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Abstract

This thesis is focused on modeling the dynamic evolution of the drop size density
distribution of emulsions in turbulent pipe flow with and without the mass balance
of the surfactant. First, the interplay between coalescence and breakage was stud-
ied by changing the fitting parameters of coalescence- and breakage frequency and
the fitting parameters of coalescence- and breakage efficiency. Lastly, an attempt
was made to include the surfactant mass balance in the model for comparison.

The base case showed that coalescence is stronger at shorter axial positions in the
pipe and grows weaker along the z-axis. Breakage showed the complete opposite
trend. Loo varied greatly with changes in the fitting parameters for coalescence-
and breakage frequency and it was showed that when k., = k41, equal changes in
magnitude of these fitting parameters does not change the shape of the drop size
distribution. However, the shape of the drop size distribution showed great de-
pendence on the fitting parameters for coalescence- and breakage efficiency. The
volume density distribution f, showed the expected alterations in shape when it
was studied with different sets of fitting parameters. When the mass balance of the
surfactant was included in the model, few or no changes were seen in the average
droplet radius of the volume distribution.

Overall, the model without the mass balance worked well, showing the appropriate
results when changes were made to key parameters. Larger variations in the shape
of the density distribution was expected when the mass balance was included but,
these changes failed to appear. It was concluded that the lumping of the retarded
Hamaker constant into the fitting parameter for coalescence efficiency was insuffi-
cient to describe the dynamics of the intermolecular forces working on the surface
of droplets.
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Sammendrag

Denne oppgaven har fokusert pa 8 modelllere den dynamiske utviklingen av emuls-
joners drapestgrrelsesfordeling i turbulent rgrstrgmning med og uten massebal-
ansen for tensider. Fgrst, ble smaspillet mellom koalesens og brytning av draper
studert ved a endre tilpasningsparametrene for koalesens- og brytningsfrekvens og
tilpasningsparametrene for koalesens- og brytningseffektivitet. Til slutt, ble det
gjort ett forsgk pa a inkludere massebalansen for tensider i modellen.

Den grunnleggende studien viste at koalesens er sterkere ved kortere axielle pos-
isjoner i rgret og ble svakere og svakere langs z-aksen. Brytning viste eksakt
motsatt trend. L., varierte betydelig med endringer i tilpasningsparametrene for
koalesens- og brytningsfrekvens. Det ble vist at nar k,, = kg1 har endring i disse
parametrene av like stor stgrrelse ikke noe a si for fasongen til drapestgrrelsesdis-
tribusjonen. Formen til drapestgrrelsesdistribusjonen viste stor varians nar det ble
gjort endringer i tilpasningsparametrene for koalesens- og brytningseffektivitet.
Volumtetthetsdistribusjonen, f,, endret form som forventet nar foskjellige sett med
tilpasningsparametre ble undersgkt. Nar massebalansen for tensider ble inkludert
i modellen ble det observert fa endringer i den gjennomsnittlige drapestgrrelsen til
volumtetthetsdistribusjonen.

Alt i alt fungerte modellen bra uten massebalansen og viste passende resultater
nar det ble gjort endringer i ngkkelparametre. Det var forventet stgrre endringer
i formen til tetthetsdistribusjonen nar massebalansen for tensider ble inkludert i
modellen, men disse endringene uteble. Det ble konkludert med at inklusjonen
av den forsinkede Hamakerkonstanten i tilpasningsparameteren for koalesensef-
fektivitet ikke var tilstrekkelig for a beskrive dynamikken i de intermolekylere
kreftene som virker pa overflaten til drapene.
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Chapter 1

Introduction

Recently, modeling of fully dispersed flow has been given an unprecedented amount
of attention. Understanding of how particulate solutions act when they are moving

in pipes, reactors etc. have become more important as the number of applications

involving dispersions has risen in the last decades. Fully dispersed flow is present

in many industrial applications such as bubble columns, oil refinery equipment and

pipe flow in general.

The history of fully dispersed flow modeling can be traced back to the models of
Brownian motion presented by Einstein[1] and Smoluchowski[2] in the early 20th
century. These models were attempts to predict the random motion of particles
in a solution based on kinetic theory, equivalent to a dispersion that contains gas
bubbles or liquid drops. The equations presented by both Smoluchowski and Ein-
stein are probability distributions of a particle with respect to time and one spatial
dimension. In terms of modeling fully dispersed flow, this methodology would
only work for monodisperse particles and at lower velocity non-turbulent flow re-
gimes.

In 1938 Landau and Rumer[3] published a paper on the cascade theory of elec-
tronic showers. They presented functions that described the number of photons
and the number of particles as well as their evolution in spatial coordinates. Even
though electronic showers are not comparable with fully dispersed two phase flow,
it was one of the earliest formulations of a population balance, which later became
a very important tool for modeling fully dispersed two phase flow.

Most of the applications of fully dispersed flow mentioned above involve turbulent
flow regimes. In 1955 Saffman and Turner[4] issued a paper on drop collision in
turbulent clouds. This paper puts forward a model of how turbulent eddies affect
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the efficiency with which drops coalesce and how drops collide. This was a huge
step in the direction of a more comprehensive and accurate model of dispersed two
phase flow.

In 1964 the generalized population balance equation came along as a modeling
tool for fully dispersed two phase flow. Hulburt and Katz[5] published an article
in which they explored the use of differential equations to show the variation in
average particle size to predict the behaviour of dispersed phase systems. This is
the grounds on which the current prevailing models are built. Now, there was a dif-
ferential equation that could predict the distribution of particle size as a function of
time and spatial variables in a more accurate manner. Going forward, the focus of
model developers was directed towards finding the best way to incorporate prob-
abilities of collision and efficiency of coalescence or other particle phenomena into
the differential equations.

Introducing the population balance into the modeling of fully dispersed two phase
flow has not only given more accurate predictions, it has also brought along the
challenge of an immense amount of equations having to be solved. The computa-
tional efforts required for solving these differential equations increase rapidly with
the amount of equations. As the last three decades have seen rapid advances in
computer technology, more involved and computationally demanding models have
been solved. Computational fluid dynamics(CFD) have also been combined with
population balance models to predict the behaviour of two phase fully dispersed
flow.

This thesis is focused around building a comprehensive model of fully dispersed
flow in Matlab, by combining the population balance equation with the surfactant
mass balance. Including the mass balance for surfactants is important because of
the effect that surfactants have on phase separation and therefore also on the flow
properties of the fluid at hand. By adsorbing on the surface of liquid droplets,
surfactants change the surface properties of the droplets and therefore the extent
to which they coalesce and break up. Many of the applications of fully dispersed
flow involves complex mixtures of components with multiple substances and many
different surfactants present. These mixtures commonly occur in the petroleum
industry and predictive knowledge of how they act are therefore crucial to efficient
oil recovery.

First, the population balance will be solved without adding the surfactant mass
balance to the model. This is not only good modeling practice, to solve one part
of the model before adding complexity, but it is also crucial to compare the model
with and without the surfactant mass transfer. Next, the surfactant mass transfer
equation will be incorporated into the model. A comparison will be made between



the model with and without the mass balance equations to evaluate whether a more
complex approach to the surfactant mass balance has to be taken.
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Chapter 2

Background and Theory

2.1 Population Balance Equation

A pipe of length L and diameter D is considered. Inside the pipe a liquid-liquid
dispersion flows in a locally isotropic turbulent flow-field [6].The flow profile is as-
sumed to be plug-flow and the fluid velocity is described by an average velocity U.
An illustration of the pipe is shown in Figure 2.1. Any radial variances in droplet
sizes are neglected. A density function 7(r, z) describes the distribution of droplet
sizes, where r denotes the radius of droplets and z denotes the axial position in
the pipe. r serves as the internal coordinate and z as the external coordinate. The
difference is that the external coordinate tells the position of the drop in the pipe,
while the internal coordinate relates to the properties of the droplet. Locally, the
total number density N;(z) at a given axial position z is[6]

RmafE
Ny(z) = /0 n(r', z) dr’ 2.1)

In Equation 2.1 R,,,, denotes the upper limit of the radius in the number distri-
bution. The volume fraction, ¢(z), of droplets at any radial position is then given
by[6]

Rmax
o(z) = /0 <4;rr’3> n(r', z) dr’ (2.2)

No droplets are introduced into the pipe at any radial position and therefore ¢(z)
should remain constant throughout the length of the pipe.

5
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Figure 2.1: Pipe section with length L, diameter D and average fluid velocity, U.

Convection transports the droplets along the axial direction of the pipe, 2z, and
coalescence and breakage alter the size of the droplets in the internal coordinate
space, r. Based on the foregoing assumptions and definitions the governing trans-
port equation of the droplets in the pipe is described by the population balance[6]

Initial condition: at 2z =0, n(r,0) =no(r), for 0<7r < Rpe: 2.4)

where R¢ 4 is the birth rate of a droplet of radius r due to coalescence, R¢, — is
the death rate of a droplet of radius r due to coalescence, Rp ; is the birth rate of
a droplet of radius 7 due to breakage, Rp, _ is the death rate of a droplet of radius
r due to breakage and 7o(r) is the droplet size distribution at the initial position in
the pipe(z = 0).

2.1.1 Birth- and Death Rate Due to Coalescence

When two parent droplets of radius 7’ and r” coalesce, they form a droplet of
size r. Due to the conservation of volume we can write 7 = [r3 — 7/3]'/3. The
coalescence birth rate as a function of radius r and axial position z is then given

by[6]

for 0<2<L, 0<r<Rnu 2.5

According to the conservation of mass the death of particles due to coalescence
also have to be taken into account. The following expression gives the death rate
of drops with radius r at the axial position z[6]
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Rm(m?
Re(r,2) = n(r. 2) / re(r, (', 2) dr',
0

for 0<z<L, 0<7<Rn (2.6)

The rate of coalescence r¢, found in Equations 2.5 and 2.6, is determined by the
constitutive equations of coalescence frequency(or swept volume rate), w¢, and
probability of coalescence, 15, for two colliding drops. The rate of coalescence
between two drops of radius r; and 9 is written as follows[6]

re(r1,r2) = wo(ry, m2)Ye(r,m2) (2.7)

One of the most common ways of determining the constitutive equation for colli-
sion frequency is to assume that the collision of droplets in a locally isotropic flow
field is analogous to the collisions between molecules in kinetic gas-theory[7, 8, 9].
In kinetic gas-theory, the collisions are determined based on the mean square fluc-
tuation velocities of the droplets in the flow field. Neglecting the contribution of
eddies in the wave number range beyond the inertial sub-range[7, 8, 9], allows for
the mean square fluctuation velocities of the droplets to be expressed in terms of
the local energy dissipation rate per unit mass, €, and the droplet volume. The
collision frequency of droplets is then expressed as[7, 8, 9]

wo(ry,re) = kw761/3 (ri + 7“2)2[7“%/3 + r§/3]1/2 (2.8)
(1+9)

where k,, is a proportionality constant that is used as a fitting parameter in the
model. As a general estimate, the following expression can be used to find the
value of ¢[10]

€ = 0.01766— (p ’;]D> (2.9)

where D is the pipe diameter and p. and p. are the viscosity and density of the
continuous phase, respectively. An estimate of ¢ is sufficient since it is directly
multiplied by the fitting parameter, k.

The probability of coalescence can be expressed as the ratio between the contact
time of two droplets and the time it takes before film drainage and rupture between
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two drops occur(coalescence time). The coalescence time is determined from a
film drainage expression between two deformable drops[7, 8, 9, 11], where the
force compressing the droplets is proportional to the mean-square velocity differ-
ence of the drops at either end of the eddy. The contact time is considered to be a
random variable that is proportional to the characteristic period of velocity fluctu-
ation of an eddy of size 2(r; + r2)[7, 8, 9, 12]. The efficiency of coalescence is
thus written[7, 8, 9, 12]

1 piepee ( rir2 )4
r1,T2) = exp | —— 2.10
VYE(ri,ro) P[ ko 2\t (2.10)

where k, is a proportionality constant that is used as a fitting parameter in the
model and 7 is the surface tension. k,, is lumped in with the difference between
the inverse squares of the initial film thickness and film thickness at which film
rupture occurs and therefore has units of m?.

2.1.2 Birth- and Death Rates Due to Breakage

It can be assumed that an oscillating deformed drop will break if the turbulent
kinetic energy transmitted to the drop exceeds the surface energy of the droplet.
The death rate of a given droplet due to breakage is therefore determined by both
local flow characteristics and the breakage frequency g(r). Thus, the death rate of
a droplet of radius r can be determined by the product of the number distribution
n(r, z), and breakage frequency, g(r)[6]

Rp_ =g(r)n(r,z), for 0<z<L, 0<7<Rpu (2.11)
Again, to account for the conservation of volume an expression for the birth of
droplets due to breakage have to be included in the population balance equation.
The birth rate due breakage can be determined by integrating R _ over the inter-
val of drop sizes, 7/, larger than r (r < 7' < Rypq.). To account for the forma-
tion of at least two drops under breakage, the breakage death rate is modified by
a daughter size distribution function, 3(r,’), that represents the probability that
breakage of a drop of size, 7/, will form a drop of size, r. The birth rate of droplets
due to breakage is given by the following expression[6]

Rmaz
Rpi(r.2) = / 26(r, ) g(r')n(r', 2) dr”,
r
for 0<2<L, 0<7< R (2.12)
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The number, two, in the integrand of Equation 2.12 is necessary because the nature
of the breakage is binary. Only binary breakage has been taken into account in this
model due to the fact that there is no theoretical basis to determine the number of
drops formed based on the drop size, the interfacial tension or the forces applied
to the drop[7, 8, 9]. In addittion, binary breakage is a good approximation for
droplets of diameter less than 1 mm[9].

As mentioned above, the premise for droplet breakage is that the kinetic energy
transmitted from an eddy to the droplet exceeds the the surface energy of the
droplet. It can also be assumed that the distribution of total kinetic energy of
drops are proportional to the distribution of kinetic energy of turbulent eddies. The
following equation gives the frequency of breakage[7, 8, 9]

(/3

2
g(?“) = kglmexp |:—k92,y0(1—i_¢):|

PRETERCTE (2.13)
where py is the density of the dispersed phase, and k41 and kg2 are proportionality
constants that are used as fitting parameters in the model.

A symmetric beta distribution has been employed by Hsia and Tavlarides[9] and
Azizi and Taweel[10] to represent the daughter size distribution 3(r, 7). It satisfies
several requirements: (1) that there is zero probability for infinitely small daughter
droplets; (2) it avoids zero probability for the evolution of equal size drops; (3) the
combined size of the daughter droplets always equal the size of the parent droplet.
The daughter size distribution representing the probability that a droplet of size,
r’, will break to form a droplet of size, r, can then be written as[9, 10]

45 2 32 3\ 2
B

A couple of other properties of the number density distribution and volume density
distribution are relevant to evaluate the results of the model. The evolution of the
mean droplet radii, u,n and p,y, based on the number density distribution and
the volume density distribution respectively, are given by

1 R?naw , , ,
v(2) = —— , 2.1
tan (2) Ny(2) /0 r'n(r', z)dr (2.15)

Rmaz
payv (2) = 1/ 7! (MT’S) n(r', z)dr’ (2.16)
¢ Jo 3
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The standard deviations, o, and 0.y, of the droplet number density distribution
and the volume density distribution respectively, are given by

1

Rmaz
OuN = \/Nd(z)/o (r" = pan (2))2n(r, z)dr’ (2.17)

Rmam
Oav = \/1/ (r" — pav (2))? <47r"”'3> n(r!, z)dr! (2.18)
¢ Jo 3

2.2 The Surfactant Mass Balance

Considering the pipe section shown in Figure 2.1 and general conservation of mass
with no net transport through the chosen boundary, the following equation holds
true

d
dt/VCdV_O (2.19)

where % is the time derivative and C' is the concentration of surfactant within the
total volume of the dispersion, V.

If the total volume of the dispersion is divided into volume of dispersed phase, V,
and volume of continuous phase, V, as shown in Figure 2.2 the conservation of
mass can be written as

d d
— dVi 4+ — dVy = 2.20
% Vfo rt g VdCd Va=0 (2.20)

where C'y and Cy are the concentrations of the surfactant in the continuous phase
and the dispersed phase respectively.

The total amount of surfactant in moles are conserved in the dispersed phase and
since the surfactant adsorbs on the surface of the droplets a balance over the dis-
persed phase can be written

d
- CydVy + Ng-ngdAg =0 (2.21)
dt Jy, A,

where Ay is the surface area of the dispersed phase, Ny is the amount of surfact-
ant adsorbed at the surface in moles and ng is the surface normal vector. When
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Figure 2.2: Generic colloidal system with total volume, V, dispersed phase volume, V,
and continuous phase volume, Vy[14].

combining Equation 2.20 and Equation 2.21 the following expression is found

jt Cf dVy — / Ng-nsdAgz =0 (2.22)
If all droplets are assumed to be spherical then ns = [1,0, 0], which means that
Ny - ng = Ng. The concentration of surfactant in the continuous phase, C',
is assumed to be constant throughout the continuous phase volume, V, and the
amount of surfactant adsorbed at the surface, Vg, is assumed to be constant across
the surface area of the dispersed phase A;. Equation 2.22 now becomes

dC
LV — Ny Ag=0 (2.23)
dt
The volume fraction is defined as
V. V.
¢=Vdand1—¢=7f (2.24)

Combining the volume fraction relations and inserting them into Equation 2.23
yields

acy ¢ A4

TRk s (2.25)



12 Background and Theory

By assuming that the solute concentration is very dilute the following relation
holds true

Ny = —K;(Cy — C*) (2.26)

where K is the average velocity through the boundary layer formed by the sur-
factants adsorbed on the dispersed phase surface and C™ is the concentration at
the outside of the same boundary layer. Aﬁ is the surface to volume ratio of the
dispersed phase, when multiplied with the volume fraction, ¢, it becomes

Aq AV  Ag
—_— = — = — =00

= 2.27
Va VaV |4 (2:27)

Where « is the surface to volume ratio between the area of the dispersed phase,
Ayg, and the total volume of the dispersion, V. Substituting Equation 2.26 and
Equation 2.27 into Equation 2.25 yields

d¢y _ __a¢
dt  1-¢

Kf(Cf—C*) at t=0, Cp=0Cyp (2.28)

where C' is the concentration of surfactant at the initial time ¢ = 0. « can be
found from the volume density distribution, f;,, as follows

a=— — fv dr’ (2.29)
0 T

A quick look at the dimensions of the volume density distribution shows that this
integral in fact becomes the area of the dispersed phase droplets over the total

. . . 3 .
volume of the distribution. f, has dimensions of %.

Equation 2.28 accounts for the change of surfactant mass in the continuous phase.
An equation for the change of surfactant mass in the dispersed phase is still needed.
The solute is assumed only to be present at the surface of the droplets and not
inside them. Adsorption on the surface of the dispersed phase is approximated by
the Langmuir isotherm

KC*

I'=Thaw———
M L KO

(2.30)

where I is the concentration of solute adsorbed on the dispersed phase surface,
I'naz 18 the maximum amount of solute that can be adsorbed on the dispersed
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phase surface and K is an equilibrium constant. The dynamic behaviour of the
adsorbed phase concentration is given by the flux to the surface and the change in
surface area due to coalescence

dr I'do
— =K —-C*)— —— 2.31
By rearranging Equation 2.30 to solve for C* and inserting it into Equation 2.31

the following expression is found

dr r I da
C k() L% =0, T=T, @232
a7 (Cf K (Tomas — r)> adt ° 0 o (232

where ' is the amount of surfactant adsorbed on the dispersed phase at the initial
time, t = 0.

The Langmuir isotherm can also be substituted for C* in Equation 2.28, yielding

dCy « r

=T (O Ry) M =0 Cr=Cr 0

Initial conditions for Equation 2.32 and Equation 2.33 are respectively

KT ez
[j=—F""27C 2.34
T 14 KCp, 0 2.34)
1 oo KT paz 1
= |14 /M K + — /142K K2C?
K22, N 200K T imae 20K °TimazCloo (2.35)
(1+9¢)? L+¢ 1+¢

where Cf o, is the concentration of surfactant in the continuous phase at infin-
ite dilution and «y is the surface ratio of droplet area to the total volume of the
dispersion for the initial distribution, meaning f, att = 0.

The interfacial tension of the dispersed phase droplets are calculated by the fol-
lowing expression

¥ =" — RIT paxln(1+ KC) (2.36)
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where R is the gas constant and 7' is the temperature.

Considering that the interfacial tension affects the coalescence and breakage effi-
ciency, a couple of subtle modifications has to be made to Equation 2.10 and Equa-
tion 2.13. The second order inverse ratio of surface tension to the initial surface

tension, <%) - , is multiplied into the exponent of Equation 2.10 and the ratio of

surface tension to the initial surface tension, %, is multiplied into the exponent of
Equation 2.13 yielding

1 piepee (0\° [ mra \*
Yp(ri,re) =exp | —— () ( ) (2.37)

ky 7(2) Y r1+ 12

€'/’ w1 +¢)? (v
g(r) = k:glmexp |:_kg2,0d€2/37"5/3 (%>:| (2.38)

It is worth noting that Equations 2.37-2.38 are what couples the surfactant mass
balance with the number density- and volume density distribution.

This concludes the governing equations of the model. In Appendix A the model is
converted into non-dimensional variables.



Chapter 3

Programing and Software

The model equations derived in Chapter 2 have been implemented in Matlab using
a combination of the built in ODE-solvers and the numerical method of colloc-
ation. The ODE solvers are based on initial value problems, which is how the
model equations are formulated. On the account that the equations that constitute
the population balance are integral differential equations a separate approach to
solve the integral parts had to be applied. The quadrature weights generated by the
collocation method have been used to solve the integral parts of the equations be-
fore implementing the initial value problem solver in the code. A brief description
of the math behind the collocation method is provided in Appendix B.

3.1 Matlab Code

All the Matlab scripts and -functions used to solve the model are given in Appendix
C. To start solving the model the script main is ran in the command window. It
rescales the original distribution, sets up the grid points, calculates the initial con-
ditions and solves the generated set of equations. The script parameters accounts
for most of the constants that are used in the model equations. The code is generic,
so any change to a parameter of the system changes the whole code to accommod-
ate it.

Before the initial experimental distribution can be used in the model solver it has
to be normalized, as it has no physical meaning in its rawest form. The script
rescale is given the water cut and a text file that contains the raw distribution.
For the experimental distribution to get the appropriate dimensions it has to be
normalized so that Equation 2.2 holds true. After the distribution is normalized it
is also converted to its non-dimensional form, as shown in Appendix A.

15



16 Programing and Software

Figure 3.1 shows an example of how the collocation grid can be set up. SetUp-
Grid is the function that splits the radius domain into elements and calls the colloc
routine[15] that generates the roots and weights used to calculate the integrals in
the differential equation. First, strategic sub-domains are chosen so that the amount
of collocation points can be varied in different regions of the distribution. This
makes sure that regions of the radius domain where steep gradients in the number
distribution occur can be allowed more points and regions where the number dis-
tribution is zero can be given fewer points. Domains were chosen between r = 0
and the first non-zero value of the distribution, between the first non-zero value of
the distribution and the highest value of the distribution and between the highest
value of the distribution and the last non-zero value. The next domains are just
equally spaced until the end of the distribution. A minimum of four domains are
required for the script to work and the amount of domains and collocation points
in each domain can be changed inside parameters.

Sub-domain Collocation point

Figure 3.1: Illustration of arbitrary collocation grid for demonstration purposes.

For each domain the colloc function[15] is called and the quadrature weights and
roots are stored in separate arrays. The vector of roots is then scaled to range
from O to 1, which is the non-dimensional radius domain. Finally, the scaled num-
ber distribution is interpolated with the scaled vector of roots to yield the initial
distribution and radius domain that is given to the ODE-solver.

When the initial conditions for the mass balance have been calculated through
the function alphacalc, the ODE-solver is called. The solver calls the function
differentialeq that creates the vector of differentials that are to be solved. Inside
differentialeq a call is made to the function interp, which calculates all the birth
and death rates of breakage and coalescence. This is done using the quadrature
weights generated in the SetUpGrid function earlier. To accommodate the limits
of the integrals that change depending on which point they are being solved on,
interpolation with the current distribution is done. Interp also calculates the surface
to volume ratio of the distribution and the derivative of the surface to volume ratio,
which are used in the differential equations governing the surfactant mass balance.

To solve the model without the surfactant mass balance the only change that has

Rmax
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to be made is to replace the gamma ratios mentioned in Equations 2.37 and 2.38
with unity. This way the surfactant mass balance is no longer coupled with the
number distribution and the distribution remains unaffected by the surfactant mass
balance.

The functions PlotInitial Conditions, PlotLengthVariables, PlotProperties, PlotRa-
diusVariables, PlotTransientData, SurfPlots, PlotSurfactantVariables and Con-
Plots provides all the plots used in the results and discussion section below.
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Chapter 4

Results and Discussion

4.1 Base Case Study

A base case was studied first, to give the reader an overview of what goes into
the program(see section 4.1.1) and what comes out(see section 4.1.2), in terms
of plots and parameters. In the base case, one set of the fitting parameters for
coalescence frequency, k,, coalescence efficiency, k,, breakage frequency, kg,
and breakage efficiency, k42, generates one set of output plots. Fitting parameters,
species properties[16] and other parameters used in the program are given in Table
4.1. This set of parameters has been chosen arbitrarily for demonstration purposes.
In addition, the ODE-solver has to be given an experimental distribution[16] as a
initial condition. The experimental distribution has arbitrary units, thus it is scaled
so that Equation 2.2 holds true.

4.1.1 Input to The Program

Table 4.1 shows the parameters that are given to the program as input for the base
case study. The value of R,,,,, was chosen to be large enough so that the number-
and volume density distribution does not exceed R,,., as they evolve with the
length of the pipe.

In Figure 4.1 the experimental number density distribution, f, c;p, and the
experimental volume density distribution, f czp, is plotted as a function of the
droplet radius, . The blue and red circles show the interpolated initial number
density distribution, f, o, and the interpolated initial volume density distribution,
fv0, plotted as a function of the droplet radius, r. Interpolation is necessary
because a set of experimental data points have to be mapped on to the set of
collocation points that comprise the simulation grid mesh, and are generated in the

19
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Matlab code in Appendix C. Piecewise Cubic Hermite Interpolating Polynomials
was used in Matlab, as it is focused on curve shape preservation and therefore
avoids oscillating data points. Figure 4.1 shows that the f, ¢ and f, o perfectly fits
the curves of f, czp and f ez respectively.

Table 4.1: Parameters that are given to the program.

Parameter Value Explanation
o) 0.34 Volume fraction of water
U 0.16 [%] Average velocity of fluid
L 3000[m]  Pipe length
Rpax 600[pm] Upper bound of the radius domain
D 0.0254[m]  Pipe diameter
Dd 1023 [%} Density of the dispersed phase
ILq 0.001[Pas]  Viscosity of dispersed phase
Pe 786 [%} Density of the continuous phase
fe 0.0013[Pas]  Viscosity of continuous phase
Yo 0.05 [%] Initial interfacial tension
ke 0.1 Fitting parameter for the coalescence frequency expression
kg1 0.1 Fitting parameter for breakage frequency expression
Ky, le —19 Fitting parameter for coalescence efficiency expression

kgo le—5 Fitting parameter for breakage efficiency expression
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Comparison of the experimental and interpolated initial number and volume distributions, an and fw0

50 —— 7 T —— 7 -
2

* fn,exp

fv,exp
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o

v0

Drop radius, r (1zm)

Figure 4.1: Experimental number density distribution, f;, czp, and experimental volume
density distribution, f, .5p, plotted as a function of the droplet radius, . Blue and red
circles show the interpolated initial number density distribution, f;, ¢, and the interpolated
initial volume density distribution, f, o, respectively, plotted as a function of the droplet
radius, r.

4.1.2 Output From The Program

In Figure 4.2 the number density distribution, f,, is plotted as a function of the
droplet radius, r, at nine different pipe lengths. At the initial pipe length (z = 0)
there is a large quantity of drops of equal size and as the distribution evolves along
the pipe it gets smaller in magnitude, indicating fewer drops of equal size. This is
expected in the case where coalescence is dominant considering that many smaller
sized drops will coalesce and form fewer larger drops, leading the curve in Figure
4.2 to flatten out as z increases.

In Figure 4.3 the volume density distribution, f,, is plotted as a function of the
droplet radius, r, at nine different pipe lengths. f, evolves from a low and wide
distribution at very low pipe lengths to a thinner and taller distribution as z in-
creases. This confirms that overall coalescence is dominating overall breakage,
considering there are more larger droplets. If breakage had dominated overall, a
wider distribution than the initial distribution would be expected.

Figure 4.4 shows the average radius of the number density distribution, t,, and the
average radius of the volume density distribution, p,, plotted as a function of the
axial position in the pipe, z. Both u, and p, increases over the total pipe length
indicating that coalescence is dominating over breakage for this set of fitting
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Evolution of the number density distributions along the pipe length z
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Figure 4.2: Number density distribution, f,,, plotted as a function of the droplet radius, r,

at nine different pipe lengths. The fitting parameters that were used are shown at the left
side of the plot.

Evolution of the volume density distributions along the pipe length z
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Figure 4.3: Volume density distribution, f,, plotted as a function of the droplet radius
radius, r, at nine different pipe lengths. The fitting parameters that were used are shown at
the left side of the plot.

parameters. There is a gap between u,, and pu, at lower z-values that becomes
smaller as z increases. The reason for this becomes clear when comparing Figure
4.2 and 4.3, where it can be seen that the relative change in f,, along the pipe
length is a lot larger than it is for p,. This means that u,, should have a larger
gradient than . The distribution also becomes narrower, which suggests that the
values of 1, and u,, are approaching each other.

At the point where the average radius is no longer growing the distribution is
said to be equilibriated, meaning that u,, and u, have reached a constant value.
The length at which equilibrium is achieved, L, is set to the point on the z-axis
where the gradient of u, reaches a threshold value set to be 1le — 4. u,, is is used
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Average radii of the number and volume distributions
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Figure 4.4: Average radii of the number distribution, p,,, and average radii of the volume
distribution, u,, plotted as a function of the axial position in the pipe, z. The fitting
parameters that were used are shown at the left side of the plot.

to determine L., because from experience with running the code it settles later
than p,. This way, both u,, and p, have reached equilibrium at the chosen value
of L. For this set of fitting parameters Lo, was found to be 9.7 m. The average
radii of the number density distribution at Lo, fir,,~0, and the average radii of the
volume density distribution at Lo, fiy,00, Were found to be 63.3 pm and 69.3 pm
respectively.

L is a very useful number to measure, because the relative effect and interplay
of the coalescence and breakage mechanisms and their effects on the system
dynamics can by studied by simulating different combinations of the fitting
parameter given in Table 4.1. Also, L., is a parameter of practical importance
for pipeline flow simulations because the volume and number density distribu-
tion at Lo, are important information to estimate the total fluid viscosity and,
consequently, pumping requirements. Considering that L., shows how fast the
distribution reaches a constant average radius, it should vary significantly when
the fitting parameters are changed. Specifically, changes in k., and k4; should
control L., as they influence how fast coalescence and breakage takes place.
From Equation 2.8 and 2.13 it is evident that an increase in either k, or kg
should increase coalescence- or breakage frequency respectively. This increases
%‘, which is the main reason why the system equilibriates faster. Thus, k., and
k41 can be considered to be "gain" constants that control the relative magnitudes
between coalescence- and breakage frequency and have a strong influence on L.
Variations in L, due to changes in k,, and k4 are studied in Section 4.2.

The average drop size of the volume distribution, fiy 0, at Lo is another useful
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number to measure. As argued above p,, is used because it is equilibriated later
than fi,,. (1, o should mainly be controlled by ky, and k4o as these two parameters
influence the efficiency with which droplets coalesce and break up respectively.
An increase in &y, or a decrease in kg2 should lead to increased coalescence- and
breakage efficiency respectively. If coalescence efficiency is high, larger droplets
are expected to coalesce and if breakage efficiency is high, smaller drops are
expected to break, leading to higher or lower average drop size respectively. ky,
and kg are thus considered to be "gain" constants that influence the shape of
the distribution. Variations in ji, o due to changes in ky, and kyo are studied in
Section 4.3.

The model equations are designed so that the mass balance is upheld, by having
terms that account for both death and birth of droplets. The mass created and
the mass that disappear therefore have to balance each other so that the following
equations hold true

Rmag; Rmaz
/ VR dr — / vRe_dr =0 “4.1)
0 0

Rm,aac Rm(lm
/ vRp 1 dr — / vRp_dr =0 “4.2)
0 0

Since the use of interpolation introduces errors that may accumulate over time,
measures have to be taken to make sure that the mass balance remains intact. The
ratio of the mass balance of coalescence, M, and the ratio of the mass balance of
breakage, Mp, are given by the following expressions

B fo "y Ro,— dr

Romas
fo " yRo 4 dr

B fo "R, dr

R
fo "Ry dr

Mc 4.3)

Mp 4.4)
To make sure that ¢ stays constant, meaning that no drops are introduced or taken
away along the pipe length, M- and Mp are multiplied with the birth rate of

coalescence and the birth rate of breakage respectively at every iteration of the
ODE-solver.

Figure 4.5 shows the volume fraction of water, ¢, the coalescence mass balance
ratio, M¢, and the breakage mass balance ratio, Mp, plotted as a function of the
axial position in the pipe, z. In an ideal situation these should all remain constant
throughout the length of the pipe, which ¢ and Mp does. M¢ on the other hand
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is never equal to one and makes a leap up to around 1.3 at a low pipe length
and settles there. From Equation 4.1 is is clear that R¢ 4 is reduced relative to
R since M is larger than 1. As long as M does not escalate further, it
is reasonable to assume that this does not affect the models accuracy to a large
extent. The behavior of M most likely indicates that the coalescence birth rate
is missing a term that arises from the assumption of representing the droplet pair
correlation function as simply the product of the number density distribution of
droplets with size v’ and 7/[17].

Volume fraction and coalescence and birth mass balance ratios
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Figure 4.5: Volume fraction of water, ¢, coalescence mass balance ratio, M, and break-
age mass balance ratio, M g, plotted as a function of axial position in the pipe, 2.

Figure 4.6 shows the total rate of coaelscence, Rcy, plotted as a function of the
droplet radius, r, for nine different pipe lengths. Figure 4.7 shows the total rate of
breakage, Rp;, plotted as a function of droplet radius, r, for nine different pipe
lengths, z. In Figure 4.6 and 4.7 the negative sections of the curves represent the
death of droplets due to coalescence and breakage respectively and the positive
parts represent the birth of droplets due to coalescence and breakage respectively.
It is logical that R¢y is negative at low r-values, since smaller drops are the most
likliest to coalesce and vice versa for R ;.

In Figure 4.6 Rcy is large at the outset and becomes smaller and smaller as z
increases, indicating that coalescence is strong at the beginning of the pipe. The
rate of coalescence is determined by multiplying the frequency of collisions with
the efficiency of coalescence, as can be seen in Equation 2.7. At lower z-values
there are a lot of small droplets that will coalesce and turn into fewer larger
droplets. As droplets grow larger, fewer and fewer are able to coalesce and the
rate of coalescence declines.
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«%10° Evolution of the total coalescence rate along the pipe length z
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Figure 4.6: Total coalescence rate, R, plotted as a function of the droplet radius radius,
r, at nine different pipe lengths. The fitting parameters that were used are shown at the left
side of the plot.

Evolution of the total breakage rate along the pipe length z
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Figure 4.7: Total breakage rate, R, plotted as a function of the droplet radius radius, 7,
at nine different pipe lengths. The fitting parameters that were used are shown at the left
side of the plot.

From Figure 4.7 it is evident that Rp; has the exact opposite trend that Rcy
showed. It becomes larger as z increases indicating that breakage becomes
stronger towards the end of the pipe. The rate of breakage, in opposition to the
rate of coalescence, does not depend on the collision of droplets and therefore
not on the amount of droplets that are present in the system. Breakage becomes
stronger when the droplets in the system become larger, because when droplets
become larger breakage frequency increases as can be seen from Equation 2.13.

With these two opposing trends in mind it is clear why, in Figure 4.4, p,, and f,
increases at lower pipe lengths as coalescence is strong here. At the inflection
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point of u, and u, drop sizes have become sufficiently large that breakage is
now overcoming coalescence. Then, breakage becomes larger and larger with
increasing z until an equilibrium is reached and p,, and ., reach constant values.

4.2 Analysis of System Behaviour Based on Variations in
Coalescence- and Breakage Frequencies

As discussed in section 4.1.2 changes made to k, and k4 should control L
as these two parameters govern how fast coalescence and breakage occur in the
system. It is therefore interesting to look at how L, changes when k,, and k41 are
varied and see if this analysis is correct.

Figure 4.8 shows the length at which the volume density distribution is equilib-
riated, Lo, plotted as a function of the fitting parameter for breakage frequency,
k41, and the fitting parameter for coalescence frequency, k.. The fitting paramet-
ers of coalescence efficiency, £y, and breakage efficiency, ky2, were kept constant
at le — 19 and 1le — 4 respectively.

L vsk andk
o w gl
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w 10 10° a1

Figure 4.8: Length at which p, is equilibriated, L., plotted as a function of the fit-
ting parameter for breakage frequency, k41, and the fitting parameter for coalescence fre-
quency, k. The fitting parameters of coalescence efficiency and breakage efficiency were
kept constant at 1e — 19 and le — 4 respectively.

An increase in the magnitude of k,, or kg should result in increased coalescence
frequency or breakage frequency respectively. As discussed in section 4.1.2
this should in term shorten L. This is exactly what can be seen in Figure
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4.8, where L, reaches its lowest magnitudes when both k,, and k,; have low
magnitudes. L., also seems to vary more along the the k-axis when kg4 is at
lower magnitudes. This makes sense, because at lower magnitudes of k41 the
frequency of breakage is low allowing the variation in magnitude of k,, to have a
larger impact on L.

Figure 4.9 shows the average radius of the volume density distribution, /i, «, at
L., plotted as a function of the fitting parameter for breakage frequency, kg1,
and the fitting parameter for coalescence frequency, k. The fitting parameters
of coalescence efficiency, ky, and breakage efficiency, k42, were kept constant at
le — 19 and le — 4 respectively.
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Figure 4.9: Average radius of the volume density distribution, fi, o, at L, plotted as a
function of the fitting parameter for breakage frequency, k41, and the fitting parameter for
coalescence frequency, k. The fitting parameters of coalescence efficiency and breakage
efficiency were kept constant at 1e — 19 and le — 4 respectively.

Moving along any horizontal line in Figure 4.9 corresponds to changing the
values of k,, and kg1 by equal magnitudes either up or down. p, « is constant
along any horizontal line in Figure 4.9 as well, indicating that the average radius
of the volume density distribution does not change as long as changes of equal
magnitude are made in the values of k,, and kg;. In other words, it demonstrates
that as long as k,, = kg1 fty,00 does not change. This observation suggests that
as long as changes of equal magnitude are made to the value of k, and k1, only
changes made in the magnitude of &, and ko can change the shape of the final
distribution. This is an important result to consider when attempting to use this
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model to fit experimental data sets. Specifically, if k., and k4; are treated as
the same parameter, ky,q, then the statistical reliability of the model fit should
improve since k., would mainly control the axial translation of the distribution
while ky, and kg2 would mainly determine the width and shape.

Figure 4.10 shows the length at which the volume density distribution is equilib-
riated, Lo, plotted as a function of the fitting parameter for breakage frequency,
k41, and the fitting parameter for coalescence frequency, k,,. The fitting paramet-
ers of coalescence efficiency, £, and breakage efficiency, kg2, were kept constant
at le — 20 and le — 5 respectively. This means that coalescence will not create as
large drops and breakage will occur on smaller drops than the previous case.
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Figure 4.10: Length to equilibriated number distribution, L., plotted as a function of the
fitting parameter for breakage frequency, k41, and the fitting parameter for coalescence
frequency, k,,. The fitting parameters of coalescence efficiency and breakage efficiency
were kept constant at 1e — 20 and le — 5 respectively.

Figure 4.10 looks similar to Figure 4.8 except for a sharp elevation in L
when kg is large and k,, is small. In Figure 4.10 both %, and kg2 have been
decreased in magnitude, which should lead to lower coalescence efficiency
and higher breakage efficiency as discussed above. Since the peak in Fig-
ure 4.10 appears at low k, indicating low coalescence frequency, it might
be an indication that total rate of coalescence is so low that the distribution
reaches equilibrium slower. However, since overall breakage usually increases
with z as discussed above, it is unusual that L., increases when kg is large. It
might indicate that the parameter combination of k,, and kg is in an unlikely state.
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The variation in L., along the k,-axis everywhere else in Figure 4.10 is small,
which corresponds to the trend seen in Figure 4.8. This could indicate that L,
is more dependent on the magnitude of %41, which makes sense considering that
breakage is known to grow larger with increasing z, as discussed above. L is a
lot lower in general in Figure 4.10 than it is in Figure 4.8. This is an indication
that changes in k&, and k¢ also affect Lo to a large extent.

Figure 4.11 shows the average radius of the volume distribution iy o, at Lo,
plotted as a function of the fitting parameter for breakage frequency, k41, and
the fitting parameter for coalescence frequency, k.. The fitting parameters of
coalescence efficiency, ky, and breakage efficiency, k42, were kept constant at
le — 20 and le — 5 respectively.
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Figure 4.11: Average radius of the volume density distribution, /i, o, at Lo, plotted as a
function of the fitting parameter for breakage frequency, k41, and the fitting parameter for
coalescence frequency, k. The fitting parameters of coalescence efficiency and breakage
efficiency were kept constant at 1e — 20 and le — 5 respectively.

Figure 4.11 shows the exact same trend as Figure 4.9. When changes of equal
magnitude are made to the values of k,, and k41, (i o is constant. This shows
that the trend is consistent for a different set of ky and kg2 values and proves
that it is not an anomaly. In Figure 4.11 average drop size is smaller in general.
Since ky, and kg2 are lower, the coalescence efficiency and the breakage efficiency
have been decreased and increased respectively. When coalescence efficiency
decreases larger drops are not able to coalesce and when breakage efficiency
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increases smaller drops are able to break. This should amount to a significant
lowering of the average drop size.

4.3 Analysis of System Behaviour Based on Variations in
Coalescence- and Breakage Efficiencies

As discussed in Section 4.1.2 changes in the magnitudes of &, and kgo should
have an effect on the equilibriated average drop size. To better understand the
dynamics of coalescence- and breakage efficiency it is interesting to look at how
[v,00 changes in magnitude when ky, and ko are varied.

Figure 4.12 shows the average radius of the volume density distribution, fi, o, at
L plotted against the fitting parameter for coalescence efficiency, &, and the
fitting parameter for breakage efficiency, k42. The fitting parameter of coalescence
frequency, k., and the fitting parameter for breakage frequency, k41, were kept
constant at 0.1.
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Figure 4.12: Average radius of the volume density distribution, fi, o, at L, plotted as a
function of the fitting parameter for coalescence efficiency, k., and the fitting parameter
for breakage efficiency, k4. The fitting parameter for coalescence frequency and the fitting
parameter for breakage frequency were kept constant at 0.1.

From Figure 4.12 it is clear that the efficiency of breakage only has an effect
on the average drop size at lower values of kg2. As discussed in section 4.1.2
decreasing the magnitude of k2 increases the efficiency of breakage and therefore
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lowers i, . This can be seen in Figure 4.12 for lower magnitudes of kgo. For
higher magnitudes of k42 there seem to be no effect on (i, o, which is most likely
caused by breakage efficiency becoming so small that coalescence is completely
dominant and changes in ky, completely determines i, . Increasing the mag-
nitude of kg2, exponentially decreases the magnitude of breakage efficiency, as
can be seen in Equation 2.13. This explains why at higher magnitudes of k4o the
effect of breakage is lost on 1, o, because at such low breakage efficiency not
even the larger drops are able to break.

As discussed in section 4.1.2 the efficiency of coalescence should increase with
increasing magnitude of k, and with higher coalescence efficiency more drops
will coalesce and i, o should increase. This is exactly the case in Figure 4.12
where the trend clearly shows that the magnitude of ji, « increases when the
magnitude of ky, is increased. When the magnitude of k4o becomes smaller, hence
increasing breakage efficiency, the effect of increasing £y is counteracted and
becomes less clear than for higher magnitudes of k42. This shows a very clear and
dynamic balance between coalescence efficiency and breakage efficiency.

Figure 4.13 shows the average of the volume density distribution, ft, o, at Lso
plotted against the fitting parameter for coalescence efficiency, £y, and the fitting
parameter for breakage efficiency, kso. The fitting parameter for coalescence
frequency, k., and the fitting parameter for breakage frequency, k,1, were kept
constant at 1 and 0.01 respectively.

Figure 4.13 indicates the same trend that Figure 4.12 does. Also here i, o varies
greatly with the magnitude of ky, but to a lesser extent on the magnitude of k.
The fact that the these trends occur in both Figure 4.12 and 4.13 proves that the
trend is not an anomaly. However, the extent to which i, o, varies with kg is
even lesser in Figure 4.13 than it is 4.12. The reason for this is most likely that
k,, is two orders of magnitude larger than k,; causing coalescence to occur much
more often than breakage. More coalescence than breakage increase (i, . The
difference in the magnitudes of /i, ~, between these two figures is however modest
compared to the magnitude of change induced by variations in £, in each figure
individually.This shows that ji, o, is much more dependent on the coalescence
efficiency than it is on the coalescence frequency.
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Figure 4.13: Average radius of the volume density distribution, ft, ., at L, plotted as a
function of the fitting parameter for coalescence efficiency, k., and the fitting parameter
for breakage efficiency, k42. The fitting parameter for coalescence frequency and the fitting
parameter for breakage frequency were kept constant at 0.1 and 0.01 respectively.

4.4 Analysis of System Behaviour Based on Total Coalescence
Rate, Total Breakage Rate and Evolution of The Volume
Density Distribution

To further expand the analysis of the system four different sets of fitting paramet-
ers have been studied in the context of total coalescence rate, R¢y, total breakage
rate, Rp;, and the volume density distribution, f,. This is done with the intention
of comparing these variables and their evolution as coalescence and breakage are
varied in their influence.

Figures 4.14-4.16 show the total coalescence rate, R, the total breakage rate,
Ry, and the volume density distribution, f,, respectively as a function of droplet
radius at nine different pipe lengths. £, is set to 0.33e — 2, kg is set to 0.33e — 2,
ky is set to le — 20 and kg is set to 1e — 5 in all three plots.

Figures 4.17-4.19 show the total coalescence rate, R, the total breakage rate,
Ry, and the volume density distribution, f,, respectively as a function of droplet
radius at nine different pipe lengths. k,, is set to 0.66, kg1 is set to 0.66, &, is set
to le — 20 and k3 is set to 1e — 5 in all three plots.
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Figure 4.14: Total rate of coalescence, R.;, plotted against droplet radius, r, at nine
different pipe lengths. The fitting parameters that were used are shown at the left side of

the plot.
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Figure 4.15: Total rate of breakage, Ry, plotted against droplet radius, , at nine different

pipe lengths. The fitting parameters that were used are shown at the left side of the plot.

Comparing the system in Figure 4.14-4.16 and the system in Figure 4.17-4.19
several distinct differences become apparent. The magnitude of Ry is larger for
all z-values in Figure 4.17 than it is in Figure 4.14. This makes sense because k,
is larger in Figure 4.17 and as discussed in section 4.1.2 an increase in k,, should
increase the rate of coalescence. Rp; is larger for all z-values in Figure 4.18
than it is in Figure 4.15. kg is also larger in Figure 4.18 than it is in Figure 4.15
and as discussed in Section 4.1.2 this should increase the rate of breakage. The
shape of the volume density distributions in Figure 4.16 and Figure 4.19 appear
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Figure 4.16: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.
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Figure 4.17: Total rate of coalescence, R.:, plotted against droplet radius, 7, at nine
different pipe lengths. The fitting parameters that were used are shown at the left side of
the plot.

to be identical which supports the previously made argument that increasing k,
and kg1 by equal magnitudes yields no change in average drop size. This is
logical because an increase of k., and k41 of equal magnitude should induce the
same increase in the magnitude of coalescence frequency as in the magnitude of
breakage frequency. k, and kg ; are direct multiplying factors for coalescence
frequency and breakage frequency as seen in Equation 2.8 and 2.13, respectively.

In Figure 4.20 the volume density distribution, f,, is plotted as a function of the
droplet radius, 7, at nine different pipe lengths. £, is set to 0.33, kg1 is set to
0.33e — 2, ky is set to 1le — 20 and ko is set to 1e — 5.
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5 Evolution of the total breakage rate along the pipe length
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Figure 4.18: Total rate of breakage, Ry, plotted against droplet radius, r, at nine different

pipe lengths. The fitting parameters that were used are shown at the left side of the plot.
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Figure 4.19: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.

In Figure 4.21 the volume density distribution, f,, is plotted as a function of the
droplet radius, r, at nine different pipe lengths. k, is set to 0.33e — 2, kg1 is set to
0.66, ky, is set to 1e — 20 and ko is set to 1e — 5.

Note that in Figure 4.16, 4.19, 4.20 and 4.21 ky, and k42 have the same magnitude.
This means that the relationship between coalescence efficiency and breakage
efficiency remains unchanged and any alterations to the shape of the volume
density distribution is caused by changes in the frequency of coalescence and
the frequency of breakage. As discussed above the shape of the volume density

distribution does not change as long as changes of equal magnitude are made to
k., and k1.

When changes were made only to either k., or k41, as in Figure 4.20 and 4.21
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Figure 4.20: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.
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Figure 4.21: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.

respectively, the shape of the volume density distribution was altered. When k, is
increased it is expected that the volume density distribution should become taller
and thinner and skewed towards larger drop sizes as coalescence frequency is then
increased in magnitude while breakage frequency remains unchanged. This is
exactly what happens, as seen by comparing Figure 4.16 and Figure 4.20, where
the final shape of f, is both taller, narrower and skewed more towards larger drop
sizes in Figure 4.20. In Figure 4.21 k41 has been increased compared to Figure
4.16. With an increase in the k41 an increase in breakage frequency would be
expected as discussed in section 4.1.2. This should lead to a wider and shorter
volume density distribution skewed towards smaller drop sizes, as breakage
frequency is now increased in magnitude compared to coalescence frequency.
Comparing Figure 4.16 and 4.21 this is indeed the case and f, at larger z-values
appear wider and skewed more towards lower drop sizes in Figure 4.21.
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In Figures 4.14-4.21 changes were made in the magnitudes of the coalescence
frequency and in the magnitude of breakage frequency. A couple of cases where
the magnitude of k,, and kg2 are changed while k,, and k41 are kept constant will
now be studied.

In Figure 4.22 the volume density distribution, f,, is plotted as a function of

droplet radius, r, at nine different pipe lengths. &, is set to 1, k47 is set to 0.01, ky,
issetto le — 22 and kyo is set to 1e — 5.
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Figure 4.22: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.

In Figure 4.22 breakage appear to be dominant as the distribution is skewed far to
the left. &y, and kg2 are both low which as discussed in Section 4.1.2 should mean
high breakage efficiency and low coalescence efficiency. Since k,, is two orders of
magnitude larger than kg this shows how dominant the influence of coalescence-
and breakage efficiency is on f, compared to the coalescence- and breakage
frequency. The sensitivity of change in the magnitude of ky, and ko is also a lot
larger than the sensitivity in the change in the magnitude of k,, and k41, because
ky, and kg2 contribute to the exponential part of Equation 2.8 and 2.13 respectively.

Figure 4.22 f, has a concerning spike that keeps growing as z becomes larger.
The pointy appearance of the f,-curve could be due to the distribution of grid
points and more grid points in the domain could smooth the curve. f, is becoming
larger and larger because the coalescence efficiency is so low that only very small
drops are able to coalesce, while smaller and smaller drops are able to break
because breakage efficiency is so high. This is a good indication that the chosen
set of parameters are outside the models range of realistic results, which is only
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natural when ky, are ko are set to opposite extremes.

In Figure 4.23 the volume density distribution, f,, is plotted as a function of
droplet radius, , at nine different pipe lengths. k, is set to 1, kg1 is set to 0.01, Ky,
issetto le — 19 and kyo is set to 1e — 5.
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Figure 4.23: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.

In contrast to Figure 4.22 the efficiency of coalescence is larger in Figure 4.23
considering that ky is increased three orders of magnitude. It is evident that
coalescence has reached a level that is able to cope with the breakage efficiency
creating a shape of f,, more resembling of the case shown in Figure 4.20. Unlike
in Figure 4.22 f,, does not have spikes in Figure 4.23, which indicates that it is a
more reasonable set of parameters. Coalescence efficiency in Figure 4.23 is large
enough that smaller drops are able to coalesce in spite of the high rate of breakage
efficiency, creating a more physically realistic result.

In Figure 4.24 the volume density distribution, f,, is plotted as a function of
droplet radius, r, at nine different pipe lengths. &, is set to 1, kg1 is set to 0.01, &y,
issetto le — 22 and kyo is set to 1le — 2.

In Figure 4.24 k,, is small and ko is large, which should lead to a case of lower
coalescence efficiency and lower breakage efficiency than the case in Figure
4.23. In the case shwon in Figure 4.24 both coalescence efficiency and breakage
efficiency are so low that larger drops do not break or coalesce at all. This is
indicated by the fact that above a certain radius the distribution remains unchanged
along the entire pipe length.
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Evolution of the volume density distributions along the pipe length z
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Figure 4.24: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.

In Figure 4.25 the volume density distribution, f,, is plotted as a function of droplet
radius, r, at nine different pipe lengths. k,, is set to 1, kg1 is set to 0.01, ky, is set
to le — 19 and kg is set to 1e — 2.
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Figure 4.25: Volume density distribution, f,, plotted at nine different pipe lengths. The
fitting parameters that were used are shown at the left side of the plot.

In Figure 4.25 coalescence efficiency is dominant as a lot of large drops are able
to coalesce and very few are able to break, on the account that the distribution
is tall, narrow and skewed far towards larger radii. This is in accordance with
the magnitude of %, and kg that are both high and should therefore give high
efficiency of coalescence and low efficiency of breakage.
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4.5 Dynamic Drop Growth Model With The Surfactant Mass
Balance

To investigate the dynamics of the system when the mass balance of the surfactant
is included, a study has been done to see how the concentration of surfactant in the
bulk phase, C, the amount of surfactant adsorbed on the dispersed phase, I', and
the interfacial tension, v, changes when the concentration of surfactant at infinite
dilution is varied. A couple of new parameters are added to the model in addition
to the ones in Table 4.1. These are used in the equations for the mass balance of
the surfactant and can be found in Table 4.2. In addition the fitting parameters of
coalescence frequency, breakage frequency, coalescence efficiency and breakage
efficiency that were used to generate all the results in this section are given in
Table 4.2.

Table 4.2: Additional parameters needed for the surfactant mass balance equations and
fitting parameter used in the model.

Parameter Value Explanation
K 100 Langmuir isotherm equilibrium constant
Ky oe — 5 [%] Mass transfer coefficient
| . le — 6 [“1;1—31] Maximum amount of surfactant that can be

adsorbed on the surface of the dispersed phase droplets

T 293.15[K]  Ambient temperature

k., 0.66 Fitting parameter for the coalescence frequency expression
kg1 0.66 Fitting parameter for breakage frequency expression

Ky, le — 20 Fitting parameter for coalescence efficiency expression
kgo le—5 Fitting parameter for breakage efficiency expression

In Figure 4.26 the surface to volume ratio, «, is plotted as a function of
axial coordinate, z, for three different concentrations at infinite dilution,
C(0.05,0.10,0.15).

Variations in the magnitude of a are miniscule between the three cases dispelayed
in Figure 4.26. This suggest that there is little change in the amount of coalescence
and breakage between the cases, since surface area is not conserved under co-
alescence and breakage. It would therefore be expected to see more of difference
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Figure 4.26: Surface to volume ratio, a, plotted as a function of axial position, z, for three
different concentrations at infinite dilution, C.

between the three cases if changes in the magnitude of C'», had an effect on the
dynamics of coalescence and breakage.

Figure 4.27 shows the concentration of surfactant in the bulk phase normalized
by the concentration of surfactant at infinite dilution, %, plotted as a func-
tion of axial position, z, for three different concentrations at infinite dilution,
(C(0.05,0.1,0.15).

i Surfactant concentration in the bulk phase
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Figure 4.27: Bulk concentration of surfactant normalized by the concentration of surfact-
ant at infinite dilution, CL, plotted as a function of axial position, z, at three different
concentrations of infinite dilution, C'.

As seen in Figure 4.27 C' increases moderately along the axial direction before
settling well below C',. This indicates that surfactants are migrating from the
dispersed phase and over to the bulk phase. The decline in « seen for all three
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cases in Figure 4.26 supports this, because the amount of available surface area
relative to the volume is decreasing. This means less surface area of dispersed
phase for the surfactant to adsorb on and hence more surfactant ends up in the
continuous phase(bulk phase).

In Figure 4.28 the amount of surfactant adsorbed on the dispersed phase interface
normalized by the maximum amount of surfactant that can be adsorbed on the dis-
persed phase interface, w——, is plotted as a function of axial position, z, for three
different magnitudes of concentration at infinite dilution, C(0.05,0.10,0.15).
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Figure 4.28: Amount of surfactant adsorbed on the surface of the dispersed phase normal-
ized by the maximum amount of surfactant that can adsorb on the dispersed phase, FL,
plotted as a function of axial position, z, for three different concentrations at infinite dilu-
tion, Co.

In neither of the three different cases shown in Figure 4.28 there seem to be large
changes in I" along the axial direction. A slight increase in I' is present with each
different magnitude of C', but the change is very small. This indicates that the
surface is almost saturated with surfactant even at lower axial positions, which is
also supported by the increase in bulk phase concentration seen in Figure 4.27.
An increase in C' when « is decreasing, as seen in Figure 4.26, indicates that the
surface is saturated. This is because as less surface area is available for adsorption,
which is the case when « decreases, more surfactant migrates to the bulk phase.

In Figure 4.29 the interfacial tension of the dispersed phase droplets normalized
by the initial interfacial tension of dispersed phase doplets, %, is plotted as a
function of axial position, z, for three different magnitudes of concentration at
infinite dilution, C»(0.05,0.10,0.15).
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Figure 4.29: Interfacial tension normalized by the initial interfacial tension, %, plotted as
a function of axial position, z, for three different concentrations at infinite dilution, C'..

The changes in ~ are minuscule along the axial direction for all the three
magnitudes of C, shown in Figure 4.29. As argued above the dispersed phase
droplets are saturated with surfactant, which means that the surfactant is unable to
change the surface tension of the dispersed phase droplets to a significant extent.
This is an important discovery as the only thing that couples the surfactant mass
balance to the number density distribution and volume density distribution is the
ratio %, as seen in Equation 2.37 and 2.38. In turn, this means that the ability of
the surfactant mass balance to affect the number- and volume density distribution
is rather limited with this model formulation.

In Figure 4.30 the average drop size of the volume density distribution, f,, is
plotted as a function of axial position, r, for three different concentrations at
infinate dilution, C'»;(0.05,0.10,0.15), and the case where the mass balance of
the surfactant is not included in the model.

As seen by comparing the lines in Figure 4.30 it is evident that including the
surfactant mass balance does not have a significant effect on the average drop size
evolution. Very small differences in i, can be seen as C, is changed. However,
Grimes et al.[18] have demonstrated that the presence of surfactant in the solution
is expected to have a much larger effect on coalescence and breakage than Figure
4.30 indicates. Because surfactants have a large impact on the surface tension of
droplets, one would expect that taking the surfactant mass balance into account in
the model would yield quite different results than without it.

One reason that the model is unable to predict the expected dynamics of co-
alescence and breakage when the mass balance is included, is the way that £
is defined. The retarded Hamaker constant has been lumped into the fitting
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Figure 4.30: Average drop size of the volume density distribution, p,,, plotted as a function
of axial position, z, for three different concentrations at infinite dilution, C',, and for the
case where the surfactant mass balance is not included in the model.

parameter of coalescence efficiency, ky, thus it has units of m?. The retarded
Hamaker constant describes the interfacial forces between surfactants adsorbed
on two opposing interfaces that gives rise to the disjoining pressure and is a
strong function of the interfacial surfactant concentration, I'. Thus, the model
as formulated is insufficient to describe the intermolecular forces at the surface
of droplets as a function of the surfactant concentration. A more comprehensive
model that replaces k,, with a I" dependant functionality of the retarded Hamaker
constant should be formulated.
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Chapter 5

Conclusion

In this thesis the dynamic evolution of the drop size distribution of emulsions in
turbulent pipe flow was studied, with and without the surfactant mass balance.
The study was performed for a pipe length of 3000 m, pipe diameter of 0.0254
m, a maximum droplet radius of 600 ym and an average fluid velocity of 0.160
. First, a base case scenario of the model without the surfactant mass balance
was presented to give the reader an overview of how the data from the model is
interpreted. A study was then performed to see how the system dynamics changed
when k,, and k4 was varied in between le — 2 and 1. This was followed by a
similar investigation of how the system dynamics changed when &, was varied
between le — 22 and 1le — 19 and k42 was varied between le — 5 and 1e — 2. The
total rate of coalescence, the total rate of breakage and the average volume density
distribution was then studied for several different sets of fitting parameters. Lastly,
the surfactant mass balance was included in the model to see how it affected the
dynamics of the system.

The base case showed that coalescence is strong at lower values of z and gets
weaker and weaker along the z-axis. On the other hand, breakage is weaker at
lower values of z and grows stronger along the z-axis. It was also determined that
the coalescence mass balance ratio M was larger than one, but that this should
not compromise the integrity of the model notably.

In section 2.2 the system behaviour when changes in magnitude were made to
the coalescence and breakage frequency parameters k,, and kg1 were studied
and proved that both parameters have a significant effect on the length at which
equilibrium is reached, L.,. However, k41 was found to have a slightly larger
effect on L, than k,, , when &, and kg2 where kept constant. Another remarkable
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observation was made when k,, and kg1 was varied, namely that /i, o, remained
unchanged when changes of equal magnitudes were made to &, and k4q. This
also indicated that as long as k,, and k41 were changed with equal magnitudes
the only thing able to affect the shape of the distribution were changes in ky, and
kg2. This is an important discovery to consider when the model is to be fitted with
experimental data, since now k,, and k,; can be merged to one single parameter
that controls the axial translation of the distribution.

In Section 2.3 the magnitude of &, and k4o were varied to study the effect that
coalescence- and breakage efficiency has on the shape of f,. It was found that
k42 only had an effect on p, o at lower magnitudes, which means only at higher
efficiencies of breakage. The conclusion is that for the tested range of ky, and ks,
the magnitude of efficiency of coalescence had a far larger impact on i, o than
the magnitude of breakage efficiency had. A change made in the magnitude of k1
showed small differences in the variance of ji, ~, leading to the conclusion that
ky and kg9 are more influential on 11, o than k,, and & are.

In Section 2.4 the total rate of breakage, the total rate of coalescence and the
volume density distribution was studied for different sets of parameters. The total
rate of coalescence and the total rate of breakage was found to vary greatly with
the magnitude of k,, and k. The shape of f, remained unchanged when changes
of equal magnitude where made to k,, and k41, as predicted earlier. When only
k. was increased the distribution moved towards larger drop sizes and became
thinner and taller, as would be expected when the frequency of coalescence
increases. Increasing only k41 had the opposite effect and the distribution was
skewed towards the left and became wider.

When ky, and kg2 where changed in magnitude, larger changes occurred in the
shape of f, than it did when k,, and k41 were changed in magnitude. This is due
to the fact that the coalescence- and breakage efficiency parameters are directly
affecting an exponential equation, while the coalescence- and breakage frequency
parameters only are multiplying factors in the model equations. When both &,
and kgo were set to low values, which indicates high breakage efficiency and
low coalescence efficiency, f, was skewed far to the left and got very large in
magnitude. Smaller and smaller drops are able to break when breakage efficiency
is high and since coalescence efficiency is low, not even the smallest drops will
coalesce. At this extreme point where kgo was at its lowest and k., was at its
lowest, f, had some spikes that lead to the conclusion that the parameters were
moving outside the range where the model gives reasonable results.
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All the other changes that where made to ky, and kgo gave the expected results
in terms of the shape of f,. High coalescence frequency and high breakage
frequency lead to a distribution that narrowed and became slightly taller. With
high coalescence efficiency and low breakage efficiency the distribution grew
even higher, because larger drops were unable to break. The case where both
coalescence frequency and breakage frequency was low gave a case were a lot of
droplets were unable to break or coalesce.

Overall, the changes that were made in k., k41, ky and kg2 gave the changes
that were expected in f,. This is a clear sign that the model is responding like it
should according to the equations in the model formulation. It also became clear
as was discovered earlier that k4o and ky, have a far larger effect on the shape of
the volume density distribution than k,, and kg1 have.

The effect of the mass balance on the volume density distribution and the number
density distribution were found to be minuscule at best. From simulations made
with different magnitude of C, it was clear that the interfacial surface tension
did not change notably. Considering that the interfacial surface tension is the only
thing coupling the surfactant mass balance to the evolution of the number- and
volume density distribution, no major changes are expected with the mass balance
incorporated. The addition of the mass balance of the surfactant is therefore
ineffective as the model is formulated.

One more issue with the model was confirmed in regards to the fitting parameter
of coalescence efficiency. The retarded Hamaker constant has been lumped into
ky, which rendered the model unfitted to describe the intermolecular forces at
the surface of droplets as a function of the surfactant concentration. This lead
to the conclusion that a more comprehensive model were ky, is replaced by a I’
dependent functionality of the retarded Hamaker constant should be formulated.
This warrants further study and should be the focus of future research on this topic.
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