0 0 0

6. COMPARISON OF 2~ WITH OTHER SPACES OF DIRICHLET SERIES OF BMO
TYPE

IN

6.1. Hardy spaces 5P and BMOA(Cy). Our initial motivation for studying
T, was to consider 2" = Z5 as a type of BMOA-space for the range of Hardy
spaces P. From Theorem 2.3, we have the following inclusions, which show
that 2" is in every P, for 0 < p < o0.
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Corollary 6.1. We have the following inclusions,

A CBMOA(C)NZ2C 2 ¢ () 27
0<p<oo
Proof. The inclusions are all from Theorem 2.3. That the first inclusion is strict
follows from Theorem 2.5. The second inclusion was observed to be strict in the
remark at the end of Section 3, but it can also be deduced from any example in
Section 4. The strictness of the last inclusion follows from Theorem 4.2 and the
fact that

(6.1) lglloer = llglloe

when g is an m-homogeneous Dirichlet series, with implied constants depending
on m and p. To verify (6.1), we argue as follows. Let d(n) be the number
of divisors of the positive integer n. By the extension of Helson’s inequality
discussed in [12, Sec. 5] and [35, Thm. 3|, there exist nonnegative number « and
5, depending on p, such that

62 (Z [d?;ji]a> -

n=1

2

ZnH < <Zaﬁ[d<n>]ﬁ> .
n=1 P n=1

The key point is that if Q(n) = m, then m +1 < d(n) < 2™, proving (6.1). (In
fact, by a suitable application of Holder’s inequality, we can prove (6.1) using
only the right inequality in (6.2).) O

In the next three subsections, we will compare 2~ with two other analogues
of BMOA, namely the dual space (#1)* and the space (2 ® 52)* of symbols
generating bounded multiplicative Hankel forms. Let us first recall that neither
of these spaces is contained in

AEEGR

0<p<oco

This follows immediately from a result of Marzo and Seip [26], which states that
the Riesz projection P on the polytorus is unbounded from L% (T>) to H*(D>°).
In fact, it is not even known whether P(L*>°(T)) is contained in HP (D) for
any p > 2. Note that P(L>°(T*)) is naturally identified with (2#1)*, and that
it is strictly continuously contained in (72 ® #72)* [30].

6.2. Hankel forms. Let us now consider the space of symbols g such that the
corresponding Hankel forms H are bounded. The form H, is given by

Hg(fh) = <fh7 g>.9f2a
from which it is clear, by definition, that H, is bounded if and only if g is in
(A% © #7?)*. Applying the product rule for derivatives, we find that

(6.3)  Hy(fh) = f(+00)h(+00)g(+00) + (07 (f'h), 9) 2 + (07" (f1'), g2,
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where

- [ )

The “half-Hankel” form

(6.4) (f,h) = (07H(f'h), 9) e
is bounded if and only if g € (071 (8#2% ® #%))*. It is clear from (6.3) that
(6.5) (0~H0% © A7) C (% 0 A7) .

Whether the inclusion in (6.5) is strict, is an open problem. It was observed in
[13] that it is equivalent to an interesting Schur multiplier problem.

Corollary 6.2. Suppose that the Volterra operator T, acts boundedly on 2.
Then the Hankel form Hy, is bounded.

Proof. The Littlewood—Paley formula (2.2) may be polarized, to obtain
(f,9) 2 = f(+00)9 +00)

(6.6) dt
f o +it)gl g (o +it)o da dmoo (x)-
We find that

(071 (f'h), 9) e
/w// filo +it)hy (o + it)g, (o + it)o do ft dmoo(X)-

Hence, it is clear from Theorem 5.1 that if T, is bounded, then so is the form
(6.4). Thus we may complete the proof by using the inclusion (6.5). O

On weighted Dirichlet spaces of the disc (including the Hardy space), even
in the vector-valued setting, the boundedness of a half-Hankel form also implies
the boundedness of the corresponding T, operator (see [3]). However, by [13,
Lem. 10|, a half-Hankel form on #? generated by a symbol g with positive coef-
ficients is bounded if and only if Hy is bounded. Since the symbols of Theorem 3.1
generate bounded Hankel forms for a > 1/2, but not bounded T, operators for
« < 1, this shows that the same relationship between the half-Hankel form and
T, does not hold in the present context.

6.3. The dual of . The most tractable sufficient condition for

s) = Z bpn~*

n>1
to belong to (#1)* was put forward by Helson [23]: g is in (J#1)* if
(6.7) > |bal?d(n) < oo
n=1
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where again d(n) denotes the number of divisors of the integer n. In fact, Helson’s
result is stated in terms of the Hankel form H, considered above. If g satisfies
(6.7), then H, is Hilbert-Schmidt. Note that, by a consideration of zero sets
based on [35, Thm. 2|, we can show that a Dirichlet series g satisfying (6.7) will
not always be in BMOA(C, /3).

The examples of ¢ in 25 considered in Sections 3 and 4 are easily seen to
satisfy (6.7). Moreover, we see that the symbols in Theorem 3.1, 1/2 < o < 1,
are in (1)*, but not in 25. Hence (J#1)* is not contained in 23, and it is
tempting to conjecture that 25 C (H#1)*.

First, let us show how to construct a class of Dirichlet series in (J#1)* N 25
that do not satisfy (6.7), showing that Helson’s criterion is not well adapted to
understanding Volterra operators.

Theorem 6.3. Suppose that A = {ni, na, ...} C N\{1} is a set with the
property that (nj,ng) =1 4if j # k. If

(6.8) g(s) = > ban ",

neN

then || Tyl z(e2) = |lgll 2. Moreover, for f(s) =3_, 5, ann™?, we have

1

<|ao|2 + Z an|2> < V2| fll -

neN

The second statement in the theorem yields ||gl| 1)~ < V2|9l s>, by the
Cauchy—Schwarz inequality applied to (f,g)ss2. Define the integers ny := 2,
ng :=3-5, ng :=7-11-13, and so on. The set A" := {nq, no, ...} satisfies the
assumptions of Theorem 6.3, but d(n;) = 27, so (6.7) is not always satisfied.

Proof of Theorem 6.3. For the first statement, we simply observe that

E logn < log N,
n|N
neN

which allows us to follow the proof of Theorem 4.1 to obtain that every Dirichlet

series of the form (6.8) satisfies | T4|| = ||g]| se2.
For the second statement, fix some n = n;, and set d := w(n), m := Q(n) and
k := k(n). By Helson’s iterative procedure [23], it is sufficient to demonstrate

that for f in H*(D9),

1
1 2
(6.9 (1aoP + 3lax) " < 171im oo
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We begin with Carleman’s inequality (see [36]),

%
<°° |ck|2> -
k:0k+1 -

Setting F(w) = >, 5, cxw”, we use F. Wiener’s trick (see [11]) with an mth root
of unity, say ¢, so that

o0
E ckwk
k=0

H' (D)

(oo}

(F(w) + F(wp) + F(wp?) + -+ + F(wcpmfl)) = Z Cmpw™".
k=0

1
F(w™):= -
Clearly || Fpn ||z ) < |F| 51y, so we find from Carleman’s inequality that

1
(6.10) i lemil” ) "
' k+1) —

k=0

oo
E ckwk
k=0

H.(D)

Returning to our function f in H'(D?), we let f; denote the k-homogeneous part
of f and decompose f accordingly:

1) =3 ful2).
k=0

Substituting z; — wz; for 1 < j < d, we find, using Fubini’s theorem, (6.10),
and Minkowski’s inequality, that

iinfkm”% d 2</ iM 5d””‘d(z)<||f||H1 Dd)-
kit 1 OO )= e\ & k+1 = @)

We retain only the two first terms in the sum on the left-hand side. The proof of
(6.9) is completed by noting that || foll 1 ey = |ao| and that [a.| < || fm |l g1 ey,
where the latter inequality holds because || = Q(n) = m. O

As for the question of whether 25 C (J1)*, our best result is the following
corollary of the characterization given in Theorem 5.1. For its interpretation,
one should recall that (5.10) implies that 27 C %£5. Hence, the corollary also
motivates further interest in the question of whether 25 = %2, for all p, 0 <p <
00.

Corollary 6.4. Suppose that the Volterra operator T, acts boundedly on 1.
Then g is in ().
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Proof. Let f be a Dirichlet series in /! and suppose that f(+00) = 0. Let g be
27 and apply (6.6) along with the Cauchy—Schwarz inequality,

/OC// fx a+ztgx(a+zt)ada dt dmoo(x)‘
(L s
L] ime s illage + infods {5 dmato)

We finish the proof by using Theorem 5.1 with p = 1, since the quantity on the

fa jf2|v

=

second line is bounded from above and below by || fH;éfl in view of the Littlewood—
Paley formula (2.2). O

Observe that by part (a) of Theorem 5.3, this shows in particular that if
g is in BMOA(Cy) N 2, then g is in (s#!)*. This inclusion can also be de-
duced directly from the two Littlewood—Paley formulas (2.2) and (6.6), using the
Cauchy—Schwarz inequality and Lemma 2.2.

6.4. On the finite polydisc D?. Let us now confine ourselves to studying
Dirichlet series

fls) = Z anpn”—*®

restricted to the first d primes, by demanding that a, = 0 if p;|n, for j > d.
Through the Bohr lift, the restricted Hardy spaces 5, (which are complemented
subspaces of J#P) are isometrically identified with HP (D). We consider now a
Dirichlet series g restricted to the first d primes and let Ty act on .

Corollary 6.5. For0 < p < oo, T is bounded on 7 if and only if it is bounded
on H}.

Proof. This follows from Theorem 5.1, since the Carleson measure characteriza-
tion is now over D?, and the Carleson measures of H?(DY) are independent of p
(see [15]). O

Moreover, using the result that H?(D?) ©® H%(D?) = H'(D?) from [18, 25],
we conclude that symbols inducing bounded Tg-operators on the finite polydisc
belong to (H'(D?))*. This subsection is devoted to showing that, even in the
finite-dimensional setting, the dual of H'! still does not characterize the bounded
Tj-operators.
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Let D denote the differentiation operator on Dirichlet series,
Df(s) == f'(s) == > an(logn)n™".
n=2

Identifying again % with HP (D?), we find that we may write

d
(6.11) Df(z1, ..., 2a) = = »_(logp;)zj0z, f (21, -+, 2a)-

Jj=1

Note the similarity between D and the radial differentiation operator

d
(6.12) Rf(z1, ..., 24) ::szazjf(zl,...,zd).
j=1

The Volterra operator T} defined with the radial differentiation operator R and
radial integration R~! has previously been investigated on the unit ball B, of C¢
by a number of authors. A seminal contribution is that of Pau [31], who proved
that T} is bounded on H?(Bg) if and only if g is in BMOA(Bg). In particular,
for p = 2, the T, operator is bounded if and only if the corresponding Hankel
operator is bounded, i.e., if and only if g defines a bounded linear functional on
HQ(Bd) ® HQ(Bd).

We shall now see that the corresponding statement is not true on the finite
polydisc D2. The statement and proof are written for the Volterra operator
defined in terms of radial differentiation (6.12), but the argument works equally
well for the half-plane differentiation (6.11). In the following theorem, we use the
notation g1 ® g2(z,w) := g1(2)g2(w).

Theorem 6.6. There exists functions g1 in H>*(D) and g2 in BMOA(D) such
that Ty, g4, is unbounded on H?(D?).

To obtain the desired conclusion from this theorem, namely that Ty is not
bounded simultaneously with the Hankel operator H,; even on the bidisc, it
suffices to observe that the symbol g; ® go is in BMOA(D?) and therefore in
(H*(D?) @ H*(D?)" = (H'(D?))".

Proof of Theorem 6.6. Suppose that f(z,w) =3_,  <¢amnz"w". Then

Rf(z,w) = Z (m + n)am 2" w",

m,n>0

a
R f(z,w) = E — ",
m-+n
m,n>0
m+n>0
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We consider the Volterra operator T, f = R™'(fRg), choosing f = f1 ® fo, where
f1 and fo are both in H?(D). We compute and find that

(6.13) f(z,w)Rg(z,w) = f1(2) f2(w) (291(2)g2(w) + wg1(2)g5(w)) -

/
2
We consider first the second term of (6.13), which we write as hi(z)ha(w), where

hi(z) = fi(z Z amz™ and  ho(w) :=wfa(w)gh(w) = Z bpw™.

m=0 n=1

Since f1 is in H*(D) and g is in H*>°(D), clearly hy is in H*(D), s0 Y., <o |am|* <
oo. In a similar way, we see that hy is the derivative of a function in H?(DD)
because f5 is in H?(D) and gs is in BMOA(D) so that the operator T}, is bounded
on H?(D). This means that dons>1 |bn]?/n? < co. We conclude therefore that

m|*|bn b, |?
I b = 3 e < 57 3 B <

Changing our attention to the first term in (6.13), it remains for us to show
that we can pick fi, fa, g1, and go satisfying our assumptions, so that the H?(ID?)-
norm of

R (2f1(2)91 (2) fa(w) g2 (w))
is infinite. Replace for the moment zf1(z)g](z) with an arbitrary function h; in
20H?*(D), say

oo
z) = Z amz"
m=1
Choose fy and go as

and  go(w) = —log(l — w).

W)= 2 allogm)

The coefficients of ha(w) := fo(w)gz(w) =3, 53 b,w™ are given by

Z 1 "z_:l > L
\flogk ) logn b= ' £ \F
Hence we find that
| |2 >\ Jam|? log(m + 2)
1R (haho) 372 ) > Z Z m+mn 20 Z . (m+12

mlnS

for an appropriate choice of h; in z0H?(D). However, by a factorization result
of Aleksandrov and Peller [1], there exist f{ in H?(D) and g] in H*°(D) for
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1 < j <4, such that

Therefore, at least one of the four pairs ( ff , g{), 1 < j <4, will do as the choice
of (fl, 91) O

7. COMPACTNESS OF T, ON J#2

7.1. Basic results. We turn to a brief discussion of compactness of T,. Every
polynomial symbol g(s) =" 5 bnn™° defines a compact Tg4-operator, since in
this case T is the sum of N diagonal operators with entries in ¢o. This means that
all bounded operators from Section 4 actually are compact. To see this, let Sy
denote the partial sum operator, acting on a Dirichlet series f(s) =" -  a,n™*
by

N
Snf(s) = Z ann”®.
n=1

Suppose now that we have an estimate of the type |Tyl|* < > o, |bn]*w(n)
for some positive weight function w(n). If the right hand side is finite for some
Dirichlet series g, then

ITy — Tsygl* < Z |bn[*w(n) — 0, N — o0,
n>N

demonstrating that T, is compact. In particular, every bounded T ,-operator
with a linear symbol is compact, since then [Tyl 22y = ||gll2, by Theo-
rem 4.1. Let us also mention that the Volterra operator defined by the primitive
of the zeta function considered in Theorem 2.5,

=1
gls)=>_ nlognn‘s,
n=2

is compact by this argument and Theorem 4.3. In the next subsection, we will
produce a concrete example of a non-compact operator, by testing the Volterra
operator of Theorem 3.3, for A\ = 1, against reproducing kernels for suitable
subspaces of 2.

We mention that it is possible to prove versions of Theorems 2.3, 5.1, and
5.3 for compactness, by replacing bounded mean oscillation by vanishing mean
oscillation, and embeddings by vanishing embeddings. The details are standard,
see for instance [31] for the arguments in a different setting.

We present only two results in this section. The first is that the closure of
Dirichlet polynomials in BMOA(Cyp) is VMOA(Cp) N Z, as it relies on the trans-
lation invariance (i) of Lemma 2.1 enjoyed by Dirichlet series in BMOA(Cy).
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Recall that VMOA(Cy) consists of those g € BMOA(Cy) such that

1 1
lim sup—/fit ——/fiT dr
S o [0 ) 1
We endow the space BMO(Cy) N Z with the norm || f{|gmo(c,)ne = | f(+00)] +

”fHBMO((Cg)~

Theorem 7.1. Let g be a symbol in VMOA(Cy) N2 and e be a positive number.
Then there is a Dirichlet polynomial P such that ||g — P|lgmo(cy)ng < €

dt = 0.

Proof. Let Bs denote the horizontal shift operator given by Bsg(s) = g(s + 9),
and, as above, let Sy denote the partial sum operator. We choose P = BsSng,
for some 6 > 0 and N to be specified later. Clearly P(+oc0) = by = g(+00). Since
g is in VMOA(Cy), we know from [20, Thm. VI.5.1] that

1- - B = .
lim [lg — Bsgllemorcy) =0
Choose § > 0 so that [|g — Bsgllsmo(c,) < €/2. Then
lg — PliBmo(co) < 9 — BsgllBmocco) + 1Bsg — PllBmo(cy)
< 6/2 —+ 2”ng — BéSNgH%ac.

Now, by (i) of Lemma 2.1, we know that 04(g) < 0. By a theorem of Bohr [10],
this implies that Syg(s) converges uniformly to g(s) in the closed half-plane Cs,
for every § > 0. Hence there is some N = N(g, ¢) such that || Bsg—BsSng|| s~ =
1B5(g = Sng)lle= < e/4. O

Our second basic result is that T, is never in any Schatten class, unless g
is constant. This is in line with [31, Thm. 6.7], showing that a radial Volterra
operator T # 0 defined on H?(B,) can be in the Schatten class S, only for p > d.

Theorem 7.2. Let -
g(s) = Z b,n"*°
n=1

be a non-constant Dirichlet series. Then Ty: % — A2 is not in Sp, for any
p < o0.

Proof. Since g is not constant, we know there is at least one non-zero term, so
set

N=inf{n >2: b, # 0} < .
We will use [37, Thm. 1.33] in the following way: Set e,(s) := n~° and assume
that 2 < p < co. Then the set {e,},>1 forms an orthonormal basis for A2, s0
that:

o
ITgl%, = > [ Teenlype-
n=N
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A simple computation shows that if n > N, then we have

o [bm[*(logm)® _ |bw[*(log N)* _ |bw|*(log N)?
Tyen|pe = b > >
ITgenllle 7;2 (logmn)2  — (lognN)?2 — (2logn)?

In particular, ||Tge,|lz2 > (Jbn]log N)/(2logn) and hence ||Tg||§p > 00. The
inclusion between Schatten classes allows us to conclude that T, cannot be in .S,
for any 0 < p < c0. ([l

7.2. Estimating y-smooth reproducing kernels. We will now study the ac-
tion of T, on reproducing kernels for suitable subspaces of #7?. The reproducing
kernel k,, of 57 itself at w, where Re(w) > 1/2, is given by

ku(s) = Cs+m) =[[(L—p™) "

P

Considering these reproducing kernels is insufficient in our analysis of the mul-
tiplicative symbol g from Theorem 3.3. Indeed, regardless of the value of A, the
Dirichlet series g(s) converges absolutely all the way down to Re(s) = ¢ > 0.
Testing Ty on the kernels ky,, in Cy /5 is therefore not enough to detect that it is
unbounded for A > 1.

To address this, we consider y-smooth reproducing kernels. Let PT(n) denote
the largest prime factor of n. The integer n is called y-smooth if PT(n) <y. The
y-smooth reproducing kernels, k¥ are defined for Re(w) > 0 and y > 1, by cutting
off prime numbers larger than y. This means that we set k¥ (s) := ( (s +w, y),
where

C(s+w,y) = H (1 _p—s—ﬁ)—l

p<y

Notice that we already used another variant of cut-off kernels in the proof of
Theorem 3.3. Following Gal’s construction, we tested against a finite-dimensional
kernel at ¢ = 0, cut off to be smooth (in the sense of primes) and retaining
only suitable small powers of each prime. Our motivation for turning to the
more involved investigation of the reproducing kernels k¥ (s) is that they provide
slightly better estimates than the rougher argument stemming from Géal’s work.
More specifically, we will see that the multiplicative symbol g from Theorem 3.3
with A = 1 provides the only concrete example of a non-compact Tj-operator in
this paper. As in Section 3, we consider without loss of generality the operator
’i‘g instead of T, the difference between the two being compact.
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Suppose that f(s) = >, <, ¢(n)n~*, where ¢ is a non-negative completely
multiplicative function and that g(s) = >, -, b,n"® has non-negative coeffi-
cients. A computation shows that

1T f 1

(7.1) _ i i(bm log m) (b, log n) 5 <( mn )kio:l ( o(k)?

2 2°
m=2n=2 My n) log k + log —21 )

(m;n)

We will now choose f to be a y-smooth reproducing kernel and estimate the
innermost sum.

Lemma 7.3. Let ¢(n) be the completely multiplicative non-negative function
defined by setting

o) = {n i P*(n) <,

0, otherwise.

Fiz a, 0 < a < 1. If y* > 1/0, then for sufficiently large y (depending on «),
we have

o0 2
Sy(m,n) = Z (k) 3
k=1 <logk+log e )

(m,n)
= HkgHi”fz
= N
<(1 + 0(1)) (1 - 20)_1y1—20 + log (77:’7:1))

where o(1) tends to 0 as y — oo.

Proof. We may assume that 0 < o < 1/2. Observe first that ||k%[|%,. = ((20,7).
For simplicity of notation, we write a := log (;’L“ZL). By Abel summation, we see
that

U(z,y)z~2% dx
(logz +a)® =’

Sy(m,n) ~ 20/
1

where as usual ¥(z, y) denotes the number of y-smooth integers less than or equal
to z. Observe that ((s,y) is the Mellin transform of ¥(z,y),

((s,y) = 8/000 5 (2, y) da.

Hence by writing ¥(x,y) as the inverse Mellin transform of ((s,y), integrating
over the vertical line Re s = £ for some 0 < £ < 20, and then changing the order
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of integration, we obtain

®© U(z,y)z™2 da oo [ it ds x~2% dx
I::/ Y,y o™ 2—2/ 7/ C(sy)x— _—
1 (logz+a)” = 1 270 Je_ioo (logz +a)®

1 St © 25720 drx\ ds
=9 ¢(s,9) w2 |
£—ioo 1 (logz+a)” ) s

J

By substituting o = ef, using the identity

1 d [
i A
0

and interpreting the resulting integral as a Laplace transform, we find that

J > eit(QUis) d d 20a > 7at$ S d
7/0 T (e /ZU et L {e5} (1) t>

o dt
= / e t=20) (4 — 20) ——.
2 s—t

Therefore, by changing the order of integration again, we obtain that

') 1 &+ioco dS
I= —a(t-20)(; _ 9 —/ .
/20 ¢ =20 (50 [ ClonT

We evaluate the inner integral by residues, capturing the simple pole in s = t, to
see that

o ¢(t (t+2
I= / em 20 (¢ — y dt= [ UE2Z0) yowr gy
2% t+ 20
Hence, to prove the statement of the lemma, we need to estimate
2 (t+2
g / C + g, y te —at dt
¢(20, y 20 Y) t+ 20

from below. Observe that

((t+20,y) —2 1, 1-2
= >exp| —Ct)» p=logp | >exp(—C(1 —20) "ty 7
¢(20,y) Z;y ¢ (=¢ . )

when, say, ¢ <2y~“. Here 1 < C =1+ 0o(1). Assuming that ¢ > y~%, we have
that 20/(t + 20) > 1/2, and we therefore obtain

—a

2y
teetdt >>/ toxp (= (a+ C(1 - 20) "y =27) 1) dt
0

1
2(a+ C(1 - 20)~1yl—20)?

0 L(t+ 20,y)
20y t+ 20

>
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for sufficiently large y. On the other hand, the same type of estimates carried
out in reverse order shows that

XLt +20,Y) | /°° / 112
te” " dt t cC'(1-2 ) t) dt
20y t+20 <, towe (= lat =20 )9
_ 1
(a+C'(1 —20)~1yl—20)%
where 1 > C" =1+ o(1). O

Applying (7.1) and Lemma 7.3 to a symbol of multiplicative type (3.1), we
find that

IToke| e )29

> % v Gd

(72) ||l€y||Ji”2 Pt(m)<y Pt(n)<y

-2
X <(1+0(1))(1—2a) 11727 4 log (WTZ)) .

under the assumptions on y and ¢ from Lemma 7.3.

Theorem 7.4. For 0 < A\ < oo, let g be the Dirichlet series (3.1), where
Y(n) is the completely multiplicative function defined on the primes by ¥(p) =
Ap~t(logp). Fiza,0<a<1. Ifoc =y, then

T,k
(73) || g ‘72||.9f2 >>y2(/\—1).
155152

In particular, Ty is not compact when A = 1.

Proof. Let pu(n) denote the Mobius function, the only property of which we need
is that p(n) = 0 unless n is square-free. Restricting the sums in (7.2) to square-
free numbers and using that (m,n)2° > 1, we find that

1T 4k H%z Z Z 1/J

+(m)<a +(n)<y
) ee ™ ries rirc, O

o —20) Yyt 72% 4 1o mn 72.
X ((1+ (1)1 —-20)""y +1 g(m,n))

Now using that m and n are y-smooth and square-free, so that both logm and
logn are bounded by 7(y)logy < (1 + o(1))y by the prime number theorem, we
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obtain from (7.4) that

jd 1 mn
1/02 > 2 Z Z u cr)
|k H%’2 Pt (m)<y PT(n)<y (mn)
p(m)#0  p(n)#0

— Loy s v (L i)
- 2
P+ (m)<y Pt (n)<y P+(m)<y
n(m)#0 1(n)#0 (m)#0

We may now complete the proof of the estimate (7.3) by the following computa-

tion:
Y(m) _ w< d(p
> e =1l Pl
Pt (m)<y p<y Py
() #0
A 1 A
>exp | — Z o8P~ exp (Ulogy> .
U y
In the last step, we used Mertens’s first theorem, which asserts that > pp —

logy is bounded in absolute value by 2. Now (7.3) follows because y~?logy =
logy + o(1) when y — oo by our choice of o.

Finally, let {o;};>1 and {y;};>1 be sequences such that o; — 0 and y; — oo
as j — oco. Then for every Dirichlet polynomial P, we have that (P, k&%) s
converges as j — 0o. On the other hand, we have that ||ky’ || ;»2 — oo. Therefore
k5 /||ks’ || 2 converges weakly to 0 in #2. Hence, the estimate shows, for
suitably chosen o; and y;, that T is not compact for A = 1. (I
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AND JING ZHAO

ABsTrRACT. We study HP spaces of Dirichlet series, called J#P, for 0 <
p < oo. We begin by showing that P may be defined either by tak-
ing an appropriate LP closure of all Dirichlet polynomials or by requiring
the sequence of “mte Abschnitte” to be uniformly bounded in LP. After
showing that these definitions are equivalent, we proceed to establish upper
and lower weighted ¢2 estimates (called Hardy-Littlewood inequalities) as
well as weighted £°° estimates for the coefficients of functions in . We
discuss some consequences of these estimates and observe that the Hardy—
Littlewood inequalities display what we will call a contractive symmetry
between P and #*/P. The relevance of the Hardy-Littlewood inequali-
ties for the study of the dual spaces (#P)* is illustrated by a result about
the linear functionals generated by fractional primitives of the Riemann zeta
function. We deduce general estimates of the norm of the partial sum oper-
ator 3 °  ann”S > Zgzl apn™*% on P with 0 < p < 1, supplementing
a classical result of Helson for the range 1 < p < oo. Finally, we discuss
the relevance of our results for the computation of the so-called pseudo-
moments of the Riemann zeta function ((s) (in the sense of Conrey and
Gamburd). We apply our upper Hardy-Littlewood inequality to improve
on an earlier asymptotic estimate when p — oo, but at the same time we
show, using ideas from recent work of Harper, Nikeghbali, and Radziwilt
and some probabilistic estimates of Harper, that the Hardy—Littlewood es-
timate for p < 1 fails to give the right asymptotics for the pseudomoments
of ¢%(s) for a > 1.

1. INTRODUCTION

H? spaces of Dirichlet series, to be called 7 in what follows, have been
studied extensively in recent years but mostly in the Banach space case p > 1,
with a view to the operators acting on them. In the present paper, we explore
J€P in the full range 0 < p < oo, which in part can be given a number theoretic
motivation: The interplay between the additive and multiplicative structure of
the integers is displayed in a more transparent way by the results obtained without

The research of Bondarenko, Brevig, Seip, and Zhao is supported by Grant 227768 of the
Research Council of Norway.
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any a priori restriction on the exponent p. As an example, we mention that the
multiplicative estimates of Section 3 of this paper exhibit what we will call a
contractive symmetry between H? and H*/?, which is particularly significant for
the study of 7. We refer to these estimates as multiplicative because they are
obtained by multiplicative iteration via the Bohr lift (see below) of estimates for
HP spaces of the unit disc. We note in passing that, surprisingly, there remain
basic problems related to the contractive symmetry that are still open in the case
of the unit disc.

By a basic observation of Bohr, the multiplicative structure of the integers
allows us to view an ordinary Dirichlet series of the form

fls) = Z anpn”?®
n=1

as a function of infinitely many variables. Indeed, by the transformation z; = pj_s
(here p; is the jth prime number) and the fundamental theorem of arithmetic,
we have the Bohr correspondence,

(1) f(s) = Zann_s — Bf(z):= Z anz™ ™,
n=1 n=1
where we use multi-index notation and x(n) = (k1,...,k;,0,0,...) is the multi-

index such that n = pj*--- p;j . This transformation—the so-called Bohr lift—
gives an isometric isomorphism between P and the Hardy space HP (D). We
will come back to the details of this relation in the next section, where we will show
that it ensures an unambiguous definition of J#P in the full range 0 < p < oo.
The Bohr lift is of fundamental importance in our subject, and will in particular
be what we need in Section 3 and Section 4 to lift coefficient estimates in one
complex variable to obtain results for .77P.

The additive structure of the integers plays a role whenever we restrict atten-
tion to the properties of f(s) viewed as an analytic function in a half-plane or
when we consider any problem for which the order of summation matters. A
particularly interesting example is that of the partial sum operator

N
SNf(S) = Z ann_s>
n=1

viewed as an operator on J#?. By a classical theorem of Helson [30], we know
that it is uniformly bounded on 77 when 1 < p < oo. In Section 5, we will
give bounds that are essentially best possible in the range 0 < p < 1 and an
improvement by a factor 1/loglog N on the previously known bounds when p = 1.
We are however still far from knowing the precise asymptotics of the norm of Sy
when it acts on either J#1 or J#>.
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We have found it interesting to relate our discussion and to apply part of our
results to a number theoretic problem that deals with the interplay between the
additive and multiplicative structure of the integers. Thus in the final Section 6
we consider the computation of the so-called pseudomoments of the Riemann
zeta function ((s) which were studied by Conrey and Gamburd [15] when p is an
even integer. In our terminology, the pseudomoments of ((s) are pth powers of
the J#P norms of the Dirichlet polynomials

N
Zn(s) = Zn‘1/2_s.
n=1
We observe that if we write

(2) In(s) = H %7

py<N 1 —Dj

then Zny = Sy fn. Hence Zy can be obtained by applying the partial sum oper-
ator to a Dirichlet series whose coefficients represent a completely multiplicative
function. This comes as no surprise of course, but the interesting point is how to
estimate the norm of Sy fy. We have essentially two methods, one relying on the
multiplicative estimates from Section 3 and another relying on an additive esti-
mate of Helson used in Section 5. We will show that our multiplicative estimates
improve on the known estimates from [8] in the range p > 2. In general, however,
we know the right order of magnitude only when p > 1, there being a huge gap
between the additive and multiplicative estimates in the range 0 < p < 1. We are
not able to remedy this situation, but we will shed light on it by showing that the
Nth partial sum of [fy(s)]* for o > 1 has J#P norm of an order of magnitude
larger than what is suggested by our multiplicative estimates, provided that p is
sufficiently small.

Our study of the pseudomoments of ((s) and more generally (*(s) highlights
another important aspect of the spaces J#P, namely a probabilistic interpretation
of the Bohr correspondence and the use of probabilistic methods. Our work on
pseudomoments in the range 0 < p < 1 is inspired by the recent paper [26] and
relies crucially on some delicate probabilistic estimates due to Harper [25].

To close this introduction, we note that there are many questions about P
that are not treated or only briefly mentioned in our paper. Our selection of topics
has been governed by what appear to be significant and doable problems for the
whole range 0 < p < oo. We have chosen to be quite detailed in the groundwork
in Section 2, dealing with the definition of 7, because the infinite-dimensional
situation and the non-convexity of the LP quasi-norms for 0 < p < 1 require some
extra care. In that section, we also summarize briefly some known facts and easy
consequences, such as for instance how some results for .72 can be transferred
to P when either p = 2k or p = 1/(2k) for k = 2,3, ... In Section 3, which deals
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with upper and lower weighted ¢? estimates for the coefficients of functions in
P, we will record some functional analytic consequences concerning respectively
duality and local embeddings of 2#P into appropriate Bergman spaces when 0 <
p < 2. For further information about known results and open problems, we refer
to the monograph [37] and the recent papers [12, 44].

Notation. We will use the notation f(z) < g(x) if there is some constant C' > 0
such that |f(x)| < C|g(x)]| for all (appropriate) x. If we have both f(z) < g(x)
and g(x) < f(z), we will write f(z) =< g(x). If

lim M =1,

z—oo g(1)
then we write f(x) ~ g(x). As above, the increasing sequence of prime numbers
will be denoted by (p;);>1, and the subscript will sometimes be dropped when
there can be no confusion. The number of prime factors in n will be denoted
by (n) (counting multiplicities). We will also use the standard notations |z] =
max{n € N:n <z} and [z] = min{n € N:n > z}.

2. DEFINITIONS AND BASIC PROPERTIES OF THE HARDY SPACES 7P AND
HP(D*>)

2.1. Definition of H?(D>). We use the standard notation T := {z : |z| = 1}
for the unit circle which is the boundary of the unit disc D := {z : |z| < 1} in
the complex plane, and we equip T with normalized one-dimensional Lebesgue
measure g so that u(T) = 1. We write pg := p X --- X u for the product of d
copies of i, where d may belong to NU {occ}.

We begin by recalling that for every p > 0, the classical Hardy space HP(D)
(also denoted by HP(T)) consists of analytic functions f : D — C such that

7 r oy = s [ £ diz) < .
o<r<1JT

This is a Banach space (quasi-Banach in case 0 < p < 1), and polynomials are
dense in HP(D), so it could as well be defined as the closure of all polynomials in
the above norm (or quasi-norm). We refer to [19] or the first chapters of [21] for
the definition and basic properties of the Hardy spaces on D.

For the finite dimensional polydisc D¢ with d > 2, the definition of Hardy
spaces can be made in a similar manner: For every p > 0, a function f : D¢ — C
belongs to HP(D?) when it is analytic separately with respect to each of the
variables z1,...,2zq and

1 ey =50 [ 1F02)P dalz) < .
r<l.JTd
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The standard source for these spaces is Rudin’s monograph [41]. As in the one-
dimensional case, for almost every z in T¢, the radial boundary limit

F(=) = T f(r2)

exists, and we may write
3) 1 oy = [ 187 dia).
Td

This means that H?(D?) is a subspace of LP(T?, 1i4). Moreover, again as in the
one-dimensional case, for every f in H?(D?), we have that

(4) lim ||f = fellgr@ay =0,
r—1-1

where f,(z) := f(rz). This implies that the polynomials are dense in H?(D?),
so that the space could equally well be defined as the closure of all polynomials
with respect to the norm on the boundary given by (3).

Both (3) and (4) are most conveniently obtained by applying LP-boundedness
of the radial maximal function on HP (D) for all p > 0, a result which can be

obtained by considering a dummy variable w in D and checking first that, given
f in H?(D?), the function

w— f(wzg, ..., wzq)

lies in HP(D?) for almost every (z1, ... z4) € T?. By Fubini’s theorem, the bound-
edness of the maximal function then reduces to the classical one-dimensional
estimate.

In order to define HP(D*), some extra care is needed because functions in
HP(D>) will in general not be well defined in the whole set D*°. To keep
things simple, we henceforth consider the set IDgS which consists of elements
z = (zj)j>1 € D> such that z; # 0 only for finitely many k. A function
f D — C is analytic if it is analytic at every point z in DgS separately with
respect to each variable. Obviously any analytic f : DS — C can be written by
a convergent Taylor series

flz) = Z cx2”, zeDgy,
KENES
and the coefficients ¢, determine f uniquely. The truncation A,,f of f onto the
first m variables A,, f (called “der mte Abschnitt” by Bohr) is defined as
Anf(z1,22,...) = f(z1,.-+,2m,0,0,...)
for every z in Dg5. By applying the fundamental estimate [g(0)| < [|g[l zr e,
obtained by iterating the case d = 1, we deduce that

(5) [Am fll e @my < 1 Ams £l o o
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whenever m’ > m.

Definition. Let p > 0. The space HP(ID*°) is the space of analytic functions on
D obtained by taking the closure of all polynomials in the norm (quasi-norm
for 0 <p<1)

oy = [N diie().

Fix a compact set K in D¢ and embed it as the subset K of D* so that
K= {z=(21,...,24,0,0,...) € D> : (21,...,2q4) C K}.

For all polynomials g we clearly have sup, z |9(2)| < Ck|lg|lmgr@e). It follows
that any limit of polynomials is analytic on DgS, whence HP (D>) is well defined.
This also implies that every element f in H?(D>) has a well-defined Taylor series
f(z) = >, cxz™ and, in turn, this Taylor series determines f uniquely. Namely,
by recalling (5), we have that A,, f is in HP(D™) for every m > 1 and the A,, f are
certainly determined by the Taylor series. Finally, by polynomial approximation,
it follows that

lim || f —AmeHp(Doo) =0.
m— o0

Obviously, if a function f in HP(D*°) depends only on the variables zq,...zq,
then we have || f{| e mee) = || fll zee)-

Cole and Gamelin [15] established an optimal estimate for point evaluations
on HP(D*°) by showing that

1/p
oo

1
(6) < ([l +—== £l 2o (moc).-
L1z
7j=1
Thus the elements in the Hardy spaces continue analytically to the set D> N £2.
If f is an integrable function (or a Borel measure) on T, then we denote its

Fourier coefficients by

o~

fo) = [ 1)z ()
for multi-indices s in Zg. When p > 1, it follows directly from the definition of
HP(DD*°) that it can be identified as the analytic subspace of LP(T°), consisting
of the elements in LP(T>) whose non-zero Fourier coefficients lie in the positive
cone N2° (called the “narrow cone” by Helson [31]).

The following result verifies that, alternatively, H?(D>°) may be defined in
terms of the uniform boundedness of the LP-norm of the sequence A,, f form > 1,
and the functions A, f approximate f in the norm of H?(D>).
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Theorem 2.1. Suppose that 0 < p < oo and that f is a formal infinite dimen-
sional Taylor series. Then f is in HP(D*) if and only if

(7) ﬂgﬂAmenmm)<aa

Moreover, for every f in HP(DD*°), it holds that || A, f— f| zre ey — 0 as m — oo,

Proof for the case p > 1. When p > 1, the statements follow from the fact that
(Ap f)m>1 is obviously an LP-martingale sequence with respect to the natural
sigma-algebras. It follows in particular that there is an L? limit function (still
denoted by f) of the sequence A,,f on the distinguished boundary T, which
has the right Fourier series, and the density of polynomials follows immediately
from the finite-dimensional approximation. In the case p = 1, this fact is stated
in [1, Cor. 3|, and is derived as consequence of the infinite-dimensional version of
the brothers Riesz theorem on the absolute continuity of analytic measures, due
to Helson and Lowdenslager [32] (a simpler proof of the result from [32] is also
contained in [1]). The approximation property of the A,, f then follows easily. [

The case 0 < p < 1 requires a new argument and will be presented in the next
subsection.

2.2. Proof of Theorem 2.1 for 0 < p < 1. Our aim is to prove Lemma 2.3
below, from which the claim will follow easily. In an effort to make the compu-
tations of this section more readable, we temporarily adopt the convention that
IlfllLe(ray = || fllp, where it should be clear from the context what d is. We start
with the following basic estimate.

Lemma 2.2. Let 0 < p < 1. There is a constant Cp, < 0o such that all (analytic)
polynomials f on T satisfy the inequality

®) 17 = 1O < G (12— 1FOF +1FO)P*/2 (1712 - LFO)F)"*)

Proof. In this proof, we use repeatedly the elementary inequality |a+b|P < |a|P +
|b|P, which is our replacement for the triangle inequality. We see in particular,
by this inequality and the presence of the term || f[|} —|f(0)|? inside the brackets
on the right-hand side, that (8) is trivial if, say, || f[[5 > (3/2)[f(0)]*. We may
therefore disregard this case and assume that f satisfies f(0) = 1 and ||f||} = 1+¢
with € < 1/2. Our aim is to show that, under this assumption,

(9) If = 1] < Cpe?/2.

We begin by writing f = UI, where U is an outer function and I is an inner
function, such that U(0) > 0. By subharmonicity of |U|P, we have 1 < |U(0)| <
(1+¢)'/? < 1+ cpe. This means that 1(0) > (1 +cpe)™! > 1 — cpe. We write
f—1=(U—-1)I+1—-1 and obtain consequently that

(10) If =5 < IV =15+ 1 =15

291



In order to prove (9), it is therefore enough to show that each of the two summands
on the right-hand side of (10) is bounded by a constant times £?/2.

We begin with the second summand on the right-hand side of (10) for which
we claim that

(11) I =15 < CpeP’?
holds for some constant CI’,. We write I = u+ tv, where v and v are respectively
the real and imaginary part of I. Since 1 —u > 0, we see that
(12) I1—wuly = /(1 —u(z))dm(z) =1—1(0) < cpe.
T
Using Holder’s inequality, we therefore find that
(13) [1—wulb < cgsp.

In view of (12) and using that [I| = 1 and (1 —u?) < 2(1 — u), we also get that
ol < Jlollf = 1L = IR’ < (2011 = wlly)”’? < (2¢,)7/%72,

Combining this inequality with (13), we get the desired bound (11).
We turn next to the first summand on the right-hand side of (10) and the
claim that

(14) I —1|p < Cpe?’?
holds for some constant C}]. By orthogonality, we find that
lUP’2 = U (02|13 < e

and hence
(15) U2 =1}z < U2 = U0)"2[l + (U(0)"2 = /2 < 2612,
Since |UP/2 — 1| > ||U[P/2 — 1| > (p/2) log,. |U| and U(0) > 1, this implies that
(16) log U]l = 2| log |U]|l — log [U(0)| < 8p~"e"/2.
It follows that

m({z: |log|U(2)]| = A}) < 8(pA)~'e!/2,

m({z: |argU(z)| > A\}) < CA"1el/2,

where the latter inequality is the classical weak-type L' estimate for the conju-
gation operator. We now split T into three sets

Ey:={z:|U(2)| >3/2}U{z: |U(2)| <1/2},
By = {z  1/2 < |U()| < 3/2, |argU(2)| > 7/4},
E3 :T\(El UEQ)
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It is immediate from (15) that
Ixe, (U -1} <e.
Since m(Fy) < Ce'/?, we have trivially that
I, (U = 1)|Ip < C(5/2)7e/2.
Finally, on Es3, we have that |U?P/? — 1| ~ |U — 1|, and so it follows from (15) and
Holder’s inequality that
P, (U = D)5 < /2.
Now the desired inequality (14) follows by combining the latter three estimates.

O

One may notice that that in the last step of the proof above we could have
used (16) and the fact that the conjugation operator is bounded from L' to LP.
It seems that the exponent p/2 is the best we can get. It is also curious to note
that with p = 2/k and k > 2 an integer, one could avoid the use of the weak-
type estimate for arg U and get a very slick argument by simply observing that if
g =UP? and wy,...,wy, are the kth roots of unity, then by Holder’s inequality,

k
10 =10l < TT llg —will2,

j=1

and on the right hand side one L?-norm is estimated by £'/2 and the others by
a constant since we are assuming ¢ < 1/2. Again one could raise the question if
one can interpolate to get all exponents.

Lemma 2.3. Suppose that 0 < p < 1. If g is a polynomial on T°°, then

|Amsrg = Anglly < Co(IAmsrglly = [ Amgllh

—p?/2 p/2
+ 1 Amgl 772 (| Amsrglly — 1 Amgliz) " )
holds for arbitrary positive integers m and k, where Cy, is as in Lemma 8.
Proof. We set h := A,,4rg and view h as a function on T™ x T* so that

Apg(w,w') = h(w,0). Now fix arbitrary points w in T™ and w’ in T*. We
apply the preceding lemma to the function

f(2) :== h(w, zw’),
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which is an analytic function on . This yields

[ Ihtw )~ bw,0) dutz) < c;( [ 1htw 2P du) w0y
T T

0072 ([ o,z ) - |h<w,o>|p)p/2>.

The claim follows by integrating both sides with respect to (w,w’) over T™**
and applying Holder’s inequality to the last term on the right-hand side. (Il

Proof of Theorem 2.1 for 0 < p < 1. If fisin HP(ID*°), then clearly (7) holds. To
prove the reverse implication, we start from a formal Taylor series f for which (7)
holds. Then by assumption A,,f is in H?(D*>°), and we have that A,,(A,./ f) =
Ay, f whenever m’ > m > 1. Therefore the quasi-norms || A, f|| g» () constitute
an increasing sequence, and hence (7) implies that
limsup (|| Am s fllze@e) = [[Am fllr@e)) = 0.
m—00 p>1

By Lemma 2.3, we find that (A, f)m>1 is a Cauchy sequence in H?(D*°), whence
f = limy—00 A f in HP(D*) since an element in HP(ID*°) is uniquely deter-
mined by the sequence A,, f. O

2.3. Definition of J#P. The systematic study of the Hilbert space J#? began
with the paper [29] which defined #2 to be the collection of Dirichlet series

fls) = Zannf&,
n=1

subject to the condition || f||%, == (>nr, |an|2)1/2 < 00. The space 2 consists
of functions analytic in the half-plane C, /5 := {s = o 4+ it : o > 1/2}, since
the Cauchy—Schwarz inequality shows that the above Dirichlet series converges
absolutely for those values of s. Bayart [5] extended the definition to every p > 0
—S8

by defining 7 as the closure of all Dirichlet polynomials f(s) := 22;1 ann
under the norm (or quasi-norm when 0 < p < 1)

1 T 1/p
(17) IIf%p:—<lim o If(it)”dt> .

T—o00 2T -T

Computing the limit when p = 2, we see that (17) gives back the original defi-
nition of ##2. However, at first sight it is not clear that the above definition of
JP is the right one or that it even yields spaces of convergent Dirichlet series in
any right half-plane.
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The clarification of these matters is provided by the Bohr lift (1). By Birkhoff’s
ergodic theorem (or by an elementary argument found in [43, Sec. 3]), we obtain
the identity

1/p
08) Ul = 188y = ([ 185 dunta))

Since the Hardy spaces on the infinite dimensional torus H?(D*°) may be defined
as the closure of analytic polynomials in the LP-norm on T°, it follows that the
Bohr correspondence gives an isomorphism between the spaces H? (D) and 52°P.
This linear isomorphism is both isometric and multiplicative, and this results in
a fruitful interplay: Many questions in the theory of the spaces 7P can be
better treated by considering the isomorphic space H?(ID*°), and vice versa. An
important example is the Cole-Gamelin estimate (6) which immediately implies
that for every p > 0 the space P consists of analytic functions in the half-plane
Ci /2. In fact, we infer from (6) that

[f(o+it)[” < C(20) 1 /5

holds whenever o > 1/2, where ((s) is the Riemann zeta function. Moreover,
since the coefficients of a convergent Dirichlet series are unique, functions in
P are completely determined by their restrictions to the half-plane C; /5. This
means in particular that #P can be thought of as a space of analytic functions
in this half-plane.

To complete the picture, we mention that J#°° is defined as the space of
Dirichlet series f(s) = Y. a,n~* that represent bounded analytic functions in

n=1

the half-plane o > 0. We endow ##°° with the norm
£~ = suplF(s)l, s =t it

and then the Bohr lift allows us to associate 52 with H>(D>). We refer to [37]
for this fact and further details about the interesting and rich function theory of

HO.

2.4. A probabilistic interpretation of the Bohr lift. It is frequently fruitful
to think of the product measure po, on T as a probability measure and the
infinitely many variables z;, as independent identically distributed (i.i.d.) random
variables. From the viewpoint of the Bohr correspondence, we then associate with
the sequence of primes (p;);>1 a sequence of independent Steinhaus variables
z(p;), which are random variables equidistributed on T. This sequence defines a
random multiplicative function z(n) on the positive integers N by the rule

2(n) = (2(p))"™,
where we again use multi-index notation. Functions in J#P can then, via the
Bohr lift, be thought of as linear combinations of these random multiplicative
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functions. Indeed, we may write the Bohr lift as
(oo} (oo}
F =Y am™ e F(Ep) =Y aum)
n=1 n=1

and hence express | f||,, as the pth moment of |F|:
1 15er = EIFP.

In the final section of this paper, we will make crucial use of this alternate view-
point, and we then find it natural to switch to this probabilistic terminology.

2.5. Summary of known results. The function theory of the two distinguished
spaces 72 and > is by now quite well developed; we refer again to [37, 44]
for details. The results for the range 1 < p < 0o, p # 2, are less complete. In
this section, we mention briefly some key results that extend to the whole range
0 < p < oo, as well as some familiar difficulties that arise in our attempts to
make such extensions.

We begin with the theorem on multipliers that was first established in [29] for
p = 2 and extended to the range 1 < p < oo in [5]. We recall that a multiplier m
for P is a function such that the operator f +— mf is bounded on J#P, and the
multiplier norm is the norm of this operator. The theorem on multipliers asserts
that the space of multipliers for J#? is equal to .77°°, and this remains true for
0 < p < 1, by exactly the same proof as in [5]. Another result that carries over
without any change, is the Littlewood—Paley formula of [7, Sec. 5|. The latter
result was already used in [12].

For some results, only a partial extension from the case p = 2 is known to
hold. A well known example is whether the L? integral of a Dirichlet polynomial
f(s) = 25:1 ann~° over any segment of fixed length on the vertical line Re s =
1/2 is bounded by a universal constant times | f||*,,. This is known to hold for
p = 2 and thus trivially for p = 2k for k a positive integer. As shown in [36], this
embedding holds if and only if the following is true: The boundedly supported
Carleson measures for 7’7 satisfy the classical Carleson condition in C, 5.

There is an interesting counterpart for p < 2 to the trivial embedding for
p = 2k and k a positive integer > 1. This is the following statement about
interpolating sequences. If S = (s;) is a bounded interpolating sequence in C, /5,
then we can solve the interpolation problem f(s;) = a; in J#? when

> lajlP(205 — 1) < o0

J

/

and p = 2/k for k a positive integer. Indeed, choose any kth root a} * and solve

g(sj) = a;/k in #2. Then f = g* solves our problem in .#?. We do not know
if this result extends to any p which is not of the form p = 2/k. Comparing the
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two trivial cases, we observe that there is an interesting “symmetry” between the
embedding problem for P and the interpolation problem for J#*?. A similar
phenomenon will be explored in the next section.

Before turning to the next two sections which will deal with respectively
weighted ¢2 and ¢ bounds for the coefficients, we would like to point out that
there are certainly other interesting problems of a similar kind. An interesting
example is whether the ¢! estimate

oo

an
> Jiogn < OMllr

holds when f(s) = Y.~ | a,n~*. We refer to [13] for background on this problem
and again to [44] for a survey of other open problems.

3. COEFFICIENT ESTIMATES: WEIGHTED /2 BOUNDS

3.1. Contractive Hardy-Littlewood inequalities in the unit disc. We be-
gin with some estimates of the H?(D) norms (or quasi-norms when 0 < p < 1)
in terms of weighted ¢? norms of the coefficient sequence. Such inequalities were
first studied systematically by Hardy and Littlewood.

For o > 1, the weighted Bergman space AE (D) is the space of analytic func-
tions on D for which

||f||Ag(D) - (/]DJ |f(2)|p (O( N 1) (1 o |Z|2)a_2 dW;(Z)> ' < 00,

where m denotes Lebesgue area measure on C. We set

dma(2) = (@ —1)(1 - [2]?)* 7 d”jr(z).

The Hardy space H?(D) is the limit of the weighted Bergman spaces A (D) as
a — 17, in the sense that

p(py = i P (1) -
If Nl e (D) ag% ”fHAa(]D))

We will therefore find it convenient to write H?(D) = AY(D) in some formulas,
such as in (22) below. For a > 1 and a non-negative integer j, we define

a—1

(19) i) = (1797 = 1% GHD).

Notice that ¢;(j) = 1 for every j. Identifying c,(j) as the coefficients of the
binomial series (1 — z)~%, we find that

(20) car) = Y. calit)ealia) - calin)-

Jitjet+ik=j
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In particular, if « is a positive integer, then ¢, (j) is the number of ways to write
j as a sum of o non-negative integers. We will also require the simple estimate

(21) ca(j + k) < calf)ea(k)

which can be deduced by comparing factor by factor in the product (19). A
computation gives that if f(z) = 3°;5,a;27, then

2

o la?
(22) I laz oy = [ D ==
J

— ca(J)

The following inequality is due to Burbea [14, Cor. 3.4], but we include a short
proof in the special case we require, based on (20).

Lemma 3.1. Suppose that f is in H*(D), and let k be an integer > 2. Then

1

1Ly = (/ )P dmaz )>2k<|f||H2(D).

Proof. Suppose that f(z) = Zj 0@z, We write |f|** = |f*|? and use (22),
followed by the Cauchy—Schwarz inequality with (20), to get
2

> ajay,

Jitetin=i

=1

1w =2 o5

7=0

2k
o0 o0
<> > laplPlap P = Yl | =1l O
=0 jat+in=i =0

It is possible to use Lemma 3.1 and Riesz—Thorin interpolation to prove that

(23) ||f||Aik<D>=( 176 do >)‘ < Cellf =)

holds for every real number k > 1, but the interpolation process gives a constant
Cy > 1 when k is not an integer. Numerical evidence has been supplied elsewhere
[11] for the conjecture that in fact Cj =1 for all k¥ > 1. So far, we have not been
able to prove this extension of Lemma 3.1. As a remedy for this situation, we
will establish a weaker version for all k£ which will be satisfactory for the num-
ber theoretic applications to be discussed later. For this, we need the following
remarkable contractive estimate of Weissler [53, Cor. 2.1] for the dilations

fr(2) == f(rz), r>0,
of functions f in H?(D).
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Lemma 3.2. Let 0 < p < ¢ < oo. The contractive estimate
el raqmy < 111 e ()

holds for every f in HP(D) if and only if r < \/p/q.

We are now ready to state and prove the main result of this section. To this
end, we set

(21) pali) = cloy (1) (“J) a1

lo

Theorem 3.3. Suppose that 0 < p < oo and that f(z) = Y77 a;2? is in HP(D).
Then

1
2

(25) LNl ey < Z |aj|290p/2(j) ) p>2
7=0
2
(26) e ) IR p<e.
j=0 902/p(j) o ’ a

Here the respective parameters a = p/2 and a = 2/p are optimal for contractivity.

Proof. We begin with (25). We will use Lemma 3.2 in reverse with exponents
|p/2] = k and p/2, so we choose r? = |p/2]/(p/2) and assume that f is a
polynomial. Hence

1
1 ey = £ | are oy < 2ty = 1l s -
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The right-hand side can be computed at the level of coefficients. We use the
Cauchy—Schwarz inequality with (20), and finally (21), to get
2\ 2%

}|f1’“/r||§2(D): SIS aprag e

J=0 |ji+-+ijr=]

1
> 2k
< Z Ck(j) Z \ajl |27"_2-71 - |a’jk |271_2Jk
3=0 g1t tie=g
1
> 2k
= Z Z laj, ek (G1)r 27" - |aj, | cx (k) r

J=0j1++jr=J

o0

=) lajPex(G)r=

=0

This completes the proof of (25), since k = |p/2] and r? = |p/2]/(p/2), so

e = ¢Lpyay () (LZ;‘J) — ¢uai)-

To prove (26), we first assume that f(z) # 0 for every z in D so f/* is an
analytic function for k£ = |2/p|. We then use Lemma 3.2 with exponents kp and
2, followed by Lemma 3.1, to get

(27) 1Ly = 11 £/ Vg = £

If f #£ 0, we factor f = Bg, where B is a Blaschke product and g has no zeros in
D. Then

k
|H2(]D)) Z kap/2||A§(D)'

||f||HP(ID) = ||g||HP(]D>) and kap/QHAi(D) < Hgkp/QHAi(D)'

It therefore follows that (27) is valid for every f in HP(ID). The right hand side
of (27) can be computed at the level of coefficients, and since k = |2/p]| we find
that

oo

a2 (kp’ o _lagl?
kap/QHAi(D): Z 7 <2> - Z -

2 o) 2 221,0)

which completes the proof of (26). To see that « = p/2 and o = 2/p are optimal,
we recall that ¢, (1) = « and, for 0 < £ < 1, compute

2
2 _ 2114/p D7 o ny)" _ D 2 4
11+ 2|y = [|(1+e2)?/ ||H2(D) = <1+ T +O0(e )) =1+3¢ +0(e").
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We complete the proof by letting ¢ tend to 0. O

When 1 < p <2or 2 <p <4, the result of Theorem 3.3 is simply Lemma 3.2,
which gives the inequalities

Il < [ DIl (5)"] 422
7=0
0 ) 2 7 2
Sl (2)) <l pe2
j=0

The virtue of Theorem 3.3, compared to what Lemma 3.2 will give for every
0 < p < o0, is that the geometric factor (a/|«])? is always dominated by (2 —4)
for some § = d(a) > 0. It will become clear why this is crucial in Subsection 3.3.

3.2. Hardy-Littlewood inequalities for .7#7P. We recall the definition of the
Riemann zeta function,

Using the Euler product formula, we may define the general divisor function
do(n) by the rule

(28) ¢*(s) =Y da(n)n™*, o>1.
n=1

A basic observation is that d,(n) is a multiplicative function, which means that
it is completely determined by its values at powers of the prime numbers. The
Euler product formula shows that, in fact,

(29) da(p’) = ¢j(a)
for every prime p and every nonnegative integer j, and in general
da(n) = (¢j(c))"™

in multi-index notation. We may thus think of d, (n) as a multiplicative extension
of (29).

We will now make a multiplicative extension of Theorem 3.3, similar to the
extension from (29) to dy(n). This will be done by an iterative procedure intro-
duced by Bayart [5] which relies crucially on the contractivity of the estimates

of Theorem 3.3. We begin by noting that the multiplicative extension of Theo-
rem 3.3 is known when either p/2 or 2/p is an integer. If p/2 is an integer, (our
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version of) the inequality in [45, Lem. §] is

(30) 1flloer < <Z anlzdp/z(n)>

On the other hand, it was observed in [8, pp. 203-204], that (26) can be used to
prove the corresponding lower inequality

< g2 3
(31) (;;@mmﬂ < fllser,

where it is required that 2/p is an integer. The case p = 1 in (31) is often
called Helson’s inequality [31]. For both (30) and (31), it is easy to see that the
parameters & = p/2 and o = 2/p are best possible — a similar statement will be
proved in Theorem 3.4.

Both (30) and (31) rely on Theorem 3.3, and we do not know whether any of
them extend to the case when either p/2 > 1 or 2/p > 1. We now turn to what we
are able to prove, namely the multiplicative extension of Theorem 3.3 for general
p. To this end, in accordance with (24), we introduce the multiplicative function

1

2

(3) <%mrzqqm>(ﬂ)mm,

|
where Q(n) denotes the number of prime factors in n, counting multiplicity. We
will see later that ®,(n) has the same average order as d,(n), a fact that for our
purposes makes it a satisfactory substitute.
The multiplicative extension of Theorem 3.3 reads as follows.

Theorem 3.4. If f(s) = 25:1 apn~*%, then

N

N
(33) [ flloer < (Z |an|2q)p/2(n)> ; p>2,
n=1

=

N 2
(34) (2:4%@) < 1fller, p<2

n=1
The respective parameters oo = p/2 and o = 2/p are optimal.

Observe that ®,(n) = do(n) whenever « is an integer, so (33) and (34) encom-
pass (30) and (31), respectively. Note also that ®,(n) = ds(n) if n is square-free.
Theorem 3.4 is an improvement of results! from [8, 45]. Indeed, it is proved
in [8] that (31) holds if we only consider square-free integers in the lower bound.

IThe Hardy—Littlewood inequalities in [8, 45] are stated with a weight of the form [d(n)]?,
where d(n) = da(n) denotes the usual divisor function. The difference between [d(n)]? and

da(n) is marginal, but we have found it more natural to use dq(n).
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Using the Mobius function p(n), which is the multiplicative function that is 0 if
n is square-free and —1 at each prime number, the Hardy—Littlewood inequality
of [8] can be written as

NVORE

for p < 2. We will see in Section 6 that certain estimates obtained from (35)
cannot be improved (substantially) by using (34). Nevertheless, the fact that
@, (n) > 0 for every n allows us to extend an embedding theorem from [6] from
1 <p<2to0<p< 2 This cannot be achieved using (35), since the lower
bound is supported on square-free integers.

In [45], Riesz—Thorin interpolation between the integers p/2 in (30) is used to
the prove that

1

1 flloes < (Z |an|2da<n>> ,
n=1

where o = a(p) > p/2 (unless p/2 is an integer). Thus the average order of d,(n)
is larger than that of dj,/,(n) and hence than that of ®,(n) as well, as we will see
in the next subsection.

We now turn to the proof of Theorem 3.4. It uses a technique which has
become standard by now (see e.g. [5, 6, 8, 31]), and we will therefore be brief.
For applications of this result, we refer to the subsequent Subsections 3.4 and 3.5
and Sections 5 and 6.

Proof of Theorem 3.4. By (18), we may replace f by Zf, and we may assume
that Zf =: F is a polynomial. We wish to apply Theorem 3.3 iteratively to
the finitely many variables z; on which F' depends. To carry out the iterative
argument, we need the following integral version of Minkowski’s inequality. Let
X and Y be measure spaces, and let g be a measurable function on X x Y. If
r > 1, then

e ([ |g(x7y)|dy>rdx>¢§ [ (/] g(x,y>|rdx)}'dy.

We use the Euler product of the Riemann zeta function in (28) and recall that
ca(j) are the coefficients of the binomial series (1 — 2)~¢, to conclude that ®,, is
the multiplicative function defined by

(I)oz(pk) = pa(k).
Fix d > 2, and define the invertible linear operator T, by

d
(37) T, (z"(”)) = /Py (n) 2" = H \/Palkj) 2.
j=1
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Let T, ! denote the inverse operator. In view of (18), it is sufficient to prove that
if F'is an analytic polynomial in d variables, then

|F||LP(’I[‘d) || /2FHL2('H‘(1)7 p>2,
H Q/PFHLQ(']I‘“Z < HF”LP(’]I“’[)? p< 2
Note that Theorem 3.3 is simply the case d = 1. We find it convenient to argue by
induction on d, and we will only consider the case p > 2. We factor the operator
T as To = Ro S, such that R, acts on z; for 1 < j < d—1 and S, acts on z4.
This is well-defined in view of (37).

The induction hypothesis becomes ||g||po(ra-1) < || Ry 29| p2(ra-1)- To simplify
the notation, set z4 = w. We begin by using Theorem 3.3 to the effect that

1
P

I1F'[| Lo (ray = (/le/T|F(Zl7~-~,Zd1,w)|p dﬂ<w)dud1(zl7~--;zd1)>

< (/le </1r |Sp/2F (21, - - - Zd717w)’2 dﬂ(w)) dﬂdl(z))

We now apply (36) with X = T4"! Y = T and r = p/2, and find that

< ( /T ( /T SypF sz dudmz))z du(w)>

We complete the proof by using the induction hypothesis on g = 5,5 f.
That the parameter @ = p/2 is optimal, follows at once from the example
considered in the proof of Theorem 3.3, applied multiplicatively. O

[Nl
3=

S

3.3. The average order of ®,(n). From (28) it follows by standard techniques
(see e.g. [50, Ch. I1.5]) that the average order of d,(n) is given by

(38) NZd >(logN)°‘ L+ 0((log N)*~2).

We will now show that ®,(n) has the same average order, up to a bounded factor.
To investigate the average order of ®,(n), we consider the associated Dirichlet
series and factor out a suitable power of ((s) from the Euler product, to obtain

=S dumn— = () [[ (1 Z%

p
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For |z| < |a]/«, it is now convenient to set

o0 , 0 -l
3) )= (19" el = (-2 (1- 572

=0
so that %, (s) = (*(s)%a(s), where

Go(s) = [[ Galp™).

From (39) we easily find that the Dirichlet series representing %, (s) is absolutely
convergent for

Res > max (1/2, logy(a/|a])).
To prove the desired size estimate for ®,(n), we require the following simple
estimates.

Lemma 3.5. Ifa>1 and 0 <z < |a]/a, then

(40) Got1(2) < Ga(@).

Moreover, G, enjoys uniform estimates for 0 <z < 1/2,
16(a—1)/(2-a)}, 1<a<2,

1< Golz) <1422
SCale)slte {384, a>2.

Proof. To prove (40), we look at the Taylor expansion of the logarithm

2zl o)’
log (Gu(x)) = — a() —a .
(Gala) Z:j] <LJ o )
It is sufficient to show that Cj(a + 1) < Cj(«), where
J
!
Cila) == |a | — | —a.
(@)= Lo ()
Clearly Cj(la)) = Cj(la+1]) = 1. Weset a = |a) +¢t for 0 < ¢t < 1, and
differentiate to find that

gow=i(g) —rzi(E) =goe

The lower bound in the second statement is just Bernoulli’s inequality,

la)/a
(1 — am) <1-—=x.
la]

The upper bounds can be computed with Taylor’s theorem. By (40), we only
need to consider 1 < o < 2 and a > 2. The precise value of the constants are
unimportant; we have obtained ours by rather coarse estimates. O
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Using standard techniques (see e.g. [50, Ch. I1.5]), we now deduce that the
average order of ®,(n) is the same as the average order of d,(n) given by (38).

Lemma 3.6. Let ®,(n) denote the weight (32) for fivred o > 1. Then

é Z D, (n) = gf‘az(al)) (log x)“il + O((log x)afz).

n<lz
3.4. A theorem on local embedding for 0 < p < 2. We will now use The-
orem 3.4 and Lemma 3.6 to prove an embedding theorem for the Hardy spaces
of Dirichlet series P, when p < 2. Let .7 denote the following conformal map

from D to C, 5,
1 1—-z
T(z) == .
(2) =5+ 1
For o > 1, define the conformally invariant Bergman space Ai’i((Cl /2) as the
space of analytic functions f in C,/, such that fo 7 isin A2 (D). In particular,

set

11142 ,(c.,») = |fo QHAEY(D)

We are able to extend [6, Thm. 1] from 1 < p < 2 to p < 2 using Theorem 3.4.
Note that this is a Dirichlet series version of (23) in the half-plane C, /5.

Corollary 3.7. Let 0 < p < 2. There is a constant C, > 1 such that
/1142

2/p,i

for every f € AP. The parameter o = 2/p is optimal.
Proof. Define 7, as the Hilbert space of Dirichlet series f(s) = .-

n=1
that satisfy
1
o3} 2
|an|2
1Nl = < 0.
n=1 q)a(n)

Here it is crucial that ®,, is strictly positive. By Lemma 3.6 and [35, Thm. 1] it
follows that there is some C, such that

1£1l42 (€, )2) < Callfllz,

whenever @ > 1. The proof of the first statement is completed using (34). For
the proof that o = 2/p is optimal, we can follow the argument given in the proof
of [6, Thm. 1]. We set

(Cl/g) S CP”fH«%”p

apn—*

fre(s)=CP(1/2+ € +5) = Z ijl//pz(fg) nos,

n=1
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which satisfies
1 o 2/p-1)
S . 0(12 1 P—)
Tr.e(s) <1/2+6+s—1> +O([1/2+e+s—1|

when 1/2 <Res=0 <1 and 0 < Ims =1¢ < 1. Then clearly

1 1
e % >/ /
PellAZ ;(Cyy2) 172Jo

Since || fpel|%p» < £72/P, we get that o —4/p > —2/p is necessary. O

4 1 a—2
(0 - 2) dtdo > e*4/P,

1
o—1/2+¢+it

3.5. Fractional primitives of ((s) and duality. It was asked in [13, Sec. 5]
whether the primitive of the half-shift of the Riemann zeta function

- S

defines a bounded linear functional on #!, or equivalently: Is there a constant
C such that

(41) < C|f[lser

N
an

ap Yy ——"—

= /nlogn

for every Dirichlet polynomial f(s) = 25:1 ann~® when p = 17 Clearly, (41) is
satisfied if p = 2, and it was shown in [6] that (41) holds whenever p > 1.

It was also demonstrated in [6] that ¢ is in J#7 if and only if p < 4. We are
still not able to answer the original question from [13, Sec. 5], but we will prove
some complementary results that shed more light on this and related questions
about duality.

For g > 0, consider the following fractional primitives of the half-shift of the
Riemann zeta function:

We are interested in the following questions.

(a) For which 5 > 0is ¢g in 5P, when p > 27

(b) For which 8 > 01is @g in (J€P)*, when p < 27
Before proceeding, let us clarify question (b). The linear functional generated by
g can be expressed as

—S

(froporn = + Y —=t
proes = Z;wm%mﬁ
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when f(s) = Y07 a,n~%. We say that the linear functional generated by g
acts boundedly on J#P, or equivalently that ¢g is in (#P)*, if there is a constant
C > 0 such that

[(f,08) 2| < C| flloev

for every Dirichlet polynomial f. Our result is:

Theorem 3.8. Suppose that 8 > 0.
(a) Let p>2. Then g is in JEP if and only if B > p/4.
(b) Let p < 2. If B > 1/p then g is in (JP)* and if B < 1/p then ¢z is
not in (HP)*.

Tt is well-known that the dual space (7P)* for 1 < p < oo is not equal to 7
with 1/p+1/g =1 (see [43, Sec. 3]). Theorem 3.8 provides additional examples
illustrating this fact.

Before proving Theorem 3.8, we note that only the case § = 1 in Theorem 3.8
can be proved completely using results from [6, 8, 45], and that (33) or (34) are
required for either (a) or (b) when 3 # 1.

Proof of Theorem 3.8 (a). To begin With7 we notice that (33) implies that

p/2( n)

ST T
||90ﬁ‘|3f <1+ logn)gﬁ

The series on the right-hand side is convergent when 23 > p/2, by Lemma 3.6 and
Abel summation, and we have thus proved that ¢g is in ##? whenever 8 > p/4.
To settle the case 5 = p/4, we set k = [p], ¢ = p/k, and

1 1
log™ n = ogn, n >
1, n=1,

and use (35) to the effect that
ool Z 1
Blloer (log* n1)? - (log" ng )P

()] 1

klq > _

mﬁnm_(}j@ o
n=1 ny-Np=n

Z ZW )|dpip)/2(n) ’
dg/q logn Zkﬁ (log n)Plel/2 ’

n=2

2)5

where we used thrice that |u(n)|dq(n) = |u(n)]af?™. To see that the final series
is divergent, we use Abel summation and the fact that

L3 () da(n) = Ca(log )" + O ((log )",

n<lz

v
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which follows at once from standard techniques since

oo

> um)lda(mn =T (1 + ap;*) . O

j=1
Proof of Theorem 3.8 (b). The first statement follows from (34). The Cauchy—
Schwarz inequality gives that

an, 2 % > (I)Q p(n) %
(£, 0a)ore| < (Z 3 /p'(n)) (Z W)

n=1 n=1

Abel summation again gives that the final sum is convergent if 28 > 2/p.
For the second part, suppose that § < 1/p and set

2/p
fs)=| 11 %/27

P SN 1—p,

Clearly, || f||#» < (log N)'/P. We use Abel summation and (38) and find that

N

<f7 ‘pﬁ>%2 > Z

n=2

d2/p (n)

- 2/p—B
n(logn)? (log ) '

We conclude that
<f7 QOB>%2 - (logN)l/p—ﬂ
[ £l

is unbounded as N — oo, since by assumption 8 < 1/p. O

The proof of Theorem 3.8 (b) does not provide any insight into the critical
exponent 8 = 1/p, except for the trivial case p = 2. The final part of this
subsection is devoted to some observations on this interesting problem. We begin
by considering the corresponding problem for Hardy spaces on the unit disc. To
this end, we introduce

oo

(43) Yp(2) ==Y ﬁ

j=0

which are fractional primitives of (1 —2)~1, a function which plays the same role
as ((s) in the theory of Hardy spaces in the unit disc. Equivalently, one could
consider the linear functional with weights given by

4+ 1
Beta (6, ]—;> =5 (j+ 1)
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These weights are sometimes more convenient, due to the fact that the associated
functional Lz admits the integral representation

1
(44) Ls(f) ::/ flr)2(1 —r%Ffar.
0
We compile the following result:

Theorem 3.9. Let yg be as in (43). Then
(a) If 1 < p < oo, then yg is in (HP(ID)))* = HP/®P=1(D) if and only if
B> 1/p. .
(b) If p < 1, then ¢ is in (HP(D))" if and only if B > 1/p. Moreover, if
B >1, then g is in HP(D) for every p < co.

Proof. We begin with (a). That (HP(D))* = HP/®P=D(D) for 1 < p < oo is
well-known (see [19]). We will investigate when 15 is in H?/(»=1)(DD). To do this,
we use a result of Hardy and Littlewood [23]: If f(z) = 272, a;jz’ has positive
and decreasing coefficients and 1 < g < oo, then

oo

| £1l £ra () =q Z(j +1)7 %]
3=0
Setting g = p/(p — 1) we find that

o0

V8l Erap) =q Z(J 1) -m-2
Jj=0

which is finite if and only if 8 > 1/p.

For (b), we begin with the case § = 1. A stronger version of our statement
can be found in [19, Thm. 4.5]. It is also clear that since 1; is in (Hl(]]])))*, U1
is in H4(D) for every p < co.

To investigate the case p < 1, we require the main result in [20] for which
we refer to [19]. We conclude that g € (HP(]D)))* if and only if 8 < 1/p by
combining [19, Thm. 7.5] with [19, Ex. 1 and Ex. 3 on p. 90]. If 8 < 1, then 3
is a bounded function, so 5 is in HP(D) for every p < oco. O

In analogy with Theorem 3.9, we offer the following conjecture.

Conjecture. Let p < 2. The Dirichlet series ¢/, from (42) defines a bounded
linear functional on .77 if and only if p < 1.

Let us now explain how this conjecture is related to another open problem for
Hardy spaces of Dirichlet series. Define the space Hf(Cy/3) in the same way as
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Aii((cl /2) from Corollary 3.7. A computation gives that

1 [ dt
P - = i) [P
HfHHiP((Cl/Q)—ﬂ/_oo|f(1/2+lt)| e

An equivalent formulation of the embedding problem mentioned in Section 2.5 is
the following. Is there is a constant C, > 0 such that

(5) 11,y < Coll 1

holds for every Dirichlet polynomial f 7 As mentioned in Section 2.5, the embed-
ding (45) is known to hold only when p is an even integer. See [10] for a simple
proof of this fact, which also gives the optimal constant? C, = 2. Note that (45)
is a stronger statement than Corollary 3.7, since from (23) we get that

I1£11az

2/p,i

for 0 < p < 2. The linear functional generated by ¢g can also be expressed as

B—1 o
(46) <f,@5>%2a1+/1/2 (f(U)*CLl) <U;) Fcéﬁ)

Translating (44) from D to C, /5 we find that

(C1y2) S Cp||f||H§’(<cl/2)

oo

N 1 1 1/p—1
Ly)p(F) := F(o) (o - 2) do
1/2
defines a bounded linear functional on H(Cy5) if and only if p < 1. Note that
the contribution in (46) for ¢ > 1 can be handled by trivial estimates. Hence
we conclude that if (45) holds for p < 1, then (46) (and hence ¢;,,) defines a
bounded linear functional on JZ7.

4. COEFFICIENT ESTIMATES: WEIGHTED ¢°° BOUNDS

We now turn to weighted ¢>° estimates of the coefficient sequence (ay,),>1 for
elements f(s) = > °°, a,n~* in JP. Phrased differently, we are interested in
estimating the norm of the linear functional f + a,, for every n > 1, i.e., the
quantity

% (n,p) == sup |anl.
Ifllp=1
When p > 1, a, can be expressed as a Fourier coefficient, implying that this
norm is trivially 1 for all n. We will therefore mainly be concerned with the case
O<p<l1.

The first observation we make is that, again, it suffices to deal with the one-

dimensional situation because the general estimates will appear by multiplicative

2The proof given in [10] that Ca = 2 extends effortlessly to show that Cj, = 2 when p is an
even integer.

311



extension. Before we prove this claim, we recall what is known about the coef-
ficients of f(z) = Y poyarz® in HP(D) when 0 < p < 1. For 0 < p < oo and
k>1, we set
f® (0

(47) cthp) =su { T O ) =1}
By a classical result [19, p. 98], C(k,p) < kYP~! and ar = o(k'/?P~1) for an
individual function in H?(D) when 0 < p < 1. By a normal family argument,
there are extremal functions f;, in HP(D) for (47).

Turning to the multiplicative extension, we begin by noting that it suffices to
consider an arbitrary polynomial

F(z) = Zc,{z”

on T and to estimate the size of ¢, for an arbitrary multi-index
k= (Kly. -y km,0,0,...).

Recall that A,,F denotes the mte Abschnitt of F. For 0 < p < 1 we use (5) to

find that
p
lex|P =

[ AnF @z du,

p
S C(’Qmap)p/ / AmF(Z)Zﬁ'l s melnmfldumfl d,ul
T |JTm-1
< C(k1,p)" -+ Ckm, p)P | Am F [}
< C(k1,p)? -+ C(km, D) | FI[5-

This is a best possible estimate because if fi in H?(D) satisfies |ax|/| fx|l, =
C(k,p), then clearly the function

H fﬁj (ZJ)
j=1

will be extremal with respect to the multi-index k = (k1,...,kn,). Hence we
conclude that n — %'(n, p) is a multiplicative function that takes the value C(k, p)
at n = p;? for every prime p;.

To the best of our knowledge, the exact values of C(k,p) from (47) have not
been computed previously for any k£ > 1 when 0 < p < 1, and we have therefore
made an effort to improve this situation. We begin with the case kK = 1 which is
settled by the following theorem.

Theorem 4.1. We have

48) C(L,p)=1 if p>1, and 0(1,p)=\/§(1—p)p2 if 0<p<l.
P
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The extremals (modulo the trivial modifications f(z) — %1 f(e%%22)) are
() f(z) =2 forp > 1;
(b) the family f.(2) = (a + V1 —a22)(vV1—a?2+ az) with 0 < a < 1 for
p=1

(¢) f(z) = (V1 fp/2+z\/ﬁ)2/p for 0<p<1.

Proof. As already pointed out, it is obvious that C(1,p) = 1 when p > 1. The
uniqueness of the extremal function for p > 1 is immediate by the strict convexity
of the unit ball of LP(T).

To find the extremal functions when p = 1, we start from the fact that functions
f in the unit ball of H(T) can equivalently be written in the form f = gh,
where h, g are in the unit ball of H?(T). Writing g(z) = > po gx2" and h(z) =
> reo hiz®, our task is to maximize

1'(0) = goh1 + g1ho,

under the sole condition that >, lgk|> = 1 and > po,|hx/?> = 1. By the
Cauchy-Schwarz inequality, we must have |go|* + [g1]* = |ho|® + |h1|*> = 1 and
also (go, g1) = A(h1, ho) for a unimodular constant A\. We may choose (go,g1) as
an arbitrary unit vector, and hence we get the stated extremals.

We turn to the case 0 < p < 1. By invoking the inner-outer factorization of f,
we may write an arbitrary element f with in the unit ball of H?(ID) equivalently as
f = gh?/P=' where g, h are in the unit ball of H?(T) and h has no zeros in . We
denote the coefficients of g and h as before. By applying a suitable transformation
f(2) = €% f(e%22), we may assume that hg, h; > 0, and, moreover, that f(0) =

goh?)/ P~ where hg/ P~1 > 0 is chosen to be real and nonnegative. Hence

_ 2 _
C(1,p) = sup (h(z)/p Yg1 + (p - 1) hﬁ/” 2h190) ;

| 2

where the supremum is over all pairs (go, g1) with |go|? + |g1|> = 1 and pairs of
nonnegative numbers (hg, h1) with hg + h% =1 and hg > h; since h is zero-free.

The maximum occurs when (gg, g1) is a multiple of ((% — 1)h(2)/p72h1, hg/pil)
and hence
4/p—2 2 ? 4/p—4
C(1,p)? = ho' P~ 1) b RY).
(L,7) D3RI ho>hy 20 ( o7 (p ) o

Suppressing the condition hg > hq, we find that

2
C(1,p)? < max <z4/p2+ <21> gt/ (1x2))
p

z€[0,1]

_2 1 p2/p—1
=5 (-3)
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by an elementary calculus argument. Since the solution to the extremal problem
in (49) corresponds to hg = /1 — p/2, we also have hy > hy, and the inequality
sign in (49) can therefore in fact be replaced by an equality sign. O

For future reference, we notice that the following asymptotic estimates hold:

1+ (1—-log2)(1—p)+0((1-p)?), p 1
7 (V2/e+0(p)), P\ 0.

For k > 2, the method used in the preceding proof will lead to a similar finite-
dimensional extremal problem. The solution to this problem is plain for all £ > 2
when p = 1, but in the range 0 < p < 1, the complexity increases notably with &,
and we have made no attempt to deal with it. Instead, we supply (non-optimal)
estimates obtained from the Cauchy integral formula and Lemma 3.2 (Weissler’s
inequality).

(50) CQ,p) = {

Lemma 4.2. Suppose that 0 < p <1 and k > 1. Then
< : —k/2 1— 1/3:—1/p.
C(k,p) < Jin (1-1x)

Proof. Suppose that f(z) = > po,ckz” is in H?(D) with || f||, = 1. Then, by
Cauchy’s formula,

- 27r

o < 5z [ Gl

for every r, 0 < r < 1. Using the pointwise estimate |f(z)| < (1 — |z|2)_1/pr||p,
we therefore find that

_ -1 _
I (e R R e /T|f<rz>|qdu<z>
whenever 0 < r < 1 and 0 < ¢ < 1. Choosing p < ¢ < 1 and 72 = p/q and
invoking Lemma 3.2, we obtain the desired result. O

We notice that (26) of Theorem 3.3 yields the alternate bound?

(51) C(k,p) < y/erzp (k)

which is useful when p is close to 0.

We will now use the information gathered above to prove a result about the
maximal order of the multiplicative function n — %(n,p). To begin with, we
notice that, by Theorem 4.1,

¢ (n,p) = C(1,p)~"

3Notice that the bound C(k, p) < /®2/p (k) is of no interest in this context because s/, (k)

grows exponentially with & when 2/p is not an integer.
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when n is a square-free number and hence

1
(52) lim sup 0g ¢ (n,p)

————— =logC(l,p
n(n)#0,n—o00 log n/ log logn ( )

since

. logw(n)
limsup —————F— =
n(n)#0,n—o00 1Og n/ log IOg n

It seems reasonable to expect that the limsup in (52) is unchanged if we drop
the restriction that p(n) # 0. The next theorem is as close as we have been able
to get to confirming this conjecture, based on our general bounds for C(k, p).

Theorem 4.3. Assume that 0 <p < 1. Then

1
0 < limsup —og‘f(n,p)
n— o0 log n/ log IOgTL

Moreover,

lim sup

log@(n,p) _ [ 5llogpl(1+0(p)., p\0
n—o00 10gn/ loglogn

Cp(l_p)a p/‘17
where 1 —log2+ O(1 —p) < ¢, <1/2+0(1 —p).

Proof. The general lower bound for the lim sup follows from (52), while the lower
bounds

lim sup

n—oo logn/loglogn = | (1 —log2)(1—p)+O((1—-p)?), p "1

follow from (52) along with (50). To get an upper bound for the limsup when
p \( 0, we use (51) and the fact that

: log dq (1)
limsup ——————
n—oo logn/loglogn

log % (n.p) {;|10gp|<1+o<p)), P\ 0

= log .

Trivially, (51) also gives a general upper bound for the lim sup.
To get an upper bound for the limsup when p 1, we argue as follows. Set

n= Hp;"j.
J
For k; <1/(1 —p), we set x = p in Lemma 4.2 and get
(53) Clrj,p) <p"i/2.
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We note that

1 (14 0(1))
| Z ki < 1, b Z 1+ 7loglogn | Z k;logp;
Jir<1/(1—p) j<logn/(loglogn)? Jik; <1/(1—p)
logn 1+ 0(1
(54) - TRCS O T

1—p)(loglogn)? | logl
(1~ p)(loglogn) OBI8T i <1/(1-p)

For k; >1/(1 —p), we set x =1 — (1 — p)/k; in Lemma 4.2 so that

—r;/2 1-1
(117)) i/ .<1p) /p<617p,€2‘(1/p—1).

. . = J
Kj Kj

) Clu < (1-
We observe that, given ¢ > 0, we will have if p is close enough to 1, then

Z log ; < log(logn/log2) Z 1

Jij=1/(1-p) j<logn/(loglogn)?
€
+ Z k;logp;
1 1 J J
OB i > 1/ (1)
1+0(1))logn €
(56) < Lroll)logn S klogn;

loglogn)2 ' logl
(loglogn) O8I0BM i1/ (1-p)

if p is close enough to 1. Putting (54) into (53) and (56) into (55), respectively,
we find that

log € (n,p) = Zlog C(kj,p) = Z C(kj,p)+ Z C(kj,p)

J jik;<1/(1—p) jik;>1/(1—p)

logn | log p|
<o(1) + k;logp;
loglogn 210g10gnj%_<lz/(1_p) J I
ey <

RECTESIEE S

loglog n

k;log p;
Jik;>1/(1—p)

holds for arbitrary & > 0, if p is close enough to 1. Choosing € < 1/4, we obtain
the desired upper bound for the lim sup. O

We mention finally a consequence of the classical bound C(k,p) < k'/P~" that
was already used in [9], related to the decomposition of a holomorphic function
on T into a sum of holomorphic functions with homogeneous power series. Thus
we are interested in the orthogonal projection of a Dirichlet series

fls) = Z anpn”—?°
n=1
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onto the space of m-homogeneous functions, namely
- Y
Q(n)=
The result in question, to be used in Subsection 6.3, is as follows.

Lemma 4.4. Suppose that 0 < p < co. Then

1L, p=1
P flloer <
[P ll e {\/E(m+1)1/p1||fjfp, 0<p<1

holds for every f in JP.

Proof. We may assume that f is a Dirichlet polynomial, so that #f(z) is con-
tinuous on T*. We introduce the transformation wz := (wz;) on T*, where w
is a point on the unit circle T. We may then write
(#1)(w2) = 3 (P ) (2w
m=0

It follows that we may consider the functions (ZP,,f)(z) as the coeflicients of a
function in one complex variable. We set kK = m and x = max(p,1 — 1/(m + 1))
in Lemma 4.2 and get

(BIP)EP < [ (P 1)) dps(w0) 1<p<oo,
and
(B P) P < gy @Rl dnt) 0<p<

Integrating this inequality over T* with respect to po and using Fubini’s theo-
rem, we obtain the desired estimate. [l

5. ESTIMATES FOR THE PARTIAL SUM OPERATOR

Assume that f(s) =Y.~ a,n"* is a Dirichlet series in #? for some p > 0.
For given N > 1, the partial sum operator Sy is defined as the map

) N
SN E apn”?® ::E apn”?®
n=1 n=1

It is of obvious interest to try to determine the norm of Sy when it acts on the
Hardy spaces ##P. Helson’s version of the M. Riesz theorem [30] shows that Sy
is bounded for 1 < p < oo, and, moreover, its norm is bounded by the norm of
the one-dimensional Riesz projection acting on functions in H?(D). Furthermore,
by the same argument of Helson [30], we have the following.
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Lemma 5.1. Suppose that 0 < p < 1. We have the estimate

A
SN flloer < I flle

(1-p)
for f in P, where A is an absolute constant.

We refer to [2, Sec. 3], where it is explained how the lemma follows from Hel-
son’s general result concerning compact Abelian groups whose dual is an ordered
group [30]. See also Sections 8.7.2 and 8.7.6 of [42]|. In our case, the dual group
in question is the multiplicative group of positive rational numbers Q4 which is
ordered by the numerical size of its elements. This means that the bound for
1SNl sp— 20 in the range 1 < p < oo relies on the additive structure of the
positive integers.

When 0 < p <1 or p= 00, a natural question is to determine the asymptotic
growth of the norm || Sy || s#r—.» when N — oco. It is known from [4] and [7] that
the growth of both ||[Sn || 1.1 and ||Sn || sz 2 is of an order lying between
loglog N and log N. We will confine our discussion to the range 0 < p < 1 and

begin with a new result for the case p = 1.

Theorem 5.2. We have

log N

loglog N < [|Sn ||t e < —2 .
loglog N

Proof. Using Holder’s inequality with p = (1 +¢)/e and p’ = 1 + &, we get

(el
ol < (o) laliet-

Setting g = Sy f and applying Lemma 5.1, we get

IS £ll2 ) 2/ T
[1Sn £l .

Now we need to understand how large the ratio || f|2/||f]l1 can be when f is a
Dirichlet polynomial of length N. A precise solution to this problem can be found
in the recent paper [18]. For our purpose, the following one-line argument suffices.
By Helson’s inequality (which is (34) for p = 1) and a well-known estimate for
the divisor function, we have

log N
111> < mae /A flly < emEBEN | 1]

for an absolute constant ¢. This means that we can choose € = (loglog N)/log N
so that we get

1
Isw sl < 4%

ISn]l1 < (log N)/loglog N,

as desired.
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The lower bound is obvious from the classical one-dimensional result: The
Bohr lift maps Dirichlet series in 577 of the form ZZ‘;O cx27 % to functions in
HP(D). O

It is interesting to notice that our improved upper bound relies on both an
additive argument (Lemma 5.1) and a multiplicative argument (Theorem 3.4).
We now turn to the case 0 < p < 1 which will again require a mixture of additive
and multiplicative arguments.

Theorem 5.3. Suppose that 0 < p < 1. There are positive constants ap, < By
such that

a log N ﬁ log N

eYPloglos N L HSN”%P—)%P & ePPloglog NV |

Moreover, we have

|log p| + O(1), P\ 0
(1-1og2)(1-p)+0O((1-p)?), p 1

. log ||Sw|lser e 1
| f >4
N log N/loglog N 1

and

lim sup

log [|Swller—er _ | 5ll0gp|+O(1), pPN\O
Nooo log N/loglog N

«(1=p)+0((1-p)?), p 1,
where ¢ is an absolute constant.

We have made no effort to minimize the constant ¢, but mention that our proof
gives the value log 2 times the norm of the operator f + f* from H!(D) to L(T),
where f* is the radial maximal function of f. Comparing with Theorem 4.3, we
notice that log ||Sn || szr— sr has essentially the same maximal order as that of
log ¢'(N, p).

We will split the proof of Theorem 5.3 into three parts. We begin with the
easiest case.

Proof of the upper bound in Theorem 5.3, with asymptotics for p \ 0. We begin
by seting « := [2/p]| and apply the Hardy-Littlewood inequality from Theo-
rem 3.4:

n=1 da (Tl)

< amdiogy W £]] e,

o | a\3
HSNf”%p < ||SNf||%02 < (ﬂaﬁ da(n)> < |a”ﬂ| >

where we in the last step used that
do(n) < ameliin (o)

when n — oo. We conclude by using that ||f|| 2/« < ||f||s¢e, which holds
because 2/a < p. This argument gives both 5, = log(1 + 2/p)), say, and the
desired asymptotic estimate when p N\ 0. (]
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We need a more elaborate argument to get the right asymptotic behavior
when p 1. We prepare for the proof by first establishing an auxiliary result
concerning polynomials on T. Here we use again the notation f.(z) := f(rz),
where f is an analytic function on D and r > 0.

Lemma 5.4. Suppose that 0 < p < 1. There exists an absolute constant C,
independent of p, such that if 1 —r =C~/Pn=1, then

(57) 1000 ) < 210
for every polynomial Q(z) = > p_ ck2".

Proof. For this proof, we write ||Q||, = ||Q||z»m). By the triangle inequality for
the LP quasi-metric, we have

(58) QI < 11Q — Qrllp + 1QrI7-

Since
1Q(2) — Qr(2)| =

we find that

J @wan < 01 e 1€
10— Qullg < A~V IQI;

for an absolute constant A by the H? boundedness of the radial maximal function.
Using Bernstein’s inequality for 0 < p < 1 [3, 52], we therefore get that

1Q = Qrlly < AL —7)Pn”||QIl}.
Returning to (58), we see that we get the desired result by setting C = 24. O
Proof of the upper bound in Theorem 5.8 when p /1. Set
m =m(N) := [log N/(loglog N)?]

and write z := (u,v) for a point on T, where u = (z1,...,2m,) and v =
(Zm+1, Zm+2, ---), S0 that u corresponds to the first m primes. Let £ and 7 be
complex numbers and set u := (€21, ... z) and nv = (NzZmt1, N2m—+2, -..). Also,
if F'is a function on T* and 0 < r,p <1, we set F,. ,(2) := F(ru, pv).

We will now apply Lemma 5.4 in two different ways. We begin by applying
it to the function £ — (ABSn f)(&u,v), which is a polynomial of degree at most
log N/log 2. This gives

/ (B £)(€u,0) Pdu(e) < 2 / (B8 F)(réu, v)Pdpu(€)
T T

for every point (u,v) and hence

1SN I, < 2(1 85N frally
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by Fubini’s theorem, with 1 —r = C~'/P(log N/log2)~'. Next, we apply (57)
to the function n — (#BSN fr1)(u,nv), which is a polynomial of degree at most
(14 0o(1))log N/loglog N. Hence we find that

|BSNfIE < 2% BSN froll?

with 1 —p = C~/?(1+o0(1))loglog N/log N. Applying (57) k times in this way,
we therefore get that

(59) 1BSNFIll < 25| BSN frpr -

We choose k such that pF < /P, which is done because our plan is to use
Lemma 3.2 (Weissler’s inequality). Since 1—p = C~'/?(14-0(1))loglog N/log N,
we therefore obtain the requirement that

1
(60) k= 2?fgpp — logp] - (1/2 + 0(1)) ¥/ log N/ loglog N.

We now apply Lemma 5.1 to the right-hand side of (59), which yields
|BSn fllp < K(k,p)| 21,00 115

where
K(k,p) : = Ar2tD/p(1 — p)~!

(61) log 2

a1 p) e (52 4 o) [ogply i C0

here we took into account (60) to get to the final bound for K(k,p). Note that,
in view of (5), we may assume that v is a vector of length d := m(N) —m. It
follows that

1SN fllp < K(k,p) () (ru, p*0)| dpim (u)dpa(v)
Td m

log N )
loglog N}’

</m ((B)(u, pFv)|” dum(u)>1/p dpa(v),

where we in the last step used the Cole-Gamelin estimate (6). Using Minkowski’s
inequality (36) as before, we thus get

P
571 < Ko=) [ ([ {50 o)) di )
We now iterate Weissler’s inequality along with Minkowski’s inequality d times
in the same way as in the proof of Theorem 3.4 and get the bound

1BSNfllp < K (k, p)(1 —r?) "™ E=PP| £,
Now taking into account our choice of r and m, we find that

Jimn sup log || SN || v v < limsup log K (k, p)
Nooo logN/loglogN ~— N_o logN/loglog N’

< K(hp)(1 -2y oo [
Td
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Using finally (61), we conclude that

I log ||Sn || er e CYP|logp|log2
1m sup < ,
Nooo logN/loglog N 2p

and hence we get the desired asymptotics when p 1 with ¢ = (Clog2)/2. O
Proof of the lower bound in Theorem 5.3. We consider first the special case when

M is the product of the first & prime numbers, M = p;---pg. By the prime
number theorem, we have k ~ log M/ loglog M. We use then the function

k

) =TT (Vs a5y 2)

j=1

We recognize each of the factors of this product as the extremal function from
Theorem 4.1. Hence || far|l, = 1 and

with
k

anr = C(1,p)F = (\/3(1 - g);_é>

Consequently, by the triangle inequality for the LP quasi-metric,
(62) C(1,p)"* < |Snr—1fuall® + 1Sas far 1B < 2max ([|Sar—1 farllB, 1 Sar faellE)

and therefore at least one of the quasi-norms ||Sp—1 far|lp ot [|Sa farl]p is bounded
below by

%O(l,p)““(”)%.
Suppose now that an arbitrary IV is given. Set n; :=p;---p; and
J:=max{j: N/n; >n; +1}.
It follows that logn; = (1/2 4 o(1)) log N. There are now two cases to consider:
(1) Suppose ||Sn, fn,|lp is large. We set zy := [N/n;] and define
g (8) = a5 fny (s).

Then (Sngn)(s) = x5 (Sn, fn,)(s) because zny = N/n; — ¢ for some
0<e<1,andso

zn(ny+1)=(N/ny—¢e)(nj+1)=N+N/ny—e(ny+1) >N,

where we in the last step used the definition of J.
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(2) Suppose [|Sy,—1fn,|lp is large. We set zy := [N/n;| and define gy as
in the first case. Then (Sygn)(s) = x5 (Sn,—1fn,)(s) because zy =
N/nj + ¢ for some 0 < e < 1, and so

Nnsg—1)=(N/nj+¢e)(ngj—1)=N—-N/n;+e(n;—1) <N,

where we in the last step again used the definition of J.

In either case, since (62) holds for M = ny and logny; = (1/2 4+ o(1)) log N,
we conclude that

1 P P
lim inf 08 | Sn |l

1 C(1
N—oo log N/loglog N _2 0g C(1,p).

The proof is finished by invoking the asymptotic estimate (50). O

Up to the precise values of a, and 8, the problem of estimating ||Sn || ser— s2»
for 0 < p < 1 is solved by Theorem 5.3. This result is, however, somewhat decep-
tive because it is of no help when we need to estimate ||Sn f||s» for functions f
of number theoretic interest, such as (2). In fact, in that case, Lemma 5.1 gives
a much better bound. The problem of estimating such norms (or quasi-norms)
is the topic of the final section of this paper.

6. PSEUDOMOMENTS OF THE RIEMANN ZETA FUNCTION AND RELATED
DIRICHLET SERIES

6.1. Generalities about moments and pseudomoments of ((1/2+it). This
section is partially motivated by our desire to understand the distribution of large
values of the Riemann zeta function ((s) on the critical line o = 1/2. We begin
by recalling the classical approximation

1 o—it

—o—it -0
O'+Zt Zn m—f—O(ﬂ? ),

n<zx

which holds uniformly in the range o > og > 0, [t| < = (see [51, Thm. 4.11]).
This means that

C/2+it) = Y 7V =0(T71?), T <t<o,
n<2T

and so our problem is about the size of 3" _,,-n~/27% on the interval [T, 27T7.
We recall briefly some known facts about the distribution of |¢(1/2 + it)| on
[T,2T]. First, by a celebrated result of Selberg (see [46, 48]), log|¢(1/2 + it)]
has an approximate normal distribution with mean zero and variance %log logT
n [T,27]. This implies that a “typical” value of |((1/2 + it)| and hence of

|3 copn Y27 on [T, 277 is eV (/2 1ogloe T \ore precise information about
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the distribution of |¢(1/2 4 it)| can be acquired from the size of the moments.
One expects that

27
M, (T) = T/ C(1/2 + it)|%dt ~ Ap(log T)F’
T

for some constant Ay for which one even has precise predictions [16]. This as-
ymptotic behavior is known to hold when k = 1,2 by results of respectively
Hardy and Littlewood [22] and Ingham [34]. An unconditional lower bound
M (T) > (logT)*" is known in the range k > 1 [38], and this is known to hold
conditionally for all k& > 0 by work of Ramachandra (see [39, 40]) and Heath-
Brown [27]. Harper [24], building and improving on

work of Soundararajan [49], showed that the upper bounds of optimal order
M,;, < (log T)*" also hold conditionally for all k > 0.

By the Bohr correspondence, we may think of the interval [T,27T] as a sub-
set of T°°, and an interesting question is then to understand the distribution of
I><or n~1/27%| on the entire torus T and, in particular, to compare with
what we have on the subset [T,2T]. We use again the notation Zy(s) :=
> <n Y272 and, following Conrey and Gamburd [16], refer to the correspond-
ing moments

.1 N2k . I N 2%k
W(N) = fim [ Zn o = i s [ 120 b= 1200

as the pseudomoments of {(s). Conrey and Gamburd found that
(63) U,(N) = Ci(log N)* + O((log N)¥~1)

when k is an integer, and a precise value for the constant Cj was given (see the
next subsection). For general k > 0, one may expect a similar behavior. To this
end, it is known from [8] that

(64) UL(N) =;, (log N)F*, &k >1/2
and that
(65) U, (N) >, (log N)¥*, k> 0.

However, we know only that ¥y »(N) < (loglog N)(log N)'/* and that
U(N) < (log N2 0<k<1/2

Here the upper bounds are established by Helson’s theorem on the partial sum
operator, and the lower bounds are deduced from Hardy-Littlewood inequalities.
We refer to [8] for the details.

There are several remaining problems. The most obvious of these is to get a
better upper bound when 0 < k < 1/2. Another problem, to be considered next,
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is to sharpen the asymptotic bounds in (64); we will obtain fairly precise bounds
on the implied constants in this relation.

Unfortunately, we have not been able to improve the estimates in the range
0 < k < 1/2. Instead, we have considered the closely related problem of the
pseudomoments of (%(s) for a > 1. The somewhat surprising conclusion is that,
in this case, the lower bound obtained from the Hardy—Littlewood inequality (the
“multiplicative bound”) does not give the right asymptotic order for small k.

6.2. Bounds for the pseudomoments of ((1/2 + it) for £k > 1. For k a
positive integer, Conrey and Gamburd [16] computed the constant Cj in (63):
They found that Cy = axyx, where ay is an arithmetic factor defined by

wn) 5

P j=0

and 7 is a geometric factor (the volume of a convex polytope). Bondarenko,
Heap, and Seip [8] investigated the asymptotic behavior of ¥y (N)/(log N )*¥* and
found a lower bound of super-exponential decay using (35) and an upper bound
of super-exponential growth using Helson’s theorem for the partial sum operator.

From the result in [16] one suspects that super-exponential decay is correct,
and this was conjectured in [8, Sec. 5]. We will now verify that for k& > 1,
the lower bound is indeed of the correct order. We will do this by replacing
the estimates for the partial sum operator with Theorem 3.4. We also include
additional details in the computation of the lower estimate from [8] to obtain an
explicit lower bound for comparison.

Theorem 6.1. Suppose that k > 1. Then
k2 —k[k]
\Ijk(N)QS 1 H 1_1 1_&1 ,
(log N)k T(k+ 1)k . D [k] p

U5, (N) 1 1 k* 1\ B
(log N)k? = F([Qk]k—s—l)ﬁ 1;[ (1 P) (1+[2k}kp) .

In particular, as k — oo, we get that

(V) <exp ((—1+40(1))k*logk).

(66) exp ((—2+o(1))k*logk) < Tog M) =

It is interesting to observe the similarity between the lower bound in (66) and
the unconditional bound

My (T) > exp (( — 2+ o(1))k* log k) (log T)*
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obtained by Radziwill abd Soundararajan [38]. Likewise, we observe that the
upper bound in (66) is in agreement with the expected behavior

My(T) ~exp (( —1+0(1))k*log k) (log T)?,
conjectured by Conrey and Gonek [17].
Proof of the upper estimate in Theorem 6.1. Inserting Zy into (33), we get

N n Q(n) k
Wi(N) = 12|z < (Z d[kiz( | ([Z]) ) .

n=1

Using Lemma 3.6 and Abel summation, we find that

N n Q(n)
Z d[ki,b( ) <£]) _ m(log]\z)k + O((logN)kfl).

n=1
We complete the proof by inspecting the Euler product for 4 (1) and (39). For
the asymptotic estimate, we may safely assume k£ > 2, in which case Lemma 3.5
gives 9,(1) =< 1. Hence the main contribution to the decay comes from the
Gamma function, and the desired result follows from Stirling’s formula:

D(k+1)* = exp ((1+o(1))k21ogk) . O

The following argument can be extracted from [8, pp. 201-202], but we include
some details here for the reader’s benefit.

Proof of the lower estimate in Theorem 6.1. We want to use (35), but k = p/2 >
1. To remedy this, we write 2k = ¢r where ¢ > [2k] is an integer to be chosen
later that ensures that » < 2. Note that if n < N, then

P )] din) _ |u(n)|

lu(n)]
_dg/r(n) nn dex(n)-

dg/r(n)

> o=
ni-Neg=n n1 Nk

M1 yeeny TL[SN

Using (35) and removing all terms in the sum for which N < n < N*, we get the
lower bound

Y ()
1Zw 5% = 1 Z% 17 > (Z n@k("))
n=1

As above, one checks that

N
Z @d%(n) = 5k(10g N 4 O((log N)Zk*l)
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The asymptotic behavior of the Euler product in (67) has been estimated in [8,
p. 202], where it was found that

11 <1 - ;)M (1 + lf) =exp ((— 1+ o(1))lkloglog((k)) .

p

Therefore the decay is again controlled by I'(¢k + 1)k/ ¢, Clearly, choosing ¢ as
small as possible is optimal, and we therefore set £ = [2k]. The proof is completed
by similar considerations as in the preceding argument. ([

Theorem 3.4 allows us to improve the more general results of [8] concerning
Dirichlet series of the form

Fls) = Y (/2

for a suitable multiplicative function ¢ (n), in the same way as done above for the
Riemann zeta function, as well as to relax the presumed growth condition on
for £ > 3. Since the computations go through as before, we refrain from carrying
out the details.

6.3. Pseudomoments of (“(s) for a > 1 and small k. We define the pseu-

domoments of (*(s) as Wi o(N) := || Zn,a%52x, where
ZN.a(s) = Z do(n)n =712,
n<N

Letting Fy be as defined in (2), we see that then Zy o = (SNF5)(s). We know
from [8] that these pseudomoments satisfy the relation

(68) Up, 0(N) = (log N)F*o*

when k& > 1/2. We will now show that this result fails for small ¥ < 1/2 when
a > 1. If we agree that the moments of (*(s) are just the moments of |{(s)|%,
then we see that our result implies that, on the Riemann hypothesis, there is
a discrepancy between the behavior of the pseudomoments and the moments of
¢*(s) for small k when o > 1.

Theorem 6.2. Suppose that o« > 1. For every k > 0, there exists a constant
c(k) such that

T o(N) > (log N)Floe o’ exp (—c(k)\/log log N log log log N)

holds for arbitrarily large N.

This is incompatible with (68) when o > 1 and k < (log a?)/a?. From this we
observe that, whenever k < 1/e, we can find o > 1 such that (68) fails.
We prepare for the proof of Theorem 6.2 by establishing two lemmas.
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Lemma 6.3. Suppose that o > 1. Then

E Z do(n)a™ M 2(n)n"1/2| > (loglog M) =3+,
M/2<n<M

where the implicit constant o(1) depends only on M.

Here we applid the probabilistic notation of Subsection 2.4. We defer the proof
of Lemma 6.3 until the end of this subsection.
Our second lemma is a result on the distribution of

N(z,m):= Z 1,
n<z, Q(n)=m

similar in spirit to the Erdés—Kac theorem, saying that N(z,m) is mainly con-
centrated on the set

Ic := |loglogx — C\/log log z logloglog x, loglog = + C\/log log z loglog log x}

when z is large and C is a suitable positive constant. To deduce this result, we
rely on an estimate of Sathe (see [47]) saying that

(69) N(z.m) < C r (loglogz)™!

logz (m—1)!

whenever x > 10 and 1 < m < (3/2)loglogz, with C' an absolute constant.
Choosing C' large enough and using Stirling’s formula, we therefore find that

T
70 N <
(70) , Z (,m) < 2(loglog z)8
m<(3/2)loglogz, m¢&Ic

when z is sufficiently large. Using instead of (69) formula (7) from [33], we deduce
that

(71) Z N(z,m) < —————

m>(3/2)loglogx ( )
for « large enough. Combining (70) and (71), we obtain the following.

Lemma 6.4. There exists an absolute constant C > 0 such that

x
Z N(z,m) < ————¢
ey (log log x)
for all sufficiently large x.
Proof of Theorem 6.2. We write
D o(s) := Z cla(n)oz_Q(")n_s_l/2

N/2<n<N
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so that
ZN,a(S) - ZN/2,oz(5) = Z aumDN,a(S)'

m>0

By Lemma 4.4, we have for every m and 0 < ¢ < 1
(72) 1Z5.0 = Znja,alle > @™ m' =V PruDyall:

We will combine (72) with an estimate that we obtain from the two lemmas
above.

In what follows, we will use that the L? norm of Dy, can be estimated in a
trivial way because d,(n)a~%") < 1. First, applying Holder’s inequality in the
form

A" < g1
along with Lemma 6.3 and a trivial L? estimate, we find that
1Y PnDnalls > (loglog N) =6+
m>0

whenever 0 < ¢ < 1. Using the triangle inequality for the LY quasi-norm and the
trivial bound || f|l; < || f|l2, we obtain from this that

D 1PaDyallg+ 11 2 PuDwally > (loglog N)=*+o®).

melc mé&Ilc

Hence, by a trivial L? bound and an application of Lemma 6.4, there exists a
constant C such that

Y 1PuDnalll > (loglog N) =0+,

melc

Thus, since |I¢| = O(y/loglog N logloglog N), there exists an m satisfying

log log N—C\/Iog log N logloglog N < m < loglog N—|—C'\/log log N log loglog N
such that
(73) |PrDy.all? > (loglog N)~6-5Fe(),

We now set ¢ = 2k. Combining (72) and (73), we find that for some c(k, «)

| ZN,a — ZN/Q’O(H%ﬁ > (log N)klog"‘2 exp (—c(k:, @) \/log log N log log log N) .

Since
1ZN.0 = Zny2.0l3k < 1Zn.all5% + 12N )2.015%

this means that at least one of the pseudomoments ¥y, o (IN/2) or ¥y, (V) satisfies
the lower bound asserted by the theorem. O
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Proof of Lemma 6.3. Let N, be the set of x-smooth numbers, i.e.,
N, :={n € N: p a prime such that pjn = p <z}.

We start with the following identity which holds for every real ¢:

—-1/2

/OO Zy/2<n§y,nENz da(n)afﬂ(n)z(n)n dy

yl—i—l/ log x+it

—1/logxz—1i
— (H/gt> Z da o n) 2(n)n —1/2—1/logw—it

1/logx + it

Our first goal is to estimate the supremum of the right hand side in (74) for ¢
from a reasonably short interval. We have

’ Z da (n)a‘Q(”)z(n)n—l/Q—l/ log x—it
nEN,

= H ’1 + an =i 5 (p)ip—I(1/2+1/ log w+it)

p<z

(75)
= exp (Re (Z Z(p)p—l/Q—l/Ing—it>

p<z

1 2. —1-2/logxz—2it
+ % Re (Z z(p)“p s

p<z

for all points of the configuration space (z(p))p<z. As in [26, Lem. 1], we can
modify the proof of [25, Cor. 2] to show that

sup (Re (Z Z(p)p_l/Q—l/logac—it>

1§t§2(19glog z)2 p<z
12 it[>1/4

1 2, —1-2/logxz—2it
+2aRe<Zz(p)p /log

p<xz

> loglog x — logloglog z + O((log log log :v)3/4)

with probability 1 — o(1) as © — co. To achieve this, we add a minor technical
detail: In the part of the argument that follows [25, Sec. 6], we only take into
account those integers n, 1 < n < (loglogx)?, such that

min |1 —27%| > 1/4,
2n+1<t<2n+2
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noting that the number of such n is bounded below by C(loglogz)?. Combining
the latter inequality with (75), we obtain that with probability 1 — o(1)

sup do(n)a™ M) z(n)p = /27 leg =it} > og g (loglog )~ o),
1<t<2(log log z)?

-2 [>1/4

nEN,

Now taking the supremum of the absolute value of both sides in (74), we find
that

/Oo ‘Zy/kngy,nem da(n)a—ﬂ(n)z(n)n—lh‘
1

)73+o(1)
y1+1/ log =

dy > log x(log log x

with probability 1 — o(1). Hence taking the expectation over the entire configu-
ration space (z(p))p<s, we finally obtain that, say for all z > 3,

/oo E ’Zy/2<n§y,neN, da(n)a*m")z(n)nﬂﬂ’
dy
1

(76) y1+1/10gx

> log z(loglog ) —3+o(1),

Now we will show that the assertion of the lemma follows from (76). To this
end, we begin by fixing a positive integer M. We will use (76) for z such
that M = gl0logloglosz  Applyving the Cauchy-Schwarz inequality in the form
(E|X|)? < E|X|? and recalling that d,(n)a~%" <1, we find that

~ E ’Zy/knéymem da(”)afﬂ(”)Z(n)nflm’ oo 1
141/ 1 dy < V2 Wdy
VM Y ogx s —

= V2log z(loglog z)~°.
Combining this bound with (76), we find that

/\/M E ‘Zy/2<n§y,nem da(n)oz_ﬂ(")z(n)n_lm‘
1

yl-i-l/logac dy

(77)
> log z(log log x)_3+°(1) ,

which is the relation to be used below.
Set Sar,a(2) = 2 p1jcn<nr do(n)a= M z(n)n=1/2 and let N be the set of
integers with prime divisors that are all larger than x. Write

Suma(z) = z Cnda (n)oa™ W z(n)n =12,
neENL 1<n<M

where
Cy = Z do (K)o 2R 5 (k) k12,

kENL,M/(2y)<k<M/y
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By Helson’s inequality (31), we find that
1/2

Z |cn|2da(n)2a_29(")
d(n)n

E|Sym,al > E
nENL 1<n<M

>E Zw

2
r<p<M P

1/2

We now want to relate the right-hand side of (78) to the integral
2

M M
—Qn _ d d
/ E do(n)a™ MM z(n)n=1/? —y:/ |cy|2gy.

M/(29)<n<M/y,neN, Y

To this end, we begin by considering a short interval [¢, & + &°] C [z, M], where
7/12 < 6 < 1 is a fixed parameter. If £ is sufficiently large, then by [28], this
interval contains at least £°/(2log &) primes. We partition accordingly the interval
into [£°/(2log £)] subintervals of equal length £°/[¢° /(21log £)]. We make a one-to-
one correspondence between these subintervals and the first [¢°/(21og €)] primes
in [£,& 4+ ¢9], and hence we associate with every y in [£,& + €] a prime p = p(y)
that is also in [¢, & + £°]. We write &, := ¢, — Cp(y) and notice that

|Cy|2 < 2(|Cp(y)|2 + |5y|2)7

where E|é,|? < €97 < y°~1. From this we get that

2

£+¢° d
/ Z do(n)a= MM z(n)n=1/? il
3

M/(2y)<n<M/yneN, y
2 £4+€° |~ )2
C C
<(log) Y @+/ &l 4,
e<pzere TS Y

Repeating this construction and summing over a suitable collection of intervals
[€, € 4 £°], we then obtain

e |2 Mz 12
Z |;+/ |y|dy

z<p<M Yy

1 M dy
> logM/I Z do(n)a™ ™ z(n)n =12 =2,
M/(2y)<n<M/y,nEN,
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By the change of variables w = M/y in the integral on the right-hand side and
using that log M = 10log z log log log x, we now deduce that

M |~
Z |Cp|2+/ |Cy|2dy
r<p<M p z Yy

(79) ) 2
! / Z do(n)a= 2™ z(n)n=1/2 d—u
1

>
logmlog IOg 1ng u/2<n<u,nEN, !

We are now ready to finish the proof by putting our three basic estimates (77),
(78), and (79) together. First, by the Cauchy—Schwarz inequality, we have

2
E —Q(n —1/2

u/2<n<u,n€N,

du.

VM ‘Eu/QSnSu,nENw da(n)a—ﬂ(n)z(n)n—l/Q
Z /1 ylt+1l/logz

Therefore, taking expectation in (79) and applying (78) together with (77), we
find that

IElSM\>>]E‘( Z c;|2+/M|52|2dy>1/2‘E’(/Mézpdy)l/gl

r<p<M
M |~
>>]E’( Z Cp|2+/ |Cy|2dy>l/2‘—x*(1*5)/2
w<pM p z Y
1

> log z(log log log x)1/2

du — z~(179)/2

VM E ‘Zu/2§n§u,n6Nw da(n)aiﬂ(n)z(n)nil/2
X /1 ultl/logz

> (loglog z) ~3t°M) > (loglog M)~3+o(),

and hence the desired estimate has been established. O
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