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Abstract 
Stian Solvik and Peter Joachim Gogstad completed efficiency Measurement for turbine 2 at 

Leirfossene power plant on 26 May 2016. The measurements were carried out as part of an 

ongoing research collaboration between NTNU and Statkraft. The thermodynamic method is 

used to measure the turbine efficiency. The measurements have been carried out in accordance 

with the International Standard IEC 60041, 3.ed 19991-11 [1]. One temperature sensor was 

installed at the inlet to the turbine and three temperature sensors with manifolds were installed 

in the outlet. Atmospheric pressure and pressure at the inlet of the turbine was measured with 

suitable pressure sensors, while pressure at the outlet has been numerically calculated. The 

relative efficiencies, net head and water flow at the nominal head of 58m is given in Table 17 and 

Table 18. The maximum uncertainty in efficiency is calculated to be 1.4%. 

 

Pressure measurements has been performed in the draft tube on turbine 2. Eight pressure 

sensors have been used. Respectively four sensors are placed in the same vertical axis, on each 

side of the draft tube by a vertical distance of 860mm downstream of each other. The 

measurements were performed under steady state conditions, with a constant generator power 

and discharge. All operating point are related to the nominal discharge 𝑄𝑛.  

The pressure pulsation measurements show that the Rheingans frequency, runner frequency and 

runner vane frequency are present in the draft tube. The Rheingans frequency is the dominant 

frequency while operating at part load. The runner frequency displays a high intensity at both 

part- and high- load The runner vane frequency shows a high intensity at the outlet of the turbine.  

The analysis of the pressure intensity shows the highest pressure pulsations measured for BEP, 

part load and high load are respectively 45𝑘𝑃𝑎, 250𝑘𝑃𝑎, 55𝑘𝑃𝑎.  

 

The sensors located closest to the inner radius of the draft tube bend experience a lower intensity 

than the sensors at the outer radius of the bend. This is probably a flow-specific phenomenon 

that occurs in the draft tube bend. Air injection into the draft tube is installed to reduce the 

intensity of pressure pulsations that occur during part load. Data with and without air injection 

from two operating point at 0.46 ∙ 𝑄𝑛 and 0.58 ∙ 𝑄𝑛, have been compared. The analysis shows 

that the air injection reduces the overall intensity by 22% at 0.46 ∙ 𝑄𝑛 and 10% at 0.58 ∙ 𝑄𝑛. The 

most powerful pulsations are reduced by 20% to 60%, while the remaining pulsations 

experienced a change from -14% to 17%. Frequency analysis at part load, 0.46 ∙ 𝑄𝑛, show two 

distinct frequencies at 4.64Hz and 5.06Hz when the turbine runs without air injection. When air 

is injected into the draft tube, these frequencies disappear altogether. The frequencies are 

probably related to elastic fluctuations in the system, which are damped by the injected air.
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Sammendrag 
Virkningsgradsmåling for turbin 2 ved Leirfossene kraftverk ble gjennomført 26. mai 2016 av Stian 

Solvik og Peter Joachim Gogstad. Målingene ble gjennomført i anledning et pågående 

forskningssamarbeid mellom NTNU og Statkraft. Den termodynamiske metode ble benyttet for 

å måle virkningsgraden. Målingene har blitt gjennomført etter den internasjonale standarden IEC 

60041, 3.ed 19991-11 [1]. En temperatursensor ble montert ved innløpet til turbinen og tre 

temperatursensorer med samlestokk ble montert i utløpet. Atmosfærisk trykk, samt trykk ved 

innløp ble målt med egnede trykksensorer. Trykk ved utløp er blitt numerisk beregnet. De relative 

virkningsgradene, netto fallhøyde og vannføring ved nominell fallhøyde på 58m er gitt i Table 17 

og Table 18. Maksimale usikkerheten i virkningsgraden er beregnet til ±1.4%. 

 

Det er blitt gjennomført trykkpulsasjonsmålinger i sugerøret på turbin 2. Totalt åtte trykksensorer 

er benyttet til formålet. Henholdsvis fire sensorer er plassert i samme vertikale akse, på hver side 

av sugerøret med en vertikal avstand nedstrøms på ca. 860𝑚𝑚 fra hverandre. Målingene ble 

gjennomført under stabile forhold, med konstant generatoreffekt og volumstrøm. Alle 

driftspunkt er relatert til nominell volumstrøm 𝑄𝑛. 

Resultat av trykkpulsasjonsmålingene viser at Rheingans frekvensen (sugerørsvirvel), 

løpehjulsfrekvensen og løpeskovlsfrekvensen er påvist i sugerøret. Som forventet er Rheingans 

frekvensen den dominante frekvensen under kjøring på lavlast. Løpehjulsfrekvensen har høy 

intensitet på lav- og høy-last. Ved utløpet til turbinene måles det høye amplituder som følge av 

løpeskovlsfrekvensen, trenden viser en økende intensitet når lasten på turbinen øker. Analysen 

av trykk-intensiteten viser at den høyeste trykkpulsasjonen, uavhengig av sensor, målt for 

bestpunkt, lavlast og overlast er på henholdsvis 45𝑘𝑃𝑎, 250𝑘𝑃𝑎, 55𝑘𝑃𝑎.  

 

Sensorene som ligger nærmest innersvingen til sugerørsbendet opplever en lavere intensitet enn 

de sensorene som ligger nærmest yttersvingen til sugerørsbendet. Forskjellen i intensitet opp til 

4 ganger større under lavlast. Dette skyldes trolig et strømnings-spesifikt fenomenet som oppstår 

i bendet til sugerøret. Luftinjeksjon er installert for å redusere intensiteten av trykkpulsasjoner 

som oppstår på lavlast. Måledata med og uten luftinjeksjon fra to driftspunkt på 0.46 ∙ 𝑄𝑛 

og 0.58 ∙ 𝑄𝑛 , har blitt sammenlignet. Analysen viser at luftinjeksjon reduserer den totale 

intensiteten med 22% ved 0.46 ∙ 𝑄𝑛 og 10% ved 0.58 ∙ 𝑄𝑛. De kraftigste intensitetene blir 

redusert med 20% til 60%, mens de resterende pulsasjonene opplevde en endring fra  ÷ 14% 

til 17%. Analysen av lavlastpunktet 0.46 ∙ 𝑄𝑛, viser to frekvenser på 4.64𝐻𝑧 og 5.06𝐻𝑧 når 

turbinen kjøres uten luftinjeksjon. Når luft blir injisert isugerøret kan en observere at frekvensen 

forsvinner helt. Trolig er denne frekvensen relatert til elastiske svingninger som blir dempet av 

luften.
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1 Introduction  
In the early 1990s, a new law was implemented in the Norwegian energy market. The law opened 

a free market for sale and purchase of electricity both within Norway and Europe. [2] By exposing 

the market to competition, supply and demand became the method of controlling the price. This 

has directly affected the way power plant owners have run their turbines ever since. Before the 

1990s, the turbines were typically run at their Best Efficiency Point (BEP), only stopping for annual 

maintenance. Since 1990 the situation is quite different. Some turbines are being stopped and 

started several times a day as well as being run outside of their BEP.  

Turbines are designed to run at BEP, this ensures a steady and continuous operation with an ideal 

flow through the turbine, resulting in a high efficiency. By running turbines outside of their BEP, 

the ideal flow is disrupted, introducing pressure pulsations and flow patterns that can create 

serious operating challenges. Challenges concerning fatigue, cavitation, vibration and noise can 

occur and can be devastating for the operation of the power plant. In recent years, this has 

resulted in failures on both old and new runners, causing costly maintenance and downtime of 

the power plants. 

 

Leirfossene is a new hydropower plant located in Trondheim, Norway. However, since the start 

one has experienced issues with powerful vibration during part load operation. The vibration are 

so strong that it travels through the bedrock and disturbed those who live in the area. Statkraft, 

the owner of the power plant, has challenged NTNU to come up with a solution to the vibration 

and noise issue at Leirfossene hydropower plant.  

The objective of the thesis is to perform efficiency and pressure pulsation measurements at 

Leirfossene power plant.  

 

This master thesis was originally supposed to evaluate the effect of a freely rotating runner cone 

extension, designed by PhD candidate Peter Joachim Gogstad, on the pressure pulsation and 

efficiency of the turbine. However, the measurements with the freely rotating runner cone 

extension could not be conducted due to unexpected challenges and the delay that followed 

because of it. Instead, Efficiency, pressure and vibration measurements were performed without 

the runner cone extension. The measurements are focused on steady state operating conditions 

and will evaluate the effect of air injection as a mean of reducing pressure pulsations in the 

system. The efficiency measurement is based on the thermodynamic method and follows the 

international IEC 60041 standard [1]. Only the relative efficiency is presented due to 

confidentiality.  
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Pressure and vibration measurements are used to determine the source of pressure pulsation 

and vibrations in the system. Through analysis of the measurements one is able to investigate 

the intensity of the pulsations. When these measurements are performed regularly it can be 

useful in estimating the turbines maintenance interval and its lifetime. In this thesis the 

measurements will be used to determine the effect of air injection on the system as well to track 

frequencies and its intensity at different operating conditions. 

 

Efficiency measurements are performed as part of the commissioning process of new turbines to 

ensure that the manufacturers design guarantees are met. In the course of the turbines lifetime 

it is common to repeat efficiency measurements with regular intervals to ensure the turbines 

condition and to have an accurate efficiency in order to accurately predict the potential financial 

gain. When experimenting with equipment to reduce pressure pulsation it is important to 

monitor the effect on the turbines efficiency. The higher the efficiency, the higher the potential 

financial gain for the power plant operator. However, if the means of reducing pulsation reduces 

the efficiency significantly, one might be better off using another method that still maintains a 

higher efficiency. The life cost analysis involved is an important part in considering which solution 

is best suited for each power plant, while still earning the operators most money. 
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1.1 Leirfossene power plant 

Leirfossene power plant, built in 2008, is 

located close to the city of Trondheim, 

Norway, and is part of a network of three 

hydro power plants taking advantage of 

the flow in the river Nidelva. The river is 

placed under strong regulatory laws 

controlling the minimum flow of the river. 

Of the three power plants, Leirfossene is 

considered the main one. The two other 

plants are considered to be small hydro 

power plants, only taking advantage of the 

minimum flow of the river. The plants are 

operated by Statkraft and have a combined 

power capacity of 45 MW annually 

producing 195 GWh. Leirfossene on its 

own has a power capacity of 45MW 

divided over two Francis turbines with a 

power of 29MW (Turbine 1) and 16MW 

(Turbine 2). Annually the plant produces 

150 GWh, enough to supply 10 000 

households with electricity. [3] Figure 1 

shows the machine hall with the generator 

top for both turbines. 

 

Shortly after the turbines were put into 

operation, it was discovered that the 

power plant is the source of vibrations 

that propagate through the bedrock, 

disturbing the residences in the surrounding area. The following investigation determined that 

the turbine was not optimally designed for its operating conditions. Especially under part load 

conditions, vibrations and noise caused by low frequency pressure pulsations in the draft tube 

can be noticed. Table 1 displays the technical information about the investigated turbine 2 and 

the corresponding generator.  

 

Turbine 2  

Producer Andino 

Type Vertical Francis 

Rated head 58m 

Rated speed 333.3 rpm 

Runaway speed 640 rpm 

Rated Power 16MW 

Runner blade 11 

Rotational direction Clockwise 

Generator 2  

Producer VG Power 

Rated Power 18 500kVA 

Rated Voltage/Current 7000V / 1526 A 

Rated power factor 0.89 

Table 1 - Turbine and Generator Specifications 

Figure 1 - Machine hall Leirfossene 



1. Introduction  Previous work 

2 

1.2  Previous work 

The following paragraphs will highlight some of the previous work published on both pressure 

pulsations and efficiency measurements.  

 

1.2.1 Pressure pulsation 

Pressure pulsation in reaction turbines is a well-documented field of study, and has been 

observed in turbines build as far back as 1912. One of the first to supply technical data on the 

subject was W. J. Rheingans back in 1940 [4]. The work presented the phenomena of power 

swings in hydroelectric plants, caused mainly by the occurrence of pulsations due to draft tube 

surges. One important subject of the publication is the relationship between the magnitude of 

the pulsations and the natural frequency of the operating components, and the consequence of 

these two reaching the same value.  

Oftebro and Lønning publication in 1967 discussing pressure pulsations in Francis turbines [5]. 

This paper focuses mainly on pulsations caused by the interference between guide vanes and 

runner vanes in a Francis Turbine, commonly known as the Rotor Stator Interaction (RSI). At this 

point, the pressure pulsation itself were not considered to be damaging to the machinery. The 

focus was rather on the sound and vibrations caused by the interference, and the harmful 

frequencies associated with it.  

PhD student Einar Korbo studied pressure pulsations in Francis turbines, [6]. A significant part of 

his research was to establish the connection between the pressure pulsations in Francis model 

and prototype runners, with main focus on steady state operations. Master students Anders 

Tørklep [7] and Sigurd Haga [8] have studied effects of dynamic load variation during start-stop 

procedures.  

Vibrations are believed to be directly related to the pressure pulsations in the turbines. However, 

not much research has been published on vibrations in Francis runners. Previous work by Master 

student Frode Kjøsnes at the waterpower laboratory focused on the measurement the natural 

frequencies of a circular disc in air and water [9]. Kjøsnes tried to determine how the natural 

frequencies of a circular disc are influenced by nearby rigid surfaces when it is submerged in 

water.   

In 2007, a research team from China an experimental investigation of pressure fluctuation and 

vibration in a large Francis turbine [10]. They performed measurements at the Three-gorges 

hydropower Plant in China, investigating vibrations at unsteady flows. This research concluded 

that reducing the pressure pulsation intensity would also reduce the vibrations in the system.   

“Flow induced pulsation and Vibration in Hydroelectric Machinery” by Dörfler, Sick and Coutu 

(2006) [11], as well as the IEC 60994 [12] standard has been used extensively in addition to the 

publications.   
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1.2.2 The thermodynamic method 

Efficiency measurements have been researched extensively over the last century. Today, several 

different methods exist and are acknowledged by both the research community and the industry. 

Among others, the pressure time method, current meters and the thermodynamic method.  

There are multiple reasons for performing efficiency measurements.  

 

I. It is important for the production companies to predict their production in order to meet 

the demand in the market. Based on that knowledge, the plants profitability can be 

estimated. [13]  

II. It has become more and more common to state an efficiency guarantee in the contract 

when new turbines are commissioned. An important part of the contract is the 

specification of the accepted uncertainty in the measurement of the promised efficiency 

of the turbine. It usually also states which method of efficiency measurement is to be 

used. [13] If it is determined that the efficiency of a new turbine is too low according to 

its specifications, the operator might be entitled to financial benefits from the 

manufacturer.  

III. Efficiency measurements are used to monitor the condition of the turbine. If an unnatural 

drop in efficiency or a decreasing trend is observed, one can assume that there is an issue 

in the plant that has to be taken care of.  

 

Campas and Willim developed the thermodynamic method for measurement of efficiency in 

turbines and pumps in the 1950s. The work they presented laid the foundation for the 

thermodynamic method used in the standard IEC 60041. [1] A key component in the 

thermodynamic method is the accurate measurement of temperature. IEC 60041 states that the 

temperature has to be measured with an accuracy of at least 0.001K.  The accurate computation 

of the flows heat capacity, absolute volume and isothermal factor are essential for obtaining 

accurate efficiency measurements [14] [15]. Herbst and Rögener together with research 

institutions, [1] determined the computed parameters used in the standard today. 

The IEC 60041 standard was published in 1991 and has since not been updated. Hulaas and 

Vinnogg discussed in their paper presentation in 2010 during IGHEM [28] that it is time to revise 

the standard. They pointed out that it has been in use for a while and that the experience from 

users should be taken into account more. They also presented specific suggestions to be specified 

in the standard. This included the use of collecting vessels to avoid kinetic friction from the water 

to the sensor and that one should use the absolute temperature rather than a constant relative 

value when discussing the relative uncertainty in the draft tube.[16]     
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Research in Norway has traditionally focused on the thermodynamic method because the 

conditions at most of the power plants are favorable for these measurements. In recent years it 

has become more common to explore other methods like the Pressure-Time method and the 

current meters method. These methods are used especially on low head power plants where the 

uncertainty of the thermodynamic method increases with the reduction of head. The IEC 60041 

recommends a minimum head of 100m, unless the conditions are highly favorable. One of the 

requirements of the thermodynamic methods is that the temperature is not allowed to have an 

temperature increase of more than 0.005K per minute. [1]  

 

The publication “Uncertainty analysis of Pressure-Time measurements”, 2006 by H. Hulaas and 

O.G. Dahlhaug [17] highlights the lack of research on the Pressure-Times method and especially 

the uncertainty around the measurements compared the Thermodynamic method. Ph.D 

Canidate Jørgen Ramdal published his doctoral thesis in 2011 about “Efficiency measurements in 

low head hydro power plants”[18] where efficiency measurements using both the pressure time 

and the thermodynamic methods are compared and evaluated. Ramdal also did experiments 

were he challenged the norm of the geometrical properties the IEC standard had set for the 

pressure time method. His findings support O.G Dahlhaug and T. K. Nielsen publication from 2006 

[19] that the thermodynamic method for measuring efficiency is reliable for low head power 

plants down to 50m head as long as the conditions are favorable. The ongoing research by PhD. 

Candidate Peter Joachim Gogstad at NTNU has focused on the effect of installations that reduce 

pressure pulsation has on the efficiency of the turbine.   

 

For the execution and setup of the efficiency measurements the Standard IEC 60041:1991 Field 

acceptance test to determine the hydraulic performance of hydraulic turbines, storage pumps 

and pump turbines [1] has been used extensively, as well as “introduction to engineering 

experimentation” (2004) by Wheeler, A.J. and A.R. Ganji [20].  
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2 Theory 
The theory regarding pressure pulsation and  vibration, is taken directly from the earlier 

published Semester Project with the title “Pressure oscillations and Vibration in Francis 

Turbines”, in agreement with co-author Magomed Selmurzaev [21]. Some of the theory has been 

processed, rewritten and/or extended to suit the purpose of this master thesis. 

 

Pressure oscillation in combination with mechanical imbalance is the main source of vibrations 

in hydropower systems. Pressure pulsations always exists in a turbine system. The efficiency of a 

turbine is mainly affected by three phenomena: pressure pulsations, sand erosion and cavitation 

erosion. In addition to reducing the efficiency of the system, pressure pulsations expose the 

system to vibrations and large mass movements. The consequence of the loads acting on the 

turbine will eventually lead to damage and fatigue. 

It is therefore important to perform pressure and vibration measurements to in order to compute 

which frequencies are present in the system. This makes it possible to track the frequencies over 

time. If the frequency changes or the frequency intensity increase, it may imply that something 

is damaged and precautions can be taken before fatal system failure occurs. 

 

2.1 Pressure Pulsations 

A turbine is originally designed to run at its best efficiency point (BEP). Per definition this is the 

point at which the turbine, for a given flow and head, operates at maximum efficiency. At this 

point, the only pressure pulsation present is caused by guide vane and stay vane interaction in 

the vanless space. Running outside BEP, however, introduces several other phenomena in the 

system, such as vortex shredding and separation of the flow at the inlet and outlet of the runner. 

Operation at overload has shown to give fluctuations of periodical nature, while low load 

fluctuations occur stochastically. Running the turbine at part load is more damaging as the 

fluctuations are of significantly higher intensity.   

Several things determine the extent of the pulsations; the operational state of the turbine, the 

design of the machinery and the dynamic response of the system. During start and stop operation 

the turbine is exposed to pressure pulsations of low frequency.  

 

In this chapter, the two main sources of pressure pulsations and vibrations will be presented. 

These are rotational dependent pulsations, related to the rotational speed of the runner, and 

elastic pulsations, caused by hydraulic instabilities often related to system inequality. When 

analysis pressure data, the result is often presented in the form of frequencies diagrams. The 

different frequencies can usually be related to a specific source in the system. The different 

causes with their related frequencies as well as the area of occurrence are described below.[31]  
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2.1.1 Runner frequency 

This is the frequency caused by the rotation of the runner. Each element is exposed to constant 

pressure variation, switching from pressure side to suction side of the blade. This creates a 

pressure field rotating periodically with the speed of the runner. The runner frequency (Eq. 2-1) 

is considered to have a low amplitude and can be considered constant due to the uniform shape 

of the runner and normally operating at the same rotational speed. However, if the runner is 

damaged, e.g. erosion, cavitation, breaks or the generator/shaft is poorly installed or damaged, 

the frequency amplitude will increase. [31][33] 

𝑓𝑛 =
𝑛

60
 [𝐻𝑧] (Eq. 2-1) 

 

2.1.2 Runner vane frequency 

A pressure pulse is created every time a point on the impeller vane passes the same guide vane. 

The amplitude of this frequency is dependent on the distance between guide vanes and runner 

vanes, and thus the guide vane opening is of great influence. During steady state conditions, this 

is the dominating pressure oscillation in the system (Eq. 2-2). [31][32]  

 

𝑓𝑟𝑣 = 𝑓𝑛 ∗ 𝑧𝑟𝑣  [𝐻𝑧] (Eq. 2-2) 

Due to the constant presence, these forces will inflict abrasion on the runner even at low 

frequency. 

 

2.1.3 Guide vane frequency 

Every time an impeller vane passes a guide vane it will undergo a pressure pulsation. This is due 

to the pressure difference between the two sides of the guide vane, which is exposed to suction 

on the inside (flow inlet area), and pressure on the outside. The effect can be reduced by 

increasing the distance of the vanless space, as the amplitude is predominant at high guide vane 

angles. The magnitude of the frequency is dependent on number of guide vanes (Eq. 2-3). [31] 

 

𝑓𝑔𝑣 = 𝑓𝑛 ∗ 𝑧𝑔𝑣  [𝐻𝑧] (Eq. 2-3) 

It is important to avoid Rotor-Stator-Interaction (RSI) at several locations of the runner at the 

same time. This will lead to amplification of the pulsations, since several shock propagation waves 

occur at the same moment. The phenomena is well described in Symposium on Hydraulic 

Machinery and Systems [22].  
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2.1.4 Rheingans frequency 

Described by Rheingans in 1940 [4], surge is one of the earliest researched pulsations problems 

in the Francis turbine. Surge describes the pressure pulsation that exists in the draft tube because 

of the flow exiting the runner with a tangential velocity. When the flow exits the runner at BEP, 

it does not have a tangential velocity (no swirl), meaning the flow is parallel to the shaft axis. At 

operation outside BEP, the direction of the outlet flow changes and creates a tangential velocity 

component. Figure 2 shows the outlet velocity triangle at three different operating conditions:  

 

I. Best Efficiency Point (BEP)  (𝑄 = 𝑄∗)  

II. Part Load (PL)    (𝑄 < 𝑄∗)  

III. High Load (HL)   (𝑄 > 𝑄∗)  

 

The consequence of this is the occurrence of a vortex in the draft tube. Which way the vortex is 

rotating is dependent on the operating conditions. At part load, the direction of the flow is the 

same as the direction of the rotating runner, and opposite of the direction of the runner rotation 

at full load. The pressure inside the vortex is lower than the pressure in the surroundings, with 

creates pulsations every time the vortex passes a certain point on the wall. The amplitude 

becomes dominant at part load, as the rope swings closer to the draft tube wall, amplifying the 

oscillations. Equation 2-4 shows the expression used to determine the Rheingans frequency at 

part load. 

 

𝑓𝑅 ≅
𝑓𝑛
3.6

 [𝐻𝑧] (Eq. 2-4) 

 

At certain conditions, a rotating cavitated vortex rope can occur in the draft tube. This vortex 

rope can become so strong that they cause radial force fluctuation so great that they propagate 

upstream through the runner. Worst-case scenario, the fluctuation coincides with the resonance 

frequencies of the system causing even greater fluctuation. The fluctuation present under these 

conditions are putting a lot of stress on the mechanical components in the system. Over time, 

this will lead to failure. 
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At high-load, a pulsating cavitated vortex core in the middle of the draft tube can occur. During 

these pulsations the system is affected by pressure oscillation that in line with the part load can 

propagate upstream of the runner as well. This might also surge the existing elastic fluctuations 

in the water. It is important to be aware that surge will still be present even when the cavitated 

vortex rope is not present. The effect on the system will however be less. [31][34] 

 

 

  

Figure 4 - Vortex rope at part load [24] Figure 3 - Vortex rope at high load[24] 

Figure 2 - Francis Turbine velocity profile at outlet - [23] 
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2.1.5 Elastic fluctuations 

An elastic fluctuation is a pressure oscillation that is not depended on the rotational speed of the 

runner. In a hydro power plant, these oscillations are categorized as mass oscillation or water 

hammer oscillations because of the moving masses of water oscillating in the waterway. These 

fluctuations are caused by system inequality and mechanical errors. These elastic fluctuations 

are always present in rotating hydro-machinery. The magnitude of the fluctuation is not directly 

affected by the rotational speed of the runner, but amplifies significantly if the water masses in 

the pipe are exposed to sudden pressure change. The most common source of sudden pressure 

change is the adjustment of the guide vane opening. Altering the guide vane opening will 

produces a change in internal pressure. These fluctuations in pressure propagate through the 

water at the speed of sound. This will either accelerate or break the flow both downstream and 

upstream of the runner, causing pressure oscillations in the system. [31] [36] 

As the oscillations are closely related to the propagation of sound in water, the speed of sound 

must be closely considered. Sound is a vibration that propagates through a medium in form of 

mechanical wave of pressure, displacement or stress. The speed of the wave is therefore very 

dependent on the internal forces of the medium it is travelling through, such as geometric shape, 

elasticity and viscosity. The speed of sound is given by equation 2-5, 𝜌 is the density of water and 

𝐾 is the coefficient of stiffness/bulk modulus: 

𝑎 = √𝐾 𝜌⁄  (Eq. 2-5) 

The bulk modulus is defined as the ratio of infinitesimal pressure increase to the resulting relative 

decrease of the volume. This indicates that the speed of sound can vary significantly for the same 

medium. In still standing water the speed can be approximated to 1500 m/s. However, a closed 

pipe, with bends, valves and varying diameters will drop the velocity considerably. Equation 2-6 

and equation 2-7 can be used to estimate the water hammer frequency. Flow passing obstacles 

in the waterway will produce a pressure pulse, which is known to propagate to a free water 

surface [22]. The distance L describes the distance from any rigid object, like the turbine, to the 

free water surface.  

𝑡 =
2𝐿

𝑎
 (Eq. 2-6) 

𝑓 =
1

𝑡
=
𝑎

2𝐿
 (Eq. 2-7) 

The phenomenon, known as water hammer oscillations, is an important subject when 

considering high frequency pulsation. U-tube fluctuation have be considered when dealing with 

water hammer oscillations. U-tube fluctuation occurs do to large water hammer oscillations, 

travelling between the turbine and the surge chamber in a resonating manner. The initial u-tube 

oscillations has the greatest amplitude, but will decrease over time due to the internal friction of 

the system.  
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2.1.6 Cavitation 

Cavitation is a phenomenon that occurs in fast moving fluid. When the static pressure decreases 

under the vapor pressure of the fluid, small vapor bubbles are created, that condensate and 

implode with immense force when the pressure increases. This will usually happen at the outlet 

of the turbine, typically at trailing edge of a runner vane. This force created from the cavitation 

bobble imploding, is big enough to create visible damage to the runner. Eventually the turbine 

has to be maintained to avoid erosive damage on the runner. [23]  

 

Nowadays, it is common to design the turbines in a way that the cavitation happens in the draft 

tube instead of on the runner. In Francis turbines, cavitation is known to be present especially 

under part- and high- load operation. Cavitation is a leading factor in the formation of the vortex 

rope. [25] 

 

2.1.7 Von Karman Vortex shedding 

Von Karman vortex shedding is a flow that starts oscillating when it interacts with a solid surface 

at certain velocities. Vortex shedding is a known phenomenon in hydro power plants utilizing 

Francis runners. Usually one will be able to observe vortex shedding at the trailing edge of the 

stay vanes, guide vanes and runner vanes. This phenomenon will cause vibration and noise that 

can govern the operation of the runner. Based on the work on the von Karman vortex, it has 

become standard to design the trailing edges on the vanes in such a way that it reduces the vortex 

shedding in the unit. (Eq. 2-8) [25] 

 

fvortex = 190
B

100

C

t + 0.56
 (Eq. 2-8) 

 

The von Karman vortex shedding is one of the hardest frequencies to accurately detect, because 

its amplitude usually is relative low and is highly dependent on the operating condition causing 

the frequencies to drift when the velocity changes. [36]   
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2.2 Vibration 

Vibration is the periodic or random oscillations of physical back and forth movement and 

fluctuations around a reference position. A frequency, measured in Hertz (Hz) describes the 

number of times these motions complete a cycle within one second. Using the tuning fork as an 

example, it produces one continuous steady frequency component even as time passes. This 

makes it ideal to tune instruments, because it always recreates the same frequency. However, in 

most mechanical components, especially in rotating and moving equipment, there will be 

multiple frequency components in a vibration signal. An analysis has to be performed in order to 

determine which frequencies are present. Most commonly, a frequency spectrogram is used to 

plot vibration intensity against frequency. 

 

As with pressure oscillations measurements, one looks for already known frequencies in the 

system. This enables an operator to track vibrations and its source in the machine. Frequencies 

with high amplitudes and the frequencies that can not be explained by already known 

frequencies are usually the ones that should be further investigated [26]. Typically, 

accelerometers will be used to measure vibrations. By integrating the accelerometers values, one 

can determine both the displacement and the velocity of the vibration. 

Consequences of not analyzing or investigating vibrations in a mechanical system can be severe 

and can ultimately lead to system failure. During the last century, it has therefore become more 

and more common for companies to invest large sums in the study of vibrations. Annual 

measurements are performed and compared to previous sets of data in order to track the 

frequencies in the system. This helps companies to better predict maintenance downtime and 

avoid critical failures [10]. In a Francis turbine, system vibrations are most often caused by 

unsteady flow, e.g. pressure oscillation, or mechanical imbalances.  

 

2.2.1 Mounting of accelerometers 

Choosing the accelerometer mounting position depends on the machinery, the axis of the 

accelerator and the area to investigate. The sensitive axis of the accelerometer should be 

mounted in the direction of the motion one wants to investigate. The sensor should be positioned 

as close to the targeted area as possible in order to avoid other frequency components to 

influence the measurements. For example, you would not place a sensor on the outside of the 

car when you are investigating vibration from the bearing. [26]  

The most common methods to mount accelerometers are: threaded stud, beeswax and cement. 

Each method has their own advantages and limitations. Threaded stud requires the stud to 

physically be drilled into the machinery. This method does not influence the resonant frequency 

in any significant amount. This method is used when accelerometers have to be permanently 

mounted to the machinery.    
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Under certain circumstances one wishes to have a permanently mounted accelerometer without 

drilling holes in the structure. The best option then is to fasten the sensor with glue, known as 

cementing. It is important to use a hard glue, to avoid the glue acting as a mechanical filter by 

lowering the resonance frequency. 

Beeswax is a non-destructive mounting method where a thin layer of beeswax used to fasten the 

sensor to the machinery. This method causes a slight reduction in the resonant frequency of the 

accelerometer. The use of beeswax is limited by the surface temperature of the machinery 

because wax will melt at around 40 degrees Celsius. This method is used when a non-destructive 

method is preferred or when a quick setup is preferred. With the use of hard glue, resonant 

frequency is lowered about the same amount as the beeswax.  

 

2.2.2 Resonance 

Resonance is a phenomenon where an 

object or system gets in contact with 

another vibrating system that will force 

the original system to oscillate and 

amplify its frequency. [Figure 5] The 

cause of the amplification of the 

oscillations is that the original system 

has the ability to store the vibration 

energy [35]. Over time, these 

oscillations will lead to damage and 

fatigue on the machinery, ultimately 

causing total system failure. A well-

known example is the Tacoma bridge collapse in Washington. The bridge experienced forced 

resonance due to high wind velocity that matched the natural frequency of the bridge, causing 

the amplification of the oscillations that led to the collapse. 

  

Figure 5 - Resonance [44] 
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2.3 Methods of reducing pressure pulsations 

Current research focuses on finding methods of reducing and mitigating the effect of pressure 

pulsations. It is common to distinguish between active and passive installations. Active 

installations distinguishes themselves from passives installations because they requires 

something to be continuously added to the system. Typical active installations use water and air 

injections. These are often injected either through the hub of the turbine or through the wall of 

the draft tube. Air injection will change the viscosity of the water in the draft tube.  

Passive installations have the advantage that when they first have been installed, they are 

considered permanent and do not need any additional control system to alter them. Traditionally 

the development has focused on fins in the draft tube and runner cone extensions. 

 

 The common perception in the industry is that the effect of the installations are case dependent. 

This means that some power plants may experience good results with the installations, whereas 

other will experience no effect or aggravation of the pressure pulsation. Previous publications 

[28],[29] display how both air and water injection can be beneficial at some operational points 

and negative effects at others for the same turbine. The publication by March in 2011 showed 

that turbines have experienced a substantial loss in efficiency, up to 4%.[27] It also states that 

there is a correlation between the high flows 

of injected air and increasing losses. 

 

NTNU has conducted several published 

experiments with runner cone extensions. 

Ph.D Vekve as well as the ongoing work by 

Ph.D. Canidate Peter Joachim Gogstad are 

both noteworthy. Vekve performed initial 

model test measurements on a Francis 

turbine with runner cone extensions of 

different length and diameters in 2004[28]. 

He concluded that the runner cone with the 

largest diameter and longest length had the 

best effect on reducing the pressure 

pulsations in the model runner. 

Furthermore, a full-scale test was conducted 

on the Francis runner at Litjfossen Hydro 

power Plant in Norway, showing a reduction 

in pressure pulsation of up to 40% at part 

load and a relative minor decrease in 

 

 

Figure 6 - Runner 

Figure 7 - Runner with runner cone extension 
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efficiency of 0.5%. Vekve determined that the runner cone extension moved the initialization 

point of the draft tube vortex rope further downstream in the draft tube. This limits the 

longitudinal buildup of the vortex rope, reducing the amplitude of the rotating vortex rope and 

thereby its intensity.  

 

In most recent years, Ph.D. Candidate Gogstad has developed a freely rotating runner cone 

extension (FRUCE). In 2015 he conducted experiments on a model Francis turbine utilizing a 

FRUCE with different lengths. His results show a reduction in the pressure amplitude for some 

cases during part load. It should be pointed out that the non-rotating runner cone extension 

showed a greater reduction in amplitudes compared to the FRUCE [30]. An observation made by 

Gogstad is that the highest tangential velocity in the draft tube is at 0.73𝑄/𝑄𝐵𝐸𝑃, while the 

highest peak to peak values is found at flow rates lower than this. Gogstad, in collaboration with 

Statkraft, is planning to perform a prototype test with a FRUCE at Leirfossene Hydro Power Plant 

in the third quarter of 2016. 

 

The theory behind the usage of the runner cone extension is that one introduces an object that 

removes some of the area in the center of the drat tube [Figure 6 and Figure 7]. This forces the 

axial velocity to increase, reducing the swirl number [30], hopefully reducing the pressure 

pulsation amplitudes. Experience shows that runner cone extensions with smaller diameters can 

have a lesser effect. This is possibly because of the runner cone extension not reducing the swirl 

number as much. Some have experienced that the vortex rope initiates on the extension itself 

when smaller diameters are used.  
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2.4 Data acquisition 

The goal of data acquisition is to sample enough information about the analog signal that one is 

able to recreate the signal digitally. When acquiring an analog signal it is common to digitalize 

the signal to be able to store large amounts of data and to have it easily available for data 

processing. In data processing, it is common to use frequency analysis as a means of displaying 

and identifying frequencies and their amplitudes in the signal. This chapter will explore the 

theoretical sampling of analog signals and the post-processing of the digitalized signal. 

 

2.4.1 Sampling rate theorem 

When a voltage signal is sampled, the data acquisition system 

reads the values at the given sampling rate. The sampling rate 

determines how often the sampling device reads the value of 

the analog signal within one second. This implies that any 

digital sampling always will be discontinuous [Figure 8]. When 

the signal is being digitally recreated, an algorithm is used to 

connect the sampled values to each other creating an 

interpolated line between the points. The resolution is highly 

dependent on the amount of sampled points, also known as 

the sampling frequency. 

 

Today all data acquisition operations are in one way or the 

other based on the Nyquist-Shannon sampling theorem 

[37][38]. Nyquist explored the connection between analog 

signals (continuous-time signals) and digital signals (discrete-

time signals). In 1928, Nyquist determined that it is possible 

to send an independent pulse with a sample twice the systems bandwidth. Shannon proved the 

sampling theorem in 1949 and applied the theorem to data sampling and the reconstruction of 

continuous signals. [37] 

The sampling rate is commonly referred to as both the Nyquist rate and the Nyquist sampling 

rate. The sampling rate 𝐹𝑠 defined to be at least twice the highest expected frequency of the 

analog signal  𝑓ℎ𝑖𝑔ℎ (Eq. 2-9). Figure 9 and Figure 10 show the difference between a rate that is 

too low and the Nyquist rate. 

 

𝐹𝑠 = 2 ∙ 𝑓ℎ𝑖𝑔ℎ (Eq. 2-9) 

 

Figure 8 - Analog to digital signal 
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The Nyquist-Shannon theorem provides the theoretical minimum sampling rate of any data 

acquisition system measuring analog signals in order to reconstruct the signal fully. In reality it is 

difficult to determine an accurate highest frequency of the analog signal. If one is logging at a too 

low sampling frequency, it will introduce aliases in the measurements and potential spectral 

leakage in further analysis. This will be discussed later.  

 

2.4.2 A/D converter 

An analog to digital converter takes a physical signal and converts it to a digital number. This is 

done to store the recorded analog data, usually stored on binary, on a digital recording device 

like a computer.  

The resolution of the converter is determined by the number of discrete values that can be 

computed from the range of the analog value. This can be expressed in volt. Equation 2-10 

determines the minimum change in voltage needed to result in a change of the digital input, also 

known as the least significant bit (LSB) [41]. 

 

𝑄 =
𝐸𝐹𝑆𝑅
2𝑀 − 1

 (Eq. 2-10) 

𝐸𝐹𝑆𝑅 stands for the voltage range used in the measurements 𝐸𝐹𝑆𝑅 = 𝑉ℎ𝑖𝑔ℎ − 𝑉𝑙𝑜𝑤. For the 

measurements at Leirfossene, the voltage span used is 0-10V. The exponent “M” stands for the 

analog to digital converters resolution and is expressed in bits. Table 2 displays the bit rates effect 

on the LSB value for voltage. Figure 11 displays how the bit resolution effect the sampling of a 

sinusoid. The 3-bit resolution only follows the main trend, while the 16-bit resolution follows the 

sinusoid better, especially at its extremal values. [38][45] 

Bit resolutions Distinct values LSB 

8 256 39 𝑚𝑉 

10 1024 9.7 𝑚𝑉 

12 4096 2.5 𝑚𝑉 

14 16384 0.6 𝑚𝑉 

16 65536 0.15 𝑚𝑉 

24 16777216 0.59 𝜇𝑉 

Table 2 - Bit resolution 

 

Figure 9 - 1.5 samples per cycle  Figure 10 - 2 samples per cycle  

Figure 11 - Bit resolution on a sinusoid [45] 
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2.4.3 Aliasing 

Aliasing occurs when an analog signal is sampled with a too low sampling rate relative to the 

highest frequency component present in the system. This causes a misidentification of frequency 

components of the signal, were high frequency components are represented as low frequency 

components. Aliasing will make it impossible to distinguish the different sinusoids of the signal 

from each other after they have been sampled. This means that it is not possible to recreate the 

original signal based on the sampled data. 

 

Analog signals are usually modeled as 

sinusoids. An analog signal will however 

not have an upper frequency 

component. This means that the aliasing 

effect will always be present in the 

digitalized signal. Figure 12 displays how 

a signal with a frequency of 9 cycles per 

second will be represented as a signal 

with one cycle per second when it is 

being sampled at a rate of one sample 

per second. [38][41] 

To reduce the effect of aliasing, oversampling can be used. Chapter 2.4.1 discussed how the 

Nyquist sampling theorem allows the discrete-time signal to capture the complete analog signal. 

Oversampling refers to the sampling of a signal with a significant higher sampling rate than what 

the Nyquist sampling rate demands. This is commonly referred to as oversampling with the factor 

N of the Nyquist rate. In reality, it is common to oversample the signal because it will increase 

the resolution, reduce the effect of aliasing, phase distortion and noise in the measurements.  

 

An advantage in measurement systems where one utilizes oversampling is that one reduces the 

need for anti-aliasing filters on the original analog signal. This is because the digital signal has 

gotten enough information from the sampled analog signal that one can apply anti-aliasing filters 

digitally. It is common for many of the analog to digital converters to have built in filters that take 

care of aliasing problems. 

Another aspect of oversampling is the noise that will always be present in any sampled data. 

Research [42] shows that the signal-to-noise ratio, SNR, depends on the samples taken. The larger 

the sample N, the lower the SNR will be. Therefore, one will experience less noise in an 

oversampled signal compared to a signal sampled with the Nyquist rate. This is a cost effective 

and efficient way of performing signal processing. Oversampling also provides the option of re-

sampling the signal to the desired sampling frequency without introducing new aliases.  

 Figure 12 - Aliasing example 
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2.5 Post processing 

The raw data has to be processed in order to obtain the needed information. In order to achieve 

the best results, the data is put through statistical and signal enhancement tools to make sure 

that there are as few outliers present.  The next chapter will focus on the post processing of the 

data used in frequency and peak pressure analysis. 

 

2.5.1 Fast Fourier Transform 

The Fast Fourier Transform (FFT) is an optimization of the Discrete Fourier Transform (DFT). The 

DFT describes the connection between analog and digital signals. Multiple DFT optimization 

algorithms exist today, with the FFT being the most common. When applying the FFT to a time 

domain signal, one is able to decompose the different sinusoids present in the signal. This is done 

by taking the signal from the time domain and converting to the frequency domain. The function, 

in this case the logged signal, is decomposed into sinusoid functions.  

 

The FFT is applied to the continuous signal of the time domain, this will identify all the frequency 

components of the signal, that otherwise would have been impossible to distinguish from the 

raw signal. A challenge that will arise in the transformation is that the FFT requires a continuous 

signal.[40] A logged digital signal does not meet this requirement due to the digital signal being 

discontinuous. Therefore, the frequency spectrum will experience spectral leakage. Window 

functions can be applied to compensate for the discontinuity. When the FFT is applied correctly, 

one is able to recreate the original signal from the frequency domain to the time domain.[39] 

 

  



2. Theory  Post processing 

19 

2.5.2 Window function 

The FFT assumes that the signal, which is being transformed into the frequency domain, is 

periodic. In real life, the sampled signals rarely appear to be periodic. This will cause errors in the 

transformation. Usually these errors are referred to as spectral leakage or “smearing” of the 

peaks. In the analysis, this means that the intensity of the frequencies will be distorted. 

 

In order to compensate for the errors in the transformation, one can precondition the original 

signal in the time domain. Most commonly, window functions are applied. Window functions are 

mathematical functions that bring the edges of a sampled signal rapidly towards zero. This means 

that it is the window functions responsibility to make the signal behave periodic and avoid 

discontinuities by removing the sharp edges. This will in most cases mitigate the spectral leakage. 

However, some of the information in the signal will be lost when window functions are applied. 

It can for example reduce the amplitude of the entire frequency spectrum. When processing large 

data sets it is common to divide the data into smaller data sets and apply individual windows on 

each set. To limit the loss of data at the edges, the windows overlap. Determining the necessary 

overlap factor is based on both the applied window function as well as the desire to isolate 

frequencies in the FFT. A smaller window like the Flat top window will need a higher overlap 

factor than larger windows like the Hanning window. [39][40] 

  

 Figure 13 - Window functions-Flat top, Hann, Hamming and Kaiser 
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Figure 13 shows the effect of the Flat 

top, Hann, Hamming and Kaiser 

Window functions on a generated time 

domain signal. These are some of the 

most common window functions.  Each 

window has its own frequency 

response and characteristics that 

makes it suited for specific applications. 

When speaking about window 

functions and its effect on the 

frequency analysis it is important to be 

aware of the windows impact on the 

Fourier transform. Each frequency peak 

will be exposed to spectral leakage. [40] 

Figure 14 displays how the detected 

frequency, referenced as the main lobe, will be represented in the Fourier transformation. The 

spectral leakage refers to the smaller lobes present on each side of the main lobe (sidelobes). 

The sidelobe level describes the intensity of the spectral leakage. A special case with the FFT 

analysis is that the Rectangular window function is automatically applied to the time domain-

signal when no other window function is selected. The rectangular window does however 

maintain a distinct discontinuity resulting in a high sidelobe level.[40][39] 

 

The correct window size has to be determined in order to achieve the best effect of the window 

function. This can be estimated by knowing the expected frequency in the signal. In order for the 

FFT analysis to detect the correct frequency and its amplitude, the signal period has to be 

repeated enough times within the window. A good estimation is that the period should be 

repeated 10 to 15 within the window for it to be of good accuracy. For example, if one is to 

investigate a frequency of 1HZ, with the signal sampled at 2000 samples per seconds, the window 

size then has to be between 20 000 and 30 000 samples to achieve the desired accuracy.[45] 

Numerous window functions with the ability to mitigate the discontinuity significantly are 

available. Some of the common window function are explored in the next paragraphs. 

 

  

 Figure 14 - Spectral leakage [43] 
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2.5.2.1 Flat top window 

The flat top window is a sinusoidal window function with a negative value because it crosses zero. 

The function leaves only a small section of the signal intact. Because of this, it needs a large 

overlap factor to still get enough information for the FFT. Due to the high overlap factor, it is 

recommended to use larger data sets, enabling larger window lengths to ensure higher 

resolutions. The result of using a flat top window function is that the main lobe of the frequency 

spectrum becomes dominant, with low side lobe levels. However, it does result in the main lobe 

to get a slightly wider peak in the frequency domain. This makes the flat top windows suitable 

for determining accurate frequency amplitude, especially in sinusoidal signals.[39][40] 

 

2.5.2.2 Hann window 

The Hann window, commonly referred to as Hanning window, is a window function that is 

typically used for digital signal processing. The function uses a sinusoidal shape that goes to zero 

at the edges. Because it uses a sinusoidal shape, the function will let a lot of the signal to pass 

through. This is both an advantage and a drawback. It will slightly reduce the frequency resolution 

because it widens the main lobe.  The big advantage is that the window function has a low aliasing 

effect and is known to have a low spectral leakage. This results in low side lobes, which makes it 

very suitable for signal processing. Many use this window function as their standard function. 

Because the Hanning window is known to be highly applicable to signals that are sinusoidal or a 

combination of sinusoidal. The window function is also to utilize for narrowband signals and 

when content of the signal is unknown. [39][40] 

 

2.5.2.3 Hamming Window 

The Hamming window is similar to the Hanning window in its sinusoidal shape but differs in that 

it does not go to zero at the edges of the window. This means that the Hamming window lets 

through more information, which results in a narrower main lobe, making it easier to distinguish 

the frequencies that are located close to each other. A drawback is that the sidelobe levels 

increase slightly because of the hamming window still being discontinuous in Fourier 

transformation.  The overlap of the Hamming window is more or less the same as with the 

Hanning window. Hamming window does a better job than the Hanning in eliminating the closest 

sidelobes to the main lobe, but has a poorer performance on removing the rest of the sidelobes. 

Typically, the Hamming window is used on signals with closely spaced sine waves because of its 

narrow bandwidth. [39][40] 
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2.5.2.4 Kaiser window 

The Kaiser window belongs to the family of adjustable window functions. Like most adjustable 

window functions, one can control the Kaiser window by adjusting the variable 𝛼 that determines 

the relationship between the main and side- lobes. Figure 13 shows how the different values of 

the variable affect the shape of the Kaiser window. The Kaiser window can be adjusted to mimic 

the same effect as both the Hanning and flat top window functions. It can let the edges of the 

window go towards zero as well as remain well above zero. The overlap factor of the window is 

highly depended on the adjustment of the window. A narrow window will result in a higher 

overlap factor compared to wider windows. Experienced users tend to use adjustable window 

because of its adjustability and ability to display even the lowest frequencies due to the low 

sidelobe level. This means that one will be able to display frequencies close to each other but 

have distinctly different amplitudes. [39][40] 
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2.5.3 Harmonies 

Harmonies are a phenomenon that 

occurs in frequency analysis. It is 

defined as a frequency that is an integer 

of the fundamental frequency. This 

means that harmonies are described as 

the appearance of frequencies that are 

directly related to a main frequency by 

integer multiples of each other. The 

harmonies can appear with both a 

greater and smaller amplitude than the 

main frequency. The amplitudes tend 

to be decreasing with the increase of 

frequency. The main frequency is often referred to as the fundamental frequency, and the 

harmonies as the 2nd, 3rd, …, nth harmony. [Figure 15][46] 

 

2.5.4 Peak-to-peak analysis 

Peak-to-peak analysis is used in post 

processing to displays the full range 

of the measured data. It shows the 

difference between the highest and 

lowest measured signal, known as 

the maximum excursion of the 

signal. Figure 16 displays the 

histogram of a pressure sensor. The 

x-axis displays the pressure in kPa 

while the y-axis displays the number 

of times the pressure is repeated. 

The histogram is plotted using a 99% 

confidence level. This can be observed at the edges of the histogram where the edges are “cut 

off” to avoid statistically unlikely values. The peak pressure value for the sensor will be the 

distance from the left side of the histogram to the right side.  

The advantage of post processing the data using the peak-to-peak analysis is that one is able to 

compare how trends and intensities developments in the system. This can be useful in pressure 

pulsation analysis because one often is interested to know if the pulsation amplitudes increase 

or decrease. Applying a confidence interval ensures that there is a high certainty that the 

amplitudes are within these levels.[28]  

 

 

Figure 16 - Histogram- Peak to Peak 

Figure 15 - Harmonies 
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2.6 Efficiency measurements 

Efficiency measurements are performed on both new and old runners. It is common to perform 

efficiency measurements on newly built units as a method of verifying that the contracted 

guarantees are fulfilled. On old units, it is used as a method to monitor the condition of the 

hydraulic units and as a tool to anticipate maintenance and downtime.   

 

When new turbines are commissioned, it is common practice to determine which method and 

standard is supposed to be used for the acceptance test of the new unit. Different methods are 

available and some of the methods have requirements that have to be met in order to perform 

the measurements. When these requirements can not be met on the prototype runner, the 

standard IEC 60041 recommends performing the acceptance tests on a model runner instead. [1] 

The equation (Eq. 2-11) for calculating the efficiency of any system, is to calculate the relationship 

between the available power and actually produced power.  

𝜂 =
𝑃𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑑
𝑃available

 (Eq. 2-11) 

The total efficiency of a power plant can also be expressed as the combined efficiency of all 

components in the system. (Eq. 2-12 shows how the total efficiency hydraulic power unit it can 

be expressed. 

𝜂𝑡𝑜𝑡 = 𝜂ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐 ∙ 𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 ∙ 𝜂𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑟 ∙ 𝜂𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 ∙ 𝜂𝑙𝑒𝑎𝑘𝑎𝑔𝑒 (Eq. 2-12) 

  

Equation 2-13 shows the expression for calculating the efficiency of a turbine. Equation2-14 and 

2-15 show the expressions for the mechanical and hydraulic efficiency. 

𝜂𝑡𝑢𝑟𝑏𝑖𝑛𝑒 = 𝜂𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 ∙ 𝜂ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐 (Eq. 2-13) 

𝜂𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 =
𝑃𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙
𝑃𝑟𝑢𝑛𝑛𝑒𝑟

 (Eq. 2-14) 

𝜂ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐 =
𝑃𝑟𝑢𝑛𝑛𝑒𝑟
𝑃ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐

 (Eq. 2-15) 

Equation2-16 and 2-17 shows how the hydraulic and mechanical power is defined. 

𝑃ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐 = 𝜌𝑔𝐻𝑄 (Eq. 2-16) 

𝑃ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐 =
𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟

𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟
 (Eq. 2-17) 

Equation 2-18 shows the turbine efficiency as a combination of the above listed equations. 

 

𝜂𝑡𝑢𝑟𝑏𝑖𝑛𝑒 =
𝑃𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙
𝑃ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐

=
𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟

𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 ∙ 𝑃ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐
=

𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟

𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 ∙ 𝜌𝑔𝐻𝑄
 (Eq. 2-18) 
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2.6.1 Methods of flow measurements 

The turbine efficiency is computed using equation 2-18 The flow parameter, 𝑄, is the most 

difficult to determine accurately. This is because it is often difficult to access the flow itself, or 

because the measuring methods have limitations. This chapter will take a closer look at the 

different methods of measuring flow. 

 

IEC 60041 recommends that the flow measurements for an IEC acceptance test should be made 

with an absolute method. The standard mentions three main factors that affect the choice of 

which flow-measuring method should be used in the efficiency measurements. 

I. Limitations imposed by the design of the plant 

II. Cost of installation and special equipment 

III. Limitations imposed by plant operating conditions, e.g. draining of the system, 

constant load or discharge operation, etc. 

Table 3 describes the flow measurement methods presented in IEC 69941 and discuss their pros 

and cons.[1][28][13] 

Pressure time method  

(Gibsons method) 

Description 

The pressure time method takes advantage of Newton’s law and the 

derived law of fluid mechanics. The fundamental principle is that one 

rapidly decelerates the flow meanwhile measuring the pressure rise 

between two points in a uniform section of the pipe. One can determine 

the flow knowing that the pressure rise that occurs in the pipe is dependent 

on the initial velocity of the flow as well as the geometrical properties of 

the pipe. 

Pros 

It is a fast way of performing the measurements, there is no need to shut 

down the power plant, the method has a good accuracy and the 

measurements result in an absolute flow. 

Cons 

Requirements to the geometrical shape of the section where the 

measurement are performed, e.g. no free surfaces between the sections, 

minimum length of 10 meters between sections, constant cross-section, no 

irregularities and an increase in uncertainty with large diameters and short 

pipes. [18] 
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Current-meter method 

Description 

The current-meter method uses propeller type current-meters that are 

distributed over a suitable cross section in the conduit. The basic principle 

is that each current-meter measures the mean velocity proportional to the 

water velocity at specified points in the cross section. These velocity 

measurements will then be integrated over the cross section, resulting in 

the flow. 

Pros 

The current meter method can be used on several different flows and 

geometries e.g. both in closed and open conduits. The measurements are 

absolute and are considered accurate. 

Cons 

In order to achieve a good measurement a large amount of current meters 

have to be installed to cover the cross section. It can become time-

consuming to install all of the current-meters, especially in large cross 

sections.  

Calibration requires special facilities and can become time consuming. 

Pitot tube 

Description 

The Pitot tube method takes advantage of the dynamic pressure in the flow 

from which the local velocity can be computed. One has to perform 

measurements at several points in the cross section to be able to apply the 

velocity method area to determine the flow. 

Pros 

It is an easy method to apply to any conduits and it results in absolute flow 

measurements. 

Cons 

The Pitot tube has one big limitation and that is that the accuracy decreases 

and uncertainty increases with decreasing flow velocity. This limits the use 

of the pitot tube method with in not too low velocities. Some have also 

experienced issues with measurements when the water has a high particles 

content. 
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Tracer methods 

Transit-time method 

Description 

Multiple different tracer methods exist, essentially they are all based on 

injecting tracers in the flow. This is done to either take samples and analyses 

the dilution downstream of the injection point or to track the tracers in the 

system. The transit-time method is the recommended method by IEC 

60041. The methods measures the time the tracers uses to travel between 

two known cross sections with a known distance between them. 

Pros 

Independent of the conduits geometry. Results in an absolute flow 

measurement with a good accuracy. 

Cons 

There can not be any leakage, flow extraction or additional supply of flow 

between the injection and measuring point. It can often be difficult to install 

a tracer injection and water sampling system.  Large amounts of tracers are 

needed in fast flows and large cross sections. 

Winter-Kennedy 

method 

Description 

The core principle of the Winter-Kennedy method is to measure the static 

differential pressure between the inner and outer wall in the spiral casing, 

caused by the centrifugal forces. The Winter-Kennedy method is not an 

absolute method, meaning that it is relative. It can only be used when it has 

been calibrated against an absolute measurement method. The method 

uses equation 𝑄 = 𝑘 ∙ ℎ𝑛 to determine the flow, ℎ stands for the 

differential pressure between the inner and outer wall, whereas 𝑘 & 𝑛 has 

to be determined through calibration. 

Pros 

Fast, easy and cheap to set up. When the Winter-Kennedy method first has 

been calibrated, one can monitor the flow of the turbine under continuous 

operation. 

Cons 

It is a relative way of measuring flow and needs calibrating. Has a higher 

uncertainty than other methods, and can produce high inaccuracy at low 

flow rates and turbulent flow patterns. 
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Thermodynamic 

method 

Description 

This is technically not a flow measuring method, but it is extensively used 

because it is easy to set up and one directly computes the losses. The 

fundamental principle is that one assumes that all the energy extracted 

from the flow is turned into heat. Therefore, the temperature of the water 

will rise and the temperature difference can be measured before and after 

the turbine. Combined with the hydraulic energy (pressure measurements), 

the efficiency can be calculated. 

Pros 

The method has a good accuracy when performed on high head turbines. It 

does not need a direct flow measurement to compute the efficiency. It is 

suited for Nordic conditions due to the low water temperature throughout 

the year. 

Cons 

With decreasing head, the uncertainty increases. There is a need to shut 

down the power plant to install temperature sensors. If the water is led 

through pipes that are located outside and if there is a shallow intake, it is 

recommended to perform measurement during the night to reduce 

temperature variation in the water. 

Table 3 - Flow measurements methods 

As seen by the methods listed in Table 3 there is a great diversity in the how to and the 

advantages and disadvantages with each method. Traditionally the pressure-time and the 

thermodynamic method have been most common in Norway because high head turbines are 

common in many plants in addition to the water temperature being ideal for these kinds of 

measurements. 

This thesis will focus on the use of the thermodynamic method in determining the efficiency of 

Leirfossene power plant. Chapter 2.7 and chapter 2.9 will go through the theory of the 

thermodynamic efficiency measurements and the uncertainty analysis. 
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2.7 Thermodynamic method 

The thermodynamic method uses the fundamental principle of conservation of energy. The first 

law of thermodynamics states that the total energy of an isolated system is constant. When 

applying this to the hydro power plant, it is assumed that all energy taken out of the flow through 

the runner/turbine (loss of energy) is transformed into heat, ergo an increase in water 

temperature. [1] This means that there is no need to measure the flow of the system to 

determine the efficiency of the system. One does however need the velocity component at the 

inlet and outlet of the turbine and must therefore estimate the flow. As will be shown in chapter 

2.8, the potential error of the estimation does not influence the mechanical energy term in a 

significant way, because the flow will be iterated again later.  

 

Standard IEC 60041 covers the experimental application of the thermodynamic method and the 

setup for its acceptance test for hydraulic turbines. The standards states that the thermodynamic 

method is limited to the specific hydraulic energy equivalent of a head of 100m or more. It goes 

on to state that the method can be used for lower heads as well when the conditions are highly 

favorable, but the accuracy of the measurements have to be taken into account. 

A special consideration when using this method is the equipment that is used for measuring 

pressure but most importantly to measure temperature. The thermometer has to provide an 

accurate indication of the temperature difference with a sensitivity of a least 0.001K. [1]  
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2.8 Efficiency calculation  

By reviewing equation 2-18, 𝜂𝑡𝑢𝑟𝑏𝑖𝑛𝑒 =
𝑃𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙

𝑃ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐
, it shows that the efficiency is expressed with 

a mechanical and hydraulic component. Figure 17 shows the enthalpy-entropy diagram, points 

“11” and “21” illustrate the pressure and temperature before and after the turbine. Point “s” 

illustrates the pressure and temperature at an ideal process after the turbine. An ideal process, 

from point “11” to “s”, is the theoretical assumption that the process happens without any losses. 

In reality, this is not possible. The line from point “11” to “21” illustrates the real process as the 

pressure decreases as energy is extracted through the turbine. The relationship between the real 

process and the ideal, isentropic process, is the basis of efficiency measurements with the 

thermodynamic method.[1][13][28] 

Equation 2-19 presents the enthalpy difference between inlet and outlet of ideal process. 

∆ℎ𝑖𝑑𝑒𝑎𝑙 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 = ℎ11 − ℎ𝑠 (Eq. 2-19) 

 

Equation 2-20 presents the enthalpy difference between inlet and outlet of the real process. 

∆ℎ𝑟𝑒𝑎𝑙 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 = ℎ11 − ℎ21 (Eq. 2-20) 

 

 

  

 

Figure 17 - Enthalpy-Entropy diagram 
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Equation 2-21 expresses the efficiency of the process. 

𝜂 =  
ℎ11 − ℎ21
ℎ11 − ℎ𝑠

 (Eq. 2-21) 

The real and ideal processes displayed in Figure 17, can be directly related to both the mechanical 

and hydraulic energy of the system. The mechanical energy, 𝐸𝑚, takes into account the specific 

energy exchanged between the turbine/runner and the water. This means that the mechanical 

energy 𝐸𝑚 in the enthalpy-entropy diagram expressed through the enthalpy difference of the 

real process, thereby 𝐸𝑚 =  𝐸11−21 = ∆ℎ𝑟𝑒𝑎𝑙 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 = ℎ11 − ℎ21. The correlation between the 

mechanical power 𝑃𝑚 and the mechanical energy is shown in equation 2-22.  

 

𝑃𝑚  =  𝜌1 ∙ 𝑄1 ∙ 𝐸𝑚 (Eq. 2-22) 

 

The ideal process is expressed through the hydraulic energy term 𝐸ℎ = 𝐸11−𝑠 = ∆ℎ𝑖𝑑𝑒𝑎𝑙 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 =

 ℎ11 − ℎ𝑠. This implies that there are no losses in regards to the hydraulic energy in the system, 

meaning that ∆𝑃ℎ = 0. The relationship between the hydraulic power and hydraulic energy is 

governed by equation 2-23.  

 

𝑃ℎ  =  𝜌1 ∙ 𝑄1 ∙ 𝐸ℎ (Eq. 2-23) 

 

When equation 2-22 and 2-23 are combined the turbine efficiency is expressed through the 

mechanical energy terms in equation 2-24.  

 

 

The following chapter will present the theory of how to calculate the efficiency of the 

measurements. When conducting efficiency computations it is important to be aware that most 

pressures are not measured at their actual location. This means that the pressure measurement 

have to be numerically adjusted to achieve the real pressure. Chapter 3.1 goes through the 

specific heights and other information needed to calculate the necessary information regarding 

the pressure measurements at Leirfossene. 

 

 

  

𝜂𝑡𝑢𝑟𝑏𝑖𝑛𝑒 = 
𝑃𝑚
𝑃ℎ

=
𝜌1 ∙ 𝑄1 ∙ 𝐸𝑚
 𝜌1 ∙ 𝑄1 ∙ 𝐸ℎ

=
𝐸𝑚
 𝐸ℎ

 (Eq. 2-24) 
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2.8.1 Flow 

In order to determine the kinetic energy of the both the mechanical and hydraulic energy the 

flow has to be estimated. Equation 2-26 shows that the turbine power is needed to estimate the 

flow and is determined from the known efficiency of the generator and the actual power 

produced by the generator (Eq. 2-25). Equation 2-27 presents the expression to estimated 

velocity based on the assumed flow. 𝐴2 describes the outlet area where the temperature sensors 

are located. 

𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒 =
𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟

𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟
 (Eq. 2-25) 

 

𝑄𝑎𝑠𝑠𝑢𝑚𝑒𝑑 =
𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒
𝑝1 − 𝑝𝑎𝑡𝑚

 (Eq. 2-26) 

 

𝑐21 𝑎𝑠𝑠𝑢𝑚𝑒𝑑 =
𝑄𝑎𝑠𝑠𝑢𝑚𝑒𝑑

𝐴2
 (Eq. 2-27) 

 

An iterative process is used to determine a more accurate flow estimate. Equation 2-22 shows 

that power can be expressed as function of the specific mechanical energy, flow and density of 

the water. Equation 2-28 shows the expression solved for flow. The variable in equation 2-28 is 

the mechanical energy of the system, specifically the kinetic energy term (Eq. 2-34) because of 

the kinetic velocity terms changing when a new flow is calculated. This means that the flow can 

be iterated until 𝑄𝑟𝑒𝑎𝑐𝑎𝑙𝑢𝑙𝑎𝑡𝑒𝑑 𝑛 − 𝑄𝑟𝑒𝑎𝑐𝑎𝑙𝑢𝑙𝑎𝑡𝑒𝑑 𝑛+1 = 0  

 

𝑄𝑟𝑒𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 =
𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒
�̅� ∙ 𝐸𝑚

 (Eq. 2-28) 

 

Based on the now recalculated flow the velocities at the inlet and outlet can be calculated using 

the continuity equation, displayed in equation 2-29, in order to determine the hydraulic energy 

of the system. 

𝑐1 ∙ 𝐴1 = 𝑄𝑟𝑒𝑐𝑎𝑙𝑢𝑐𝑢𝑙𝑎𝑡𝑒𝑑 = 𝑐2 ∙ 𝐴2 (Eq. 2-29) 

The outlet velocity terms for both the hydraulic and mechanical energy is measured at the center 

of the outlet in the same axis. This means that the velocities at the outlet are considered equal 

(Eq. 2-30). 

𝑐2 = 𝑐21 =
𝑄𝑟𝑒𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑

𝐴2
 (Eq. 2-30) 

  



2. Theory  Efficiency calculation 

33 

2.8.2 Mechanical energy 

The mechanical energy can be split into terms of pressure, potential, kinetic and thermal energy. 

(Eq. 2-31). 

𝐸𝑚 = 𝐸𝑚 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐸𝑚 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 + 𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 + 𝐸𝑚 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 (Eq. 2-31) 

 

These terms can again be specified in terms listed below. 

Pressure energy 

𝐸𝑚 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 = �̅� ∙ (𝑝11 − 𝑝21) (Eq. 2-32) 

Potential energy 

𝐸𝑚 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 = �̅� ∙ (𝑧11 − 𝑧21) (Eq. 2-33) 

Kinetic energy 

𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐11

2 − 𝑐21
2 ) (Eq. 2-34) 

Thermal energy 

𝐸𝑚 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 = 𝑐�̅� ∙ (𝑇11 − 𝑇21) (Eq. 2-35) 

 

When combined, the total mechanical energy can be expressed in equation 2-36. 

 

𝐸𝑚 = �̅� ∙ (𝑝11 − 𝑝21) + �̅� ∙ (𝑧11 − 𝑧21) +
1

2
∙ (𝑐11

2 − 𝑐21
2 ) + 𝑐�̅� ∙ (𝑇11 − 𝑇21) 

(Eq. 2-36) 

 

When calculating the mechanical energy, it is important to consider other losses as well. These 

types of losses are typically related to leakage water, temperature variation between sections 

and heat exchange to the surroundings. The corrective term covering all losses will be indicated 

with “𝛿𝐸𝑚” in the specific mechanical energy term as can be seen in equation 25. At Leirfossene, 

there is no leakage water and no major temperature variation between sections. The heat 

exchange to its surrounding is also considered negligible.  

 

𝐸𝑚 = �̅� ∙ (𝑝11 − 𝑝21) + �̅� ∙ (𝑧11 − 𝑧21) +
1

2
∙ (𝑐11

2 − 𝑐21
2 ) + 𝑐�̅� ∙ (𝑇11 − 𝑇21) +  𝛿𝐸𝑚 (Eq. 2-37) 
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2.8.2.1 Mechanical Pressure energy 

The mechanical pressure energy uses the pressures measured at the inlet temperature sensor, 

𝑝11 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡, and the atmospheric pressure, 𝑝𝑎𝑡𝑚. Equation 2-39 and 2-40 shows how the 

height difference is taken into account to calculate the correct 𝑝11 and 𝑝𝑎𝑡𝑚. The isothermal 

factor �̅� can either be derived from the formulas or the tables presented in the IEC 60041 

appendix E5 and E8.  

𝐸𝑚 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 = �̅� ∙ (𝑝11 − 𝑝21) (Eq. 2-38) 

𝑝11 = 𝑝11 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 + 𝜌𝑖𝑛 ∙ 𝑔 ∙ ∆𝑧11 (Eq. 2-39) 

𝑝21 = 𝑝𝑎𝑡𝑚 + 𝜌𝑜𝑢𝑡 ∙ 𝑔 ∙ ∆ℎ21 (Eq. 2-40) 

 

2.8.2.2 Mechanical Potential energy 

The potential mechanical energy is computed based on 2-41, it uses the gravitational constant 

derived from the formulas or the tables presented in the IEC 60041 appendix E1. The height 𝑧11 

is measured at the height of the temperatures sensor, while 𝑧21 refers to the center height of the 

outlet measurements.  

𝐸𝑚 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 = �̅� ∙ (𝑧11 − 𝑧21) (Eq. 2-41) 

2.8.2.3 Mechanical Kinetic energy 

The kinetic energy is dependent on the velocity at both the temperature measurements at inlet 

and outlet. The inlet sensor velocity, 𝑐11, is computed using equation 2-43, were the flow is 

expressed in as the time it takes to fill up a bucket with a known volume (Eq. 2-44). The area in 

2-43 describes the area of the probe leading the water past the inlet temperature sensor. The 

outlet velocity 𝑐21 has been derived earlier in this chapter. 

𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐11

2 − 𝑐21
2 ) (Eq. 2-42) 

𝑐11 =
𝑄𝑝𝑟𝑜𝑏𝑒
𝐴𝑝𝑟𝑜𝑏𝑒

 (Eq. 2-43) 

𝑄𝑝𝑟𝑜𝑏𝑒 =
𝑉𝑏𝑢𝑐𝑘𝑒𝑡
𝑡𝑓𝑖𝑙𝑙𝑖𝑛𝑔

 (Eq. 2-44) 

2.8.2.4 Mechanical Thermal energy 

The thermal energy is computed using equation 2-45, it uses the specific heat coefficient derived 

from the formulas or the tables presented in the IEC 60041 appendix E6 and E8. The temperature 

inputs  𝑇11 is measured at the high pressure inlet through the temperature probe, while the 

sensors used to compute 𝑇21are located in the draft tube.  

𝐸𝑚 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 = 𝑐�̅� ∙ (𝑇11 − 𝑇21) (Eq. 2-45) 
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2.8.3 Hydraulic energy 

The hydraulic energy 𝐸ℎ can in terms be divided between pressure, potential and kinetic energy. 

(Eq. 2-46). 

𝐸ℎ = 𝐸ℎ 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐸ℎ 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 + 𝐸ℎ 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 (Eq. 2-46) 

 

These terms can again be specified in terms listed below. 

Hydraulic Pressure energy 

𝐸ℎ 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 =
1

�̅�
∙ (𝑝1 − 𝑝2) (Eq. 2-47) 

Hydraulic Potential energy 

𝐸ℎ 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 = �̅� ∙ (𝑧1 − 𝑧2) (Eq. 2-48) 

Hydraulic Kinetic energy 

𝐸ℎ 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐1

2 − 𝑐2
2) (Eq. 2-49) 

When combined the total hydraulic energy can be expressed in equation 2-50. 

 

𝐸ℎ =
1

�̅�
∙ (𝑝1 − 𝑝2) + �̅� ∙ (𝑧1 − 𝑧2) +

1

2
∙ (𝑐1

2 − 𝑐2
2) (Eq. 2-50) 
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2.8.3.1 Hydraulic Pressure energy 

The mechanical pressure energy uses the pressures measured at the inlet temperature sensor, 

𝑝1 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡, and the atmospheric pressure, 𝑝𝑎𝑡𝑚. Equation 2-51 and 2-52 shows how the height 

difference is taken into account to calculate the correct 𝑝1 and 𝑝2. Equation 2-53 shows that in 

order to calculate the correct 𝑝2, the velocity diffusion between the lower reservoir (Eq. 2-54) 

[47] and the measured outlet has to be taken into account. The density, 𝜌, at both inlet and outlet 

can either be derived from the formulas or the tables presented in the IEC 60041 appendix E5 

and E8.  

𝐸ℎ 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 =
1

�̅�
∙ (𝑝1 − 𝑝2) (Eq. 2-51) 

𝑝1 = 𝑝1 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 + 𝜌𝑖𝑛 ∙ 𝑔 ∙ ∆𝑧1 (Eq. 2-52) 

𝑝2 = 𝑝𝑎𝑡𝑚 + 𝜌𝑜𝑢𝑡 ∙ 𝑔 ∙ ∆ℎ2 − 𝜌𝑜𝑢𝑡 ∙ (𝑐2
2 − 𝑐3

2) (Eq. 2-53) 

𝑐3 =
𝑄𝐹𝑖𝑛𝑎𝑙
𝐴3

 (Eq. 2-54) 

  

2.8.3.2 Hydraulic Potential energy 

The potential hydraulic energy is computed using equation 2-55, it uses the gravitational constant 

derived from the formulas or the tables presented in the IEC 60041 appendix E1. The height 𝑧1 is 

measured at center of high pressure inlet pipe before the turbine. 𝑧2 refers to the center height 

of the outlet.  

𝐸ℎ 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 = �̅� ∙ (𝑧1 − 𝑧2) (Eq. 2-55) 

  

2.8.3.3 Hydraulic Kinetic energy 

The kinetic hydraulic energy (Eq. 2-56) is dependent on the velocity at the center of both the at 

inlet and outlet. The velocity at inlet, 𝑐1, and outlet, 𝑐2, are computed using the recalculated flow 

and their respective areas. This has been derived earlier in this chapter.  

 

𝐸ℎ 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐1

2 − 𝑐2
2) (Eq. 2-56) 
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2.9 Uncertainties 

IEC 60041 defines uncertainty as “the range which the true value of a measured quantity can be 

expected to lie with a suitably high probability”. The standard goes on to state that the probability 

should have a confidence level of 95% [1- p.87].  

When performing measurements and analyzing a set of measurements there are multiple 

uncertainties that need to be taken into account. The measurement setup, calibration, and 

environmental factors are some of the factors that have to be reviewed in order to estimate the 

uncertainty. Errors caused by systematic and random errors will be discussed in the next 

paragraphs. 

 

The total uncertainty,  𝑓𝑡𝑜𝑡𝑎𝑙, is expressed by combining the systematic uncertainties 𝑓𝑠  and the 

random uncertainties 𝑓𝑟. This can only be done if both random and systematic uncertainty has 

been determined using the same type of probability distribution. The true value is assumed to 

have a probability of 95% to lie within in the range of the measured point. This means that every 

point that lies within the 95% confidence level is considered equally valid. [1-p.91]  

When the uncertainty is calculated it is common practice to combine the uncertainties using the 

root sum squared method (RSS-method). By squaring the combined uncertainties one avoids a 

too conservative uncertainty. Equation 2-57 displays the formula for the total uncertainty in the 

efficiency. 𝑓𝑠 is the expression for the systematic uncertainty, while 𝑓𝑟 expresses the random 

uncertainty in the efficiency.   

𝑓𝑡𝑜𝑡 = √𝑓𝑠
2 + 𝑓𝑟

2 (Eq. 2-57) 

 

2.9.1 Systematic error 

Systematic error describes the error that cannot be reduced by increasing the number of 

samples. These errors arise because of poor calibration, environmental interference, wrongly 

used equipment or something being wrong with the equipment. Where systematic error differs 

from random error is that a systematically obtained error cannot be analyzed statistically in order 

to compensate for it. Systematic error does not affect the repeatability of the measurements [1- 

p.89]. These errors usually degenerate by the measurements becoming either too high or too 

low compared to the measured signal by a fixed value. For example not showing zero when the 

measured quantity is zero. All measurement equipment has there own systematic uncertainty, 

this can be found in the equipment data sheet. When equipment requires calibration, it is the 

systematic uncertainty of the calibration that will be the applicable. Equation 2-58 displays the 

equation used to determine the systematic uncertainty.   

𝒇s =
𝒆𝑠
E

 (Eq. 2-58) 
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2.9.2 Random error 

Random error is caused by independent, unpredictable and varying factors, for example 

measuring the same physical quantity multiple times with different results. Random errors 

behave in a statistical pattern, are assumed to have a normal (Gaussian) distribution and can be 

resolved by sampling large amounts of data and analyzing them statistically. For example, in 

hydro power plants, effects like variation in pressure during the measurements can introduce 

random error. Equation 2-59 shows the expression to calculate the random uncertainty 𝑓𝑟. E 

describes the relative amount of the uncertainty. 𝑒𝑟 describes the random uncertainty. Equation 

2-60 shows that the random uncertainty is calculated with a confidence level of 95% illustrated 

by the student t factor. 𝑠𝑌 is the standard deviation of the measurements. 𝑛 describes the 

number of samples. When the random uncertainty is calculated on a large sample, it has a 

tendency to move towards zero. IEC 60041,  Appendix E provides the need tables for the student 

t value. [1] 

 

𝒇r =
𝒆r
E

 (Eq. 2-59) 

𝑒𝑟 =
𝑡95 ∙ 𝑠𝑌

√𝑛
 (Eq. 2-60) 

 

2.9.3 Environmental influences 

Many factors have to be taken into account when measurements are performed. The main 

causes of systematic error is varying temperature and cable noise. Other environmental 

influences are base strain, radiation, magnetic fields and humidity.  

All material properties are temperature dependent, a change in temperature will result in a 

changed sensitivity. This means that the surrounding temperature can influence material and 

thereby the sensor. Rule of thumb is that a cold environment will reduce the sensitivity, while a 

warm environment will increase the sensitivity.  

The main cable noise source is tribo-electric noise. The motion of the cable itself causes changes 

in charge due to the bending, compression and tension of the cables. To reduce cable noise in 

the measurements, the cable should be taped down as close to the sensor as possible to avoid 

unnecessary movements. 
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3 Preparation and execution of measurement 
3.1 Leirfossene hydro power plant 

In order to perform the pressure and efficiency measurements one needs to use several outtakes 

for pressure and temperature sensors. Eleven pressure sensors and four temperature sensors 

are needed to perform the measurements. Figure 18 shows the layout of the power plant. The 

water is led from the upper reservoir at Lake Øvre Leirfoss, through the penstock, to the Francis 

turbine were the energy is extracted, before the water is transferred via a 1.5km long discharge 

tunnel to the Lake Nedre Leirfoss.  

Table 4 - Reference heights at Leirfossene 

 

Symbol [𝒎] Description 

𝑧1 8.5 Height turbine center inlet 

𝑧2 3.847 Draft tube center outlet 

𝑧11 10.266 Height of temperature sensor at inlet 

𝑧21 3.847 Mean Height of temperature sensor at outlet 

𝑧1𝑝𝑟𝑒𝑠 9.595 Height of pressure sensor inlet 

𝑧11𝑝𝑟𝑒𝑠𝑇𝑒𝑚𝑝 10.011 Height of temp. pressure sensor at inlet 

𝑧𝑟𝑒𝑓𝑂𝑢𝑡𝑙𝑒𝑡 22.455 Outlet reference height 

𝑧𝑟𝑒𝑓𝐷𝑖𝑓𝑓 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 Height from 𝑧𝑟𝑒𝑓𝑂𝑢𝑡𝑙𝑒𝑡 to lower reservoir 

𝑧𝑜𝑢𝑡𝑙𝑒𝑡 𝑧𝑟𝑒𝑓𝑂𝑢𝑡𝑙𝑒𝑡 − 𝑧𝑟𝑒𝑓𝐷𝑖𝑓𝑓 Water level at lower reservoir 

𝑑𝑒𝑙𝑡𝑎𝑧1 𝑧1𝑝𝑟𝑒𝑠 − 𝑧1 Diff. between pres. meas. and center of inlet pipe 

𝑑𝑒𝑙𝑡𝑎𝑧11 𝑧11𝑝𝑟𝑒𝑠𝑇𝑒𝑚𝑝 − 𝑧11 Diff. between temp-pres. sensor and temp. sensor 

ℎ2 𝑧𝑟𝑒𝑓𝑂𝑢𝑡𝑙𝑒𝑡 − 𝑧𝑟𝑒𝑓𝐷𝑖𝑓𝑓 − 𝑧2 Diff. between lower reservoir & outlet pipe center  

ℎ21 𝑧𝑟𝑒𝑓𝑂𝑢𝑡𝑙𝑒𝑡 − 𝑧𝑟𝑒𝑓𝐷𝑖𝑓𝑓 − 𝑧21 Diff. between lower reservoir & outlet temp.sensor 

Figure 18 - Leirfossene turbine 2 overview 
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Figure 18 shows the location of reference heights and sensor locations needed to calculate the 

thermal efficiency. The denotation 1 and 2 are refer to the center of respectively inlet and outlet. 

While the denotation 11 and 21 refer to the temperature term at inlet and outlet. Table 4 lists 

the specific height expression and relationships needed to perform the analysis. These heights 

are measured at the day of the measurements.  

 

Table 5 displays all the pressure, vibration and temperatures sensor to be installed for the 

experiments at Leirfossene. Chapter 3.3 and 3.4 will provide technical information regarding the 

sensors and their locations.  

Temperature [℃] 

𝑇11 Temperature at inlet Measured upstream of turbine through probe 

𝑇21 Temperature at outlet Measured downstream of turbine in flow 

Vibration 

𝑉1 Guide vane  Measuring in axial direction, top mounted 

𝑉2 Guide vane Measuring in radial direction, side mounted 

𝑉3 Turbine head cover Measuring in axial direction, top mounted 

𝑉4 Turbine head cover Measuring in radial direction, side mounted  

Pressure [kPa] 

𝑝1𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒𝑆𝑒𝑛𝑠𝑜𝑟 Pressure at inlet Flush mounted with inlet pipe 

𝑝11𝑡𝑒𝑚𝑝𝑠𝑒𝑛𝑠𝑜𝑟 Pressure at 𝑇11 probe Measured through probe at turbine cover 

𝑝𝑎𝑡𝑚 Atmospheric pressure Measured through probe at turbine cover 

𝐷𝑇1 Draft tube pressure 1 Flush mounted with draft tube 

𝐷𝑇2 Draft tube pressure 2 Flush mounted with draft tube 

𝐷𝑇3 Draft tube pressure 3  Flush mounted with draft tube 

𝐷𝑇4 Draft tube pressure 4 Flush mounted with draft tube 

𝐷𝑇5 Draft tube pressure 5 Flush mounted with draft tube 

𝐷𝑇6 Draft tube pressure 6 Flush mounted with draft tube 

𝐷𝑇7 Draft tube pressure 7 Flush mounted with draft tube 

𝐷𝑇8 Draft tube pressure 8 Flush mounted with draft tube 

Table 5 - Overview of temperatures, vibration and pressures 
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3.1.1 Time- and running- schedule 

Before going to the power plant, a time schedule 

and running schedule was developed at NTNU and 

approved by the plant owners Statkraft. This is done 

to have an estimated time schedule of the 

measurements and to make the central control 

center aware the turbines down time. The 

measurements will be conducted under steady-

state operating conditions. A total of 9 conditions 

will be logged ranging from part load to high load. 

The first and last operating point will be the turbines 

reference point in order to evaluate the 

measurements repeatability. The international 

standard IEC 60994 states that parameters like 

guide-vane opening, power, rotational speed and 

specific hydraulic energy should be kept constant [12] for a condition to be considered steady-

state. For some power plants with small reservoir the specific energy cannot be kept constant, in 

these cases a deviation up ±3% in specific hydraulic energy is accepted. [12] At Leirfossene the 

reservoir is considered large enough that the specific energy is considered constant for the 

duration of the measurements. 

 

The measurements were 

conducted over three days. Table 6 

shows that the initial task is to 

drain the power plant of water in 

the draft tube and spiral casing. 

When this is done the equipment 

needed for the measurements is 

installed in the. On the third day, 

the measurements are conducted 

in accordance with the running 

schedule presented in Table 7.  For 

each measurement point, the 

system was adjusted to a new 

steady-state operating condition. It 

takes an estimated 35minutes for 

each measurement to be conducted. This includes 2 minutes to adjust to its new operating 

condition, 18 minutes to stabilize and 15 minutes to sample the measurements.   

Day Objective 

0 Draining of the power plant 

1 

Installation of equipment 

- Temperature sensors 

- Pressure sensors 

Refilling of power plant 

2 

Measurements  

Removal of equipment 

- Temperature sensors 

- Pressure sensors 

Refilling of power plant 

Table 6 - Time schedule 

Table 7 - Running schedule 

Run nr. 
Generator Power 

[MW] 
Time at run [min] 

1 13.4 35 

2 15.8 35 

3 10.3 35 

4 12.1 35 

5 9.3 35 

6 14.2 35 

7 7.3 35 

8 16.5 35 

9 13.3 35 

 5.83 hours 
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3.2 Measurement setup 

 

Figure 19 - Measurements setup 

The purpose of the measurement setup is to make sure that the desired data is sampled in a 

secure way and to ensure a repeatable experiment with a high accuracy. Figure 19 presents the 

simplified measurement setup from sensors to sampling device.  

 

3.2.1 LabVIEW 

A unique LabVIEW program has been created to sample the temperature, vibration and pressure 

measurements. The created program has the ability to simultaneously monitor the efficiency of 

the turbine as well as display a simple FFT analysis. It is important to remember that the efficiency 

displayed is calculated based on the simultaneous logging of pressure and temperature and that 

the data has not been statistically analyzed. The block-diagram and the programs layout is shown 

in the Appendix G. 

 

3.2.2 Sampling Rate 

 Based on the theory presented in chapter 2.4 the needed sampling rate is calculate based on the 

expected highest frequencies in the system. The Nyquist sampling theorem says that the 

sampling rate should be at least two times greater than the highest expected frequency of the 

system. However, there are benefits of oversampling, chapter 2.4.1. By oversampling, the risk of 

having sampled with a two low frequency is removed. Therefore, it is better to be on the safe 

side, considering that it is not possible to repeat the measurements on another day due to the 

power plant being in daily operation. Another factor that is important when deciding on the 

sampling rate is the limitations equipment as well as the desire not accumulate to large data sets. 

Based on experience and corroborated by Einar Kobro [22], a sampling rate, 𝐹𝑠, 10 times greater 

than the expected highest frequency ensures good measurements series.  

Runner frequency 𝑓𝑛 = 5.55 𝐻𝑧 

Runner vane frequency 𝑓𝑟𝑣 = 61.11 𝐻𝑧 

Guide vane frequency 𝑓𝑔𝑣 = 133.33 𝐻𝑧 

Rheingans frequency 𝑓𝑅 = 1.3875 − 2.775 𝐻𝑧   

Elastic fluctuations – Turbine to lower reservoir  𝑓𝑒−𝑇𝑃 = 4.81 − 6.86 𝐻𝑧 

Table 8 - Calculated expected frequencies 
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Table 8 presents the expected frequencies in the system. These frequencies are calculated based 

on the theory presented in chapter 2.1. The highest expected frequency to be measured at 

Leirfossene is the guide vane frequency 𝑓𝑔𝑣 = 133.2Hz. This leads to a recommended sampling 

rate of 𝐹𝑠 = 1332𝐻𝑧 for the system. Taking into account the acceptable data rates of the analog 

input module from national instrument, the more suitable sampling rate of 𝐹𝑠 = 2000𝐻𝑧 is 

selected. This is 15 times greater than the highest expected frequency and 7 times greater than 

Nyquist sampling theorem states.  
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3.3 Equipment 

In order to perform the measurements of efficiency, pressure pulsation and vibration several 

different components have been used. Different sensors, charge converters, analog to digital 

input modules, data acquisition chassis, wiring and computers to mention some. The next 

chapter will present the equipment used for the measurements and its setup. 

 

3.3.1 Temperature sensors 

The temperature sensors are all of the type Seabird Electronics 38. Table 4 shows the technical 

specifications of the sensors. All sensors are highly accurate with an accuracy of 0.001𝐾. The 

manufacturer calibrated all sensors in March of 2016. This calibration is according to the 

manufacturer certified for up to six months, due to the stability of the sensor changing over time. 

The sensors has a limited update rate of one sample every 3-4 seconds. Therefore, it is important 

to conduct the measurements over a longer period to achieve a good reading. By performing the 

measurements over longer periods, the random uncertainty will decrease as the measurement 

points increase. The calibration reports are available in Appendix M, while Appendix L presents 

the technical specifications of the sensor. 

 

As part of the quality assurance of the temperature sensors, a measurement test with the sensors 

submersed in ice water is performed. The result of the test showed that the deviation between 

the sensors is negligible and within the maximum error aloud according to IEC 60041. 

 

Ref # Temp. sensor SN Range Resolution Placement Notations 

01 SBE 38 3832689-0199 -5 to 35℃ 0.00025℃ Inlet 𝑇𝑖𝑛 

02 SBE 38 3844844-0315 -5 to 35℃ 0.00025℃ Outlet 1 𝑇𝑜𝑢𝑡1 

04 SBE 38 3839551-0242 -5 to 35℃ 0.00025℃ Outlet 2 𝑇𝑜𝑢𝑡2 

05 SBE 38 3832689-0196 -5 to 35℃ 0.00025℃ Outlet 3 𝑇𝑜𝑢𝑡3 

Table 9 - Temperature sensor overview 

In order to sample the data form the temperature sensors, each sensor is connected to a data 

acquisition unit using an ADAM RS-485/USB signal converter. 
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3.3.2 Pressure Transducers 

During the measurements at Leirfossene 11 pressure sensors are used. The pressure 

measurements are conducted for three different area of interest. Each sensor has been chosen 

based on the expected pressure range at its location, a more accurate measurement can be 

performed with a designated senor.  Table 10 presents the different pressures that are measured 

and the thought behind the selected sensor. 

Table 10 - Pressure-Area of interests 

 

All of the selected pressure sensors are piezo-resistive static pressure sensors [Table 11]. The 

advantage of using static pressure transducer is that they are able to show the current pressure, 

compared to the dynamic pressure transducer that only display the difference in pressure. For 

the computation of the efficiency, one is dependent on having the static pressure. Table 11 

displays the different pressure sensors that were used in the measurements. Appendix L shows 

the technical data sheet, while Appendix M shows the corresponding calibration report for each 

sensor.  

Ref Transducer SN 
Range 

[bara] 
Placement 

Max Uncertainty 

[%] 
Symbol 

Area of interest Description 

Atmospheric pressure 

 

 

The atmospheric pressure is measured at the height of the turbine 

cover and is used in the efficiency measurement. The expected 

atmospheric pressure is usually between 98kPa to 103kpa. 

Therefore, a sensor with a range of 0-2.5 bara is selected to ensure 

its resolution.  

Inlet and temp.-sensor pressure 

 

The inlet and temperature senor pressure is respectively measured 

at the height of the turbine cover and at the temperature sensor 

pressure outlet. Both measurements are used in the efficiency 

measurement. The expected pressure is between 600kPa to 750kpa, 

with pressure peaks up to 900kPa. Therefore, a sensor with a range 

of 0-10 bara is selected. 

Draft tube pressure 

 

The draft tube pressure is measured flush with draft tube wall. The 

measurements are going to be used for the analysis of pressure 

pulsation in the draft tube. The expected pressure in the draft tube 

can be lower than the atmospheric pressure and has been observed 

to be as low as 50kPa. However, previous measurements have shown 

pressure pulsations in the draft tube up to 600kpa. Therefore, a 

sensor with a range of 0-10 bara is selected to be able to cover the 

whole range.  
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1 Druck PTX 1830 2313100 0 – 5 Draft Tube 0.032 𝑝𝐷𝑇1 

2 Druck PTX 1830 2313099 0 – 5 Draft Tube 0.043 𝑝𝐷𝑇2 

3 Druck PTX 1830 2313103 0 – 5 Draft Tube 0.045 𝑝𝐷𝑇3 

4 Druck PTX 1830 2313105 0 – 5 Draft Tube 0.058 𝑝𝐷𝑇4 

5 Druck PTX 1830 2309837 0 – 5 Draft Tube 0.069 𝑝𝐷𝑇5 

6 Druck PTX 1830 2313101 0 – 5 Draft Tube 0.057 𝑝𝐷𝑇6 

7 Druck PTX 1830 2313104 0 – 5 Draft Tube 0.073 𝑝𝐷𝑇7 

8 Druck PTX 1830 2313102 0 – 5 Draft Tube 0.061 𝑝𝐷𝑇8 

9 Druck PTX 610 2184827 0 – 10 Inlet pipe 0.053 𝑝𝑖𝑛 

10 Druck PTX 610 4091551 0 – 10 Temp. sensor 0.052 𝑝temp 

11 Druck PTX 610 2480173 0 – 2.5 Turbine cover 0.067 𝑝atm 

Table 11 - Pressure transducer overview 

The piezo-resistive pressure transducer all output the raw pressure signal in current, in order for 

the signal to be logged the current has to be converted to voltage. In order to sample the analog 

pressure signal it is connected to a National Instrument Data Acquisition System (NI DAQ) Analog 

input modules are used to digitalize the analog pressure signal form the sensors. These modules 

are connected to a data acquisition chassis which in terms is connected to the LabVIEW logging 

program. Table 12 displays the equipment used to digitalize the analog signal.  

 

Table 12 - Pressure measurements hardware overview 

 

  

Hardware Type Quantity Range 

Data acquisition chassis NI-cDAQ-9172 1 400k samples per seconds 

Analog Input module NI 9239 3 50k samples per seconds 

Voltage Converter - 1 ± 10 V 
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3.3.3 Equipment Vibration sensors 

The chapter about vibration sensors has been gotten directly from the Semester thesis “Pressure 

Pulsation and Vibrations in Francis Turbines” written in collaboration with Magomed Selmurzaev 

during the fall of 2015[21]. Some modifications have been made to fit the purpose of the 

measurements performed at Leirfossene.  

 

Table 13 displays the four sensors used in the vibration measurements. Due to availability in the 

laboratory, three different types of sensors had to be utilized. The sensors produced by Brüel & 

Kjær are piezoelectric accelerometers. Inside the sensor, a piezoelectric material exhibits an 

electric current proportional to the applied force when it is stressed.  

The Entran International EGAS sensors are bridge-type piezo-resistive accelerometers. In 

contrast to the piezoelectric accelerometer, the Entran accelerometer produces a change in 

resistance depending on the strain on the sensor. The piezo-resistive accelerometers have a 

superior low frequency range compared to the piezoelectric accelerometers from Brüel & Kjær.  

 

Table 13 - Accelerometer information 

A common feature between the sensors is that they are all uniaxial accelerometers, only 

displaying vibration in one axis. The sensors are considered miniature accelerometers with a very 

low self weight. This means that the sensors can be used to measure high frequencies without 

the mass of the accelerometers to influence the vibration levels. 

 

It is important to consider the frequency range of the accelerometers when they are used. The 

Nyquist sampling theorem states that the needed sampling rate for the measurement have to be 

at least two times the highest expected frequency. Equation 3-1 determines the highest 

frequency that the accelerometer is suited for. By sampling with a higher sampling rate than 

given by the equation 3-1 the measurements could experience higher sensitivity due to 

resonance of the sensor. 

 

𝐻𝑖𝑔ℎ𝑒𝑠𝑡 𝑠𝑒𝑛𝑠𝑜𝑟 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 =
 𝑓 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒

3
 (Eq. 3-1) 

# Type 
Serial 

number 
Resonance frequency Upper limit 

V1 Entran International EGAS W5486 723 𝐻𝑧 ±25 [𝑔] 

V2 Entran International EGAS W5485 733 𝐻𝑧 ±25 [𝑔] 

V3 Brüel & Kjær Type 4397A 32166 53 000 𝐻𝑧 ±750 [𝑔] 

V4 Brüel & Kjær Type 4397A 32168 53 000 𝐻𝑧 ±750 [𝑔] 
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The signal from the sensors have to be converter to voltage and amplified before being 

connected to the analog input module. The analog input modules of the accelerometers are 

connected to the same NI DAQ chassis as the pressure transducers. The equipment used for 

sampling of vibrations is displayed in Table 14. 

 

Hardware Type Quantity Bandwidth 

Data acquisition chassis NI-cDAQ-9172 1 400k samples per seconds 

Analog input module NI9239 1 50k samples per seconds 

Analog input module NI9233 1 50k samples per seconds 

Charge converter MGA II DA12 1 100k samples per seconds 

Control element MGA II ME10 3 Range 0kHz 10 kHz 

Table 14 - Vibration measurements hardware overview 
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3.4 Location of censors 

IEC 60041 has been used for the efficiency measurements ergo the placement of pressure and 

temperature sensors needed for the calculation of the efficiency. Both the pressure and the 

vibration sensors have been placed based on what is expected to measure and or the area of 

interest. The overall objective is that an operator should be able to monitor how and where 

trends develop and how they propagate in the system. For the measurements done at 

Leirfossene power plant one is interested in the draft tube section as to this is the area where 

the low frequency pressure pulsation originate and propagate from.    

 

3.4.1  Efficiency measurement 

In total four temperature sensor and three 

pressure sensors are used in order to 

calculate the efficiency. The inlet 

temperature sensors is located at the high 

pressure side of the turbine, placed inside 

the high pressure probe. Figure 21 shows 

the design of the probe, while Figure 20 

illustrates the location of the probe at the 

inlet of the turbine. The flow through the 

probe was derived by timing how long it 

took to fill up a bucket with a known volume.  

As displayed in Figure 21 the pressure at the 

temperature sensor is measured through an 

outtake of the probe.  

   

 

Figure 20 - Location of inlet temperature sensor, 
pressure inlet-, pressure temperature inlet sensors 

Figure 21 - High pressure probe [49] 
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The inlet pressure is measured flush with the pipe wall at the inlet, illustrated in Figure 20. The 

pressure has to be numerically compensated in order to achieve the inlet pressure at the center 

of the pipe. The atmospheric pressure is measured at the deck of the turbine cover. Based on the 

atmospheric pressure the outlet pressure can be computed.  

 

The three remaining temperature sensors are located in the outlet after the draft tube. Figure 22 

shows that the three sensors are located in the center of the outlet in the same vertical axis. The 

sensors are spaced with an equal distance between each other. The average height of the 

temperature sensors corresponds with the center height of the outlet.  

As mentioned in chapter 2.8.2, the total mechanical 

energy is calculated as part of the efficiency  

analysis. The thermal energy term is dependent on the 

temperature difference between inlet and outlet of 

the turbine. IEC 60041 [1] states that there is a need 

for multiple temperature at the inlet is there is a 

danger of improper mixing and or when the inlet 

diameter becomes too large. At Leirfossene the inlet 

diameter is 2.5m, has a uniform flow pattern and the 

flow goes through a uniform cross-section. The need 

for additional temperature sensors at the inlet is 

therefore deemed unnecessary. Figure 23 shows how 

the probe and temperature senor is insulated at the 

inlet, to avoid external influences.  

After the turbine, the flow passes through a bend and 

through an expanding cross-section. This can 

potentially give temperature differences between the 

outlet because there is a potential flow separation. Therefore, three temperature sensors are 

used to cover a larger area at the outlet 

  

 

 

Figure 23 - Temperature senor at inlet 

Figure 22 - Location of outlet temperature sensor 
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3.4.2 Pressure measurements  

Two types of pressure measurements are conducted, one for the computation of efficiency and 

one for the pressure pulsation analysis. The measurement of the inlet, atmospheric and 

temperature pressure was discussed in the previous paragraph.  

The objective of the pressure pulsation measurements at Leirfossene is to track and analyze the 

pressure pulsations in the draft tube. Previous pressure measurements have been performed in 

the draft tube, therefore the same pressure outtakes were used again. Figure 24 shows the 

placement of the eight pressure sensor in the draft tube. The sensors locations are placed in 

accordance to IEC 60994. The standard states that pressure sensor “At a distance of 0.2𝐷5 - 0.8𝐷5 

from the bottom face of the band of a Francis runner/impeller, 𝐷5 being the suction diameter ” 

[1].  

 

As mentioned earlier, 

there were eight sensor 

installed in the draft tube. 

Respectively four sensors 

are placed in the same 

vertical axis, on each side 

of the draft tube by an 

average vertical distance 

of 860mm downstream of 

each other. This means 

that two sensors will be in 

the same horizontal axis, 

offset by 180degree 

Figure 24 shows the 

location of each senor in 

the draft tube. The 

pressure transducers on 

the draft tube and inlet 

are flush mounted with the tube wall. All sensor used at Leirfossene are static pressure 

transducer and were calibrated both before and after measurements to assure repeatability.   

 

Figure 24 - Location of pressure sensors in draft tube 
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3.4.3 Vibration Sensors 

Four uniaxial accelerometers are used 

to measure vibrations on the unit. The 

sensors are mounted on the outside of 

machine components and are 

distributed according to target areas. 

The objective of the vibration 

measurements is to observe the 

frequency components present in the 

system and correlate these with the 

pressure pulsation measurements. IEC 

60994 [12] states that the housing of 

each guide bearing, the support frame 

of the thrust bearing, the head cover of 

the turbine and guide vanes are most 

likely to experience significant 

vibrations. The vibration measurements 

at Leirfossene will focus on the head 

cover and guide vanes. The 

accelerometers have been mounted at 

the following locations [Figure 25]. 

Figure 26 shows how V3 and V4 are 

cemented (chapter 2.2.1) on the turbine 

cover. 

 

 Sensor Description 

Guide vane 

V1-Axial 
V1 is mounted on top of guide vane number 1 in its axial 

direction. V2 is mountain on the same guide wane in its axial 

direction. It is expected that the runner dependent 

frequencies will be most obvious, especially the frequencies 

from the rotor stator interaction 
V2-Radial 

Head cover of 

the turbine 

V3-Axial 
V3 is mounted in the axial direction of the turbine, on the 

head cover. V4 is mounted on the side of the cover in the 

runners radial direction. It is expected to detect frequencies 

related to the rotor stator interaction, as well as the 

Rheingans frequency . 
V4-Radial 

Table 15 - Vibration sensor mounting information  

  

Figure 25 - Location of vibration sensors 

 

Figure 26  - Location vibration sensor V3 & V4 
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3.5 Analysis of measurements  

All of the measurements have been analyzed using MATLAB. The following paragraphs will 

provide more information about the methods used to evaluate and compute the results. All of 

the scripts used in the analysis are available in the Appendix H.  

 

3.5.1 Efficiency measurements  

The analysis of the thermodynamic efficiency measurements consist of determining the hydraulic 

and mechanical energy of the system. This is done by applying the theory presented in chapter 

2.6 with the measured quantities of the pressure and temperature at both the inlet and outlet. 

Initially the measured data will be statistically evaluated using MATLAB in order to get rid of 

outliers and noise in the signal.  

 

Based on the standard IEC60041, the temperature measurements have to be averaged at both 

the inlet and outlet of the turbine. The same goes for the pressure measurements at both the 

temperature sensor, inlet senor and atmospheric sensor. Some of the pressure values used in 

the calculations have to be numerically compensated in order to ensure that the correct value is 

used at the correct location. Therefore, the accurate height measurements are important.  

 

The temperature also 

needs to be adjusted. 

There is a certain 

distance between the 

temperature sensors 

at inlet and outlet. This 

means that it takes 

some time for the 

water measured at 

inlet to transit to the 

outlet. In order to 

compensate for this a 

time delay has to be 

calculated. The offset 

is dependent on the flow at the operational point, for example at the turbines best point (BEP), 

the time delay is 8.7 seconds, meanwhile at part load the delay is 15 seconds. The blue lines in 

Figure 27 display the delay that has to be taken into account at BEP.  
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The IEC standard allows a maximum drift in the temperature to be ∆𝑇 = 0005𝐾 𝑚𝑖𝑛⁄ . It also 

states that the temperature sensors used need to have an accuracy of at least 0.001𝐾. Figure 27 

displays the raw temperature plot of a previously performed measurement. Based on the graph 

one can already now state that the drift in temperature is within the limit stated by IEC60041. It 

will take further analysis to check for eventually outliers in the measurements.  

 

A specially designed MATLAB script, Appendix H, with built in flow iteration has been created to 

perform the numerical calculation of the efficiency and perform the necessary compensation for 

the temperature and pressure measurements. An uncertainty analysis has also been 

implemented in the same script computing both the random and systematic uncertainty.  

Due to confidentiality reasons, relative values have been used to calculate the efficiency. The 

relative efficiency measurements are displayed as a plot showing the efficiency curve, with its 

uncertainty band, related to the turbines power output at its rated head.   



3. Preparation and execution of measurement  Analysis of measurements 

55 

3.5.2 Pressure and vibration measurements 

The purpose of the pressure and vibration measurements at Leirfossene is to conduct a frequency 

analysis, focusing on the lower frequency range and the frequency amplitude in the draft tube. 

The measurements are performed at different operating conditions. The measured data of both 

the vibrations and pressure pulsations will consist of raw data. The raw data is the outputted volt 

signal from the sensors. In order to achieve a data set that is logical, the raw data has to be 

processed with its coherent calibration constant. Furthermore the data will be examined using 

statistical tools and signal processing methods in a designated MATLAB script. This is done as an 

effort to remove outliers and ensure a good data-set has been achieved before further analysis 

is conducted. 

 

Subsequently the processed data will be analyzed using the MATLAB PWELCH function to display 

the frequency spectra. A peak-to-peak analysis will be used to show the magnitude of the 

pressure measurements [chapter 2.5.4]. The PWELCH function takes advantage of window 

functions to further enhance the quality of the analysis. For the analysis, the Hanning widow with 

an overlap factor of 0.5 is used. The widow length between 20k to 30k samples has been used in 

order to focus on the lower frequency ranges. [Chapter 2.5.2] Peak to peak values were found 

using a 99% confidence level. [Appendix J] 

The frequency resolution 𝑓𝑟𝑒𝑠, describes the distance between two data points that are adjacent 

in the FFT analysis. The resolution is defined by the relationship between the sampling rate 𝐹𝑠, 

and the total number of samples in the data-series, 𝑁 = 𝐹𝑠 ∙ 𝑡. Which as seen in equation 3-2 is 

derived to be only be dependent on the sampling time 𝑡 in seconds. This means that the only way 

to increase the frequency resolution is to sample over longer periods. For example a signal 

sampled at 𝐹𝑠 = 2000 for 𝑡 = 10𝑠 will have a 𝑓𝑟𝑒𝑠 = 0.1𝐻𝑧. [Chapter 2.5] The length of the 

window used in the FFT analysis are all with a 𝑓𝑟𝑒𝑠 = 0.1𝐻𝑧 or higher. [48] 

 

𝑓𝑟𝑒𝑠 =
𝐹𝑠
𝐹𝑠 ∙ 𝑡

=
1

𝑡
 (Eq. 3-2) 

 

Various representational methods are used to present the result, waterfall-plots and heat-plots 

are used to display the trend of the system meanwhile 2D-plots and tables are used to display 

specific values. It should be pointed out that the measurements of vibration sensors V1, V2 and 

V4 did not yield provide any results due to unforeseen errors in the measurements . 
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3.5.3 Uncertainty  

After the measurements have been analyzed, it is important to evaluate the uncertainty of the 

efficiency measurements. Both the systematic and random uncertainty has to be evaluated. This 

is done in an effort to determine the accuracy of the measurements. Appendix D displays how to 

theoretically derive uncertainty of efficiency.  

 

The uncertainty in the efficiency measurements is dependent on several variables and will 

therefore need a complex uncertainty analysis.  The result of the pressure pulsation 

measurements are only dependent on the sensor itself because no other variables or constants 

are applied. This means that it is the uncertainty of each sensors is the uncertainty from the 

calibration report. The calibration reports are found in Appendix P, Appendix N and Appendix M. 

 

3.5.4 Calibration   

The calibration is performed to make sure that two sensors measuring the same quantity display 

the same result. To reduce the uncertainty of the measurement the same equipment, cables, 

modules and sampling devices are used in the actual field measurements as was used in the 

calibration. The equipment has been calibrated in accordance to IEC 60041. In the Appendix P, 

Appendix N and Appendix M covers respectively the calibration report of the pressure, vibration 

and temperature sensors. The calibrated data has been used to present all the results in chapter 

3 and in the Appendix F. 
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4  Experimental results and discussion 
The following chapter will present and discuss 

the results of the efficiency and pressure 

pulsation measurements performed on Turbine 

2 at Leirfossene power plant.  

The efficiency measurements are performed in 

accordance with the international IEC 60041 

standard. In the following chapter, the efficiency 

measurements are presented with regards to 

the turbines power output at its rated head. The 

efficiency measurements will be compared to 

previous measurements performed by 

Norconsult in 2009. The measurements 

conditions are deemed satisfactory, with the 

temperature not increasing more than the 

0.005K per minutes as stated by the IEC 

standard. The pressure pulsation measurements 

will give an overview of the frequency 

components occurring in the draft tube. 

Figure 1 displays the location of the 

pressure sensors in the draft tube. An 

investigation of the pressure intensity, as 

well as a discussion of the pressure 

difference between the inner and outer 

radius of the draft tube bend will be 

presented. The effects of air injection will 

also be evaluated. In the analysis, the operational points are discussed relative to the nominal 

discharge, 𝑄𝑛 = 30𝑚3 𝑠⁄ , of the turbine. The turbines Best Efficiency Point (BEP) is considered 

to be 0.84 ∙ 𝑄𝑛. All measurements were performed under steady-state conditions, with constant 

generator output and constant flow.  

 

Description Nomenclature Value 

Nominal Head 𝐻𝑛 [𝑚] 58 

Nominal Discharge 𝑄𝑛 [
𝑚3

𝑠⁄ ] 30 

Nominal Output 𝑃𝑛 [𝑀𝑊] 16 

Nominal Speed 𝑛𝑛 [𝑟𝑝𝑚] 333.3 

Runner blades [-] 11 

Guide vanes [-] 24 

Table 16 - Nominal parameters Turbine 2 Leirfossene 

Measurement 1 2 3 4 5 6 7 8 9 

𝑷𝒏 [𝑴𝑾] 7.29 9.35 10.38 12.26 13.55 13.64 14.49 16.3 17.08 

𝑯 [𝑴𝑾] 58.6 58.34 58 57.8 57.9 57.2 57.8 57.4 57.2 

𝑸
𝑸𝒏
⁄  0.46 0.58 0.64 0.76 0.83 0.84 0.89 0.99 1.03 

Table 17 - The performed measurement points 

Figure 1 - Location of draft tube pressure 
sensors 
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4.1 Efficiency measurements 

 

Table 18 - Normalized efficiency values 

Figure 28 displays two efficiency curves. The red line represents the measurements performed 

by the thesis author in May of 2016 using the thermodynamic method. The black line represents 

the guarantee measurements performed with the Gibson method by Norconsult in 2009. The 

results presented are normalized using the highest efficiency point measured with the 

thermodynamic method. This is done to not reveal confidential information.  

 

Figure 28 and Table 18 show that both efficiency measurements present the same trend. Both 

the thermodynamic method and Gibson’s method display the peak efficiency to be at 14MW. 

The maximum uncertainty in the measurement performed by NTNU is calculated to be 1.4% 

while the measurements by Norconsult have an uncertainty of 1.6%. Figure 28 shows that the 

deviation between the measurements varies from 1.12% at part load to -0,13% at high load. This 

means that the efficiency lies within each others uncertainties.  

𝑷𝒏 [𝑴𝑾] 7.29 9.35 10.38 12.26 13.55 13.64 14.49 16.3 17.08 

𝜼 [−] 0.885 0.924 0.948 0.978 0.995 1 0.992 0.967 0.939 

Uncertainty [%] ±1,37 ±1,32 ±1,29 ±1,26 ±1,25 ±1,25 ±1,26 ±1,31 ±1,36 

Figure 28 - Efficiency measurement Leirfossene 
Turbine 2 
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4.1.1 Uncertainty 

Figure 29 shows the total 

uncertainty of the 

measurements based on the 

nominal turbine efficiency. The 

biggest contributor to the total 

uncertainty is the uncertainty 

of the measured temperature 

difference. The uncertainty in 

the temperature difference is 

due to the low head, as the 

total losses are small. The 

temperature losses are 

therefore small compared to 

the accuracy of the temperature sensors. It is because of the small increase in temperature over 

low-head turbines that the IEC 60041 standard recommends that the thermodynamic 

measurements should be performed on heads over 100 meters. It also recommends to use 

temperature sensors with an as high as possible accuracy, to reduce the overall uncertainty in 

the measurements. Figure 29 clearly shows how the uncertainty increases as one moves away 

from the turbines best efficiency point. This is because of the increasing instability in the flow, 

causing the uncertainty of the pressure measurements to increase.  

4.1.2 Head loss 

Figure 4 displays the head loss 

for the turbine related to the 

nominal power of the turbine. 

An increase in power will result 

in an increase of flow. This 

shows that the head loss will 

increase with an increase in 

turbine power. The head loss at 

BEP is determined to be 0.95m. 

The head loss coefficient is 

dependent on the actual head 

loss and the volume flow at 

that point. The head loss coefficient for turbine 2 at Leirfossene is calculated to be 𝐾 =
𝐻𝑙𝑜𝑠𝑠

𝑄2
=

0.00153.  

 

Figure 29 - Efficiency measurement - Total uncertainty 

 Figure 30 - Head loss curve Leirfossene turbine 2 
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4.2 Pressure pulsation measurement  

 

Figure 31 - FFT for all measured operational points - DT1 [0Hz-800Hz] 

Figure 31 displays the Fast Fourier Transform, FFT from 1Hz to 800Hz, based on the pressure 

sensor DT1, located closest the turbine outlet. The figure shows the measurements for all 

measured operational load points. Based on the peaks displayed for the different operational 

points one can see that there are some overlaying trends. The highest intensities are measured 

at the part load points of 0.46 ∙ 𝑄𝑛 and 0.58 ∙ 𝑄𝑛. At part load, high frequency components over 

400Hz can be seen that appear to have a high intensity. As the loads increase it appears as if the 

high frequency components are greatly reduced. This coincides with the flow becoming less 

turbulent and more stable when it increases.  

 

An interesting observation is the fluctuation of frequencies between 200Hz and 350Hz depending 

on the turbines load. It is most likely not related to any rotational dependent frequencies because 

of its fluctuations. Therefore, it is likely to be related to the elastic fluctuations in the system.  

The guide vane frequency at 122.3Hz can be observed with an increasing intensity for all 

operational loads over 0.64 ∙ 𝑄𝑛. The guide vane frequency is only observed in the measurements 

from sensor DT1, DT2, DT3 and DT4. These are the sensor located closest to the turbine outlet. 

Intensity is relatively low compared to the other rotational dependent frequency.  

In the further analysis, the main focus will be on the lower frequency ranges. This is the area of 

interest believed to generate the greatest vibrations in the machinery.   
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Figure 32 shows an enlarged section of 

Figure 31, displaying the frequencies 

from 0Hz to 70Hz. The plot shows that 

the runner dependent frequencies are 

dominant. The most dominant 

frequency at part load is the Rheingans 

frequency at 1.16Hz. Figure 33 shows 

how the intensity of the Rheingans 

frequency decreases as the flow moves 

toward the best efficiency point and 

disappears entirely. The highest 

intensity of the Rheingans frequency 

will be at low part loads. This is related 

to the high tangential velocity in the 

draft tube.  

Figure 34 shows the intensity of the 

runner frequency measured at 5.55Hz. 

The trend shows that the intensity of 

the runner frequency decreases as the 

flow moves towards BEP, before 

increasing as it moves towards high 

load. This is expected considering the 

flow is becoming less turbulent at BEP. 

The figure shows that the relative 

intensity compared to the Rheingans and runner vane frequency is low. This said, the second 

 

 

Figure 33 - Rheingans frequency intensity DT1 
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harmony of the runner frequency, measured at 11.11Hz, is measured to have an intensity greater 

than the fundamental frequency. It should be noted that the multiple harmonies with smaller 

intensity can be observed as far up as to the runner frequency.  

Figure 35 shows the runner vane 

frequency measured at 61.1Hz. The plot 

shows that the intensity of this frequency 

intensifies as the flow increases at higher 

loads. The same trend is observed with 

pressure sensor DT2. However, as can be 

seen in Figure 10, the sensor located 

further downstream in the draft tube 

shows that the intensity moves towards 

zero.  

Figure 37 shows how the Rheingans 

frequency develops in the draft tube as the 

load increases from part load towards BEP. 

Sensor DT2 is located close to the outlet of 

the turbine, while DT8 is at the bottom of 

the draft tube. DT4 and DT6 are spaced in 

between DT2 and DT8, in the same vertical 

axis. An interesting observation that can be 

made is how the intensity measured by 

DT1 changes as the load increases. The 

intensity of the Rheingans frequency is the 

highest during low part load operation. 

The highest amplitude is measured at DT2, 

during part load. This is most likely a result of the tangential in the draft tube being at its highest 

at low part loads. This enables the vortex rope to move further away the draft tubes centerline. 
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The axial velocity will increase when the load is increased, reducing the tangential velocity. As 

the tangential velocity decreases, the size and reach of the vortex rope will decrease, thereby 

lessening the intensity of the Rheingans frequency. This can be seen in Figure 37. The same figure 

displays that the intensity of DT8 increases relative to the other sensors at 0.76 ∙ 𝑄𝑛. DT8 is 

located furthest down in the draft tube. The higher intensity at DT8 is possibly because of the 

centrifugal forces moving the vortex rope away from the draft tube center as it moves 

downstream from the turbine.  
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4.2.1 Pressure intensity 

 Figure 38 to Figure 41 illustrate 

the peak pressure that each 

sensor in the draft tube 

experienced per operational 

point. The values that are shown 

have a confidence level of 99%. 

The confidence level is used in an 

effort to remove outliers and 

avoid over- estimation of the 

pressure peaks. The figures 

present two sensors in pair, that 

both are placed in the same 

horizontal axis, on either side of 

the draft tube. Figure 1 illustrates 

how each set of sensors are 

placed with a given distance 

between them. The blue bar 

represents the sensors located 

closest to the inner radius of the 

bend, while the yellow bar 

represents the sensors located 

closest to the outer radius of the 

bend.  

 

The maximum pressure peak of 

250kPa was measured by sensor 

DT1 during part load operation 

at 0.46 ∙ 𝑄𝑛. The lowest 

pressure peak was 2kPa, 

measured by sensor DT7 at BEP. 

A trend that is displayed in all of 

the bar plots is that the peak 

pressure is reduced significantly 

when the flow moves towards the turbines best efficiency point at 0.84 ∙ 𝑄𝑛. All sensors measure 

the highest pressure peaks at 

low part load operation.  

 

 

Pressure Sensor 𝑟𝑖𝑛𝑠𝑖𝑑𝑒 DT1 DT3 DT5 DT7 

Peak pressure [kPa] 250 60 48 50 

Pressure Sensor 

𝑟𝑜𝑢𝑡𝑠𝑖𝑑𝑒 
DT2 DT4 DT6 DT8 

Peak pressure [kPa] 185 185 65 232 

Diff 
𝒓𝒊𝒏𝒔𝒊𝒅𝒆

𝒓𝒐𝒖𝒕𝒔𝒊𝒅𝒆⁄  −𝟑𝟓% 𝟔𝟕% 𝟐𝟔% 𝟕𝟖% 

Table 19 - Peak Pressures all sensors for 0.46∙𝑄𝑛 

Figure 38 - Peak pressure comparison sensor DT1 and DT2 

Figure 39 - Peak pressure comparison sensor DT3 and DT4 
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An interesting phenomenon is 

that there appears to be a 

difference in the pressure peaks 

between each side of the draft 

tube. Comparing the pressure 

peaks as the flow moves down 

the draft tube shows that there is 

a significant difference between 

the sides. The blue bar in Figure 

38 shows a higher intensity for 

sensor DT1 than for DT2. Table 19 

presents the pressure values for 

the part load point of 0.46 ∙ 𝑄𝑛. If 

one tracks the development of 

the peak pressure through the 

draft tube at 0.46 ∙ 𝑄𝑛, it can be 

seen that the pressure measured 

closest to the outside radius of 

the draft tube bend has peaks up 

to 78% higher. 

 

Sensor DT1 and DT2 are located 

directly under the outlet of the 

turbine. Due to their placement, 

they are prone to be in direct 

wake of the flow exiting the 

blades. This cause the sensors to 

experience higher peak pressure 

relative to the other sensors 

further down in the draft tube. 

Figure 39 and Figure 41 show that 

the pressure measured with DT4 

and DT8 are between two and 

four times greater than the peaks 

measured with DT3 and DT7. This is observed at all operational points. Figure 42 illustrates the 

results of a previously performed CFD analysis of a laminar flow through a uniform circular bend. 

The figure displays the inlet velocity conditions of the flow right before the bend and is expected 

to be similar to the flow at BEP. The figure shows how the highest flow velocity has a tendency 

 

 

 

Figure 42 - Inlet velocity condition before bend 

Figure 40 - Peak pressure comparison sensor DT5 and DT6 

Figure 41 - Peak pressure comparison sensor DT7 and DT8 
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to be towards the inner radius of the bend. The outer radius experiences a lower velocity and 

thereby a higher pressure. The bend at Leirfossene does not have the same uniform shape, 

however it is assumed that the bend at Leirfossene has a similar flow pattern, where the inner 

radius experiences a lower pressure due to higher velocities than the outer radius. This 

assumption is the basis for further discussion.  

 

It is determined that there is 

a difference between 

different the operating 

conditions, part load (PL) at 

0.46 ∙ 𝑄𝑛, the best efficiency 

point (BEP) at 0.84 ∙ 𝑄𝑛 and 

high load (HL) at 1.03 ∙ 𝑄𝑛.  

Of these, it is the PL that 

experiences the highest peak 

pressures. BEP shows the lowest peak pressures for all sensors. This is expected as the flow during 

the turbines BEP does not have a tangential velocity component. HL has a higher peak pressure 

than BEP due to the added tangential velocity. The peak pressures at HL are however far less than 

at PL. 

 

BEP and HL both display the same trend of different peak pressures on either side of the wall. 

Knowing that the inner radius of the bend has a higher velocity, ergo lower pressure than the 

outer radius and assuming that this propagates into the draft tube, it would cause one side to 

experience a higher pressure than the other. This could explain why the sensors located on either 

side of the draft tube wall would experience a deviation in pressure while operating at BEP. Table 

20 appears to confirm the theory of the pressure being lower closer to the inner radius of the 

bend. It is believed that the tendency of the flow to move towards the inner diameter of the bend 

increases gradually as the flow travels down the draft tube. This theory is partly supported in the 

data, showing that the difference in pressure peaks at DT3 and DT4 is small, but rapidly increases 

as the flow moves further down the draft tube. The pressure peaks at sensors DT1 and DT2 are 

believed to be mainly influenced by the flow exiting the turbine and the turbines operational 

point.  

 

At part load the flow has a high tangential velocity in the draft tube. Under these conditions a 

rotating vortex rope can develop in the draft tube. The higher the relative tangential velocity to 

the flows axial velocity, the higher up in the draft tube the vortex rope can develop. This is 

 
Inner radius 

Pressure [kPa] 

Outer radius 

Pressure [kPa] 

Diff 

𝒓𝒊𝒏𝒔𝒊𝒅𝒆
𝒓𝒐𝒖𝒕𝒔𝒊𝒅𝒆⁄  

DT1-DT2 32 39 18% 

DT3-DT4 4.9 5.2 6% 

DT5-DT6 2.8 10.1 72% 

DT7-DT8 2.7 11.2 74% 

Table 20 - Peak Pressure at BEP all sensors 
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supported by the result from the previous chapter, as it can be seen that the Rheingans frequency 

decreases as one moves towards the BEP.   

All pressure sensors measure their highest peaks at PL. It is believed that the flow still has a higher 

velocity closer to the inner radius at PL. It can be assumed that the inner radius experiences lower 

pressure peaks because of the main flow, with the highest velocity, being located closer to the 

sensors. In the draft tube, the high velocity flow will act similar to a stable flow and less turbulent, 

causing less pressure pulsation.  

 

This implies that the vortex rope will move towards the lower velocity area at the outer radius of 

the bend, causing higher pressure pulsations on this side. This can be supported by the data 

presented in figures 12 and 13, which shows that the vortex rope is initiated at the outlet of the 

turbine with a high pressure peak. As the rope moves downstream in the tube it follows its 

natural movement towards sensor DT4, showing a still high pressure peak, moving towards the 

center imposing equal pressure on each sensors, before moving towards the low velocity area at 

the inlet of the bend.  
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4.2.2 Effects of air injection 

In order to evaluate the effect of air injection on the system, the peak value of the pressure 

pulsation as well as the frequency spectrum has been evaluated. Air was injected during two 

part-load operational points, respectively 0.46 ∙ 𝑄𝑛 and 0.58 ∙ 𝑄𝑛. In the following chapter, both 

operational points will be presented and evaluated.  

 

4.2.2.1 Part load -0.46 ∙ Qn 

 

Figure 43 displays the peak values of the recorded pressure pulsations at 0.46 ∙ 𝑄𝑛. The vertical 

axis represents the peak pressure in kPa. The higher the bar in the plot, the greater the pressure 

pulsations. The blue bar represents the peak pressure with air injection while the yellow bar 

represents the peak pressure without air injection. The horizontal axis displays the pressure 

sensors that are being analyzed.  

  

 Figure 43 - Pressure peak Values w/without air injection – 0.46 ∙ 𝑄𝑛 
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Figure 43 and Table 21 show the effect 

that the air injection has on the pressure 

pulsation. Table 21 lists the peak values 

and difference in % for the 

measurements with and without air 

injection. Pressure sensor DT3, DT4 and 

DT8 experience a reduction in the 

pressure pulsation between 20% and 

60% with air injection. Sensor DT2, DT5 

and DT6 experience a more moderate 

reduction of 7% to 13%, whereas DT7 

displays an increase of 13% in pressure 

pulsation when air is injected. The sensor 

DT7, which experiences a slight increase after the air injection, has to be evaluated as part of the 

whole system. The main purpose was to reduce the strong pulsations in the system. The results 

from sensors DT3, DT4 and DT8 show that a great reduction has been achieved when injecting 

air.  

 

The overall trend for seven out of eight sensors is a reduction in peak pressure when air is 

injected. This shows that the relatively low pressure peak from sensor DT7 does not influence the 

whole system because its effect can be considered to be marginal in the greater picture. In total 

a reduction of 22% in the overall peak pressure has been observed after air injection. 

Figure 44 and Figure 45 display the frequency spectrum at 0.46 ∙ 𝑄𝑛without and with air injected. 

The left side of the figures display the four sensors closest to the inner radius of draft tube bend, 

while the right side displays the four pressure sensors that are located at the outer radius of the 

bend. The horizontal axis describes the computed frequency in Hertz, while the vertical axis 

shows which pressure sensor is displayed. The spectrogram displays the intensity of the 

frequency in colors. The color blue represents the lowest intensity and the color red the highest 

intensity. 

  

Sensor With [kPa] Without [kPa] Diff  [%] 

DT1 205 248 17,4 

DT2 171 185 7,6 

DT3 49 64 23,1 

DT4 72 185 61,3 

DT5 43 48 11,7 

DT6 56 65 13,0 

DT7 59 52 13,2 

DT8 181 232 22,2 

Mean 104 135 22,6 

Table 21 - Peak pressure values 0.46∙𝑄𝑛 
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By comparing Figure 44 and Figure 45, some similarities can be observed between the 

measurements with and without air injection. Both figures show the second harmony of the 

runner frequency at 11.11Hz at sensors DT1 and DT2, as well as the fundamental frequency of 

the Rheingans frequency for all eight sensors. The Rheingans frequency appears to have a slight 

shift in its frequency from 1.16Hz to 1.2Hz when air is injected.  

When comparing sensor DT5 and DT7, it can be seen that the intensity in the fundamental 

Rheingans frequency is somewhat reduced in the measurements with air injection. That said, the 

first and second harmony in the measurements with air injected seem to be of a higher intensity 

compared to the ones without air injected.  Sensors DT1 and DT2, located closest to the outlet of 

the runner, detect the first harmony of the Rheingans frequency when no air is injected, but not 

after air injection.  This can possibly be attributed to the initializing point of the vortex rope to be 

pushed further down into the draft tube when air is being injected.  

 

  

 

Figure 44 - Spectrogram Without air injection 

 

Figure 45 - Spectrogram With air injection 
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An interesting phenomenon is that both measurements show a growing number of harmonies 

related to the Rheingans frequency as the flow moves downstream in the draft tube. This is 

assumed to be because of the increasing number of turns of the rotating vortex rope in the draft 

tube, thereby increasing the number of harmonies that are created downstream in the draft 

tube.  

 

Figure 44 shows that all sensors in the draft tube observe two distinct frequencies at 4.64Hz and 

5.06Hz during part load at 0.46 ∙ 𝑄𝑛 without air injection. Figure 45 shows that these frequencies 

are not present when air is injected into the system. It is believed that these frequencies are not 

rotational dependent because they do not appear in the measurements with air injection. It also 

does not match with the runner frequency of 5.55Hz or any of the harmonies of the Rheingans 

frequency. Both frequencies are likely related to the elastic fluctuations from the lower reservoir. 

Theoretically, frequencies 4.64Hz and 5.06Hz correlate with the level of the reference outlet 

reservoir and the area transition between the outlet reference reservoir and outlet, respectively. 

The air injected into the water appears to reduce the presumed elastic fluctuations. 
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4.2.2.2 Part load -0.58 ∙ 𝑄𝑛 

Figure 46 shows the effect of the air 

injection on the peak values of the 

pressure pulsation at 0.58 ∙ 𝑄𝑛. Table 

22 lists the peak pressures values 

measured with and without air injection 

as well as the difference presented in 

percentage.  

The effects are most noticeable on the 

sensors DT3, DT4, DT5 and DT8 with a 

peak reduction of 20% to 34% when air 

is injected. Sensor DT1 and DT7 both 

showed a minimal reduction of about 

3%. Sensor DT2 and DT6 experienced an 

increase in the peak pressure between 2% and 14% when air is injected. The total intensity of the 

peaks pressure at 0.58 ∙ 𝑄𝑛 is reduced by 10% when air is injected. 

  

 

Figure 46 - Pressure peak Values w/without air injection – 0.58 ∙ 𝑄𝑛 

Sensor With [kPa] Without [kPa] Diff [%] 

DT1 149 155 3,9 

DT2 137 134 -1,9 

DT3 38 49 23,2 

DT4 38 59 34,9 

DT5 31 44 29,7 

DT6 50 44 -14,6 

DT7 46 48 2,6 

DT8 105 132 20,9 

Mean 74 83 10,7 

Table 22 - Peak pressure values 0.58∙𝑄𝑛 



4. Experimental results and discussion  Pressure pulsation measurement 

73 

The effect of air injection on the pressure pulsations seems to not be as clear at the higher load 

compared to the results presented for 0.46 ∙ 𝑄𝑛 load. This is most likely because the flow present 

at the lower load will be more turbulent, thereby more prone to develop greater pressure 

pulsations compared to a higher load with a more stable flow. Comparing the trends at both 

operating points, shows that the overall peak pressure intensity for all sensors are reduced by 

20% to 40% when operating at the higher load. This complies with the theory that tangential 

velocity in the draft tube decreases and the flow becomes more laminar as one moves towards 

the turbines best efficiency point, thereby reducing the peaks of the pressure pulsations.  

 

The spectrograms presented in Figure 47 and Figure 48 display the part load point of 0.58 ∙ 𝑄𝑛 

with and without air injection, respectively. When analyzing the frequency spectra, it can be seen 

that both measurements clearly display the fundamental Rheingans frequency of 1.2Hz with- and 

1.19Hz without air injection. Both measurements display the second harmony of the runner 

frequency at 11.11Hz.  

 

  

 

Figure 47 - Spectrogram Without air injection 

 

Figure 48 - Spectrogram With air injection 
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There are two main differences between the measurements with and without air injection. The 

first, is the frequency detected next to the third harmony of the Rheingans frequency, at 3Hz, 

during operations without air injections. The 3Hz frequency is clearly visible for sensor DT1 and 

decreases in intensity as it moves downstream in the draft tube. On the other side of the draft 

tube the 3Hz frequency seems the have the opposite behavior with the highest intensity 

measured by the DT8 sensors. This can possibly be attributed to a local flow phenomenon were 

the intensity crosses from the DT1 located at the top of the draft tube, to the DT8 sensor located 

on the other side at the bottom of the draft tube. This frequency is not present when air is 

injected, nor is it present at the lower operating point of 0.46 ∙ 𝑄𝑛. 

 

The second difference is related to the harmonies of the Rheingans frequency. The 

measurements with air injected seem to delay the formation of harmonies in the draft tube. 

When comparing sensor DT3 with and without air injected, it can be seen that the measurements 

with air injected display three prominent harmonies whereas the measurements without air 

injected display only the fundamental frequency. It should also be noted that the intensity of the 

harmonies seems to follow the same pattern of being reduced for the fundamental frequency 

before increasing in intensity in the second harmony. The same trend was observed for the 

previously discussed part load operation of 0.46 ∙ 𝑄𝑛. This said, pressure sensor DT2 displays 

some frequency in the below 1Hz range that have not been successfully identify.  
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4.2.3 Comment on the total pressure intensity  

 

Figure 49 displays the frequency spectrum from 0HZ to 500Hz for measurements with and 

without air injections. The two figures on the left represent the part load operational point 

of 0.46 ∙ 𝑄𝑛, while figures on the right represent 0.58 ∙ 𝑄𝑛. Comparing the overall intensity of the 

measurements at 0.46 ∙ 𝑄𝑛 with and without air injection shows that the intensity without air 

injection is much greater. The peaks between 100Hz and 200Hz in the measurements with air 

injection are up to four times greater, and cover a much larger area in the frequency spectra than 

the measurements without air injection. However, the intensity of Rheingans frequency with air 

injection appears to be 30% larger compared to the measurements without air injection. The 

measurements at 0.58 ∙ 𝑄𝑛 display an opposite trend when it comes to the Rheingans frequency. 

Measurement without air injection appear to have a 40% stronger Rheingans frequency when no 

air is injected.  

In evaluating the means of reducing pressure pulsations and vibrations, one has to look at the 

totality and the actual impact each frequency has on the system. In theory, a higher frequency 

will contain more energy than a lower frequency with the same amplitude. This implies that the 

desired frequency range should be as low as possible. In reality, this is not entirely true. The low 

frequency range, 0-10Hz, is associated with relatively large movement of the machinery. When 

comparing the pressure pulsation with the vibration measurements presented in the next 

chapter, a trend of increasing vibrations intensity can be seen at part load operation. This said, 

the high frequencies also cause vibrations and are most dangerous when they resonate with the 

natural frequency of the machinery. The total reduction of the pressure pulsation is still the main 

objective. One has to be aware that some frequencies may be more harmful than others.   

 

Figure 49 - FFT with and without air injection-Sensor DT4 
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4.2.4 Vibration measurement 

 

Figure 50 - Vibration at turbine cover for all loads 

Figure 50 displays the frequency spectrum from 0Hz and 1000Hz for vibrations at different 

operational points. Based on the plot it is obvious that the machine experiences most vibrations 

during part load operation from 0.46 ∙ 𝑄𝑛 to 0.64 ∙ 𝑄𝑛. It can also be seen that the high load 

points of  0.90 ∙ 𝑄𝑛 and 1.03 ∙ 𝑄𝑛 experience higher vibrations than the best efficiency point at 

0.84 ∙ 𝑄𝑛. 

 

The data from the vibration measurements shows that the runner frequency, runner vane 

frequency and guide vane frequency are visible at all operational points. The Rheingans 

frequency has not been successfully detected because of the vibration sensors lower frequency 

range being limited to 1Hz, resulting in “ski slope” distortion on the frequencies under 2Hz [222].  

It can be seen in the vibration measurements that the highest vibration levels are present in the 

frequency range under 200Hz. The runner vane frequency is the most intense source of vibration 

for all operating points.  
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4.2.5 Comparing pressure and vibration measurements 

Comparing the vibration and pressure pulsation measurements can give an indication if the 

intensity of the frequency analysis correlates across measurements. Figure 51 and Figure 52 

display the relative intensity, to the highest intensity peak, of the runner frequency at 5.55Hz of 

the vibration and pressure measurements, respectively. The graphs show that both 

measurements mostly display the same trend. There are some differences at the part load point 

of 0.46 ∙ 𝑄𝑛 and the high load point of 0.90 ∙ 𝑄𝑛. This could mean that the intensity of the runner 

frequency displayed in the pressure measurements at part load does not have a big impact on 

the actual vibration experienced by the machine.  

 

 

Figure 53 - Vibration intensity of Runner vane 
frequency 

 

Figure 54 - Pressure intensity of Runner vane 
frequency DT2 

Figure 53 and Figure 54 display the intensity of the runner vane frequency at 61.1Hz from the 

vibration and pressure measurements, respectively. Both figures show the same trend. However, 

the frequency intensity shows that the pressure sensor detects a higher amplitude compared to 
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Figure 51 - Vibration intensity of Runner frequency 

 

Figure 52 - Pressure intensity of Runner frequency-
DT2 
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the relative amplitudes of the vibrations at the turbines BEP. The opposite is observed at part 

load, where the vibration sensor displays a relative intensity almost two times higher. This 

supports the theory of lower frequencies causing more severe vibration in the machinery.  

Figure 55 and Figure 56 display 

the lower frequency ranges at 

0.46 ∙ 𝑄𝑛 for both the pressure 

and the vibration sensor. The 

graph has been plotted from 2Hz 

to 12 Hz in order to compare the 

two sets without them being 

influenced by the “ski-slope” of 

the vibration measurements. The 

end of the “ski-slope” can be seen 

at 3Hz in Figure 55. The vibration 

measurements display four main 

peaks at 4.64Hz, 5.06Hz, 9.98Hz 

and 11.1Hz. The peak at 9.98Hz 

does not appear to have an 

obvious source, but is most likely 

a harmony of a 5Hz frequency 

that cannot be clearly 

distinguished in the frequency 

spectrum. The 11.1Hz peak is also 

observed in the pressure 

pulsation measurements and is 

most likely the second harmony 

of the runner frequency, 5.55Hz.  

 

The main area of interest are the two peaks located at 4.64Hz and 5.06Hz. Both frequencies have 

previously been discussed in chapter 4.2.2.1 about air injection. The interesting part is that it is 

clearly visible in the vibration measurement as well. Both the vibration and pressure 

measurements only detect these frequencies at 0.46 ∙ 𝑄𝑛.  This implies that both frequencies 

most likely are dependent on the behavior of the both flow and the elastic fluctuations under 

low part-load operation.  

 

 

 

Figure 55 - Axial vibration on turbine cover at 0.46 ∙ 𝑄𝑛 

Figure 56 - Pressure pulsation DT1 at 0.46 ∙ 𝑄𝑛 
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5 Conclusion 
Efficiency Measurements have been carried out for turbine 2 at Leirfossene power plant. The 

thermodynamic method was used to calculate the turbine efficiency. The measurements have 

been carried out in accordance with the International Standard IEC 60041, 3.ed 19991-11 [1]. The 

relative efficiency displays the highest efficiency when the turbines power at its rated head is 

14MW. The calculated efficiency deviates between 1.2%, at part load, to 0.13%, at high load, 

compared to previously performed measurements by Norconsult in 2009. The maximum 

uncertainty in efficiency is calculated to be 1.4%. The measurements were conducted on a 

nominal head lower than the 100m the IEC standard demands. They did fulfill the requirement 

of not having an temperature increase of more than 0.005𝐾 𝑚𝑖𝑛⁄ .  

 

Pressure pulsation measurements have been performed in the draft tube on turbine 2. The 

pressure pulsation measurements show that the Rheingans frequency, runner frequency and 

runner vane frequency are present in the draft tube. The Rheingans frequency is the dominant 

frequency while operating at part load. The runner frequency displays a high intensity at both 

part- and high- load compared to the relatively low intensity at its best efficiency point (BEP). The 

runner vane frequency shows a high intensity at the outlet of the turbine.  

 

The analysis of the pressure intensity shows the highest pressure pulsations measured for BEP, 

part load and high load are 45𝑘𝑃𝑎, 250𝑘𝑃𝑎, 55𝑘𝑃𝑎, respectively. The sensors located closest to 

the inner radius of the draft tube bend experience a lower intensity than the sensors at the outer 

radius of the bend. The intensity difference between the sides is up to 4 times greater during part 

load operation. This is probably a flow-specific phenomenon that occurs in the draft tube bend. 

Data with and without air injection from two operating point at 0.46 ∙ 𝑄𝑛 and 0.58 ∙ 𝑄𝑛 have 

been compared. The analysis shows that the air injection reduces the overall intensity by 22% 

at 0.46 ∙ 𝑄𝑛 and 10% at 0.58 ∙ 𝑄𝑛. The most powerful pulsations are reduced by 20% to 60%, 

while the remaining pulsations experienced a change from −14% to 17%. Frequency analysis at 

part load, 0.46 ∙ 𝑄𝑛, shows two distinct frequencies at 4.64Hz and 5.06Hz when the turbine runs 

without air injection. When air is injected into the draft tube, these frequencies disappear 

altogether. The frequencies are probably related to elastic fluctuations in the system, which are 

lessened by the injected air.
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6 Further work 
One of the more interesting observations made was the difference in pressure between each 

side of the draft tube. Further work should be focused on establishing the flow phenomenon 

that occurs in the draft tube. A theoretical flow study involving computational fluid dynamics 

(CFD) should be conducted. It can be wise to install more pressure sensors between the 

existing ones. The sensors should be located 90 degrees apart in the same horizontal axis. By 

gathering more experimental data, one will be able to better determine how the flow behaves 

and develops under different operational points.   

 

A key interest that can be researched is how the centrifugal force affects the discharge when 

it has a high tangential velocity in the draft tube. Other flow phenomena, like the Magnus 

effect, should be investigated. These phenomena can possibly be a contributor to the pressure 

difference between the sides, and can influence how the flow behaves in the draft tube. 

 

Another noteworthy observation was the two frequencies of 4.64Hz and 5.06Hz that where 

present during part load at 0.46 ∙ 𝑄𝑛. Both frequencies were present during operation when 

no air was injected. However, when air was injected both frequencies completely 

disappeared. It was assumed that these frequencies are related to the elastic fluctuations 

between the lower reservoir and turbine. Further work should try to determine a more 

accurate speed of sound in order to pinpoint the frequencies origin with a higher certainty. 

 

So far, only air injection has been used as a means of reducing pressure pulsations during part 

load operation. Other options like a freely rotating runner cone extensions or a fixed runner 

cone extensions should be explored. Runner cone extensions will increase the axial velocity of 

the flow at the turbines outlet, ideally moving the start of the vortex rope further 

downstream. The use of fins in the draft tube should also be explored, in order to guide the 

flow more efficiently. Efficiency measurements should be performed again if new means of 

reducing pressure pulsations are tested, in order to review the effect on the system.  

 

The vibration analysis performed in this report focused mainly on the frequency analysis of 
the measurements. However, the analysis of displacement can potentially give useful 
information about the intensity and severity of the vibration. The vibration measurements 
should be performed on different components of the hydraulic unit. This should include 
measurements on the shaft bearing, generator and the draft tube. A triaxial sensors setup 
should be considered in the measurements of guide vane, head cover and draft tube 
vibrations to accurately analyze the movements in all directions. 
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Appendix A Calculations of expected frequencies 
Runner frequency   𝑓𝑛 =

𝑛

60
 [𝐻𝑧] =

333

60
= 5.55 𝐻𝑧 

 

Runner vane frequency  𝑓𝑟𝑣 = 𝑓𝑛 ∗ 𝑧𝑟𝑣 [𝐻𝑧] = 5.55 ∗ 11 = 61.05 𝐻𝑧 

 

Guide vane frequency  𝑓𝑔𝑣 = 𝑓𝑛 ∗ 𝑧𝑔𝑣 [𝐻𝑧] = 5.55 ∗ 24 = 133.2 𝐻𝑧 

 

Rheingans frequency   𝑓𝑅 ≅
𝑓𝑛

2
→ 

𝑓𝑛

4
[𝐻𝑧] = 2.775𝐻𝑧 → 1.3875 𝐻𝑧 

 

Elastic fluctuation   𝑓 =
1

𝑡
=

𝑎

8𝐿
[𝐻𝑧] = 4.63𝐻𝑧 → 6.83 𝐻𝑧 
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Appendix B Calculation example Efficiency  
Generator Power 𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑤𝑖𝑡ℎℎ𝑒𝑙𝑑 Measured 

Generator efficiency 𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑤𝑖𝑡ℎℎ𝑒𝑙𝑑 Data sheet 

Pressure atmospheric pres. 𝑝𝑎𝑡𝑚 𝑤𝑖𝑡ℎℎ𝑒𝑙𝑑 Measured 

Pressure inlet sensor 𝑝1 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 𝑤𝑖𝑡ℎℎ𝑒𝑙𝑑 Measured 

Pressure temp sensor 𝑝11 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 𝑤𝑖𝑡ℎℎ𝑒𝑙𝑑 Measured 

Temperature inlet 𝑇11 𝑤𝑖𝑡ℎℎ𝑒𝑙𝑑 Measured 

Temperature outlet 𝑇21 𝑤𝑖𝑡ℎℎ𝑒𝑙𝑑 Measured 

Pipe center inlet 𝑧1 8,5 𝑚 Measured 

Draft tube center outlet 𝑧2 3,847 𝑚 Measured 

Height temp sensor inlet 𝑧11 10.266 𝑚 Measured 

Height temp sensor outlet 𝑧21 3,847 𝑚 Measured 

Height 𝑧𝑟𝑒𝑓𝑜𝑢𝑡 to lower res 𝑧3 8,73 𝑚 Measured 

Outlet ref height 𝑧𝑟𝑒𝑓𝑜𝑢𝑡𝑙𝑒𝑡 22,455 𝑚 Measured 

Height pressure 

measurement inlet 

𝑧1𝑝𝑟𝑒𝑠 9,595 𝑚 Measured 

Height temp pressure 

measurement inlet 

𝑧11𝑝𝑟𝑒𝑠𝑇𝑒𝑚𝑝 10,0109 𝑚 Measured 

Diff. center pipe and 

pressure sensor 

∆𝑧1 = 𝑧1𝑝𝑟𝑒𝑠 − 𝑧1 1,095 𝑚 Calculated 

Diff. temperature and temp 

pressure sensor 

∆𝑧11 = 𝑧1𝑝𝑟𝑒𝑠𝑇𝑒𝑚𝑝 − 𝑧11 −0,2551 𝑚 Calculated 

Head at outlet to center of 

outlet pipe 

∆ℎ2 = 𝑧𝑟𝑒𝑓𝑜𝑢𝑡𝑙𝑒𝑡 − 𝑧3 − 𝑧2 9,878 𝑚 Calculated 

Head at outlet to temp 

sensor at outlet 

∆ℎ21 = 𝑧𝑟𝑒𝑓𝑜𝑢𝑡𝑙𝑒𝑡 − 𝑧3 − 𝑧21 9,878 𝑚 Calculated 

Gravitational constant 𝑔𝑚𝑒𝑎𝑛 9,8217𝑚
𝑠2⁄  Calculated 

Density inlet 𝜌𝑖𝑛 1000,3 
𝑘𝑔

𝑚3⁄  IEC 60041 

Density outlet 𝜌𝑜𝑢𝑡 1000 
𝑘𝑔

𝑚3⁄  IEC 60041 

Density outlet �̅� 1000.15 
𝑘𝑔

𝑚3⁄  Calculated 

Isothermal factor - Inlet 𝑎𝑖𝑛 0,9965 ∗ 10−3𝑚
3

𝑘𝑔⁄  IEC 60041 

Isothermal factor - Outlet 𝑎𝑜𝑢𝑡 0,9974 ∗ 10−3𝑚
3

𝑘𝑔⁄  IEC 60041 

Isothermal factor - Mean 𝑎𝑚𝑒𝑎𝑛 0,99695 ∗ 10−3𝑚
3

𝑘𝑔⁄  Calculated 

Specific heat capacity - Inlet 𝑐𝑝𝐼𝑛 4199,8 𝐽 𝑘𝑔 ∙ 𝐾⁄  IEC 60041 

Specific heat capacity - 

Outlet 

𝑐𝑝𝑜𝑢𝑡 4201,8 𝐽 𝑘𝑔 ∙ 𝐾⁄  IEC 60041 
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Specific heat capacity - 

Mean 

𝑐�̅� 4200,8 𝐽 𝑘𝑔 ∙ 𝐾⁄  Calculated 

Bucket filling time  𝑡𝑓𝑖𝑙𝑙𝑖𝑛𝑔 103,58 𝑠 Measured 

Bucket Volume 𝑉𝑏𝑢𝑐𝑘𝑒𝑡 0,011 𝑚3 Data sheet 

Area - Inlet 𝐴1 4,9087 Calculated 

Area – Outlet at 

temperature sensor 

𝐴2 14,868 𝑚2 Calculated 

Area – Outlet at lower 

reservoir 

𝐴3 15,75 𝑚2 Calculated 

Area - Probe 𝐴𝑝𝑟𝑜𝑏𝑒 0,000227 𝑚2 Calculated 

  

Procedure for calculating the efficiency using the thermodynamic method 
o Initial Estimation of flow 

o Initial calculation of the total mechanical energy 

o Recalculation of the flow 

o Recalculation the total mechanical energy 

o Recalculation of the flow 

o Calculation of the Hydraulic Energy 

o Computation of the efficiency 

Estimating flow 

𝑄𝑎𝑠𝑠𝑢𝑚𝑒𝑑 =
𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒
𝑝1 − 𝑝𝑎𝑡𝑚

 (Eq. A. 1) 

𝑝1 = 𝑝1 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 + 𝜌𝑖𝑛 ∙ 𝑔 ∙ ∆𝑧1 (Eq. A. 2) 

𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒 =
𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟

𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟
 (Eq. A. 3) 

 

Computing the Mechanical energy 
 

𝐸𝑚 = 𝐸𝑚 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐸𝑚 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 + 𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 + 𝐸𝑚 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 (Eq. A. 4) 

𝐸𝑚 = �̅� ∙ (𝑝11 − 𝑝21) + �̅� ∙ (𝑧11 − 𝑧21) +
1

2
∙ (𝑐11

2 − 𝑐21
2 ) + 𝑐�̅� ∙ (𝑇11 − 𝑇21) (Eq. A. 5) 

Mechanical pressure energy 
𝐸𝑚 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 = �̅� ∙ (𝑝11 − 𝑝21) (Eq. A. 6) 

𝑝11 = 𝑝11 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 + 𝜌𝑖𝑛 ∙ 𝑔 ∙ ∆𝑧11 (Eq. A. 7) 

𝑝21 = 𝑝𝑎𝑡𝑚 + 𝜌𝑜𝑢𝑡 ∙ 𝑔 ∙ ∆ℎ21 (Eq. A. 8) 

 

Mechanical Potential energy 
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𝐸𝑚 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 = �̅� ∙ (𝑧11 − 𝑧21) (Eq. A. 9) 

Mechanical Kinetic energy 

𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐11

2 − 𝑐21
2 ) (Eq. A. 10) 

𝑄𝑝𝑟𝑜𝑏𝑒 =
𝑉𝑏𝑢𝑐𝑘𝑒𝑡
𝑡𝑓𝑖𝑙𝑙𝑖𝑛𝑔

 (Eq. A. 11) 

𝑐11 =
𝑄𝑝𝑟𝑜𝑏𝑒
𝐴𝑝𝑟𝑜𝑏𝑒

 (Eq. A. 12) 

𝑐21 =
𝑄𝑎𝑠𝑠𝑢𝑚𝑒𝑑

𝐴2
 (Eq. A. 13) 

Mechanical Thermal energy 
𝐸𝑚 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 = 𝑐�̅� ∙ (𝑇11 − 𝑇21) (Eq. A. 14) 

 

Total mechanical energy 
𝐸𝑚 = 𝐸𝑚 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐸𝑚 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 + 𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 + 𝐸𝑚 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 (Eq. A. 15) 

 

Recalculation of Flow 

𝑄𝑟𝑒𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 =
𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒
�̅� ∙ 𝐸𝑚

 (Eq. A. 16) 
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Recalculation of total Mechanical energy 

𝐸𝑚 = 𝐸𝑚 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐸𝑚 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 + 𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑛𝑒𝑤 + 𝐸𝑚 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 (Eq. A. 17) 

𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑛𝑒𝑤 =
1

2
∙ (𝑐11

2 − 𝑐21
2 ) (Eq. A. 18) 

𝑐21 = 𝑐2 =
𝑄𝑟𝑒𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑

𝐴2
 (Eq. A. 19) 

 

Recalculation of final flow 

𝑄𝐹𝑖𝑛𝑎𝑙 =
𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒
�̅� ∙ 𝐸𝑚

 (Eq. A. 20) 

 

Computation of the hydraulic Energy 
𝐸ℎ = 𝐸ℎ 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐸ℎ 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 + 𝐸ℎ 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 (Eq. A. 21) 

𝐸ℎ =
1

�̅�
∙ (𝑝1 − 𝑝2) + �̅� ∙ (𝑧1 − 𝑧2) +

1

2
∙ (𝑐1

2 − 𝑐2
2) (Eq. A. 22) 

 

Hydraulic Pressure energy 

𝐸ℎ 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 =
1

�̅�
∙ (𝑝1 − 𝑝2) =

1

1000,15
 (Eq. A. 23) 

𝑝2 = 𝑝𝑎𝑡𝑚 + 𝜌𝑜𝑢𝑡 ∙ 𝑔 ∙ ∆ℎ2 − 𝜌𝑜𝑢𝑡 ∙ (𝑐2
2 − 𝑐3

2) (Eq. A. 24) 

𝑐2 =
𝑄𝐹𝑖𝑛𝑎𝑙
𝐴2

 (Eq. A. 25) 

𝑐3 =
𝑄𝐹𝑖𝑛𝑎𝑙
𝐴3

 (Eq. A. 26) 
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Hydraulic Potential energy 
𝐸ℎ 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 = �̅� ∙ (𝑧1 − 𝑧2) (Eq. A. 27) 

 

Hydraulic Kinetic energy 

𝐸ℎ 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐1

2 − 𝑐2
2) (Eq. A. 28) 

𝑐1 =
𝑄𝐹𝑖𝑛𝑎𝑙
𝐴1

 (Eq. A. 29) 

 

Total Hydraulic Energy 
𝐸ℎ = 𝐸ℎ 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐸ℎ 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 + 𝐸ℎ 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 (Eq. A. 30) 

 

Turbine efficiency 

𝜂𝑡𝑢𝑟𝑏𝑖𝑛𝑒 = 
𝐸𝑚
 𝐸ℎ

 (Eq. A. 31) 

 

Calculation of flow at turbine Design point 

𝐻 =
𝐸ℎ
 �̅�

 (Eq. A. 32) 

𝑄𝐷𝑒𝑠𝑖𝑔𝑛 = √
𝐻𝐷𝑒𝑠𝑖𝑔𝑛

𝐻
∙ 𝑄𝐹𝑖𝑛𝑎𝑙 

(Eq. A. 33) 

 

Calculation of turbine power at turbine Design point 

𝑃𝐷𝑒𝑠𝑖𝑔𝑛 = (
𝐻𝐷𝑒𝑠𝑖𝑔𝑛

𝐻
)

3
2⁄

∙ 𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒 (Eq. A. 34) 
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Appendix C Example of Head loss and Friction coefficient  
Head loss 

𝐻𝑙𝑜𝑠𝑠 =
1

𝜌𝑔
∙ (𝑝−𝑝1) +

1

2𝑔
(𝑐𝑢𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟

2 − 𝑐1
2) + (𝑧𝑢𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟 − 𝑧1) (Eq. A. 35) 

𝑐𝑢𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟 = 0 𝑚 𝑠⁄  (Eq. A. 36) 

 

Friction coefficient 

𝐾 =
𝐻𝑙𝑜𝑠𝑠
𝑄2

 (Eq. A. 37) 
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Appendix D Uncertainty Efficiency calculation 
Time filling bucket 𝑒𝑡𝑃𝑟𝑜𝑏𝑒 0,1 𝑠 IEC 60041 

Volume Bucket 𝑒𝑉𝐵𝑢𝑐𝑘𝑒𝑡  0,000001 𝑚3 Data sheet 

Density inlet 𝑓𝜌𝑖𝑛  0,1 % IEC 60041 

Density inlet 𝑒𝜌𝑖𝑛 = 𝑓𝜌𝑖𝑛 ∙ 𝜌𝑖𝑛 1,0003 
𝑘𝑔

𝑚3⁄  Calculated 

Density outlet 𝑓𝜌𝑜𝑢𝑡  0,1 % IEC 60041 

Density outlet 𝑒𝜌𝑜𝑢𝑡 = 𝑓𝜌𝑜𝑢𝑡 ∙ 𝜌𝑜𝑢𝑡 1 
𝑘𝑔

𝑚3⁄  Calculated 

Density Mean 𝑒𝜌𝑚𝑒𝑎𝑛
 1,416 

𝑘𝑔
𝑚3⁄  Calculated 

Isothermal factor inlet 𝑓�̅�𝑡𝑎𝑏𝑒𝑙𝐼𝑛  0,2 % IEC 60041 

Isothermal factor inlet 𝑒𝑎𝑖𝑛 = 𝑓�̅�𝑡𝑎𝑏𝑒𝑙𝐼𝑛 ∙ 𝑎𝑖𝑛 1,993 ∗ 10−6𝑚
3

𝑘𝑔⁄  Calculated 

Isothermal factor outlet 𝑓�̅�𝑡𝑎𝑏𝑒𝑙𝑂𝑢𝑡  0,2 % IEC 60041 

Isothermal factor outlet 𝑒𝑎𝑜𝑢𝑡 = 𝑓�̅�𝑡𝑎𝑏𝑒𝑙𝑂𝑢𝑡 ∙ 𝑎𝑜𝑢𝑡 1,9948 ∙ 10−6𝑚
3

𝑘𝑔⁄  Calculated 

Isothermal factor Mean 𝑒𝑎𝑚𝑒𝑎𝑛
 2,8198 ∙ 10−6𝑚

3

𝑘𝑔⁄  Calculated 

Specific Heat Capacity, 

Inlet 

𝑓𝐶𝑝𝑖𝑛
 0,5 % IEC 60041 

Specific Heat Capacity, 

Inlet 

𝑒𝐶𝑝𝑖𝑛
= 𝑓𝐶𝑝𝑖𝑛

∙ 𝐶𝑝𝑖𝑛
 20,99 

𝐽
𝑘𝑔 ∙ 𝐾⁄  Calculated 

Specific Heat Capacity, 

Outlet 

𝑓𝐶𝑝𝑜𝑢𝑡
 0,5 % IEC 60041 

Specific Heat Capacity, 

Outlet 

𝑒𝐶𝑝𝑜𝑢𝑡
= 𝑓𝐶𝑝𝑜𝑢𝑡

∙ 𝐶𝑝𝑜𝑢𝑡 21,009 𝐽 𝑘𝑔 ∙ 𝐾⁄  Calculated 

Specific Heat Capacity, 

Mean 

𝑒𝐶𝑝𝑚𝑒𝑎𝑛
 29,697 

𝐽
𝑘𝑔 ∙ 𝐾⁄  Calculated 

Area Probe 𝑓𝐴𝑝𝑟𝑜𝑏𝑒 0,025% Data sheet 

Area Probe 𝑒𝐴𝑝𝑟𝑜𝑏𝑒 = 𝑓𝐴𝑝𝑟𝑜𝑏𝑒 ∙ 𝐴𝑝𝑟𝑜𝑏𝑒  5,6785 ∙ 10−8 𝑚2 Calculated 

Atmospheric pressure 𝑒𝑝𝑎𝑡𝑚  0,005297 𝑘𝑃𝑎 Calibration sheet 

Inlet pressure 𝑒𝑝1 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡
 0,009828 𝑘𝑃𝑎 Calibration sheet 

Temperature pressure 𝑒𝑝11 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡
 0,009149 𝑘𝑃𝑎 Calibration sheet 

Pipe center inlet 𝑒𝑧1  0,02 𝑚 IEC 60041 

Draft tube center outlet 𝑒𝑧2  0,02 𝑚 IEC 60041 

Height temp sensor inlet 𝑒𝑧11  0,02 𝑚 IEC 60041 

Height temp sensor outlet 𝑒𝑧21  0,02 𝑚 IEC 60041 

Height 𝑧𝑟𝑒𝑓𝑜𝑢𝑡 to lower 

res. 

𝑒𝑧3  0,02 𝑚 IEC 60041 

Outlet ref height 𝑒𝑧𝑟𝑒𝑓𝑜𝑢𝑡𝑙𝑒𝑡  0,05 𝑚 IEC 60041 
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Height pressure 

measurement inlet 

𝑒𝑧1𝑝𝑟𝑒𝑠  0,03 𝑚 IEC 60041 

Height temp pressure 

measurement inlet 

𝑒𝑧11𝑝𝑟𝑒𝑠𝑇𝑒𝑚𝑝
 0,03 𝑚 IEC 60041 

Generator Efficiency  𝑓𝜂𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟  0,5% IEC 60041 

Generator Power  𝑓𝑃𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟  0,71% IEC 60041 

 

Combined Systematic Uncertainty 

𝒇𝒔 = ±√𝒇𝑬𝒎
𝟐 + 𝒇𝑬𝒉𝒔

𝟐 (Eq. A. 38) 

Total Mechanical systematic Uncertainty 

𝒇𝑬𝒎𝒔 =
𝒆𝑬𝒎𝒔

𝑬𝒎
 (Eq. A. 39) 

𝒆𝑬𝒎𝒔
= ±√𝒆𝑬𝒎𝒑𝒔

𝟐 + 𝒆𝑬𝒎𝒑𝒐𝒕𝒔

𝟐 + 𝒆𝑬𝒎𝒌𝒔

𝟐 + 𝒆𝑬𝒎𝒕𝒔

𝟐  (Eq. A. 40) 

Mechanical Pressure  
𝑬𝒎 𝒑 = �̅� ∙ (𝒑𝟏𝟏 − 𝒑𝟐𝟏) (Eq. A. 41) 

𝒆𝑬𝒎𝒑𝒔
= √(

𝒆�̅�
�̅�
)
𝟐

+

(

 
√𝒆𝟐𝒑𝟏𝟏 + 𝒆𝟐𝒑𝟐𝟏

(𝒑𝟏𝟏 − 𝒑𝟐𝟏)

)

 

𝟐

∙ 𝑬𝒎 𝒑 
(Eq. A. 42) 
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Inlet Pressure at temperature sensor 

𝒑𝟏𝟏 = 𝒑𝟏𝟏 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒎𝒆𝒏𝒕 + 𝝆𝒊𝒏 ∙ 𝒈 ∙ ∆𝒛𝟏𝟏 (Eq. A. 43) 

𝒆𝒑𝟏𝟏 =

√
  
  
  
  
  

(
𝒆𝒑𝟏𝟏 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒎𝒆𝒏𝒕
𝒑𝟏𝟏 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒎𝒆𝒏𝒕

)
𝟐

+ (𝒇𝝆𝒊𝒏)
𝟐
+

(

 
 
(√𝒆𝟐𝒛𝟏𝟏𝒑𝒓𝒆𝒔𝑻𝒆𝒎𝒑 + 𝒆𝟐𝒛𝟏𝟏)

𝟐

𝒛𝟏𝟏𝒑𝒓𝒆𝒔𝑻𝒆𝒎𝒑 − 𝒛𝟏𝟏

)

 
 

𝟐

∙ 𝒑𝟏𝟏 

( Eq. A. 44) 

 

Outlet Pressure at temperature sensor 
𝒑𝟐𝟏 = 𝒑𝒂𝒕𝒎 + 𝝆𝒐𝒖𝒕 ∙ 𝒈 ∙ (𝒛𝒓𝒆𝒇𝒐𝒖𝒕𝒍𝒆𝒕 − 𝒛𝟑 − 𝒛𝟐𝟏) (Eq. A. 45) 

 

𝑒𝑝21 =

√
  
  
  
  
 
 

(
𝑒𝑝𝑎𝑡𝑚
𝑝𝑎𝑡𝑚

)
2

+ (𝑓𝜌𝑜𝑢𝑡)
2
+

(

 
 
(√𝑒2𝑧𝑟𝑒𝑓𝑜𝑢𝑡𝑙𝑒𝑡 − 𝑒

2
𝑧3 − 𝑒2𝑧21)

2

𝑧𝑟𝑒𝑓𝑜𝑢𝑡𝑙𝑒𝑡 − 𝑧3 − 𝑧21

)

 
 

2

∙ 𝑝21 

(Eq. A. 46) 

 

  



Appendix D  Uncertainty Efficiency calculation 

95 

 

Mechanical Kinetic Energy  

𝐸𝑚 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐11

2 − 𝑐21
2 ) (Eq. A. 47) 

𝑒𝐸𝑚𝑘𝑠
= √(

2 ∙ 𝑒𝑐11
𝑐11

)
2

+ (
2 ∙ 𝑒𝑐21
𝑐21

)
2

∙ 𝐸𝑚𝑘
 (Eq. A. 48) 

 

Inlet velocity at temperature sensors 

𝒄𝟏𝟏 =
𝑸𝒑𝒓𝒐𝒃𝒆

𝑨𝒑𝒓𝒐𝒃𝒆
=

𝑽𝑩𝒖𝒄𝒌𝒆𝒕
𝒕𝒑𝒓𝒐𝒃𝒆

𝑨𝒑𝒓𝒐𝒃𝒆
 

(Eq. A. 49) 

𝒆𝒄𝟏𝟏 = √(
𝒆𝑽𝑩𝒖𝒄𝒌𝒆𝒕
𝑽𝑩𝒖𝒄𝒌𝒆𝒕

)
𝟐

+ (
𝒆𝒕𝒑𝒓𝒐𝒃𝒆
𝒕𝒑𝒓𝒐𝒃𝒆

)

𝟐

+ (
𝒆𝑨𝒑𝒓𝒐𝒃𝒆
𝑨𝒑𝒓𝒐𝒃𝒆

)

𝟐

∙ 𝒄𝟏𝟏 (Eq. A. 50) 

 

Outlet velocity at temperature sensors 

𝒄𝟐𝟏 =
𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅

𝑨𝟐
=
𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅
𝑩𝟐 ∙ 𝑯𝟐

 (Eq. A. 51) 

𝑒𝑐21 = √(
𝑒𝑄𝑎𝑠𝑠𝑢𝑚𝑒𝑑

𝑄𝑎𝑠𝑠𝑢𝑚𝑒𝑑
)
2

+ (
𝑒𝐵2
𝐵2
)
2

+ (
𝑒𝐻2
𝐻2
)
2

∙ 𝑐21 (Eq. A. 52) 
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Inlet pressure at the inlet of the turbine  
𝑝1 = 𝑝1 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 + 𝜌𝑖𝑛 ∙ 𝑔 ∙ ∆𝑧1 (Eq. A. 

53) 

𝒆𝒑𝟏 =

√
  
  
  
  
 
 

(
𝒆𝒑𝟏 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒎𝒆𝒏𝒕
𝒑𝟏 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒎𝒆𝒏𝒕

)
𝟐

+ (𝒇𝝆𝒊𝒏)
𝟐
+

(

 
 
(√𝒆𝟐𝒛𝒛𝟏𝒑𝒓𝒆𝒔

+ 𝒆𝟐𝒛𝟏)

𝟐

𝒛𝟏𝒑𝒓𝒆𝒔 − 𝒛𝟏

)

 
 

𝟐

∙ 𝒑𝟏 

(Eq. A. 
54) 

Turbine  

𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒 =
𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟

𝜂𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟
 (Eq. A. 55) 

𝑒𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒 = √(𝑓𝑃𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟)
2
+ (𝑓𝜂𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟)

2
∙ 𝑃𝑡𝑢𝑟𝑏𝑖𝑛𝑒 (Eq. A. 56) 

Flow 

𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅 =
𝑷𝒕𝒖𝒓𝒃𝒊𝒏𝒆
𝒑𝟏 − 𝒑𝒂𝒕𝒎

 (Eq. A. 57) 

𝒆𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅 =
√(

𝒆𝑷𝒕𝒖𝒓𝒃𝒊𝒏𝒆
𝑷𝒕𝒖𝒓𝒃𝒊𝒏𝒆

)
𝟐

+

(

 
√𝒆𝟐𝒑𝟏 + 𝒆𝟐𝒑𝒂𝒕𝒎

(𝒑𝟏 − 𝒑𝒂𝒕𝒎)

)

 

𝟐

∙ 𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅 
(Eq. A. 58) 
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Mechanical Potential energy 
 

𝑬𝒎 𝒑𝒐𝒕𝒆𝒏𝒕𝒊𝒂𝒍 = �̅� ∙ (𝒛𝟏𝟏 − 𝒛𝟐𝟏) (Eq. A. 59) 

𝒆𝑬𝒎𝒑𝒐𝒕𝒔
= √𝒆𝒛𝟏𝟏

𝟐 + 𝒆𝒛𝟐𝟏
𝟐 (Eq. A. 60) 

 

Mechanical Thermal energy 
𝐸𝑚𝑡

= 𝑐�̅� ∙ (𝑇11 − 𝑇21) (Eq. A. 
61) 

𝒆𝑬𝒎𝒕𝒔
=

√
  
  
  
  
  

(
𝒆�̅�𝒑𝒎𝒆𝒂𝒏
�̅�𝒑𝒎𝒆𝒂𝒏

)

𝟐

+ (𝒇𝑬𝒊𝒏)
𝟐
+ (𝒇𝑬𝒐𝒖𝒕)

𝟐
+

(

 
 
(√𝒆𝟐𝑻𝟏𝟏 + 𝒆𝟐𝑻𝟐𝟏)

𝟐

(𝑻𝟏𝟏 − 𝑻𝟐𝟏)

)

 
 

𝟐

∙ 𝑬𝒎𝒕
 

(Eq. A. 
62) 

 

Total Systematic Uncertainty – Mechanical Energy  
 

𝑒𝐸𝑚𝑠
= √𝑒𝐸𝑚𝑝𝑠

2 + 𝑒𝐸𝑚𝑝𝑜𝑡𝑠

2 + 𝑒𝐸𝑚𝑘𝑠

2 + 𝑒𝐸𝑚𝑡𝑠

2 (Eq. A. 63) 

𝑓𝐸𝑚𝑠
=
𝑒𝐸𝑚𝑠

𝐸𝑚
 (Eq. A. 64) 
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Total Hydraulic Systematic uncertainty 

𝒇𝑬𝒉𝒔 =
𝒆𝑬𝒉𝒔
𝑬𝒉

 (Eq. A. 65) 

𝒆𝑬𝒉𝒔 = ±√𝒆𝑬𝒉𝒑𝒔
𝟐 + 𝒆𝑬𝒉𝒑𝒐𝒕𝒔

𝟐 + 𝒆𝑬𝒉𝒌𝒔
𝟐  (Eq. A. 66) 

 

Hydraulic Pressure energy  

𝑬𝒉 =
𝟏

�̅�
∙ (𝒑𝟏 − 𝒑𝟐) (Eq. A. 67) 

𝒆𝑬𝒉𝒑𝒔
= √(

𝒆�̅�

�̅�
)
𝟐

+

(

 
√𝒆𝟐𝒑𝟏 + 𝒆𝟐𝒑𝟐

(𝒑𝟏 − 𝒑𝟐)

)

 

𝟐

∙ 𝑬𝒉𝒑  
(Eq. A. 68) 

 

Outlet pressure term 
𝑝2 = 𝑝𝑎𝑡𝑚 + 𝜌𝑜𝑢𝑡 ∙ 𝑔 ∙ ∆ℎ2 − 𝜌𝑜𝑢𝑡 ∙ (𝑐2

2 − 𝑐3
2) (Eq. A. 69) 

𝒆𝒑𝟐 =

√
  
  
  
  
  

(
𝒆𝒑𝒂𝒕𝒎
𝒑𝒂𝒕𝒎

)
𝟐

+ (𝒇𝝆𝒐𝒖𝒕)
𝟐
+

(

 
 
(√𝒆𝟐𝒛𝒓𝒆𝒇𝒐𝒖𝒕𝒍𝒆𝒕 − 𝒆𝟐𝒛𝟑 − 𝒆𝟐𝒛𝟐)

𝟐

𝒛𝒓𝒆𝒇𝒐𝒖𝒕𝒍𝒆𝒕 − 𝒛𝟑 − 𝒛𝟐

)

 
 

𝟐

+

(

 
√𝒆𝟐𝒄𝟐 + 𝒆𝟐𝒄𝟑

(𝒄𝟐 − 𝒄𝟑)

)

 

𝟐

∙ 𝒑𝟐 

(Eq. A. 70) 

 

Velocity at outlet and lower reservoir 
𝒆𝒄𝟐 = 𝒆𝒄𝟐𝟏 (Eq. A. 71) 

𝒆𝒄𝟑 = √(
𝒆𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅
𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅

)
𝟐

+ (
𝒆𝑩𝟐
𝑩𝟑

)
𝟐

+ (
𝒆𝑯𝟐
𝑯𝟑

)
𝟐

∙ 𝒄𝟐𝟏 (Eq. A. 72) 
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Hydraulic Pressure energy 

𝑒𝐸ℎ𝑝𝑠
= √(

𝑒�̅�

�̅�
)
2

+

(

 
√𝑒2𝑝1 + 𝑒2𝑝2

(𝑝1 − 𝑝2)

)

 

2

∙ 𝐸ℎ𝑝 
(Eq. A. 73) 

 

Hydraulic Potential energy 
𝐸ℎ 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 = �̅� ∙ (𝑧1 − 𝑧2) (Eq. A. 74) 

𝑒𝐸ℎ𝑝𝑜𝑡𝑠
= √𝑒𝑧1

2 + 𝑒𝑧1
2 (Eq. A. 75) 

 

Hydraulic Kinetic energy 

𝐸ℎ 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
∙ (𝑐1

2 − 𝑐2
2) (Eq. A. 76) 

𝑒𝐸ℎ𝑘𝑠 =
√(
2 ∙ 𝑒𝑐1
𝑐1

)
2

+ (
2 ∙ 𝑒𝑐2
𝑐2

)
2

∙ 𝐸ℎ𝑘 (Eq. A. 77) 

 

Inlet velocity 

𝑐1 =
𝑄

𝐴1
=

𝑄

𝜋𝑟2
 (Eq. A. 78) 

𝑒𝑐1 =
√(
𝑒𝑄

𝑄
)
2

+ (
2 ∙ 𝑒𝑟
𝑟

)
2

∙ 𝑐1 (Eq. A. 79) 

 

Hydraulic Kinetic energy 

𝑒𝐸ℎ𝑘𝑠 =
√(
2 ∙ 𝑒𝑐1
𝑐1

)
2

+ (
2 ∙ 𝑒𝑐2
𝑐2

)
2

∙ 𝐸ℎ𝑘 (Eq. A. 80) 

 

Systematic Uncertainty - Total Hydraulic Energy 

𝒆𝑬𝒉𝒔 = ±√𝒆𝑬𝒉𝒑𝒔
𝟐 + 𝒆𝑬𝒉𝒑𝒐𝒕𝒔

𝟐   + 𝒆𝑬𝒉𝒌𝒔
𝟐  (Eq. A. 81) 

𝒇𝑬𝒉𝒔 =
𝒆𝑬𝒉𝒔
𝑬𝒉

 (Eq. A. 82) 
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Appendix E Random uncertainty efficiency calculation 

𝑒𝑟 =
𝑡95 ∙ 𝑠𝑌

√𝑛
 (Eq. A. 83) 

𝑡95 = 𝑆𝑡𝑢𝑑𝑒𝑛𝑡 𝑡 − 𝑓𝑎𝑐𝑡𝑜𝑟 𝑤𝑖𝑡ℎ 95%𝑐𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 

𝑠𝑌 = 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 

𝑛 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 

𝑠𝑌 = √
∑(�̅� − 𝑌𝑖)

2

𝑛 − 1
 

(Eq. A. 84) 

Student t factor for measurements with samples larger than 120 samples have a 𝑡95 = 1,96.  

 

Variable 𝒇 % 

Generator output 𝑓𝑃𝑔𝑒𝑛𝑒𝑟𝑎𝑜𝑡𝑟 ±0,1% 

heights 𝑓𝑧𝑟  ~0% 

Density 𝑓𝜌𝑟  ~0% 

Isothermal factor 𝑓𝑎𝑟 ~0% 

Heat capasity 𝑓𝑐𝑝𝑟 ~0% 

Gravity 𝑓𝑔𝑟  ~0% 

Probe flow 𝑓𝑄𝑝𝑟𝑜𝑏𝑒𝑟  ~0% 

Table 23 - Random uncertainty according to IEC60041 

 

Sensor 𝒕𝟗𝟓 𝒔𝒀 𝒆𝒓 

𝑝𝑎𝑡𝑚 1,96 2,0508 ∙ 10−5  
𝐽
𝑘𝑔⁄  2,9960 ∙ 10−6  

𝐽
𝑘𝑔⁄  

𝑝1 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 1,96 7,1548 ∙ 10−4  
𝐽
𝑘𝑔⁄  1,0452 ∙ 10−6  

𝐽
𝑘𝑔⁄  

𝑝11 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡 1,96 0,0024 𝐽 𝑘𝑔⁄  3,5191 ∙ 10−6  𝐽 𝑘𝑔⁄  

𝑡𝑒𝑚𝑝11−21 1,96 0,7773 𝐽 𝑘𝑔⁄  0,0952 𝐽 𝑘𝑔⁄  

Table 24 - Random uncertainty of measured quantities 

Table 24 presents the calculated random uncertainty of the sensors. The random uncertainty 

in the pressure measurements is low due to the number of samples for performed for each 

sensor. The diff temperature has fewer samples, and will therefore display a higher 

uncertainty.    
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Random uncertainty Mechanical Energy 

𝐸𝑚 = �̅� ∙ (𝑝11 − 𝑝21) + �̅� ∙ (𝑧11 − 𝑧21) +
1

2
∙ (𝑐11

2 − 𝑐21
2 ) + 𝑐�̅� ∙ (𝑇11 − 𝑇21) (Eq. A. 85) 

 

Mechanical Pressure Energy 

𝑒𝐸𝑚𝑝𝑟
= √𝑒2𝑝11 𝑚𝑒𝑠𝑢𝑟𝑚𝑒𝑛𝑡𝑟

+ 𝑒2𝑝𝑎𝑡𝑚𝑟
 (Eq. A. 86) 

 

Mechanical Potential Energy 

𝑒𝐸𝑚𝑝𝑜𝑡𝑟
= √𝑒2𝑐11 + 𝑒2𝑐21 (Eq. A. 87) 

 

Mechanical thermal Energy 

𝑒𝐸𝑚𝑡𝑟
= √𝑒2𝑇11 + 𝑒2𝑇21 (Eq. A. 88) 

 

𝑓𝑃𝑇𝑢𝑟𝑏𝑖𝑛𝑒𝑟 = 𝑓𝑃𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑟  

 

( Eq. A. 
89) 

 

Flow 

𝒆𝑸𝒂𝒔𝒔𝒖𝒎𝒆𝒅𝒓 = √𝒆𝟐𝑷𝑻𝒖𝒓𝒃𝒊𝒏𝒆𝒓 + 𝒆𝟐𝒑𝟏𝟏 𝒎𝒆𝒔𝒖𝒓𝒎𝒆𝒏𝒕𝒓 + 𝒆
𝟐
𝒑𝒂𝒕𝒎𝒓

 (Eq. A. 90) 

 

Velocity 
𝑒c𝑟 = 𝑒Q𝑟  (Eq. A. 91) 

 

Total Random Uncertainty – Mechanical Energy 

𝑓𝐸𝑚𝑟
=
√(𝑒𝐸𝑚𝑝𝑟

2 + 𝑒𝐸𝑚𝑘𝑟

2 + 𝑒𝐸𝑚𝑡𝑟

2)

𝐸𝑚
 

(Eq. A. 92) 
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Random uncertainty Hydraulic Energy 

𝐸ℎ =
1

�̅�
∙ (𝑝1 − 𝑝2) + �̅� ∙ (𝑧1 − 𝑧2) +

1

2
∙ (𝑐1

2 − 𝑐2
2) (Eq. A. 93) 

 

 

Hydraulic Pressure Energy 

𝒆𝑬𝒉𝒑𝒓
= √𝒆𝟐𝒑𝟏 𝒎𝒆𝒔𝒖𝒓𝒎𝒆𝒏𝒕𝒓 + 𝒆𝟐𝒑𝒂𝒕𝒎𝒓

 (Eq. A. 94) 

 

Hydraulic potential Energy 
𝒆𝑬𝒉𝒑𝒐𝒕𝒓

= 𝟎 (Eq. A. 95) 

 

Hydraulic Kinetic Energy 

𝒆𝑬𝒉𝒌𝒓
= √𝒆𝑪𝟏𝒓

𝟐 + 𝒆𝑪𝟐𝒓
𝟐 (Eq. A. 96) 

 

Total Random Uncertainty – Hydraulic Energy 

𝑓𝐸ℎ𝑟 = 100 ∙
√(𝑒𝐸ℎ𝑝𝑟

2 + 𝑒𝐸ℎ𝑘𝑟
2)

𝐸𝑚
 

(Eq. A. 97) 

 

 

Combined Random Uncertainty 

𝑓𝑟 = √𝑓𝐸𝑚𝑟

2 + 𝑓𝐸ℎ𝑟
2 (Eq. A. 98) 

 

 

Total Uncertainty 

𝑓𝑡𝑜𝑡 = √𝑓𝑠
2 + 𝑓𝑟

2 (Eq. A. 99) 
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Appendix F Pressure pulsations plots 

 

Figure 57 - Waterfall plot -Pressure sensor DT1 

 

Figure 58 - Waterfall plot -Pressure sensor DT2 
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Figure 59 - Waterfall plot -Pressure sensor DT3 

 

Figure 60 - Waterfall plot -Pressure sensor DT4 
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Figure 61 - Waterfall plot -Pressure sensor DT5 

 

Figure 62 - Waterfall plot -Pressure sensor DT6 
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Figure 63 - Waterfall plot -Pressure sensor DT7 

 

Figure 64 - Waterfall plot -Pressure sensor DT8 
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Appendix G LabVIEW Program 
  

 

  

Figure 65 - LABVIEW front panel pressure 
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Figure 66 - LABVIEW front panel temperature 
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Figure 67 - LABVIEW front panel efficiency 
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Figure 68 - LABVIEW signal input 
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Figure 69 - LABVIEW blockdiagram - Write to TDMS -Timer 
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Figure 70 - LABVIEW code to calculate the efficiency  

Appendix H MATLAB script Efficiency 
load('AllTemperatureLeirfossene.mat') 

load('PressureEfficiency.mat') 
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tdiff=[13.36, 16.65, 15.23, 19.80, 11.54, 9.47, 12.34, 12.33, 10.11];  %time diff temp in and temp out 

 

RowStartOut=[floor(tdiff/3.4)];     %adjusting vector size 

RowStartIn=1; 

LengthRowEndOut=256; 

dd=max(RowStartOut); 

RowEndOut(1,:)=[256+RowStartOut]; 

RowEndInRow=[RowEndOut-RowStartOut]; 

RowEndIn=min(RowEndInRow); 

  

for j=1:9 

T11(:,j)=T(j).InletT; 

T11R(:,j)=[T11(RowStartIn:RowEndIn,j)]; 

Lt11=length (T11R); 

T21Top(:,j)=T(j).OutletT1; 

T21TopR(:,j)=[T21Top(RowStartOut+1:RowEndOut,j)]; 

T21Mid(:,j)=T(j).OutletT2; 

T21MidR(:,j)=[T21Mid(RowStartOut+1:RowEndOut,j)]; 

T21Low(:,j)=T(j).OutletT3; 

T21LowR(:,j)=[T21Low(RowStartOut+1:RowEndOut,j)]; 

end 

 

TempDiff=T11R-((T21TopR+T21MidR+T21LowR)/3); 

MeanT21TopR=mean(T21TopR); 

MeanT21MidR=mean(T21MidR); 

MeanT21LowR=mean(T21LowR); 

T11=mean(T11R); 

T21=(MeanT21TopR+MeanT21MidR+MeanT21LowR)/3; 

 

D1=2.5;                          %Diameter inlet turbine m 

Hdesign=58;                      %design head of turbine m 

VolumeBucket=0.011;               %Bucket volume m3 

Aprobe=0.000227;               %Flow Cross Section, Probe [m2] 

A2=14.868;                     %Area of the outlet of the draft tube m2 

A1=((D1/2)^2)*pi;     %Area inlet 

 

%Heights 

z1=8.5;                            %[m] height turbine inlet, center 

z2=3.847;                          %[m] Draft tube outlet, center  

z1pres=9.80-0.41+0.205;           %[m] height pressure measurements inlet 

z11preTemp=9.80+0.192+0.0189;    %[m] height pressure measurements through temperature sensor 

inlet 
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z11=10.266;                      %[m] height temperature measurements at inlet of the turbine(sensor located on floor 

of turbine cover) 

z21=3.847;                           %[m] height temperature measurements at outlet 

zrefOutlet=22.5-0.045;               %[m] OUTLET ref height 

 

% Gravitatinal factors 

Latitude=63.3734;                                               %[deg] Latiude  

gin=9.7803*(1+(0.0053*(sind(Latitude)^2)))-(0.000003*z1);    %[m/s2]  

gout=9.7803*(1+(0.0053*(sind(Latitude)^2)))-(0.000003*z2);   %[m/s2]  

gmean=(gin+gout)/2;      %[m/s2] 

  

%% %VARIABLES% %VARIABLES% %VARIABLES% %VARIABLES% %VARIABLES% 

Operational_point =[0.76, 0.58, 0.64, 0.46, 0.89, 1.03, 0.83, 0.84, 0.99]; 

%Leakage parameters 

fillingTimeBucket=[105.31, 105, 105, 103.25, 104.09, 104.9, 105.35, 103.58, 102.66]; 

Pgenerator=[12.1, 9.3, 10.3, 7.3, 14.2, 16.5, 13.3, 13.4, 15.80];  %Generator  

 

%Pressures 

p1pressureSensor=-248.82636108+124.83442086*[p(:).Inlet]; 

p11tempSensor=-250.33220162+124.84051990*[p(:).InletTemp]; 

patm=-62.80378168+31.22750987*[p(:).atm]; 

Meanp1=mean(p1pressureSensor); 

Meanp11=mean(p11tempSensor); 

Meanpatm=mean(patm); 

 

%Heights 

z3=[8.76, 8.81, 8.83, 8.94, 8.71, 8.58, 8.7, 8.73, 8.62];     %[m] height from zref to water level at 

outlet     

z0=[72.70,  72.76,  72.70,  72.79,  72.70,  72.63,  72.70,  72.67,  72.61]; % height upper reservoir 

 

for k=1:numel(T11) 

  

h21(k)=zrefOutlet-z3(k)-z21;           %[m] Height diffrence between lower reservoir and temperature sensor at 

outlet 

h2(k)=zrefOutlet-z3(k)-z2;             %[m] Height diffrence between lower reservoir and pipe center at outlet 

deltaz1=z1pres-z1;                    %[m] difference between pressure measurement and center of pipe at inlet 

deltaz11=z11preTemp-z11;             %[m] difference between pressure measurement at temperature sensor and 

temp sensor 

  

%%Calculation of Density, isothermal factor, cp, p11 and p21 

% While loop preconditions 

    p11(k)=Meanp11(k)+(1000*gin*deltaz11/1000); 

    p11out(k)=0; 

    p21out(k)=0; 
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    p21(k)=1; 

    loopCount=0; 

 

while abs(p11(k)-p11out(k))>eps 

  

p11(k)=p11out(k); 

p21(k)=p21out(k); 

% Tables 

Rij=[0.00004466741557 -0.00005594500697 0.000003402591955 -0.00000004136345187; 0.1010693802 -

0.00001513709263 0.000001063798744 -0.000000008146078995;-0.000005398392119 0.00000004672756685 

-0.000000001194765361 -0.00000000001366322053;0.0000000007780118121 -0.00000000001619391322 

0.0000000000005883547485 0.000000000000008754014287]; 

uj=[-20.10822004; 0.002586532356; -0.00790990922; 0.00001150327872; -0.00000001035522272]; 

%% Beta 

betain(k)=(p11(k)+20000)/100;       %beta at tempINLET (p11 and T11) 

betaout(k)=(p21(k)+20000)/100;         %beta at tempOutlet (p21 and T21)     

 %% Alfa 

alfain(k)=(T11(k));                     %alfa at tempINLET (p11 and T11) 

alfaout(k)=(T21(k));                    %alfa at tempOutlet (p21 and T21)    

  

densityin1 = 0; 

for i = 1:4 

for j = 1:4 

densityin1 = densityin1 + ((Rij(i,j)*(alfain(k))^(j-1))*(betain(k)^(i-2))); 

end     

end 

densityin(k) = ((densityin1)^-1)*100;   % Density of water at INLET  

  

densityout2 = 0; 

for i = 1:4 

   for j = 1:4 

densityout2 = densityout2 + ((Rij(i,j)*(alfaout(k))^(j-1)*(betaout(k)^(i-2)))); 

   end     

end 

densityout(k) = ((densityout2)^-1)*100;    % Density of water at OUTLET  

  

%% Isothermal factor INLET (p1 and T11) 

isothermalin1 = 0; 

for i = 1:4 

   for j = 1:4 

isothermalin1 = isothermalin1 + (Rij(i,j)*(alfain(k)^(j-1))*(betain(k)^(i-2))); 

   end 

end 
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isothermalin2 = 0; 

for i = 1:4 

   for j = 2:4 

isothermalin2 = isothermalin2 + ((Rij(i,j)*(j-1)*(alfain(k)^(j-2))*(betain(k)^(i-2)))); 

   end 

end 

isothermalin(k)= (10)*(isothermalin1 - ((T11(k)+273.15)*isothermalin2)); 

 

%% Isothermal factor OUTLET (p2 and T21) 

isothermalout1 = 0; 

for i = 1:4 

   for j = 1:4 

isothermalout1 = isothermalout1 + (Rij(i,j)*(alfaout(k)^(j-1))*(betaout(k)^(i-2))); 

   end 

end 

isothermalout2 = 0; 

for i = 1:4 

   for j = 2:4 

isothermalout2 = isothermalout2 + ((Rij(i,j)*(j-1)*(alfaout(k)^(j-2))*(betaout(k)^(i-2)))); 

   end 

end 

isothermalout(k)= (10)*(isothermalout1 - ((T21(k)+273.15)*isothermalout2)); 

  

%% Specific heat capacity INLET (p1 and T11) 

cpin1 = 0; 

for j = 3:5 

    cpin1 = cpin1 + (uj(j)*(j-1)*(j-2)*(alfain(k)^(j-3))); 

end 

cpin2 = 0; 

for i = 1:1 

    for j = 3:4 

       cpin2 = cpin2 + ((Rij(i,j)*(j-1)*(j-2)*(alfain(k))^(j-3))); 

    end 

end 

cpin3 = 0; 

for i = 2:4 

   for j = 3:4 

cpin3 = cpin3 + ((1/(i-1))*Rij(i,j)*(j-1)*(j-2)*(alfain(k))^(j-3)*(betain(k))^(i-1)); 

   end 

end 

cpin(k)= -1000*(273.15+T11(k))*((cpin1+(log(betain(k))*cpin2)+cpin3)); 

  

%% Specific heat capacity OUTLET (p2 and T21) 
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cpout1 = 0; 

for j = 3:5 

    cpout1 = cpout1 + (uj(j)*(j-1)*(j-2)*(alfaout(k))^(j-3)); 

end 

cpout2 = 0; 

for i = 1:1 

    for j = 3:4 

       cpout2 = cpout2 + ((Rij(i,j)*(j-1)*(j-2)*(alfaout(k))^(j-3))); 

    end 

end 

cpout3 = 0; 

for i = 2:4 

   for j = 3:4 

cpout3 = cpout3 + ((1/(i-1))*Rij(i,j)*(j-1)*(j-2)*(alfaout(k))^(j-3)*(betaout(k))^(i-1)); 

   end 

end 

cpout(k)= -1000*(273.15+T21(k))*(cpout1+(log(betaout(k))*(cpout2))+cpout3);  
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%% Calculated Pressure 

p11out(k)=Meanp11(k)+((densityin(k)*gin*deltaz11)/1000);  %[kPa]p Inlet  

p21out(k)=Meanpatm(k)+(densityout(k)*gout*h21(k)/1000); %[kPa]p Outlet 

loopCount=loopCount+1; 

end 

%mean values  

cpmean(k)=((cpin(k)+cpout(k))/2);         % MEAN cp 

densitymean(k)=((densityin(k)+densityout(k))/2);          % MEAN density 

isothermalmean(k)=((isothermalin(k)+isothermalout(k))/2) % MEAN Isothermal factor  

 

Qprobe(k)=VolumeBucket/fillingTimeBucket(k);     % Flow probe 

c11(k)=Qprobe(k)/Aprobe;     % Probe 

effGenerator=0.985; 

Pturbine(k)=1000*Pgenerator(k)/effGenerator;     % Turbine power 

p1(k)=Meanp1(k)+(densityin(k)*gin*deltaz1/1000); 

Qassumed(k)=Pturbine(k)/(p1(k)-Meanpatm(k));     % Flow assumed 

c21assumed(k)=Qassumed(k)/A2; 

 

%% Mechanical Energy 

Emp(k)=isothermalmean(k)*(p11(k)-p21(k));   %Pressure Mechanical Energy 

Emt(k)=cpmean(k)*(T11(k)-T21(k));    %Thermal Mechanical Energy 

Empot(k)=gmean*(z11-z21);     %Potential Mechanical Energy 

  

%While loop preconditions 

    Q(k)=Qassumed(k); 

    Qout(k)=0; 

    c21(k)=c21assumed(k); 

    loopcount2=0; 

  

while abs(Q(k)-Qout(k))>eps 

    Q(k)=Qout(k);      %Flow recalculated 

    c21(k)=Qout(k)/A2;     %Velocity recalculated 

    Emk(k)=0.5*(c11(k)^2-c21(k)^2);   %Kinematic mechanical energy 

    Emtot(k)=Emp(k)+Emt(k)+Emk(k)+Empot(k);  %Total mechanical energy 

    Qout(k)=1000*Pturbine(k)/(densitymean(k)*Emtot(k)); %New Flow 

    loopcount2=loopcount2+1; 

end 

 

c1(k)=Q(k)/A1;      %Velocity inlet 

c2(k)=Q(k)/A2;      %Velocity outlet 

c3(k)=Q(k)/(4.5*3.5);     %Velocity lower reservoir  

p2(k)=Meanpatm(k)+(densityout(k)*gout*h2(k))/1000-(densityout(k)*(c2(k).^2-c3(k).^2)/2)/1000; 
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%% Hydraulic Energy 

Ehp(k)=(p1(k)-p2(k))*1000/densitymean(k);  %Pressure Hydraulic energy 

Ehpot(k)=gmean*(z1-z2);     %potential Hydraulic energy 

Ehk(k)=0.5*(c1(k)^2-c2(k)^2);    %Kinematic Hydraulic energy 

Ehtot(k)=Ehp(k)+Ehpot(k)+Ehk(k);    %total Hydraulic energy 

 

effTurbine(k)=Emtot(k)/Ehtot(k);     % Turbine Efficiency 

H(k)=Ehtot(k)/gmean;      % Head 

Qnom(k)=sqrt(Hdesign/H(k))*Q(k);    % Nominal flow 

PTnom(k)=Pturbine(k)*((Hdesign/H(k))^(3/2));  % Nominal Turbine Power 

 

%% Head Loss 

Hloss(k)=(((Meanpatm(k)-p1(k))*1000)/(gin*densityin(k)))-((c1(k)^2)/(2*gin))+z0(k)-z1; 

 

%% Systematic Uncertainty terms 

fp11measurment=0.00045576; 

fdensity=0.001; 

ez=0.02; 

ezrefoutlet=0.03; 

epatm=0.005297; 

ez3=0.05; 

ep11(k)=sqrt((fp11measurment)^2+fdensity^2+((ez^2+ez^2)/deltaz11)^2)*p11(k); 

ep21(k)=p21(k)*(sqrt((epatm/Meanpatm(k)).^2+fdensity^2+((ez^2+ezrefoutlet^2+ez3^2)/h21(k)).^2)); 

  

eVbucket=1*10^-6; 

etprobe=0.1; 

eAprobe=5.6785*10^-8; 

ec11(k)=c11(k)*sqrt((eVbucket/VolumeBucket)^2+(etprobe/fillingTimeBucket(k)).^2+(eAprobe/Aprobe)^2); 

  

fp1measurment=0.00042519; 

ez1pres=0.03; 

ep1(k)=(sqrt((fp1measurment)^2+fdensity^2+((ez1pres^2+ez^2)/deltaz1)^2))*p1(k); 

ePturbine(k)=(sqrt(0.0071^2+0.005^2))*Pturbine(k); 

eQassumed(k)=Qassumed(k)*sqrt((ePturbine(k)/Pturbine(k)).^2+((sqrt(ep1(k).^2+epatm)/(p1(k)-patm(k))).^2)); 

ec21(k)=c21(k)*sqrt((eQassumed(k)/Qassumed(k)).^2+(ez/4.5)^2+(ez/3.304)^2); 

  

fEin=0.002; 

fEout=0.006; 

ecpmean=sqrt(2*0.005^2); 

eT=0.001; 

edensitymean(k)=sqrt((fdensity*densityin(k)).^2+(fdensity*densityout(k)).^2); 

ec2(k)=ec21(k); 

ec3(k)=c3(k)*(sqrt((eQassumed(k)/Qassumed(k)).^2+(ez/4.5)^2+(ez/3.5)^2)); 
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ep2(k)=p2(k)*(sqrt((epatm/Meanpatm(k)).^2+fdensity^2+((ez^2+ez^2+ez3^2)/h2(k)).^2+(((ec2(k).^2)+(ec3(k).^

2))/(c2(k)-c3(k))).^2)); 

  

eQ(k)=eQassumed(k); 

ec1(k)=c1(k)*sqrt((eQ(k)/Q(k)).^2+(2*0.01/1.25)^2); 

  

%% Random Unceratinty terms%% 

ep1r(k)=sqrt((sum((mean(p1pressureSensor(:,k))-p1pressureSensor(:,k)).^2))/(1800000-

1))*(1.96/sqrt(1800000))/densityin(k); 

ep11r(k)=sqrt((sum((mean(p11tempSensor(:,k))-p11tempSensor(:,k)).^2))/(1800000-

1))*(1.96/sqrt(1800000))/densityin(k); 

epatmr(k)=sqrt((sum((mean(patm(:,k))-patm(:,k)).^2)/(1800000-1)))*(1.96/sqrt((1800000-1)))/densityin(k); 

eTr(k)=sqrt((sum((mean(TempDiff(:,k))-TempDiff(:,k)).^2)/(256-1)))*(1.96/sqrt(256))*cpmean(k); 

ePturbiner(k)=0.001*(Pturbine(k)/(densitymean(k)*Q(k))); 

eQr(k)=sqrt(ePturbiner(k).^2+ep11r(k).^2+epatmr(k).^2); 

ec11r(k)=eQr(k); 

ec21r(k)=eQr(k); 

ec1r(k)=ec21r(k); 

ec2r(k)=ec21r(k); 

end 

  

%%Systematic Uncertainty%% 

for k=1:9 

eEmps(k)=Emp(k)*(sqrt((sqrt(2*0.002^2)^2)+((sqrt(ep11(k).^2+ep21(k).^2))/(p11(k)-p21(k))).^2)); 

eEmks(k)=Emk(k)*(sqrt((2*ec11(k)/c11(k)).^2+(2*ec21(k)/c21(k)).^2)); 

eEmpots(k)=sqrt(ez^2+ez^2); 

eEmts(k)=Emt(k)*sqrt((ecpmean/cpmean(k)).^2+(fEin)^2+(fEout)^2+(sqrt(eT^2+eT^2)/(T11(k)-T21(k)))^2); 

eEms(k)=sqrt(eEmps(k).^2+eEmpots(k).^2+eEmks(k).^2+eEmts(k).^2); 

fEms(k)=100*eEms(k)/Emtot(k);                   % in [%] 

  

eEhps(k)=Ehp(k)*(sqrt((edensitymean(k)/(densitymean(k))).^2+(sqrt(ep1(k).^2+ep2(k).^2)/(p1(k)-p2(k))).^2)); 

eEhpots(k)=sqrt(ez^2+ez^2); 

eEhks(k)=Ehk(k)*(sqrt((2*ec1(k)/c1(k)).^2+(2*ec2(k)/c2(k)).^2)); 

eEhs(k)=sqrt(eEhps(k).^2+eEhpots(k).^2+eEhks(k).^2); 

fEhs(k)=100*eEhs(k)/Ehtot(k);                       % in [%] 

  

fS(k)=sqrt(fEms(k).^2+fEhs(k).^2);               % Total systematic Uncertainty in 

[%] 

fQ(k)=100*sqrt((eQr(k)).^2+(eQ(k)).^2)/Q(k);       % Uncertainty in flow [J/kg] 

fPtrubine(k)=100*sqrt((ePturbiner(k)).^2+(ePturbine(k)).^2)/Pturbine(k);     % in [J/kg] 

eHloss(k)=sqrt((epatm/Meanpatm(k)).^2+(ep1(k)/p1(k)).^2+(ec1(k)/c1(k)).^2+((ez^2+ez^2)/(z0(k)-z1)).^2); 

fHloss(k)=100*eHloss(k)/Hloss(k);                % in [J/kg] 

end 
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%%Random Uncertainty%% 

for k=1:9 

eEmpr(k)=sqrt(ep11r(k).^2+epatmr(k).^2);       % in [J/kg]     

eEhkr(k)=sqrt(ec11r(k).^2+ec21r(k).^2);         % in [J/kg] 

eEmr(k)=sqrt(eEmpr(k).^2+eEhkr(k).^2);          % in [J/kg] 

eEmr(k)=eTr(k);                                  % in [J/kg] 

  

eEhpr(k)=sqrt(ep1r(k).^2+epatmr(k).^2);         % in [J/kg] 

eEhkr(k)=sqrt(ec1r(k).^2+ec2r(k).^2);          % in [J/kg] 

eEhr(k)=sqrt(eEhpr(k).^2+eEhkr(k).^2);          % in [J/kg] 

  

fEmr(k)=100*eEmr(k)/Emtot(k);                   % in [%] 

fEhr(k)=100*eEhr(k)/Ehtot(k);                   % in [%] 

  

fR(k)=sqrt(fEmr(k).^2+fEhr(k).^2);              %Total Random Uncertainty in [%] 

fTotalEm(k)=sqrt(fEmr(k).^2+fEms(k).^2);        % in [%]    

fTotalEh(k)=sqrt(fEhr(k).^2+fEhs(k).^2);        % in [%]  

fTotal(k)=sqrt(fR(k).^2+fS(k).^2);              % Total Uncertainty in [%] 

end 
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%% Rearranging the values in order to create figures  

[TempQnom I]= sort(Operational_point); 

for i=1:length(effTurbine); 

    TempEff(i)=effTurbine(I(i)); 

    TempError(i)=fTotal(I(i));                    % in [%] 

    TempfS(i)=fS(I(i)); 

    TempfR(i)=fR(I(i)); 

    TempPnom(i)=PTnom(I(i))/1000; 

    error(i)=TempError(i)*TempEff(i)/100;       % in [-] eff 

    errx(i)=error(i)*10; 

    erry(i)=error(i); 

     

end 

 

[TempQnom K]= sort(Qnom); 

for i=1:length(Hloss); 

    TempHloss(i)=Hloss(K(i)); 

    TempEmtot(i)=Emtot(K(i)); 

    TempEhtot(i)=Ehtot(K(i)); 

    TempfHloss(i)=fHloss(K(i)); 

    TempFTotalEm(i)=fTotalEm(K(i)); 

    TempfTotalEh(i)=fTotalEh(K(i)); 

    Tempfpturbine(i)=fPtrubine(K(i)); 

    TempfQ(i)=fQ(K(i)); 

     

    errorHloss(i)= TempfHloss(i)*TempHloss(i)/100; 

    errorHlossy(i)=errorHloss(i); 

    errorEm(i)=TempEmtot(i)*TempFTotalEm(i)/100; 

    errorEmy(i)=errorEm(i); 

    errorEh(i)=TempEhtot(i)*TempfTotalEh(i)/100; 

    errorEhy(i)=errorEh(i); 

    errorQ(i)=(TempfQ(i)/100)*Q(k); 

    errorPturbine(i)=(Tempfpturbine(i)/100)*Pturbine(K(i))/1000; 

end 

 

  

%% Efficiency Curve     %% Efficiency Curve 

pp=polyfit(TempPnom,TempEff/max(TempEff),3); 

x1 = linspace(min(TempPnom),max(TempPnom)); 

y1 = polyval(pp,x1); 

dfig ('Efficiency_1') 

plot(TempPnom, TempEff/max(TempEff),'o') 

hold on 
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Author=plot(x1,y1, 'r'); 

hold on 

for i=1:9 

errorbarxy(TempPnom(i),TempEff(i)/max(TempEff),errorPturbine(i),erry(i),{'ro-', 'r', 'r'}) 

hold on 

end 

hold on 

 

%% Efficiency Curve NORCONSULT   %% Efficiency Curve NORCONSULT  

NorOP=[information subtracted due to confidentiality]            

NorEff=[ information subtracted due to confidentiality]; 

 

ppNOR=polyfit(NorOP,NorEff/max(TempEff),3); 

x1NOR = linspace(min(NorOP),max(NorOP)); 

y1NOR = polyval(ppNOR,x1NOR); 

dfig ('Efficiency_1') 

plot(NorOP, NorEff/max(TempEff),'k*') 

hold on 

NORC=plot(x1NOR,y1NOR,'k'); 

hold on 

errxNor=0.15; 

erryNor=0.015; 

for i=1:5 

errorbarxy(NorOP(i),NorEff(i)/max(TempEff),errxNor,erryNor,{'k-', 'k', 'k'}) 

hold on 

end 

hold on 
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title(['Efficiency curve - Leirfossene - Turbine 2'],'FontSize',22,'FontWeight','bold','Interpreter','Latex') 

xlim([6 18]) 

ylim([0.86 1.02]) 

xlabel(['Turbine Power at Rated Head - ','${P_{Tn} }$',' 

[MW]'],'FontSize',23,'FontWeight','bold','Interpreter','Latex') 

ylabel(['Relative Efficiency [-]'],'FontSize',22,'FontWeight','bold','Interpreter','Latex') 

grid on 

a = get(gca,'XTickLabel'); 

set(gca,'XTickLabel',a,'FontName','Times','fontsize',18); 

legend([Author,NORC],'NTNU (2016)','Norconsult (2009)','Location','northeast') 

  

set(gcf,'PaperPositionMode','auto'); 

print('Efficiency Curve Leirfossene gibson','-dpng','-r400'); 

 

%% Head Loss Qnom      % Head Loss Qnom 

p=polyfit(TempQnom,TempHloss,3); 

x1 = linspace(min(TempQnom),max(TempQnom)); 

y1 = polyval(p,x1); 

  

dfig ('Hloss') 

plot(TempQnom, TempHloss, 'o') 

hold on 

plot(x1,y1,'r') 

hold on 

for i=1:9 

errorbarxy(TempQnom(i),TempHloss(i),errorQ(i),errorHlossy(i),{'ko-', 'k', 'k'}) 

end 

hold on 

  

title(['Head loss curve Leirfossene - Turbine 2'],'FontSize',24,'FontWeight','bold','Interpreter','Latex') 

xlim([14 34]) 

ylim([0.5 1.4]) 

xlabel(['Flow at Rated Head - ','${Q_n}[\frac{m^3}{s}]$'],'FontSize',23,'FontWeight','bold','Interpreter','Latex') 

ylabel(['Head loss [mWc]'],'FontSize',22,'Interpreter','Latex') 

a = get(gca,'XTickLabel'); 

set(gca,'XTickLabel',a,'FontName','Times','fontsize',18); 

grid on 

set(gcf,'PaperPositionMode','auto'); 

print('Head Loss Leirfossene1','-dpng','-r400'); 
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%% Total Uncertainty      % Total Uncertainty 

p=polyfit(TempPnom,TempError,3); 

x1 = linspace(min(TempPnom),max(TempPnom)); 

y1 = polyval(p,x1); 

dfig ('Total Uncertainty') 

plot(TempPnom, TempError, 'o') 

hold on 

plot(x1,y1) 

hold on 

title(['Total Uncertainty - Thermodynamic method'],'FontSize',24,'FontWeight','bold','Interpreter','Latex') 

xlim([6 18]) 

ylim([1.22 1.4]) 

  

for i=1:9 

errorbarxy(TempPnom(i),TempError(i),errorPturbine(i),0,{'ko', 'k', 'k'}) 

end 

hold on 

xlabel(['Turbine Power at Rated Head - ','${P_{Tn} }$',' 

[MW]'],'FontSize',23,'FontWeight','bold','Interpreter','Latex') 

ylabel(['Uncertainty [\%]'],'FontSize',22,'Interpreter','Latex') 

grid on 

a = get(gca,'XTickLabel'); 

set(gca,'XTickLabel',a,'FontName','Times','fontsize',18); 

% set(gcf,'PaperPositionMode','auto'); 

% print('Total Uncertainty','-dpng','-r600'); 
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Appendix I MATLAB script for 3D plots 
load('DTPressure_2000SRate_UtenLuft.mat') 

 

Fs=2000;                                    %Sample rate 

ov=0.5;                                      %Window overlapFactor 

conf_l=0.95;                                %confidence level 

na = 12;                                     %na=number of windows 

  

f_min=0;      %frequency values x-axis  

f_max=100;      % frequency values x-axis 

 

%Select sensor 

disp('1: DT1 ') 

disp('2: DT2 ') 

disp('3: DT3 ') 

disp('4: DT4 ') 

disp('5: DT5 ') 

disp('6: DT6 ') 

disp('7: DT7 ') 

disp('8: DT8 ') 

 

prompt = 'Chose sensor, Please  '; 

inputN = input(prompt,'s'); 

inputN = str2num(inputN); 

  

if isempty(inputN) 

    kk=1:8; 

  else 

    kk=inputN; 

end 

 

for inputN=kk; 

  

      switch inputN 

        case 1 

            sensorInput='DT1'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 1';   %DT1 

            a=61.30880908;     %calibration const. 

            b=-121.61051306;     %calibration const. 

        case 2 
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            sensorInput='DT2'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 2';   %DT2 

            a=61.17379911;     %calibration const. 

            b=-121.42918313;     %calibration const. 

        case 3 

            sensorInput='DT3'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 3';   %DT3 

            a=61.21574205;     %calibration const. 

            b=-122.53410606;     %calibration const. 

         

case 4 

            sensorInput='DT4'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 4';   %DT4 

            a=61.25759912;     %calibration const. 

            b=-123.19199928;     %calibration const. 

        case 5 

            sensorInput='DT5'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 5';   %DT5 

            a=61.27267521;     %calibration const. 

            b=-121.91624464;     %calibration const. 
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        case 6 

            sensorInput='DT6'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 6';   %DT6 

            a=61.20854518;     %calibration const. 

            b=-122.27875129;     %calibration const. 

        case 7 

            sensorInput='DT7'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 7';   %DT7 

            a=61.23005606;     %calibration const. 

            b=-121.82442935;     %calibration const. 

        case 8 

            sensorInput='DT8'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 8';   %DT8 

            a=61.11306315;     %calibration const. 

            b=-121.75310005;     %calibration const. 

    end 

 

for i = 1:numel(P) 

   x(:,i) = P(i).(sensorInput)*a+b; 

end 

  

Operational_point =[0.6438, 0.7563, 0.575, 0.8875, 0.4625, 0.83125, 1.0313, 0.8375, 0.9875]; 

[TempOperational I]= sort(Operational_point);  %Sort elements 

for k=1:length(Operational_point); 

     Tempx(:,k)=[x(:,I(k))]; 

     t = (1:length(Tempx(:,k)))'; 

     opol = 7; 

    [p,s,mu] = polyfit(t,Tempx(:,k),opol); 

     f_y(:,k)= polyval(p,t,[],mu); 

     dt_x(:,k) = Tempx(:,k) - f_y(:,k); 

end  
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[n m] = size(dt_x); 

z = 1:n; 

for j=1:m 

nx = max(size(dt_x(:,j)));    

w  = hanning(floor(nx/na));                %window function and size     

num_win=na/(1-ov); 

        [PSD(:,j),f1,PSDc]=pwelch(dt_x(:,j),w,floor(ov*(nx/na)),[],Fs,'ConfidenceLevel',conf_l);     %PSD=Power 

Spectral density V^2/Hz 

  

fbin=f1(2)-f1(1);                               %frequency resolution 

S1=sum(w); 

S2=sum(w.^2); 

ENBW=Fs*(S2/(S1^2));                           %E ective Noise andWidth, 

PS1=PSDc(:,1)*ENBW;     %PS Confidence level 

PS2=PSDc(:,2)*ENBW;     %PS Confidence level 

PS(:,j)=PSD(:,j)*ENBW;                          %Power spectrum  

  

RMS1=sqrt(PS1);                       %RMS Confidence level  

RMS2=sqrt(PS2);      %RMS Confidence level 

RMS(:,j)=sqrt(PS(:,j));      %RMS 

  

Peak1=sqrt(PS1)*sqrt(2);                     

Peak2=sqrt(PS2)*sqrt(2); 

Peak(:,j)=sqrt(PS(:,j))*sqrt(2);    %Peak amplitude 

LL=length(Peak(:,j)); 

i1 = ones(LL,1); 

i1 = i1(1:LL); 

  

dfig('046')      %Plot figure 

plot(f1,Peak(:,1)) 

xlim([f_min,f_max]) 

title({['Pressure Sensor ' Figname ,' $\frac{Q}{Q_n}=0.46$']}, 'FontSize',22, 'Interpreter','Latex') 

       ylabel(['Pressrue [kPa]'],'FontSize',25,'Interpreter','Latex') 

       xlabel('Frequency [Hz]','FontSize',22,'Interpreter','Latex') 

       grid on 

       a = get(gca,'XTickLabel'); 

       set(gca,'XTickLabel',a,'FontName','Times','fontsize',18) 

%         set(gcf,'PaperPositionMode','auto');   %Export Figure 

%         print(['0-46'],'-dpng','-r500'); 

  

dfig(Figname)      %Plot figure 

        hold on 

        plot3(z(j+3)*i1,f1,Peak(:,j)) 

        title({['Pressure Sensor ' Figname]},'FontSize',22,'Interpreter','Latex') 
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        grid on 

        xlabel(['$\frac{Q}{Q_n}[-]$'],'FontSize',25,'Interpreter','Latex') 

        ylabel('Frequency [Hz]','FontSize',22,'Interpreter','Latex') 

        zlabel('Pressure [kPa]','FontSize',22,'Interpreter','Latex') 

        ylim([f_min,f_max]) 

set(gca,'XTickLabel',{'0.46', '0.58', '0.64', '0.76', '0.83', '0.84', '0.89', '0.99', '1.03'}) 

end  

 

set(gca, 'Xdir','reverse','view', [135,45])   %rotate figure 

set(gcf,'PaperPositionMode','auto'); 

print([Figname,'0-800'],'-dpng','-r0');   %Export Figure 

end 
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Appendix J MATLAB script Peak analysis  
load('Pressure_with_air.mat') 

load('Pressure_without_air.mat') 

  

Fs=2000;                              %sampling rate 

  

%Select sensor 

disp('1: DT1 ') 

disp('2: DT2 ') 

disp('3: DT3 ') 

disp('4: DT4 ') 

disp('5: DT5 ') 

disp('6: DT6 ') 

disp('7: DT7 ') 

disp('8: DT8 ') 

 

prompt = 'Chose sensor, Please  '; 

inputN = input(prompt,'s'); 

inputN = str2num(inputN); 

  

if isempty(inputN) 

    kk=1:8; 

  else 

    kk=inputN; 

end 

 

for inputN=kk; 

  

      switch inputN 

        case 1 

            sensorInput='DT1'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 1';    %DT1 

            a=61.30880908;      %calibration const. 

            b=-121.61051306;      %calibration const. 

        case 2 

            sensorInput='DT2'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 2';    %DT2 
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            a=61.17379911;      %calibration const. 

            b=-121.42918313;      %calibration const. 

        case 3 

            sensorInput='DT3'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 3';    %DT3 

            a=61.21574205;      %calibration const. 

            b=-122.53410606;      %calibration const. 

         

case 4 

            sensorInput='DT4'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 4';    %DT4 

            a=61.25759912;      %calibration const. 

            b=-123.19199928;      %calibration const. 

        case 5 

            sensorInput='DT5'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 5';    %DT5 

            a=61.27267521;      %calibration const. 

            b=-121.91624464;      %calibration const. 

        case 6 

            sensorInput='DT6'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 6';    %DT6 

            a=61.20854518;      %calibration const. 

            b=-122.27875129;      %calibration const. 
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        case 7 

            sensorInput='DT7'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 7';    %DT7 

            a=61.23005606;      %calibration const. 

            b=-121.82442935;      %calibration const. 

        case 8 

            sensorInput='DT8'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 8';    %DT8 

            a=61.11306315;      %calibration const. 

            b=-121.75310005;      %calibration const. 

    end 

 

    for i = 1:numel(P) 

        x(:,i) = PL(i).(sensorInput)*a+b; 

        y(:,i) = P(i).(sensorInput)*a+b; 

    end 

  

%%Sort elements 

    Operational_point =[0.575, 0.4625]; 

    [TempOperational I]= sort(Operational_point); 

     

    for j=1:length(PL); 

        Tempx(:,j)=[x(:,I(j))]; 

        Tempy(:,j)=[y(:,I(j))]; 
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%%To detrend the signal if it is in- or de-creasing over time          

%         t = (1:length(Tempx(:,j)))';               

%         opol = 7; 

%         [p,s,mu] = polyfit(t,Tempx(:,j),opol); 

%         f_y(:,j)= polyval(p,t,[],mu); 

%         dt_x(:,j) = Tempx(:,j) - f_y(:,j); 

%         Meanx(:,j)=dt_x(:,j)-mean(dt_x(:,j)); 

         

%         ty = (1:length(Tempy(:,j)))'; 

%         [py,sy,muy] = polyfit(ty,Tempy(:,j),opol); 

%         f_y(:,j)= polyval(py,ty,[],muy); 

%         dt_y(:,j) = Tempy(:,j) - f_y(:,j); 

%         Meany(:,j)=dt_y(:,j)-mean(dt_y(:,j)); 

     

  

        meanx(:,j)=mean(Tempx(:,j)); 

        StandardDeviationx(:,j)=std(Tempx(:,j)); 

        SD1x(:,j)=2.58*StandardDeviationx(:,j);           %99confident interval; 

         

        CI1x(:,j)=meanx(:,j)+SD1x(:,j); 

        CI2x(:,j)=meanx(:,j)-SD1x(:,j); 

        diffx(:,j)=CI1x(:,j)-CI2x(:,j); 

       

        meany(:,j)=mean(Tempy(:,j)); 

        StandardDeviationy(:,j)=std(Tempy(:,j)); 

        SD1y(:,j)=2.58*StandardDeviationy(:,j);           %99confident interval; 

         

        CI1y(:,j)=meany(:,j)+SD1y(:,j); 

        CI2y(:,j)=meany(:,j)-SD1y(:,j); 

        diffy(:,j)=CI1y(:,j)-CI2y(:,j); 

         

        %with air 

        Lmx=length(Tempx(:,j));     

        maxmx=CI1x(:,j); 

        mimx=CI2x(:,j);  

        diffmx=maxmx-mimx; 

        Binsmx=diffmx/200; 

        binrangemx(:,j) = mimx:Binsmx:maxmx; 

        [bincountmx(:,j)] = histc(Tempx(:,j),binrangemx(:,j)); 

  

        %without air 

        Lmy=length(Tempy(:,j));    

        mamy=CI1y(:,j); 
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        mimy=CI2y(:,j);      

        diffmy=mamy-mimy; 

        Binsmy=diffmy/200; 

        binrangemy(:,j) = mimy:Binsmy:mamy; 

        [bincountmy(:,j)] = histc(Tempy(:,j),binrangemy(:,j)); 

       

 

dfig (['P2PM ',Figname]) 

            subplot(2,2,j); 

            bar(binrangemx(:,j),bincountmx(:,j),'histc') 

            title({['Pressure Sensor ',Figname], 'With Air injection'}); 

            ylabel('Count [-]') 

            xlabel('Pressure [kPa]') 

            xlim ([mimx-5 maxmx+5]) 

            ylim([0 max(bincountmx(:,j))+100]) 

             

            subplot(2,2,j+2); 

            bar(binrangemy(:,j),bincountmy(:,j),'histc') 

            title({['Pressure Sensor ',Figname], 'Without Air injection'}); 

            ylabel('Count [-]') 

            xlabel('Pressure [kPa]') 

            xlim ([mimy-5 mamy+5]) 

            ylim([0 max(bincountmy(:,j))+100]) 

    

    end 

        dfig (['Bar-P2P',Figname]) 

            barP2P=[diffx; diffy]; 

            bar(barP2P)    

            title({['Pressure Sensor ',Figname], 'Peak to peak comparison'}); 

            legend('With Air','Without Air') 

            set(gca,'XTickLabel',{'0.46' '0.58'}) 

            t=xlabel(['$\frac{P}{P_n}[-]$',]); 

            set(t,'FontSize',19,'FontWeight','bold','Interpreter','Latex'); 

            xlabel(['Frequency [Hz]'],'FontSize',16,'FontWeight','bold') 

        P2Px(inputN,:)=diffx; 

        P2Py(inputN,:)=diffy; 

      end   



Appendix K  MATLAB script for Heat plot 

136 

 

Appendix K  MATLAB script for Heat plot 
load('Pressure_with_air.mat') 

load('Pressure_without_air.mat') 

Fs=2000;                                     %Sample rate 

ov=0.5;                                       %Window overlap Factor 

conf_l=0.95;                                 %confidence level 

na = 12;                                      %na=number of windows 

f_min=0;                                     %determines min in plot 

f_max=20;       %determines min in plot 

 

% xtick=[0:2.5:25];% 

% xtick=linspace(f_min,f_max,10); 

% xtick=[1 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75]; 

xtick=[1 2.5 5 7.5 10 12.5 15 17.5 20];    % X-labels  

 

names={'0.46', '0.58'};      % Sensors names  

disp('1: DT1 ') 

disp('2: DT2 ') 

disp('3: DT3 ') 

disp('4: DT4 ') 

disp('5: DT5 ') 

disp('6: DT6 ') 

disp('7: DT7 ') 

disp('8: DT8 ') 

  

prompt = 'Chose sensor, Please  '; 

inputN = input(prompt,'s'); 

inputN = str2num(inputN); 

if isempty(inputN) 

    kk=1:8; 

else 

    kk=inputN; 

end 

for inputN=kk; 

      switch inputN 

        case 1 

            sensorInput='DT1'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 1';    %DT1 

            a=61.30880908;      %calibration const. 

            b=-121.61051306;      %calibration const. 



Appendix K  MATLAB script for Heat plot 

137 

 

        case 2 

            sensorInput='DT2'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 2';    %DT2 

            a=61.17379911;      %calibration const. 

            b=-121.42918313;      %calibration const. 

        case 3 

            sensorInput='DT3'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 3';    %DT3 

            a=61.21574205;      %calibration const. 

            b=-122.53410606;      %calibration const. 

case 4 

            sensorInput='DT4'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 4';    %DT4 

            a=61.25759912;      %calibration const. 

            b=-123.19199928;      %calibration const. 

        case 5 

            sensorInput='DT5'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 5';    %DT5 

            a=61.27267521;      %calibration const. 

            b=-121.91624464;      %calibration const. 
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        case 6 

            sensorInput='DT6'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 6';    %DT6 

            a=61.20854518;      %calibration const. 

            b=-122.27875129;      %calibration const. 

        case 7 

            sensorInput='DT7'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 7';    %DT7 

            a=61.23005606;      %calibration const. 

            b=-121.82442935;      %calibration const. 

        case 8 

            sensorInput='DT8'; 

            NameX=fieldnames(P); 

            FignameT=NameX(inputN); 

            Figname=FignameT{1}; 

            FigTitle = 'Draft Tube Pressure 8';    %DT8 

            a=61.11306315;      %calibration const. 

            b=-121.75310005;      %calibration const. 

    end 

  

    for i = 1:numel(PL) 

        x(:,i) = PL(i).(sensorInput)*a+b; 

        y(:,i) = P(i).(sensorInput)*a+b; 

    end 

 

 %Sorting of elements 

    Operational_point =[0.575, 0.4625]; 

    [TempOperational I]= sort(Operational_point); 
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    for k=1:length(Operational_point);   %Detrend the signal to  

        Tempx(:,k)=[x(:,I(k))];     %avoid drift 

        Tempy(:,k)=[y(:,I(k))]; 

        t = (1:length(Tempx(:,k)))'; 

        opol = 7; 

        [p,s,mu] = polyfit(t,Tempx(:,k),opol); 

        f_y(:,k)= polyval(p,t,[],mu); 

        dt_x(:,k) = Tempx(:,k) - f_y(:,k); 

         

        ty = (1:length(Tempy(:,k)))'; 

        [py,sy,muy] = polyfit(ty,Tempy(:,k),opol); 

        f_y(:,k)= polyval(py,ty,[],muy); 

        dt_y(:,k) = Tempy(:,k) - f_y(:,k); 

     end 

    %% 

    [n m] = size(dt_x); 

    for j=1:m 

     

        nx = max(size(dt_x(:,j)));    

        w  = hanning(floor(nx/na));          %window function     

        num_win=na/(1-ov); 

        [PSD(:,j),f1,PSDc]=pwelch(dt_x(:,j),w,floor(ov*(nx/na)),[],Fs,'ConfidenceLevel',conf_l);       

        %PSD=Power Spectral density V^2/Hz 

        [PSDy(:,j),f1y,PSDcy]=pwelch(dt_y(:,j),w,floor(ov*(nx/na)),[],Fs,'ConfidenceLevel',conf_l);      

        %PSD=Power Spectral density V^2/Hz 

  

        fbin=f1(2)-f1(1);                     %frequency resolution 

        S1=sum(w); 

        S2=sum(w.^2); 

        ENBW=Fs*(S2/(S1^2));               %E ective Noise andWidth, 

        PS1=PSDc(:,1)*ENBW;                  %PS Confidence level 

        PS2=PSDc(:,2)*ENBW;    %PS Confidence level 

        PS(:,j)=PSD(:,j)*ENBW;         %Power spectrum with                           

        PSy(:,j)=PSDy(:,j)*ENBW;     %Power spectrum without 

  

        RMS1=sqrt(PS1);                       %Peak amplitude  

        RMS2=sqrt(PS2); 

        RMS(:,j)=sqrt(PS(:,j)); 

  

        Peak1=sqrt(PS1)*sqrt(2);              %Peak amplitude  

        Peak2=sqrt(PS2)*sqrt(2); 

        Peak(:,j)=sqrt(PS(:,j))*sqrt(2); 

        Peaky(:,j)=sqrt(PSy(:,j))*sqrt(2); 

        ymax=max([max(Peak(:,j)) max(Peaky(:,j))]); 
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    y1 = [0 1]; 

    A1 = Peak(:,j); 

    A1(:,2) = Peak(:,j); 

     

    y1y = [0 1]; 

    A1y = Peaky(:,j); 

    A1y(:,2) = Peaky(:,j); 

% Plot one operational point with all the sensors        

z=length (NameX); 

if j==1       

    if mod(inputN,2)==0 

    dfig([names{j}]); 

    subtightplot(z,2,inputN,[0.002,0.05]) 

    surf(f1,y1,A1','linestyle','none') 

    hold on 

    set(gca,'view',[0 90]); 

    xlim([f_min f_max]) 

    ylabel(Figname,'FontSize',14,'FontWeight','bold') 

    set(gca,'XTickLabel',[]);   

    set(gca,'YTickLabel',[]);  

    colormap jet 

        if inputN==2 

        title(['With Air Injection','$\frac{Q}{Q_n}=0.46$'],'FontSize',20,'Interpreter','Latex'); 

        end 

    if inputN==8 

        xlabel(['Frequency [Hz]'],'FontSize',22,'Interpreter','Latex') 

            ax=gca; 

            ax.XTick=xtick; 

            ax.XTickLabel=round(xtick,1); 

            ax.FontSize=12; 

            ax.FontWeight='bold';     

    end 

else 

    dfig([names{j}]);       %Plot figure 

    subtightplot(z,2,inputN,[0.002,0.05]) 

    surf(f1,y1,A1','linestyle','none') 

    hold on 

    set(gca,'view',[0 90]); 

    xlim([f_min f_max]) 

    ylabel(Figname,'FontSize',14,'FontWeight','bold') 

    set(gca,'XTickLabel',[]);   
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    set(gca,'YTickLabel',[]);  

    colormap jet 

    if inputN==1 

        title(['With Air Injection','$\frac{Q}{Q_n}=0.46$'],'FontSize',20,'Interpreter','Latex'); 

    end 

    if inputN==7 

        xlabel(['Frequency [Hz]'],'FontSize',22,'Interpreter','Latex'); 

        t=text(-1.2, 1,'Pressure Sensor','rotation', 90,'FontSize',22,'Interpreter','Latex'); 

        t1=text(21.1, 1,'Pressure Sensor','rotation', 90,'FontSize',21,'Interpreter','Latex'); 

        ax=gca; 

        ax.XTick=xtick; 

        ax.XTickLabel=round(xtick,1); 

        ax.FontSize=12; 

        ax.FontWeight='bold';  

    end 

%             set(gcf,'PaperPositionMode','auto'); 

%             print('mLuft0-46','-dpng','-r0'); 

end 
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Appendix M Calibration -Pressure sensors 
All the pressure sensors are calibrated at the Waterpower laboratory at NTNU, using 

designated deadweight testers. The following appendix will present the calibration report of 

all 12 sensors used in the measurements at Leirfossene power plant. 

 

Figure a) Low pressure deadweight tester.    Figure b) High Pressure 

deadweight tester 

 Table 25 displays the range and uncertainty of the equipment used to calibrate the sensors. 

This means that if a sensor is supposed to measure values between 100mbar to 10bar both 

testers have to be used in order to calibrate the correct area it is supposed to measure.  

  
Table 25 - Deadweight calibration tester 

Type Classification Range Uncertainty 

GE deadweight tester, 

P3023-6-P 
Pneumatic 30 – 2000 mbar 0,008 % 

GE deadweight tester, 

P3223-1 
Hydraulic 1 – 350 bar 0,008 % 
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I. Draft tube sensor 1 
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II. Draft tube sensor 2 
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III. Draft tube sensor 3 
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IV. Draft tube sensor 4 
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V. Draft tube sensor 5 
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VI. Draft tube sensor 6 
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VII. Draft tube sensor 7 
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VIII. Draft tube sensor 8 
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IX. Inlet Pressure sensor 
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X. Pressure sensor at temperature inlet sensor 
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XI. Atmospheric pressure sensor 
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Appendix N  Data sheet -Accelerometers 
I. Accelerometer 1 
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II. Accelerometer 2 
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III. Accelerometer 3, 4 and 5 
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Appendix P Calibration Temperature Sensor 
I. Temperature sensor nr.01 
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II. Temperature sensor nr-02 
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III. Temperature sensor nr.03 
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IV. Temperature sensor nr.04 
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V. Temperature sensor nr.05  
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