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ABSTRACT (2) plastic slip along the bedding or cleavage
plane; (3) internal buckling (kinking). It

Compressive strengths as a function of was found that the failure mechanism was a
confining pressure and sample orientation function of both the initial stress state and
were determined for three anisotropic rocks the orientation of the plane of anisotropy
that possessed two distinctive types of aniso- relative to the axial stress.
tropic features: (1) cleavage planes (slate);
(2) bedding planes (two types of Green River Three current failure theories for
shale) . The samples were tested over a con- anisotropic rocks--(1) the Walsh-Brace modi-
fining pressure range of 1000 to 40,000 psi, fication of Griffith’s tensile failure theory;
with pore pressure held constant at atmo- (2) Jaeger’s single plane of weakness theory
spheric pressure. The orientation of the based on the Mohr-Coulomb theory; (3) Jaeger’s
plane of anisotropy (bedding or cleavage continuously variable shear strength theory,
nl.no) ~~s varied between 0° and 90° relative
r~-~.-, also based on the Mohr-Coulomb theory--were
to the axial stress. The compressive strength analyzed and compared to t’heexperimental
of all three rocks was found to be ‘nig’nly -..-n--+hJ.+.>LLCLl~LLl uaLu. I.E W~S fQU~d that the Walsh-

anisotropic . Maximum values of strength Brace and the single plane of weakness
occurred at orientations of 0° and 90°, while theories predict identical failure criteria
minimum value occurred at an orientation of and could only be used successfully to
30° for the Green River shale. The orienta- describe the compressive strength behavior of
ti~n of the minimum compressive strength for the Green River shale. Jaeger’s continuously
slate was found to be dependent upon the variable shear strengt’nt’neorycould ~rllj?be
initial stress state. used to describe the compressive strength

characteristics of the slate over a limited
The test results indicate that aniso- range of orientations.

tropic rocks fail or deform by one of three
mechanisms : (1) shear faulting (across or The experimental data indicated that both
parallel to the bedding or cleavage plane);

*NOW associated with Shell Dev. Co.
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respect to orientation for a given anisotropic
References and illustrations at end of paper. It was noted that the nature of the



A STRENGTH CRITERION FOR ANISOTROPIC ROCKS
2 BASED UPON EXPERI

variance of To and tan G was a function of the
type of anisotropy (bedding or cleavage) pre-
sent within the rock. An empirical relation-
ship, based on the experimental data observed,
that describes the variance of TO and tan @
as a function of the type of anisotropy has
been proposed to use in conjunction with the
Mohr-Coulomb theory as a compressive strength
criterion for anisotropic rocks. It was found
that this empirical criterion produced a good
fit of the experimental data for all orienta-
tions and could be used to describe the
strength behavior of both types of anisotropic
rock studied.

Tensile strengths as a function of orien-
tation were determined, using the indirect or
“Brazilian” test technique, for one type of
the Green River shale used in the compressive
strength study. It was found that the tensile
strength of the material was highly dependent
upon the orientation of the bedding plane
relative to the induced tensile stress and
that the nature of this variation could be
predicted by the modified Griffith failure
criterion. It was also determined that the
tensile strength of Green River shale is
insensitive to confining pressure.

INTRODUCTION

Engineers and geophysicists are constantl~
being confronted with the need to know the
strength of geological material at specific
conditions 01 stresses and temperature as ‘wel~
as to predict the relative changes in strength
as these two parameters vary. In the past,
the great preponderance of literature dealing
with the strength of and strength criteria for
rocks has dealt with isotropic materials.
Since the majority of the materials we work
with on a day-to-day basis in oil well drill-
ing, mining, seismic evaluation, and hydraulic
fracturing are anisotropic in nature, the need
for an adequate strength criterion for aniso-
tropic rock is paramount. The small amount of
experimental work performed on anisotropic
rock in the past has in itself been insuffi-
cient to answer the many question pertaining
to the role that the initial type of petro-
graphical anisotropy plays in the mechanical
behavior of the material.

In this paper we will report the effects
of two types of petrographical anisotropy,
cleavage and bedding, on the mechanical
behavior of the material and present a new
approach to predict the strength behavior of
anisotropic rock. The strength criterion
reported herein relates the compressive
strength to the magnitude of the initial
stress state, the orientation of the material
relative to the minimum principal stress, and
the petrographical nature of the rock itself.
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STRENGTH CRITERIA FOR ANISOTROPIC ROCK

AS of today, only four fracture criteria
have been proposed for anisotropic rocks. In
1960, Jaegerl proposed two fracture criteria
for anisotropic rocks based on generalizations
of the Mohr-Coulomb theory for isotropic
rocks . The first theory, known as the “single
plane of weakness” theory, considers an iso-
tropic body that possesses a plane or parallel
planes of weakness. The second theory pro-
posed by Jaeger is called the “continuously
variable shear strength” theory and assumes
that the rock parameter ‘o , cohesive strength,

is a function of the orientation of the aniso-
tropic nature of the rock relative to the
applied stress.

The third fracture criterion was proposed
by Walsh and Bracez and is an extension of the
McClintock and Walsh3 modification of
Griffith’s4 tensile failure theory. It
describes a material that possesses nonrandomly
oriented Griffith cracks that close under
loading.

The fourth fracture criterion, derived
ip.dependentlyby Hoek~5 is also a modification

of Griffith theory and is essentially identical
to the Walsh-Brace theory.

A brief summary of the first three
theories listed follows. It will also be
shown that the Walsh-Brace theory and Jaeger’s
single plane of weakness theory are identical
in final form even though the fracture
mechanisms involved are quite different in
nature.

Walsh-Brace Theory

The Walsh-Brace theoryz assumes that
failure is tensile in nature and that the body
is composed of long, nonrandomly oriented
cracks that are superposed on an isotropic
array of randomly distributed smaller cracks.
The long as well as the short crack arrays
are such thaE the cracks close at relatively
low values of applied stress thus transmitting
both normal and shearing stresses. Fracture
is assumed to occur when the local tensile
stress at the tip of the crack exceeds the
inherent tensile strength of the material.
Walsh and Brace assume that frzecsrs zzy sccar
through the growth of either the long or the
small cracks depending upon the orientation
of the long crack system to the applied load

(~3 - O1). The fracture stress, (CT3- 01),
required for fractures originating at the
small , randomly oriented cracks is given for
any confining pressure, O1 , by
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where COS is the atmospheric compressive
strength of the randomly oriented short crack
material and V~ is the coefficient of friction

for the short cracks. If fracture occurs as a

result of the growth of the long crack system,
which is oriented at an angle @ to % , then
the fracture stress, (0, - 03) , at any con-

fining pressure, c1 , is given by

where C,. is the atmospheric compressive
strength for the most cricica~ ~rientat~ec-----, of

~, say 30°, and p. is the coefficient of fric-
tion for the long cracks.

Four parameters, CDL , Co, , P. , and k ,

must be determined in order to evaluate this
theory. The value of Co, is found by deter-
mining the atmospheric compressive strength
for samples with orientations of 0° and 90°.
The value of Czi is found by determining the
minimum value of the atmospheric compressive
strength as the orientation of the sample is
varied . This orientation usually occurs
around 30°.

The friction coefficients PS and p~ can
be determined by running a series of compres-
sion tests at various confining pressures and
fixed orientations, say 0° and 90° for % and
30° for v.. The slope of the compressive
strength versus confining pressure plot for ~
any orientation is equal to 2vL,s/[(l+w~,,)~

w.,,], where the subscripts refer to the
particular orientation and crack system.

The values of p, and Co, should be deter-
mined for both the 0° and 90° orientation and
the corresponding fracture strength calculated
for both cases as a function of confining
pressure, since it has been noted that the
fracture strengths at these two orientations,
which represent failure due to the short crack
system, are not necessarily identical.

Once the parameters *S , PL , Co, , and COk
have been determined, the theory may be
evaluated by calculating the values of
(al - us), and (al - u3)~ , using equations [11
and [2], for a given confining pressure and
orientation and using the smaller of the two
values as the fracture strength.

Single Plane of Weakness Theory

As opposed to the Walsh-Brace theory
which ~~SumeS failure occurs due to local

tensile stress, the single
theory, proposed by Jaeger~l~~~~~~~~~e~~e
body fails in shear. This theory is a

and K. E. GRAY

generalization of the well-known Mohr-Coulomb
linear envelope failure theory and describes
an isotropic body that contains a single plane
or a system of parallel planes of weakness.
The failure of the matrix material is given by

T=TO -otan@ , . . . , . [3]

where To is the cohesive strength of the
matrix material and tan @ is the coefficient
of friction. Failure along the plane of
weakness is described by

T = To’- Otan@’ . . . , . . [4]

Using the well-known Mohr circle relationship
that relates T and a to 01 , ~a , and the angle
of iPIEerP.aIfriction> @ , the final form of

the single plane of weakness theory can be
derived from equations [3] and [4].

For failure within the matrix, the
equation is

2To - 201 tan @
(03 - 0,) = [5]

[tan@ -dl + tanz @l “ “
or

where U is the atmospheric compressive
strength of the material.

The fracture strength of the material in
the plane of weakness is given by

2T0 -2U1 tan 0’
(03 - 01) = ,[7]

tan O’(1 - cos 2P) - sin 2(3

where b is the angle between US and the plane
of anisotropy and in both cases CTlrepresents
the confining pressure.

The theory is evaluated by running tests
at 0°, 90°, and 30° orientation for various
confining pressures, plotting linear Mohr-
Coulomb envelopes and determining the value of
the parameters Q, $’, TO , and ~~ . Once these
parameters have been evaluated, the fracture
strength is calculated for a certain pressure
and orientation using equations [5] and [7]
with the lowest value taken as the strength
of the material. The same argument made in
the previous section relative to the matrix
strength near the 0° and 90” orientation is
true here also, and fracture strengths should
be calculated for both of these orientations

.,
to determine cne strength of the matrix on
either side of the area of anisotropic strengt
behavior.

#
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Comparison of the Single Plane
of Weakness Theory and
the Walsh-Brace Theory

Inspection of equations [5] and [6] shows
that the relationship between the fracture
stress, (U3 - CTl),and the confining pressure,

01, for a fixed value of 6 is a straight Iize
that has a slope m equal to

2 tan Om. . . . . .[8]
~’tan2 @ + 1 - tan @

and an intercept on the (G3 - Cl) axis of

2T0
co = [9]

tan@-~l+tan2 @’”””

where CO is the atmospheric compressive
strength.

By solving equation [8] for tan ~, it
can be seen that

[1mz
*

‘an @l~=fixed = 4(m+l) ‘“”
[10]

—

Recall that for a fixed value of P the
slope of the confining pressure - fracture
strength curve is given by

2P
m= ~ [11]

[(1+W2)= -V]”””””

Thus

[1m2 3
‘l~=fixed ‘4(m+l) ““””

[12]

From even a cursory comparison of equa-
tions [12] and [10], it is obvious that the
two frictional parameters tan $ and v are
equivalent. In view of the fact that p, and
tan @ are evaluated from compression tests
run at an orientation of 0° or 90° and W~ and
tan @’ are evaluated from tests run at @ = 30°,
it is apparent that

and,
of $

l’% =tan@ , . . . . . . [13]

w. = tan~’ , . . . . . . [14]

in general, for any given orientation

p= tan@ . . . . . . . .[15]

Recall equation [1]

2%01
(cr3- 01) = ~. + .[1]

JI+PZ -P,’”

which is the fracture criterion predicted by
the Walsh-Brace theory for the orientations
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of P where failure occurs due to growth of the
short crack system. C05 is the atmospheric
compressive stress for i3= O“ or 90°.

Recall also equation [6]

which is the fracture criterion predicted by
the single plane of weakness theory for the
orientations of B where failure occurs along
planes predicted by the Mohr-Coulomb failure
theory.

By comparing equations [1], [6], and [15]
it is apparent that if C. , C,, , tan Q, and W,
are all determined from data run at the same
orientation, either 0° or 90°, then the frac-
ture criterions predicted by the two theories
are identical for the range”of @ where the
strength of material is not affected by the
anisotropic nature of the material.

Equation [16] shows the relationship
between To and tan @ as determined from

equatioii [9]

To =~(tan@- U’tan2 @+l) . . .[

By substituting equations [15] and [16
into equation [7] and using the appropriate
trigonometric identities, it can be shown,

6]

with some rearrangement, that the single plane
of weakness theory and the Walsh-Brace theory
are indeed identical over the entire range of
B. The following development illustrates this
fact .

Equation [17] is derived by combining
equations [7], [15], and [16]

Co[w - (1+ w+ - 21.LLTl
(03 -

“) = (1 - cos 213)~ - sin 2P
.[17]

Now, by substituting the following trigono-
metric relationships into

Cos 2P = 1 - 2

sin 2B = 2 sin

the following development

Co[w-(l

equation [7]

sin< @ ,

P Cos P ,

is generated:

(CJ3 - (7,)=

2P sin2 i3- 2 sin 13cos 13
I
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.

.

or

~
Co[w - (1 + IJ2)21 -2WJ1 I

sin B I
2sin Bcosi3~p-2 sin Pcos@

I

cO[w- (1+4’)+ - 2WJ,
I

2 sin P cos B(W tan @ - 1) J
Co[(l + w+- *] + 2vcJ~

(0, - q) =
2 sin !3cos @(l - w tan B)

. . . . . . . . . . . . . . [18]

Equation [18] represents the fracture
criterion, as predicted by the single plane of
weakness theory, for the range of ~ where
failure is controlled by the “plane of weak-
ness.” By comparing equations [18] and [2]
and realizing that p = pL and CO = CoL , since
they were determined from the same orientation,
it is obvious that the two theories predict
identical fracture criterions for the range of
@ where failure is controlled by the aniso-
tropic nature of the material.

Thus the two theories, one based on shear
failure and the other on the tensile failure
associated with the growth of nonrandomly
oriented Griffith cracks, are identical over
the entire range of P. It should be noted
here that prior to the publication of the
McClintock-Walsh modification of Griffith’s
theory, BraceG showed that the equality between
p and tan @ did exist as related to the com-
parison of the McClintock-Walsh and Mohr-
n-..l --t- 4-I.-=-.-,.
bUUJ.UILIU L1lCU.Y . ~~e ~naIyS~S p~-senced here

is an extension of Brace’s analysis and
establishes the identity between the Walsh-
Brace theory and the single plane of weakness
theory proposed by Jaeger.

One of the more interesting relationships
that can be derived, as a result of realizing
that v = tan @, is an equation that relates
the ratio of the atmospheric compressive
strength-atmospheric tensile strength to the
coefficient of internal friction for isotropic
rocks .

M~Clintock and Walsh noted that the rela-

tionship between the fracture stress at 01 = O
and P, is given by

r

0=
4K 1 - y + 2pac

co = . . . .[19]

*-Jl+@ ‘

where ac is the stress needed to close the
Griffith cracks. They also observed that a

value of 0= = O generated theoretical curves
that best fit the experimental data. By set-
ting DC = O and substituting equation [15]
into equation [19], the relationship between
CO/K and tan @ is found to be

co
4—=

K
.[20:

tan@-~l+tan2 @”””

The relationship between C,/K and tan @
as predicted by the Mohr-Coulomb theory22 is
given by

~o tan$+~ tanz @ + 1—=
K

.[21]
tan@-~tan2@+l ”””

The two relationships, equations [20] and
[21], are presented in Figure 1 alon~with sem,

experimental data obtained by Sykes, Gnirk
and Cheatham,g and Wuerker.l Very little
experimental data have been published that
correlate all three parameters, K, CO , and
tan o, for a given isotropic rock and, as such
the data presented in Figure 1 do little to
corroborate either the McClintock-Walsh or the
Navier-Coulomb relationships. However, both
relationships are realistic in that they pre-
dict the atmospheric compressive strength is
either equal to or greater than the tensile
strength of the rock at tan $ and that the
ratio of the strengths increase as tan @
increases . Wuerker has reported average
strength ratios that vary from around 3 to 85
for 11 rocks and values of tan @ from 0.5
(@J~ 26.50) to2.9 (@~ 71°) for46 various
rocks . From these ranges of values, it is
evident that both the Walsh-Brace and the
single plane of weakness relationships for
CO/K are more realistic than the Griffith
theory which predicts a constant value for
CO/K equal to 8.

The Continuously Variable
Shear Strength Theory

The continuously variable shear strength
theory was also proposed by Jaegerl and is
based on the Mohr-Coulomb theory (linear
Mohr envelope). The theory assumes that the
cohesive strength of the material is a con-
tinuous function of p and can be described by

To =A- Bcos2(cY -~), . ..[22]

tihereA and B are constants and a is the orien-
tation of @ for which To is a minimum. (As
in the case of the fracture strength, the
minimum value of To usually occurs at @ = ~ =
300.)
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The fracture criterion for the continu-
ously variable shear strength theory can be
derived by combining equations [5] and [22].

2[A - B cos 2(u - B)] - 2cl tan !2
(03 - 01)=

tan @ - ,]1+ tan2 @

. . . . . . . . . . . . . . . . [23]

The constants A and B may be determined
in the following manner. Note that at ~ = Q’,
Cos 2(U - ~) = 1, thus

To Ip=a=A-B,

and at @ = Q’+45”, cos 2(a - ~) = O, thus

‘Oip=a+450= A -

Therefore, if a is assumed to be 30°, then

‘ol~=750 = A

and

‘ol@=750 - ‘o 1~=300 = B .

Therefore, to evaluate the continuously
variable shear strength theory, it is neces-
sary to run a series of compression tests at

orientations of 30° and 75” (assuming CY=30”)
for various confining pressures, construct
linear Mohr envelopes from the data, determine
the values of ‘rOand the average tan @ for the
two orientations and then evaluate the con-
stants A and B. Once A and B are known, the
fracture strength of the material as a func-
tion of the orientation and the confining
pressure can be calculated using equation [23].

If the assumption a = 30° is not made,
it is necessary to run compressive strength
tests for several pressures over the range of
a from 20° to 50”, say at 5“ or 10° intervals,

to determine the actual value of Q and then
proceed as discussed to evaluate A and B.

In general it has been foundll that equa-
tion [22] does n~t describe Che a~tua~ varia-
tion of To with respect to ~ over the entire
range of @ and usually predicts erroneous
values of fracture strengths over the range
of laG.nm g < p < Q’.v ~~”-~

Proposed Strength Criterion
C---A-< ec,t-v,q ~~ R~~~-
l.UL KiLILcI”&L-

The authors have noted that both the
cohesive strength, To , and the coefficient of
internal friction, tan Q, may vary with
respect to the orientation of the bedding or
cleavage planes and the minimum principal
stress for anisotropic rocks. This leads the
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authors to speculate that the general form of
a fracture criterion for anisotropic rock,
based on the Mohr-Coulomb concepts, has the
form

T = To{@] - 0 tan (@{@l) , . . .[241

where To{B]and tan (@{P]) represent the varia-

tion of To and tan @ with respect to the
orientation ~ and are determined experimentally.

The experimental evidence of this study
indicates that the variation of ?0 relative
to @ is best described by

To =Al,a - B~,z[cos 2(a - P)]n , . [251

where Al and BI are constants that describe
the behavior of To over the range O ~ ~ ~ CY
while the constants AZ and B2 describe the
behavior over the range Q < P ~ 90°. The
factor “n” is herein termed the “anisotropic
type” factor and has the value 1 or 3 for
rocks that have a “planar” type of anisotropy
and a value of 5 or 6 or more for rocks that
have a “linear” type of anisotropy.

Slates and shales that possess highly
developed cleavage planes typify “planar”
anisotropy while laminated or bedded rocks
such as bedded sandstones or dolomites charac-
terize “linear” anisotropy. The major petro-
graphic difference between the two types of
rocks , as visualized by the authors, is that
the “planar” anisotropic rocks are composed of
highly oriented tabular particles such as the
micaceous minerals and are characterized by a
regular planar parting which is independent of
the bedding planes.16 The “linear” anisotropic
rocks are generally composed of particles that
are usually angular in form and essentially
isotropic in nature. The particles are
segregated into layers or laminations that
reflect the relative grain size of the
particles, mineralogical content or the
environment conditions of deposition.

In general, it could be said that “planar”
anisnt-ronic rocks derive their anisotropic----------.—
behavior from the anisotropic nature of the
“smallest” particle of the body itself, while
“linear” anisotropic rocks derive their aniso-
tropic behavior from the particular arrangement
of particles that are in themselves essentially
isotropic. Figure 2 shows the strength
behavior as a functiop of orientation for a

typical planar anisotropic rock and for a
linear anisotropic rock. The data shown in
Figure 2 is a part of the experimental data
of this study which will be discussed in
detail in a later section.
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The planar anisotropy is illustrated by
the fracture strength data for slate, while
the Green River shale data (Green River shale
is actually a highly laminated fine grain
dolomite rock) illustrate the features of
linear anisotropy quite well. In general,
rocks that.possess a linear anisotropy show a
smaller degree of anisotropic strengt’hbehavior
tb,ap.the nl anar ~p.~sQL~op~c rocks .y~..... That is to
say that the ratio of the strength at the
strongest orientation to the weakest orienta-
tion is less for linear anisotropic rocks than
for planar anisotropic rocks. Also, the zone
of anisotropic strength behavior, as a func-
tion of ‘?,for linear anisotropic rocks is
less than that of planar anisotropic rocks.
Figure 2 illustrates this quite well. The
zone of anisotropic be”haviorfor t’nesiate
encompasses the entire range of P while that
for Green River shale is confined to the range
of ~ from 5° or 10° to 60° and above ~ = 60°,
a strength “plateau” occurs. This strength
plateau corresponds to the zone of isotropic
failure of the material as predicted by both
the Walsh-Brace theory and the single plane
of weakness theory.

It has been noted both in this study and
in the work done by Chenevert12 that the varia-
tion of ‘TOwith respect to P is quite similar
in form to that of the fracture strength.
This is to be expected for any material that
cag be described by a “continuously variable
shear strength” theory. Inspection of equa-
tion [23] indicates that it is the variance
of To with respect to ~ that controls or
determines the nature of the fracture crite-
rion with respect to the orientation of the
anisotropy.

Figure 3 illustrates the relationship
between B, To , and n as calculated from equa-
tion [25] for various values of “n,” In
Figure 3, the constants AI,2 and B1,2 were
chosen so as to hold the values of To at 0°
and 90° constant at 6000 psi and the value at
30° constant at 3000 psi as “n” was varied
from 1 to 6. Figure 3 illustrates that as “n”
is increased, the angular range or width of
the anisotropic behavior of To decreases and
for values of “n” above 5, a “plateau” is
generated over a range of @ from 65° to 85°
that closely approximates the 90° value or To.
When “n” is increased from 5 to 6, the length
of the plateau is increased and the width of
the zone of anisotropic behavior is decreased
slightly. From the behavior of equation [25],
as shown in Figure 3, it is apparent that
values of “n” of 1 or 3 could be used to
approximate the strength behavior of planar
anisotropic rocks as a function of the orien-
tation angle ~, while the vaiues of ‘:n::of 5
or 6 or even greater generate curves that have

the same characteristics as the strength
behavior of linear anisotropic rocks.

It has also been noted in this study that
tan @ may vary with respect to the orientation
or may, for some rocks, be reasonably constant.
The variance of tan @ is of the same nature as
th.tof Tk,’=- o ~~d ~an be described by the ,equation

tan @ = Cl,2 - Dl,2[cos 2(cl’f- p)j~ , [.26]

where the constants Cl and D1 describe the
behavior of tan @ over the range of 0° ~ ~ ~ Q“
and C2 and D2 over the range O!J< ~ s 90° and
Q’ designates the orientation of the minimum
value of tan 1#.

T-tb,~~k-on p.otedin.both this study and,,+-..
the work done by Donath13 that the orientation
which gives the minimum value of tan @ may not
necessarily be the same .asthe one for a mini-
mum value of To for planar anisotropic rocks,
Donath observed that the orientation for the
minimum value of tan @ for Martinsburg slate
occurred at 45° while the slate tested in this
study had a minimum tan @ at 50°. In both
cases the minimum value of To occurred at 30°.
mL,. -L.-..,..-.-J.illspLle LlUhLLCLIULL ‘Wil S I-LC~ Ah-ovvod ip. the ~xeen“w.-. ---

River shale data of this study. In one type
of Green River shale (lean) tested, tan @ was
observed to be essentially constant and in
another series of tests on Green River shale
(rich), the value of tan @ was found to vary
according to equation [26] for m = 6 and

12 has noted that theO!)= 30”. Chenevert
value of CY’for Arkansas sandstone, a fine
grained laminated sandstone, is also 30°.
From this information, it appears that the
minimum value of tan @ and To usually occur at
the same orientation, ~ = W’ = 30°, for linear
anisotropic rocks while for planar anisotropic
rocks, Q’ occurs around ~ = 45° as compared to

B = 30° for Q.

The fracture criterion for an anisotropic
rock that has both a variable To and tan @ can
be found by combining equation [26] and [25]
with equation [5].

2’T0- 2CJ1tan @
(cr3- ul) = 9. [27]

where

To = Al - Bl[cos 2(c-Y- i3)]n

To =A2- B2[cos 2(Q’- P)]n
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tan Q = Cl - Dl[cos 2(u’ - b)]”

forO<P<Q’,

tan$=Cz - D2[cos 2(u’ - ~)]m

fora’<~ <900.

The expressions for the variance of tan @
and To are purely empirical in nature and the
constants A, B, C, and D must be determined
from the experimental data. Figure 4 shows a
plot of tan @/(~tan2 @ + 1 - tan ~) versus P
f~r tan @ = 0.800 - 0.400[cos 2(Q - ~)]m for
cl’=45° andvaiues ofm= i, 3, and 6. ‘l%i.s
plot illustrates the effect of a variable
coefficient of internal friction, tan @, on
the fracture criterion. From Figure 4, it can
be seen that the value of m = 1 produces a
curve that closely resembles the strength
behavior of planar anisotropic rocks while the
higher values of m generate curves that more
closely resemble the strength characteristics
of linear anisotropic rocks.

The general form of the curves illus-
trated in Figure 3 and Figure 4, as well as
the experimental data of this study, indicate
t“hatVaiues of n of i ~r 3 zr,ds Vai’decf
m= 1 can be used, along with equations [25]

and [26], to describe the behavior of To and
tan @ for planar anisotropic rocks while value!
of n = 6 and m = 6 can be used to describe the
variance of To and tan @ for the linear aniso-
tropic rocks tested in this study.

To evaluate this proposed criterion it
is necessary to run compressive strength tests
at several pressures for orientations of @ of
0°, 30° , and 90°, construct linear Mohr
envelopes to obtain the values of To and
tan @ for the orientations tested and then,
using the appropriate anisotropy factors,
determine the best set of empirical constants

A, B, C, and D. Once A, B, C, and D have been
determined, equation [27] can be used to pre-
dict the strength of the rock as a function of
the orientation, p, and the confining pressure,

% . If the rock being tested possesses a
“~i2111~~” t~~~ Gf zfiisotropy, then an addi-

tional orientation, say 45° or 50°, should be
tested to determine whether the minimum value
of tan @ corresponds to that of To .

EXPERIMENTAL STUDY

CCrn.preSSiVestren~th tests were run on

cylindrical samples of three sedimentary,
anisotropic rocks (a black slate and two types
of Green River shale) . The samples were
tested over a confining pressure range from
1000 psi to 40,000 psi with the pore pressure
held constant at atmospheric pressure. The
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orientation of the plane of anisotropy (bed-
ding or cleavage plane) was varied between 0°
and 90° relative to the applied axial load.
For each test, the axial force applied to the
specimen, the axial deformation of the speci-
men and the confining pressure were recorded
as a function of time. The initial elastic
strain rate of the sample was held constant
for the duration of the tests on any given
rock.

The basic data obtained were converted
to stress-strain curves and the elastic modu-
lus of each specimen tested was determined
~-~m the initial iiEear portion Of the con-LL”LLt
strutted stress-strain curves, The fracture
strength or maximum strength of the samples
were determined from the termination point or
peak point of the derived stress-strain curves.
In such a manner, the strength characteristics
of the rocks studied, as a function of both
the initial stress state, 01, and the orien-
tation of the bedding or cleavage plane, were
determined. Figure 5 shows a typical test
specimen and illustrates the test parameters.
For a detailed description of the experimental
apparatus and procedure used in this study the
reader s’houiciconsuit the i~Z~~St”ti~?.

11

ROCK DESCRIPTIONS

Slate

The slate tested during this study was a
fine grained, black slate. There were no
discernible bedding planes within the material,
but cleavage was well developed. The material
was obtained from a building site on The
University of Texas campus. Attempts to
determine the exact geological age and forma-
tion of the source material were fruitless.

Green River Shale

Green River shaie, e~mm~~iY ~aiied
Colorado Oil shale or just oil shale, is of
Eocene age and outcrops in northeastern Utah,
southwestern Wyoming, and northwestern
Colorado. In actuality, it is neither a
shale nor an oil-bearing rock in the usual
sense of the word. It is composed of fine
grained calcite and dolomite particles inter-
bedded with a native, solid, high molecular
weight, organic material called kerogen. The
material is highly laminated in appearance
and ranges in color from light gray or brown
to dark brown. Upon retorting in the 700°-
800”F range, Green River shale yields a syn-
-,L. -.$.~fi,,+~go &pl-
~ne~ic crude oil “~ ~.vUL ..-& .

The two types of Green River shale used
in this study were highly distinctive in
nature. The first type, called herein Green



River shale-1 (GRS-1), was quite competent
mechanically and usually failed in a brittle
(shear) manner over the pressure range
studied. Samples of this material, upon
retort, yielded 18-22 gallons of 30° API syn-
thetic crude per ton of rock. Physically,
the material was light brown to light gray in
appearance and was highly laminated.

The second material, Green River shale-2
(GRS-2), was much darker in appearance and
yielded 38-40 gallons of 30° API synthetic
crude per ton of rock when retorted. Mechani-
cally, the material behaved in a plastic
manner over the pressure range studied and,
as a rule, failed in shear only after con-
siderable plastic strain.

Both types of Green River shale used in
this study were obtained from the United
States Bureau of Mines demonstration mine
near Rifle, Colorado.

TEST RESULTS

Slate

Compressive strength tests on siate were
run at confining pressures of 5000, 10,000,
15,000, 20,000, 25,000, 30,000, and 40,000 psi
and orientation angles, P, ranging from O“ to
90° at 10” intervais. Tinecompressive
strength tests on slate, as shown in Figure 6,
clearly show that planar anisotropy has a
marked effect on the strength of the rock over
the entire range of B and the pressure range
studied. The general shape of the graphs of
fracture strength versus orientation angle
are concave upwards with minimum values of
fracture strength occurring at @ = 30° for the
5000 psi range and shifting uniformly to about
40° as the pressure is increased to 4G,0GG psi.
The vertical line near the minimum fracture
strength for each pressure curve shown in Fig-
ure 6 represents the locus of minimum strength
values predicted by the proposed failure
criterion.

The samples loaded parallel to the cleav-
age planes, P = 0°, sustained the highest
level of differential stress before fracturing
while the 90° orientation exhibited strengths
that were from 6 to 18 percent lower than the
0° orientation. This behavior is opposite to

that found by Donath14 for Martinsburg siate,
but agrees with data discussed by Jaeger in
his discussion of Donath’s paper.

The reiative degree of anisotrcpic
strength behavior for any given pressure is
indicated by the anisotropy strength coeffi-

cient which is defined as the ratio of the
strength at any particular orientation to the

strength of the strongest orientation for a
given confining pressure. The anisotropy
strength coefficients for the slate studied
appear in Table 1.

Inspection of the anisotropy strength
coefficients indicates that as pressure
increased, two phenomena occurred. The first
is that the anisotropic behavior of the rock
decreases. This is indicated by the increase
in the value of the coefficients at @ = 20°
and 30° from 0.44 and 0.37 at 5000 psi to
0.63 and 0.49 at 40,000 psi. The second phe-
nomenon is that the minimum value of the
strength appears to have shifted to higher
orientations and “levels out” over a wider
range of orientations as the pressure
increased. This feature is indicated by the
coefficients at 30,000 and 40,000 psi for
13=30”, 40°, and 50° of 0,46, 0.46, 0.46,
and 0.49, 0.48, 0.48 as compared to the coef-
ficients at 5000 psi of 0.37, 0.44, and 0.52.

An explanation for the first phenomenon
is not readily apparent, but one possible
explanation is that as the material began to
behave in a more “plastic” manner as the

pre~~iire ik.ca.ds
.-,-...,, ~~~ ~~i~ot~opic properties

of the rock decreased. Similar results have
been reported by Podio17 who has noted that
impact tests on Berea sandstone parallel and
nnvnnndirlllar CO bedding planes gave markedly~G&~-..------.
different results at low confining pressures,
but quite similar results at higher values of
confining pressure. The low pressure tests
were characterized by brittle craters while
the high pressure tests had “plastic” type
craters .

The second phenomenon occurred as a
result of the fact that the minimum value of
the cseffic<e~t of internal friction, tan o,
occurred at an orientation of 50° as compared
to an orientation of 30° for the minimum
value of cohesive strength, ‘TO. This created
a situation where the failure envelopes actu-
ally intersected and the 40° to 50° orienta-
tions became “weaker” than the 30° orientation.
Figure 7 illustrates this feature, and a Mohr

stress circle drawn at the point of intersec-
tion of the 30°, 40°, and 50° envelopes
indicates that the strength, of these orien-
tations, at a confining pressure of approxi-
mately 20,000 psi should be equal, It is

that ~~.~ ~fi~Sot~Opyinterestirlg to mte ...-.

strength coefficients at 20,000 psi and at

P = 30°, 40°, and 50° were 0.45, 0.44, and
0.44.

Linear Mohr envelopes were drawn for the
orientations studied for all three rocks and
rhe vsria=ce of To a~d can $ with respect to

$ was determined. These data were used to
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evaluate the single plane of weakness theory
a~,dthe pr~po~ed failure criterion. Figure 8
shows typical Mohr envelopes for the slate.

Figures 9 and 10 show the relationship
between the fracture strength of slate and
the confining pressure for eight of the ten
orientations studied. Handin and Hagerls
have previously shown that the relationship
between the maximum strength and confining
pressure for several types of isotropic rocks
is linear. As seen in Figures 9 and 10, this
relationship is true also for slate up to
pressures of about 20,000 psi where noticeable
departure from linearity occurs on most of the
curves . This compares nicely with a value of
1000 bars (14,500 psi) as reported by Donath
for Martinsburg slate.

The stress-strain curves derived from the
basic data were drawn and the elastic moduli
were determined from the curves. Typical
stress-strain curves for slate are shown in
Figure 11. The points in black on the curves
represent stress values associated with fail-
ure. The general types of failure modes noted
for slate and the relative shape of the
stress-strain curves associated with the mode
of failure will be discussed in a latter
section of this paper.

Green River Shale-1 (GRS-1)

Compressive strength tests on GRS-1 were
run at confining pressures of 1000, 5000,
10,000, 15,000, and 25,000 psi and at orien-
tations of 0°, 15”, 20°, 30°, 45°, 60”, 75°,
and 90°. The fracture strength data for GRS-1
as a function of orientation are shown in
Figure 12. The general shape of the curves
in Figure 12 are quite different than those
for siate.

“.., >.rc-------:,,,~+wm+
Lnls UilLeLeLIL-c ~~&da~~a&eS q~~~~

well the behavior of a material that possesses
a “linear” type anisotropy as compared to a
planar type of anisotropy. The minimum values
of strength, once again, occurred at B = 30°
and the maximum strength occurred at @ = OO.
A strength “plateau” occurred over the range
of @ from 45° to 90°. This plateau represents
the isotropic strength behavior where failure
is controlled by the “short” crack system.
The strength behavior over the range of @ from
0° to 45° represents the zone where failure is
controlled by the “long” crack system, that is
to say, the anisotropic nature of the rock.

Figure 13 shows the relationship between
the fracture strength and confining pressure
for GRS-1, for five of the orientations
studied. The strength-pressure curves were
quite linear over the pressure range of 5000
to 15,000 psi and deviated slightly from
linearity at 1000 psi and at 25,000 psi.
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The anisotropy strength coefficients for GRS-1
are given in Table 2. Inspection of the
anisotropy strength coefficient for @ = 29”,
zoo qflo

, >U , arid 45° im!i.ca~es that as the pres-
sure increased the anisotropic behavior of
the material decreased. This effect can be
seen by comparing the values at 1000 psi and
25,000 psi. A log-log plot of the coeffi-
cients for B = 30° and the confining pressure
is reasonably linear and suggests that the
anisotropic strength behavior of the material
should disappear completely at a confining
pressure of about 70,000 psi. The decrease
in the anisotropic strength behavior can
readily be seen by comparing the 25,000 psi
curve in Figure 12 with the other confining
pressure curves,

The relative degree of anisotropic
strength behavior for GRS-1 was much less than
that of the slate. The strength coefficients
at 5000 psi and for @ = 30° are 0.44 for slate
and 0.73 for GRS-1. ChenevertL2 reported a
strength coefficient, at the same orientation
and pressure, of about 0.77 for Arkansas sand-
stone, while Donath reported a coefficient of
0.17 for Martinsburg slate at similar condi-
tions. From this limited information it
appears that the planar anisotropic materials
exhibit a higher degree of anisotropic
strength behavior as compared to linear aniso-
tropic rocks.

Typical stress-strain curves for the
tests run on GRS-1 are shown in Figure 14.
Figure 15 illustrates typical Mohr envelopes
for GRS-1.

Green River Shale-2 (GRS-2)

Compression tests were run on GRS-2 at
confining pressures of 1000, 5000, 10,000,

15,000, and 25,000 psi for orientations of
0°, 10°, 20°, 30°, 40°, 60°, and 90°. Mechani-
cally, GRS-2 behaved in a plastic manner and
shear faults were produced, as a rule, only
after the material had suffered considerable
p~ast~c ~~rz~fi, & a res’ul&5of ~hisj the

maximum strengths, determined from the stress-
strain curves, as opposed to the fracture
strengths, were used to study the strength
characteristics of GRS-2 as a function of con-
fining pressure and orientation. Figure 16
shows the variation in maximum strength as a
function of the orientation for GRS-2 for the
pressures studied. In general, the strength-
orientation curves for GRS-2 are quite similar
to those for GRS-1. The major differences are
that the strength plateaus at the higher values
of @ are not as well developed and the aniso-
tropic strength behavior of GRS-2 does not
diminish as greatly as pressure is increased
as was the case for GRS-1. The anisotropic



strengt”hcoefficients of C~S-~ for @ = ~~”
range from 0.61 at 1000 psi to 0.72 at 25,000
psi as compared to 0.63 to 0.90 for GRS-1.
The anisotropic strength coefficients for
GRS-2 are presented in Table 3.

The variance of the maximum strengths as
.,-...r,+mm+mmp~~~s~~~ l.=a function of the LUL1.LNLLt~ “ < shQwn

in Figure 17. The maximum strength versus
confining pressure curves, for all orientations
studied, are remarkably linear over the 1000
t- 1< fiooPsi confining pressure range andAJ,--
deviate from linearity only slightly-at 25,000
psi . The slopes of these curves are similar
for all orientations studied and are approxi-
mately one. The abnormally low values of the
maximum strength versus confining pressure
curves led the authors to speculate that since
the SZmnles were tested under closed piston----
conditions , the pore pressure of the samples
might have increased in some fashion as the
-n-c:m;m&“LILLL,LL,g presslureincreased. If such were
the case, the maximum strengths noted would
be lower than the true strengths for any par-
ticular orientation tested and the slopes of
the strength versus pressure curves would be
lower than the usual range of 2 to 4 for most
rocks. Tests on a Green River shale having a
comparable kero en saturation have been per-

F,
formed by Heard under both “closed” and
“vented” piston conditions. These tests indi-
cated that the pore pressure developed at
confining pressures up to 3000 bars (43,500
psi) and at temperatures up to 300”c was neg-
ligible and had no effect on the strength of
the material.

Typical stress-strain curves for the
GRS-2 tests are shown in Figure 18, while
typical Mohr envelopes are shown in Figure 19.

In order to compare the experimental data
with the various theories discussed it was
necessary to evaluate the coefficient of inter-
nal friction, tan Q, and the cohesive strength,

To > for each orientation and rock tested. To
do this, linear Mohr envelopes were constructed
for each orientation tested and the value of
TO and tan @ were determined graphically.
These parameters could also have been deter-
mined from the slopes and intercepts of the
strength versus confining pressure curves.

Linear Mohr envelopes for two orienta-
tions , ~ = 0° and 30°, for each rock tested
are shown in Figures 8, 15, and 19. In
general, it was found that the slate envelopes
were essentially linear over the pressure
range or 5uOG to 20,000 psi.Srldciirvilinearat
pressures above 252000 psi. Both the GRS-1

an-dGRS-Z envelopes were essentially linear

over the pressure range of 1000 to 15,000 psi
and deviated slightly from linearity at 25,000
psi . The relative degree of the linear
behavior of the Mohr envelopes as a function
of pressure for each orientation and rock
tested, is reflected in the range of linear
behavior of the strength versus pressure curves
as shown in Figures 9, 10, 13, and 17.

Table 4 lists the values of To and tan $.
Figures 20, 21, and 22 show the variation of
these two parameters with respect to the orien-
tation and also the empirical relationships
used to evaluate the proposed criterion (vari-
able To and tan @ criterion) .

The friction coefficients, % ,P+L , and the

atmospheric strength values, COL and CO~ , were
determined from the slopes and intercepts cf
the 30° and 0° and 90° strength versus con-
fining pressure curves and were used to evalu-
ate the Walsh-Brace theory. Due to the fact
that the Walsh-Brace theory and single plane
of weakness theory are identical and the
inherent disadvantageous of the continuously
variable shear strength theory the experimental
data was only compared with the Walsh-Brace
theory and the variable ‘TOand tan #1criterion.

Figures 23 and 24 show the slate data
compared to the two theories for 5000, 10,000,
and 20,000 psi confining pressure. For the
three confining pressures shown in Figure 23,
the variable ‘rOand tan @ criterion fits the
data quite well over the entire range of i3.
Above 20,000 psi, the criterion predicted
values of strength that were much higher than
those determined experimentally. This is a
result of the fact that the linear Mohr
envelopes used to describe the failure of the
material at the lower pressures cannot be used
to describe the strength of the material above

.-.-,.
the ZU,UUU CO 25,000 psi Iev-el. ~:~~e ~pa

Figure 23 that the theory predicts a minimum
strength orientation of about 32° at 5000 psi,
34° at 10,000 psi and 37° at 20,000 psi. The
entire range of minimum strength orientations,
as predicted by this theory, is shown in
Figure 6. For the three pressures shown in
Figure 24, the Walsh-Brace theory fits the
data quite well over the orientation range of
0° to 40° ur 50°, but begins to differ sharply
at orientations above 50°. Recall that the
Walsh-Brace theory and the single plane of
weakness theory were developed to describe the
strength behavior of rocks that can behave as
either an isotropic or an anisotropic material,
depending upon the orientation of the plane
of anisotropy relative to the applied load.
Thus , one should not expect these theories to
describe the behavior of rocks, such as slate,

that behave in an anisotropic manner at all
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orientations . Once again, above 20,000 psi,
the theory and experimental data did not agree.

The comparisons between the two failure
criteria and the Green River shale data are
shown in Figures 25 through 28. Both criteria
describe the GRS-2 data quite well for all
orientations and pressure studied but fail to
describe the 25,000 psi data for GRS-1. Above
15,000 psi the Mohr envelopes for GRS-1 for
nearly all orientations are nonlinear and thus
the failure criteria fail.

It is interesting to note the range in
the magnitude of the internal coefficient of
friction, tan @, presented in Table 4. The
values of tan @ for slate ranged from 0.661 at

@ = O“ to 0.268 at @ = 50° and back up to
0.500 at ? = 90°. In the first case (B = 0°)
failure occurred by shear across the cleavage
planes . At this angle, the individual layers
on each side of the fracture surface were
oriented in such a manner that they inter-
locked as the fracture progressed, thus the
relatively high value of friction. In the
second case (@ = 50°) shear occurred along the
cleavage plane which also corresponds to the
basal planes of the mica flakes within the
slate. - AiYar-tinn.2 of~asal plarlesccmta~n ~LL..G..w...
easy glide in mica and,thus, the friction at
this orientation was understandably much lower.
In the last case, fracture also occurred across
the cleavage plane, but at this orientation
the individual layers were oriented in such a
manner that no interlocking of the layers
occurred along the fracture. Thus , the fric-
tion should be higher than the 50° orientation
because the failure surface was much rougher
than the basal planes of the mica but lower
than the 0° orientation , since no interlocking
of layers occurred. Such was the case.

The values of tan @ for GRS-1 and GRS-2
ranged from 0.554 to 0.588 and 0.384 to 0.325,
respectively. This small range of Values
seemed to indicate that individual grams that
make up the Green River shale possessed no
distinctive physical characteristics that
influenced t“heanisotropic strength bi?~l~~i~~

of the material . Walsh and Brace contend that

the friction coefficient p, (tan @ at B = 0°
and 90°) reflects the physical characteristics

P-4 <:<tk !l~ra~k.~!t~b.a~are con-Of tFleSklorc“LLLLLbL&
tained within the grain boundaries while V~
(tan@ at 6 = 30°) reflects the long cracks
that occur within the plane of anisotropy.
Thus , it appears that the physical character-
istics of the “long” and “short” crack systems
for GRS are quite similar and probably differ
only in that the “long” cracks are highly
oriented, while the “short” cracks are randomly
oriented.

Deformation Characteristics

Three types of failure were noted in the
anisotropic rocks studied. These types are
illustrated in Figure 29 and include shear
faulting both across and along the bedding or
cleavage plane; ~)plastic~!flow or slip along

the bedding or cleavage plane; and failure due
to the formation of kink bands. The failure
characteristics for all samples tested are
presented in Tables 5 and 6.

All three types of failure were noted in
the plate and GRS-2 samples. The type of
failure was found to be both a function of the
orientation and the confining pressure. For
example, for slate, the 20,000 psi samples
failed in shear at 0° and 90°, kinked at 10°,
20°, and 30°, and failed in a combination of
plastic slip and shear faulting at 40° through
80°. An example of the effect of pressure on
the failure mode is the 30° orientation for
slate, failure occurred by shear faulting
along the cleavage planes at 15,000 psi arid
below and by kinking above 15,000 psi.

The GRS-1 samples failed invariably by
shear faulting at all pressures and orienta-
tions studied. At most orientations the
25,000 psi samples sustained some “plastic”
deformation before faulting. It is co~lceivable

that kinking or plastic slip might have
occurred at higher pressures.

A detailed microscopic analysis of the
deformation characteristics of the samples
deformed during this study is currently under
way. An attempt is being made to correlate
the geometric features of the kink bands with
the general stress fields associated with them
and to determine what petrographic changes,
if any, occurred within the deformation zones.
The results of this study should be reported
shortly by Budd.lg From the data presented
here, however, it is obvious that the failure
mode of anisotropic rock is a function of both
the confining pressure and the orientation of
the anisotropy.

Orientation - Effect on Fault Angle

Figures 30 and 31 show the relationship
between the fault angle, 0, and the orienta-
tion angle, ~, for the three rocks studied.
The fault angles for both GRS-1 and GRS-2 were
influenced by the orientation of the bedding
planes only over the range of @ from about 20°
to 45°. Fault angles across the bedding plane
for GRS-1 ranged from 21° to 36° and averaged
around 28”. The fault angles across the bed-
ding plane for GRS-2 ranged from 24° to 36°
and averaged around 30°. Griffith’s theory



predicts failure angles that range from 30°
at uniaxial compression to 45°, as the con-
fining pressure increases. Experimental
evidence indicates that the average faiiure
angle does indeed vary over this range but
that the average failure angle for most
rocks , even at rather high values of confin-
ing pressure, is around 30°.

The orientation of the cleavage planes
had a more pronounced effect on the fault
angles for the slate tested as shown in Fig-
ure 31. The shear faults paralleled the
cleavage planes over the range of 13from 10°
to 50”. The shear faults at 0° averaged
around 15°, while the faults at orientation
above 50° averaged around 42°. The 90° sam-
ples failed in a catastrophic manner and it
was impossible to measure the fault angles.
The results shown in Figure 31 are similar to
those reported by Donath~4 for Fiartinsburg
slate. Donath also reported that the shear
faults at P = 90° ranged from around 25° to
35° and averaged about 30°. Donath concluded
that shear fractures in slate were unaffected
by the presence of the cleavage plane only at
the orientation where the maximum compression
was perpendicular to the cleavage. The data
presented in Figure 31 tend to substantiate
Donath’s conclusion.

Variations in the Modulus of Elasticity

The modulus of elasticity was determined
from the initial, linear part of the stress-
strain curve for each sample tested. It was
noted that the modulus of elasticity increased
with increasing pressure for all three rocks,
but there seemed to be no uniform relationship
between the modulus and the orientation angle,

B. Values ~~ilthemodulus of elasticity ranged
from 2 .4 ~ Lu psi to 10.0 x Id psi for Slate
with an average of 5.7 X 10G psi and from
2.2 X 10G psi to 4.5 x l(f psi for GRS-1 with

an average of 3,2 ~ ~06 _.,psi. 17..1 . . - . . . . . .. - n
vtiLueD LaL1~ALl~

from 0.6 x 106 psi to 2.0 X 10G psi were
noted for GRS-2. The average for GRS-2 was
1.2 X ld psi.

Figure 32 shows the variation of the
average value of the modulus of elasticity as
a function of confining pressure for each rock
studied. In general, the value of the average
modulus increased slightly with increasing
confining pressure. The modulus for slate
increased from 4.4 X 106 psi at 5000 psi to
7.0 x ld psi at 40,000 psi, while the aver-
age modulus of GRS-1 increased from 2.6 x 106
at 1000 psi to 3.8 X ld psi at 25,000 psi.
The average values of the modulus for GRS-2
ranged from 1.0 X 106 psi at 1000 psi to
1.4 X l& psi at 25,000 psi.

It was noted for several orientations (in
particular 30°, 40°, 50°, 70°, and 90° for
slate, 20° and 30° for GRS-1, and 60° for
&RS-Zj that the modulus of .eIzsricityizeressed
with confining pressure, reached a maximum
value, and then decreased slightly with
increasing pressure. This feature is illus-
trated in Figure 33 for one orientation for
each rock tested. Bracezo and Serafim21 have
reported that the modulus of elasticity for
rocks such as granite, dolomite, quartzite and
diabase also increased as pressure increased,
but they noticed no peaking and subsequent
decrease in the modulus over the pressure

22 has reported thatranges studied. Simons
the dynamic modulus of elasticity for several
shales not only increased with increasing con-
fining pressures, but also increased with an
increase in the rate of loading. Although
Donath made no mention of the variation of the
-,,moaulus of e~asL~c~~y WALU ~==p=~. .U ~&G.uu.L,- ~ --- : - : --- ..: 4-L -,. “,-.n/, + tfl nvae.,,vo

inspection of the graphical data presented in
his paper indicates that the modulus of
Martinsburg slate increased as the confining
pressure increased up to a pressure of 1000
bars (17,400 psi) and then decreased in much
the same manner as illustrated in Figure 33.

The moduli of elasticity were averaged
for each orientation as well as for each pres-
sure studied and the variations of the average
modulus with respect to the orientation are
shown in Figure 34. The data appear to indi-
cate that, except for the slate, the plane of
anisotropy has little or no influence on the
modulus of elasticity. For the slate, the
average modulus decreased from a value of
8.1 X 106 psi at 0° to 4.5 X 106 psi at 20°
and then averaged about 4.8 X 106 psi from
20° to 80° and then increased to 7.5 X 1~ psi
aE!3=90°.

The variation of the modulus for the
Green River shale is not nearly so pronounced
as that nf ~~.e ~~a~e.-....- “A ‘i’hevalues for GRS-1.—————
ranged from 3.6 X 10G psi at ~ = 0° to 2.8 X
106 psi at @ = 90° and averaged about 3.2 X
ld psi, while the modulus of GRS-2 ranged
from 1.7 X 1~ psi at ,6= 0° to 0.9 X 106 psi
at ~ = 30° and back up to 1.2 X 106 psi at

@=90°. The average value for GRS-2 was
about 1.2 X 10G psi.

TENSILE STRENGTH TESTS

The tensile strength of brittle polycrys-
talline materials has proved to be a difficult
parameter to measure. Several techniques have
been employed to determine the tensile
strength of rocks, but none have been found to
be totally satisfactory. The standard uni-
axial tension test is perhaps the most common
technique employed, but it too has its faults.
Small misalignments in the sample and stressin~
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apparatus generate bending moments that lower
the measured strength. Also, additional prob-
lems arise from the gripping technique used
and premature failure often occurs due to
stress concentrations induced by gripping.

A technique commonly used to determine
the tensile strength of rocks is the bending
test. In this test, a beam specimen of rock
is strained by bending and tensile stresses
have developed on the convex side of the beam.
If the rock behaves as an elastic body--if the
~havior of the rock in compression is t~
same as that in tension--and if there are no—
surface scratches present, then the bending
moment at failure is a measure of the tensile
strength of the material.

~rJG~~L2ricdirect ~e~ti~g m.echod that is

rapidly gaining acceptance in testing labora-
tories is the diametral compression or
“Brazilian” test. In this test, a thin cir-
cular disk is loaded along a diameter between
the platens of a compression testing machine.
This method of loading develops a tensile
stress that is perpendicular to the loading
axis. Tensile failure of the specimen occurs
by splitting along the loading axes and the
load at failure is used to calculate the ten-
sile strength. The major fault of this tech-
nique is its inadaptability to certain
materials. High shear stresses are developed
in the material adjacent to the loading platens
and many materials fail prematurely due to
shear.

The Brazilian test technique was chosen
to study the tensile strength behavior of the
anisotropic rocks tested during this study.
This technique was chosen because of the sim-
plicity of the test itself and because the
failure surface is predetermined thus enabling
the effect of bedding planes on tensile
strength to be studied.

It was found that only the GRS-1 material
was suitable for this type of testing. The
slate failed prematurely in “brittle” shear at
all orientations tested and the GRS-2 deformed
appreciably in a plastic manner before failing
in shear. Tensile tests on GRS-1 were per-
formed at orientations of 0°, 30°, 45°, 60°,
75°, and 90° (the orientation angle in this
case is measured between the bedding plane and
01) at atmospheric pressure and at 0° at 2500
psi.

Tensile Strength Criterion

Walsh and Brace have modified Griffith’s
theory of tensile failure so that it applies
to anisotropic material. Their anaiysis
states that the tensile strength of the

material is affeeted only by the anisotropic
nature of the material over a certain range
of ~ and by letting K be equal to the tensile

n-.
strength at YU-, TCL, t’heLlil~SOtTOp~CD..GLI6LLL

-+.-nm-+h
behavior is given by

T = sin @(l + sin B) . . . .
.[28]

The tensile
where failure is
is given by

where TO~ is the

strength in the range of P
controlled by the short cracks

T=To, , . . . . . . . [29]

maximum tensile strength of
the material (the maximum usually occurs at

P = 0“).

To evaluate the Walsh-Brace theory, it is
necessary to determine the tensile strength at

two orientations, 0° and 90°. One then evalu-
ates equations [28] and [29] and use the
smaller value as the tensile strength for the
particular orientation in question.

Brazilian Test

In the Brazilian test, a right circular
disk is compressed diametrally between two
flat steel pistons. If the behavior of the
material is essentially elastic and the load
is confined to a line along the periphery of
the sample, then the theory23’24 predicts a
constant tensile stress along the loaded diame-
ter that is normal to the applied load. The
tensile strength at failure is given by

where

al ,T =

F=
t=
D=

tensile strength at failure
(lb/im2),
applied load (lb),
thickness of the disk (in.),
diameter of the disk (in.).

[30]

In practice it is almost impossible to
achieve a perfect line load and in most cases
it is not desirable to do so. It has been
found by several investigators that if a small
amount of padding material is placed between
the steel piston and the sample, more reliable
and consistent tensile strengths are generated.
This in effect widens the load area and creates
what has been termed “strip” loading. By
strip loading the sample, the compressive and
shear stresses in the sample near the loaded
area are reduced considerably. Thus, premature
failure by shear, in many cases, is avoided.
-?--------7C ~l.nr.,c~ *.,”,,-.21ILguLe >-l.L.”w. .==:--- ~Crip loaded disk

sample and illustrates the notation used.
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Hondros25 has analyzed the stress dis-
tribution in a thin disk loaded by “strip
loading.” He found that the stresses of
interest in the Brazilian test--that is, the
stresses acting along the failure plane--are
given by

2F

[(

l-r2/R2) sin 2p
‘9Y ‘—ant

1- 2r2/R2 cos 2P + r4/R4

- ‘ai’(;:n) ‘and‘ “ “[31]
2F r (1-r2/R2) sin 2p

a=-—
rY ant

L1- 2r2/R2 eos 2P + r4/R4

+ tan-l (1+r2/R2\tan~ , . .[321.-
{1 - r2/R2)

,.

where

Ugy =

5rY =
F’=
a.

t=
p=
r=

R=

tangential normal stress aiong
y.y ‘

radi~l normal stress along Y-Y’,
applied load,
projected width of the l~zcl.secticc,
thickness,
load angle,
radiai distance to a point from the
center of the disk,
radius of the disk.

Figure 36 shows the variation of the
stresse; aOy and ‘rY along the loaded diame-
ter Y-Y for the case of 2F/(ant) = 1 and

P = tan-l (1/12).

The tensile stress at the center of the
disk can be found from equation [31] by let-
ting r = O;

13ey = ~ [sin 2P - P] . . . . [33]

sin
[33

For small values of P, sin 2P ~ 2P and
) = (a/2)/(D/2) = a/D ~ p, thus equation

reduces to

- 2F
‘OY – ntD

-—

From this development,

[34]

it can be seen
that for small values of p, the stresses at
the center of the disk with strip loading is
the same as in the case with line loading.
Inspection of Figure 36 shows that the tensile
stress , OBy, is essentially constant over
75 percent of the diameter and is equivalent
to the stress at the center of the disk.

~~~~~ angles of P = tan-’ (1/12) and p =
(1/6) were used in this study and the

percent error between equations [34] and [30]
are 1 percent and 3 percent, respectively.

and K. E. GRAY 1.

FairhurstaG has recently analyzed the
validity of the Brazilian test. He modified
Griffith’s criterion to account for variable
ratios of compressive strength to tensile
strength and used this criterion as the basis
of failure. Fairhurst studied the cases of
P = tan-l (1/12) and p = tan-l (1/6) for com-
pressive-tensile strength ratios, n, of 8, 10,
and 12 and concluded that for values of n less
than 12, the tensile strengths predicted by
the Brazilian test technique, using a strip
angle of P = tan-l (1/12), could be as much
as 30 percent low. Fairhurst found that for
n>12, the p = tan-l (1/12) strip load caae
predicted tensile strengths that were more
representativ-e of terlsileLa..u.= -.-..6...b=-41.,--oc.lmn-the

entire loaded diameter rather than a small
part in the vicinity of the center of the disk.
He found that the same thing applied to the
p = tan-l (1/6) case for all values of n

studied.

D.-.A ,.-
Daacu UL1 the mmpresalve Stremgch-s d(?r~r-

mined from the strength-pressure curves, the
compressive-tensile strength ratios for GRS-1
ranges from 30 to 90° to 6.8 at 30° and back
up to 11 at OO. Both strip angles studied by
Fairhurst, p = tan-l (1/12) and p = tan-’ (1/6)
were used in this study for the atmospheric
Cen~iIe +..+c ~E~ Ehe I--SUItS were comparable.....
at all orientations tested.

I As previously mentioned, Brazilian tests
were also run at a confining pressure of 2500
psi for the 0° orientation. The effect of
the confining pressure on the test sample con-
sisted simply of superposing a uniform hydro-
static stress state on the sample, The
tensile strength for this case is given by

where P is

T=-P+~,

the confining pressure in psi.

[35]

Experimental Results

The tensile strengths as determined from
the Brazilian tests are presented in Table 7.
The average tensile strengths ranged from
3077 psi at 0° to 1017 psi at 90°. The aver-
age tensile strengths along with the range of
the strengths noted as a function of ~ are
shown in Figure 37. As seen in Figure 37,
the tensile strength of GRS-1 is highly
dependent upon the orientation of the bedding
planes and this variance is described remark-
ably well by the modified Griffith theory.

8 L.-iio‘D’D S -------a +h- - ...1+. of tG.Tl-[las LepvLLeu L,,= .ecllALL- ----

sile tests run on six laminated rocks (silt-
stones, sandstones, and a mudstone). His
results are similar to the results of the
tests on GRS-1. Inspection of the data
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presented by Hobbs indicated that the tensile
strength behavior of two of the rocks (both
siltstones) could be described by the modified
Griffith theory.

The typical failure modes observed in
the Brazilian tests on GRS-1 are shown in Fig-
ure 38. In general, the plane of fracture
was reasonably linear and occurred along the
loaded diameter. In several cases, as indi-
cated by the 0°, 45”, and 90° orientations in
Figure 38, two tensile failure surfaces were
generated. The 30° orientation sample illus-
trates another type of tensile failure that
has been termed “triple cleft” failure by
Chenevert. A few samples failed in shear.
Shear failures were readily noticeable as the
samples failed into many parts and there were
no distinct tensile failure planes. The ten-
sile strength of all samples that failed in
shear were rejected from the analysis of the
data . Out of a total of 28 tests, only three
failed in shear.

The average tensile strength of the sam-
ples tested at a confining pressure of 2500
psi and at B = 0° was 3040 psi. This compares
nicely with the average value of 3077 psi for
the atmospheric tests and indicates that the
tensile strength is independent of pressure.
Heardl5 has run tensile tests on Solenhofen
limestone (using the Brazilian test technique)
at pressures up to 8 kilobars (116,000 psi).
He found that the tensile strength increased
at a rate of 0.011 psi per psi of confining
pressure up to 5 kilobars. ‘Above 5 kilobars,
the rock became ductile and the data became
meaningless . This illustrates the relatively
insignificant effect that pressure has on the
tensile strength of rocks.

CONCLUSIONS

Based on the analysis of the current
fracture criteria for anisotropic rocks and
L,. -----------c.-omtadi~ Chiscne expe-rimlerltal~~v~~~,tt~.=-=.nti~=
paper, the following conclusions may be drawn.

1. The Walsh-Brace theory and Jaeger’s
single plane of weakness theory are identical.

2. The Walsh-Brace theory is best suited
to describe the fracture strength of aniso-
tropic rocks characterized by bedding planes.

3. The proposed variable ‘TOand tan @
criterion can be used to describe the fracture
strength of anisotropic rock characterized by
bedding planes or cleavage planes.

4. All theories discussed can only be
applied to anisotropic rocks that have linear
Mohr envelopes.

5. The compressive strength behavior of
anisotropic rocks is a function of both the
confining pressure and the orientation of the
bedding or cleavage plane to the applied
stress . The minimum compressive strength
usually occurred at an orientation of 30°,
while the maximum strength occurred at OO.

6. The anisotropic strength behavior of
the rocks tested, as indicated by the aniso-
tropic strength coefficients for any given
orientation, tends to decrease as pressure
increases .

7. The cohesive strength, To, and the
coefficient of internal friction, tan o, vary
with the orientation of the plane of anisot-
ropy and the nature of this variation is a
function of the type of anisotropy.

8. The failure behavior of both types
of Green River shale tested in this study may
be described by the Walsh-Brace theory or by
the variable To and tan @ criterion.

9. The failure behavior of the slate
tested in this study could only be described
satisfactorily by the variable To and tan @
criterion.

10. The average modulus of elasticity
for the anisotropic rocks tested increased
with increasing confining pressure. There
appeared, however, to be no systematic rela-
tionship between the modulus of elasticity
and the orientation of the sample.

11. Anisotropic rocks fail by (1) shear
faulting across the plane of anisotropy or
shear faulting along the plane of anisotropy,
(2) plastic flow or slip along the plane of
...<.fi+enm,, (Y) ~~~~i~g.aLLLD”LL”yJ> Q1-,a, The exact nature

of the failure is dependent upon the confin-
ing pressure and the orientation of the sample.

12, The Brazilian test technique can be
used to determine the tensile strength behavior
of anisotropic rocks and has distinct advan-
tages over the uniaxial tension test technique.

13. The tensile strength variation of
Green River shale is a function of the orien-
tation. The minimum tensile strength occurred
when bedding planes of the specimen were

. .,
oriented at 90- to cne induced terIsilestress,
while the maximum strength occurred at the 0°
orientation .

14, The variance of the tensile strength
with respect to the orientation of the bedding
planes for Green River shale can be described
by the modified Griffith theory.
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15. The tensile strength of Green River
shale at the 0° orientation appears to be
insensitive to confining pressure.
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Table 1

ANISOTROPY STRENGTH COEFFICIENTS FOR SLATE

Confining Orientation Angle, B

Pressure

(psi)
0° 10° 20° 30° 40° 50° 60° 70° 80° 90°

5,000

10,000

15,000

20,000

25,000

30,000

40,000

Average

1.00 0.77 0.44 0.37 0.44 0.52 0.61 0.74 0.88 0.94

1.00 0.75 0.48 0.36 0.42 0.45 0.56 0.66 0.72 0.85

1.00 0.76 0.50 0.38 0.42 0.42 0.53 0.64 0.74 0.84

1.00 0.77 0.53 0.45 0.44 0.44 0.58 0.70 0.78 0.87

1.00 0.75 0.58 0.42 0.43 0.43 0.57 ---- 0.74 0.82

1.00 0.75 0.59 0.46 0.46 0.46 0.59 0.69 0.78 0.84

1.00 0.75 0.63 0.49 0.48 0.48 0.60 0.72 ---- 0.88

1.00 076 0.54 0.42 0.43 0.46 0.58 0.69 0.77 0.86

Table 2

ANISOTROPY STRENGTH COEFFICIENTS FOR GRS-1

Confining
Orientation Angle, P

Pressure
psi 0° 15° 20° 30° 45° 60° 75° 90°

1,000 1.00 0.81 0.77 0.63 0.86 0.88 0.85 0.9i

5,000 ~$~~ 0,92 0.82 0.73 0.86 0.86 0.88 0.93

10,000 1.00 0.95 ~ $9 rl RIU.U. Q.gl 0.95 0.95 0.97

15,000 1.00 0.96 0.92 0.85 0.95 0.94 0.96 0.97

25,000 1.00 0.94 0.93 0.90 0.91 0.99 0.95 0.96

Average 1.00 0.92 0.86 0.78 0.90 0.92 0.92 0.95



Table 3

ANISOTROPIC STRENGTH COEFFICIENTS FOR GRS-2

Confining Orientation Angle b

psi
0° 10° 20° 30° 40° 60° 90°

1,000 1.00 0.89 0.73 0.61 0.67 0.80 0.86

5,000 1.00 0.91 0.80 0.67 0.73 0.85 0.91

10,000 1.00 0.92 0.80 0.68 0.74 0.86 0.90

.15,000 1.00 0.93 0.83 0.69 0.76 0.86 0.90

25,000 1.00 0.90 0.84 0.72 0.78 0.84 0.91

Average 1.00 0.91 0.80 0.67 0.74 0.84 0.90

Table 4

VALUES OF COHESIVE STRENGTH, To, AND THE

COEFFICIENT OF INTERNAL FRICTION, tan d

SLATE

P To(pSi) tan #
(degrees)

o

10
20
30
40
50
60
70
90

8,800 0.661
7,500 0.544
4,200 0.466
3,800 0.384
5, 100 0.344
7,600 0.268
7,800 0.364
9,300 0.414

10,200 0.509

GRS-1

To(psi) @
(deg~ees)

o

15
20
30
45
60
75
90

10,600
9, 000
7,800
6,400
8,100
8,600
8,600
9, 100

29°
300
300

30.50
30.50
300

30.50
30.5°

GRS-2

To(pSi) tan @
(deg!ees)

o 6,600 0.384
10 6,000 0.374
20 5,000 0.361
30 4,200 0.325
40 4,600 0.344
60 5,300 0.376
90 5,600 0.378



Table 5

DEFORMATION MODES FOR SLATE*

~,
I@nti .-l Orient aticrl ArLgLej E
cG3m

--I+COR
Urn

Cal 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
:;

5,000 I SAC SAL SAL SAL SAL SAL SAC SAC SAC SAC

10,000 SAC SAL SAL SAL SAL SAL SAC SAC SAC SAC

15,000 SAC K K SAL SAL
Ps

SAC

20,000 SAC K K K
Ps

25,000
K

K K K Ps Ps Ps SAC

K Ps
30,000 ~ K K ?~ ps p~ ps SAC

/
/

40,000
K

* SAC - Shear Across Cleavage Plane
SAL - Shear Along Cleavage Plane

K - Kinking
p~ - p~~~~~~ slip

DEFORMATION

Table 6

MODES FOR GREEN RIVER SHALE*

Confining Orientation Angle, ,6, Degrees, GRS-1
Pressure

psi 0° 15° 20° 30° 450 60° 750 90°

1,000 SAC SAL SAL SAL SAC SAC SAC SAC

5,000 SAC
SAC

SAL
10,000 SAC SAC

15,000 SAC SAC SAL S4L SAC SAC SAC SAC

25,000 SAC SAC SAL SAL SAC SAC SAC SAC

I Orientation Angle, 13, Degrees, GRS-2

0° 10° 20° 30° 40° 60° 90°

1,000 SAC SAC SAC SAL SAL SAC SAC

5,000 SAC SAC Ps

K
10,000 SAC

IsioQo K

25,000 K K
..
K

Ps ~
Fs e.,.al,. SAC

*SAC -
SAL -
K-
Ps -

Shear Across Bedding
Shear Along Bedding
Kinking
Plastic slip



Table 7

TENSILE STRENGTHS OF GREEN RIVER SHALE-1

f3, Angle Tensile Average Confining x
Between U1 Strength Tensile Pressure

and Bedding (psi) Strength (psi) p=tan-l(x)

Plane (psi)

(degrees)

o
0
0

30
30
30
30

45
45
45

60
60
60
60

75
75
75
75

90
90
90

0
0
0
0

3141
2904
3186

2763
2915
2895
2817

1758
1674
1648

1372
1285
1333
1377

1106
1211
1056
1160

950
1058
1043

2974
3008
3140
3040

0
3077 0

0

0
2848 0

0
0

0
1693 0

0

0
1342 0

0
0

1133
0
0
0
0

0
1017 0

0

2500

3040 2500
2500
2500

(1/6)
(1/6)
(1/12)

(1/12)
(1/6)
(1/12)
(1/6)

(1/6)
(1/12)
(1/6)

(1/12)
(1/6)
(1/12)
(1/6)

(1/6)
(1/12)
(1/6)
(1/12)

(1/12)
(1/12)
(1/6)

(1/6)
(1/6)
(1/6)
(1/6)
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