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Abstract

In this thesis we study triangulated categories and look at one specific example, the homotopy
category of matrix factorizations. First we define categories and functors. Then we introduce
additive and triangulated categories and see that the octahedral axiom can be replaced by
Neeman’s mapping cone axiom. After this we look at matrix factorizations and the homotopy
category of matrix factorizations, HMF (S, ), which leads us to one of our main results, i.e.
that HMF (.S, z) is triangulated. We prove this with both the octahedral axiom and Neeman’s
mapping cone theorem. Lastly we look at the homotopy category of totally acyclic complexes
over a local, regular ring and see that this is equivalent to HMF (S, x).

Sammendrag

I denne oppgaven ser vi pa triangulerte kategorier og trekker frem ett spesifikt eksempel: homo-
topikategorien av matrisefaktoriseringer. Vi begynner med a definere kategorier og funktorer
for sa a introdusere additive og triangulerte kategorier. Her viser vi at oktaederaksiomet kan
erstattes med Neemans "mapping cone"-aksiom. Deretter ser vi pa matrisefaktoriseringer og ho-
motopikategorien av matrisefaktoriseringer, HMF (S, x), som vi viser at er triangulert. Til dette
bruker vi bade oktaederaksiomet og Neemans aksiom. Til slutt ser vi pa homotopikategorien
til totalt asykliske komplekser og viser at over en lokal, reguler ring, er denne ekvivalent med
HMF(S, z).
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Chapter 1

Introduction

The concept of categories was introduced by Samuel Eilenberg and Saunders Mac Lane in
the 1945 article "General Theory of Natural Equivalences", [18], after the authors had already
touched on the subject in 1942. Categories were invented to express certain constructions
in algebraic topology, but has since developed rapidly and is now a big part of for example
homological algebra.

The focus in this thesis is the triangulated category HMF (S, x) which is the homotopy
category of matrix factorizations. The notion of triangulated categories was introduced in
algebraic geometry in the Ph.D. thesis of Jean-Luis Verdier, and in algebraic topology by Dieter
Puppe. Verdier was looking at derived categories and observed they had some special "triangles".
The axioms of the basic properties of these triangles then became the axioms of the triangulated
categories. Since they were introduced, these categories have played an important role in many
branches of mathematics, e.g representation theory, algebraic geometry, algebraic topology,
commutative algebra and more.

Matrix factorizations were introduced some years later by Eisenbud in [10]. Here he studied
free resolutions over the corresponding factor rings and showed that if we take a finitely generated
maximal Cohen-Macaulay module over the factor ring ()/(x), where () is a regular local ring
and x a nonzero element, then its minimal free resolution is obtained from a matrix factorization
of x over ().

In this thesis we start by introducing categories in chapter 2, and give some examples. We
also look at functors and natural transformations and show that a functor is an equivalence if and
only if it is full, faithful and dense. Then, in chapter 3, we introduce zero objects, products and
coproducts before we look at additive categories and show that C'(.«7), the category of complexes
over .o/ , is an additive category. After this we define triangulated categories and show some of
their properties, and then look at Neeman’s mapping cone axiom and show that it can replace
the octahedral axiom. Then, in chapter 5, we introduce matrix factorizations and prove that
HMF (S, x) is triangulated. Lastly we show that HMF (S, ) is equivalent with Kac(R).






Chapter 2

General categories

2.1 Categories

A category is a collection of related objects and maps between them.
Definition. A category € consists of
e a collection Ob(%) of objects,
e foreach A and B € Ob(%), a set Homy (A, B) of morphisms from A to B,
e foreach A, B,C € Ob(%¥), a function
Homg (B, C) x Homgy (A, B) - Homy (A, C)
(9, /) = gof
called composition,
e for each A € Ob(%), an element 1, € Hom¢ (A, A) called the identity on A
satisfying the following
1. foreach f € Homy (A, B), g € Homy (B, C) and h € Homy (C, D) we have
(hog)of=ho(gof)
i.e. associativity holds, and
2. foreach f € Homy (A, B) we have
foly=f=1gof

i.e. the identity laws hold.

Remark. It is common to write just A € % instead of A € Ob(%) and f: A — Bor A 4B

instead of f € Homgy (A, B). Also, it is common to write g f instead of g o f.

So, a category consists of objects and maps between them, and these maps follow the law of
associativity and behave as one would expect with regards to identity elements. Now let us look

at some examples of categories.



Example. (a) Set, the category whose objects are sets and the morphisms are just maps between
them. Composition is the regular composition of maps and the identity on a set is just the identity
map.

(b) Gr, the category whose objects are groups and the morphisms are group homomorphism
with the standard composition and identity map.

(c) Ab, which is the same as above, but the objects are abelian groups.

(d) Top, where the objects are topological spaces and the morphisms are continuous maps.

This means there are categories for sets, groups and topological spaces, but these are just
some examples. There are also categories of vector spaces, rings, posets and so on. And when
we have one category, there is always another that is closely related.

Definition. For every category 4 we define the opposite category € °P by
e Ob(%?) = Ob(%)
e Homy« (A, B) = Homy (B, A)

with
® fogmg=ygoy [.

Now that we know what a category is and know some examples, it is natural to look at what
happens between them. But before we do that, we will look at something that happens inside
them, i.e. we want to know what an isomorphism in a category is.

Definition. Let € be a category. We say that amap f : A — B in % is an isomorphism if
dg: B — Asuchthat gf = 14 and fg = 15. We say that A and B are isomorphic and write
A= B.

If we relate this to the example above we see that in Set the isomorphisms are the bijections,
in Gr they are the group isomorphisms and in Top they are the homeomorphisms. This can seem
trivial at first glance, but it is not. In each case a short proof is needed to see that these are indeed
the isomorphisms of the categories.

2.2 Functors

Let us look at the maps between categories.
Definition. Let 4 and & be two categories. We define a (covariant) functor F : € — 2 by
e A function Ob(%") — Ob(Z) written as C — F(C) or C' — FC

e For each (', € ¥ a function Homg (C1, Cy) — Homy (F(CY), F(Cy)) written f —
F(f)or f s Ff

such that
o F(gof)=F(g)o F(f)when f:Cy — Cy,g:Cy— Cs
® F(lc) == 1F(C) VC c ©.

So functors are maps between categories that preserve composition of maps and identities.
Let us look at some examples.
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Example. (a) Forgetful functors, e.g I : Gr — Set. This functor "forgets" the structure of
the group. That means that if A is a group, F'(A) is the underlying set, and if f is a group
homomorphism, F'( f) is just the function itself.

(b) Inclusion functors, e.g G : Ab — Gr. This functor "includes" the abelian groups into the
category of all groups. So, if A is an abelian group and f a group homomorphism, G(A) = A
and G(f) = f. This functor is also forgetful, as it "forgets" that abelian groups are abelian, they
are just groups.

Both of these were examples of what we call covariant functors, but there is also another
kind.

Definition. A contravariant functor between two categories % and %, is a functor F' : €°° — 2.
Let us look at an example.

Example. Let & be a field and Vect; the category of vector spaces over k. We then have a
contravariant functor
()" =Hom(—,k) : Vect,” — Vect;

sending each vector space V' to its dual V*.

Like other maps, functors have different qualities. We state the following definition for
covariant functors.

Definition. Let /' : € — 2 be a functor. F is
e faithful if, foreach A, B € €, F' : Homy (A, B) — Homy (F'(A), F(B)) is injective,
o full if, foreach A, B € €, F' : Hom4 (A, B) — Homy (F(A), F(B)) is surjective,
e dense if, foreach D € 2 3C € € such that F'(C') = D.
Remark. Some books, for example [16], call dense functors essentially surjective on objects.

Now we have looked at categories and functors, so let us look at the maps between functors,
what is called natural transformations.

2.3 Natural transformations

Definition. Let 4 and & be categories and let F, G : € — & be two functors between them.
A natural transformation n : F — G is a family n¢ : F(C) — G(C) VC € Ob(%) of
morphisms in & such that for every map f : C' — C’ in %, the following square commutes:

F(f)

F(O) F(C")

nc lﬁc/
G(C) =2 G(C)
The n¢’s are called the components of 7.

A natural transformation 7 is called a natural isomorphism if all the ¢ are isomorphisms in
2. And with that we get the following.



F
Definition. Given functors 4 = &, we say that
G

F(A) = G(A) naturally in A

if F and G are naturally isomorphic. We often write F' = G.

nat

This brings us to the important notion of equivalence.

Definition. Two categories 4 and & are equivalent if there exist functors F' : € — & and
G : 9 — € such that
FoGX=idy and GoF Xidg.

nat nat

This is not always so easy to check, but we have a theorem that makes it easier.

Theorem 2.3.1. Let F' : € — 2 be a functor. Then F is an equivalence if and only if it is full,
faithful and dense.

Proof. (=) Assume that F' is an equivalence and let G be as in the definition. If we let
n : GoF — idy be a natural isomorphism we have, for any f € Homy(C4,Cy), the
commutative square

GFC, < ¢,

s

GFC, —2 .

Since this commutes we get that f = n¢c, o GF'f o 77511 is uniquely determined by F'f. Hence F
is faithful.

Now, let  : F' o G — idy be a natural isomorphism. This means that for any object D € &
we have FFGD = 14D = D i.e. C' = GD is such that F'C' = D and hence I’ is dense.

Finally we need to show that £ is full so we let 1 and ¢ be as above and let f : F'C; — FC,
in . We then construct a commutative diagram

Crey

FC, +—— FGFC, =24 Fo,

[

Crey

FCQ W FGFOQ e FCQ

where g and h are the unique maps that make the squares commute. Since ( is natural we get
that g = F'Gh and since the left hand square is commutative we get

f=Fne,oFGho (Fne,)™"
= F(jc, o Ghong)).
This shows that f is in the image of F’ and hence F' is full.
(<) Assume that F' is full, faithful and dense. Since [’ is dense, we have that for every
object D € & there is an object C' € € such that D = F'C'. We fix one such C' and denote it by

G D. We also choose and fix an isomorphism (p : FGD — D. For every f € Homg(D1, D>)
we use the bijection

HOH’I(g(GDl, GDQ) — Hom@(FGDl, FGDQ)
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that is induced by F’ since it is full and faithful, and define GG f to be the preimage of 4‘521 ofolp,.
This makes G a functor from & to €:
Firstly we have

Gidp = Fﬁl(Cgl oidp o CD) = Fﬁl(idFGD> =1idgp
Secondly if we have f : D1 — D and g : Dy — D3 we get

G(go ): “(Cpy 090 foln)
(DogOCD2OCD20f Cp,)
(¢ OQOCDQ)OF "(ps o folp,)
:Ggon.

Hence G is a functor.
Now we claim that ( is a natural isomorphism F'o G — idg. Let f € Homg (D1, Ds). Then
we have

(p, o FGf =(p,0Cp, 0 folp, = folp,

and hence ( is a natural isomorphism.
Finally we construct a natural isomorphisms 7 : G o F' — id¢. First we observe that for any
C € ¢, ¢ induces mutually inverse natural isomorphisms:

(rc: FoGoFC — FC and (pn:F — FoGoFC.

Since F' is full and faithful, we can find unique morphisms n¢ : GFC — C' and 77/0 :C'— GFC
such that

(re = Fne and  (plb = Fie

it follows that 7 is a natural transformation, with inverse 7’ and hence we get

FoG=idy and GoF =idy.

nat nat

Hence F'is an equivalence. [

11






Chapter 3

Additive Categories

We now begin to look at different types of categories. First we will look at additive categories,
but before we can define them we need some more theory.

3.1 Zero objects

In a category the objects have different qualities. For instance we know that objects can have
different sizes, e.g. in Set we have sets with only one element and we have sets like Z which
has an infinite number of elements. Objects can also have different structure, like in Gr where
some groups are abelian while others are not. Since categories consist of both objects and maps
between them, we will now look at qualities that take into consideration both an object and the
maps to or from it. This is where initial and terminal objects come in.

Definition. Let % be a category. An object I in ¥ is called initial if for every C' € Ob¥% there
is exactly one map I — C'.
An object T" in € is called terminal if for every C' € Ob% there is exactly one map C' — 7.

Remark. There is a duality between initial and terminal object. A terminal object in ¢ is an
initial object in €™°P.

So an object is initial if there is exactly one map going out of it and terminal if there is exactly
one map going in to it, for all objects in the category. Let us look at some examples.

Example. (a) In the category Set the empty set is initial and every set {«} with only one element
is terminal. That means Set has only one initial object but many terminal ones, but all the
terminal objects are isomorphic.

(b) In the category Gr the group of one element is both initial and terminal and is unique up
to isomorphism.

(c) In the category of categories, Cat, the category 0 with no objects or arrows is initial, and
the category 1 with only one object and its identity map is terminal.

Notice that in (b) in the above example the trivial group is both initial and terminal. These
objects have their own name:

Definition. An object in a category % is a zero object if it is both initial and terminal.

Let us look at some examples.
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Example. (a) In Set there are no zero objects.

(b) As seen above, in Gr the trivial group is a zero object. Similarly for the category of
vector spaces and linear transformations.

(c) For aring R, the trivial R-module is the zero-object in Mod R, the category of [2-modules.

Proposition 3.1.1. Every zero object is unique up to isomorphism.

Proof. Let A and B be zero objects, i.e. they are both initial and terminal. The diagram

A—5 B

N

commutes since each morphism originates from an initial object and hence is unique. That means
v is the inverse of u and so w is an isomorphism. The same diagram also commutes because each
morphism ends in a terminal object and hence is unique. Which again means v is the inverse of
w and hence w is an isomorphism. [

3.2 Products and coproducts

Something we are used to from set theory are products and sums. These are special cases of
products and coproducts.

Definition. Let A and B be two objects in a category €. A product of A and B is an object P
along with morphisms A <~ P 22 B such that:

Given any diagram A <& X 2 B there exist a unique morphism v : X — P such that the
following diagram commutes

i.exy = p;ouand xo = py o .

Definition. Let A and B be two objects in a category €. A coproduct of A and B is an object
C together with morphisms A =% C' <2 B such that:

Given A 2 Z & B there is a unique u : C' — Z such that the following diagram
commutes:

thatis z; = uocy and z9 = u 0 ¢s.

So a coproduct is the dual of a product, i.e. it is a product in the opposite category. We often
write A Il B for products and A IT B for coproducts. Now let us look at an example.

Example. If we look at the category of sets, we have the cartesian product A IT B which is the
set of ordered pairs AIl B = {(a,b) | a € A, b € B}. Here we have two coordinate projections

A& ATIB 2 B

14



with

p(a,b) =a, pa(a,b)=">
which means that any element ¢ € Al B can be written as ¢ = (p;(c), p2(c)). Thus we get the
following diagram

We also have the coproduct A IT B which is the disjoint union of A and B. It can for example
be constructed as AII B = {(a,1) |a € A} U{(b,2) | b € B}, with the maps

ci1(a) = (a, 1), ca(b) = (b,2).

Given any f and g as in the following commutative diagram

A

J i [f.9]

we can define
@) i =1

Then, for an A with h o ¢; = f and h o co = g we get that for any (z,y) € A Il B we must have

h(z,y) = [f, g] (x,y).

In this example the coproduct is clearly different from the product, which is most often the
case. However, there are some categories where A 11 B is isomorphic to A Il B, for example the
category of abelian groups. When this holds, the common value of A IT B and A1l B is called a
biproduct and is denoted A & B. Another useful property of coproducts (and products) is the
following.

Proposition 3.2.1. Coproducts are unique up to isomorphism.

Proof. Suppose A = C' <& Band A 4 D <& Bare two coproducts of A and B. Since D is
a coproduct there is a unique v : D — (' such that v od; = ¢; and v o dy = ¢5. And since C'is a
coproduct there exists a unique u : C' — D such that u o ¢; = dy and u o ¢ = dy. This gives us
the following commutative diagrams:

@

)
N

u

AN
2 Q-7 -
ACPA

g\ )
R

S

Looking at the first diagram, we get that v ow o c; = ¢y and v o u 0 ¢ = co. We also have
that 1o o ¢; = ¢; and 1¢ o co = 5 so uniqueness gives us that v o u = 1o. Now looking at
the second diagram we get that v o v o d; = dy and u o v o dy = ds. From uniqueness and the
fact that 1p o dy = dy and 1p o dy = dy we see that w o v = 1p. This means that © and v are
isomorphisms, hence C' and D are isomorphic. [l

15



3.3 Additive categories

Now it is time to use all this and define what an additive category is.
Definition. A category <7 is an additive category if the following conditions hold:

1) For every pair X,Y € Ob(«), Hom, (X, Y) is an abelian group and the composition
of morphisms is bilinear.

2) o/ contains a zero object.
3) For any pair X,Y € Ob(/), there exists a coproduct X I1Y in 7.

A functor F' : &/ — 9 between two such categories is additive if for all X, Y € Ob(«/)
and all f,g € Hom,(X,Y) we have

F(f+9)=Ff+Fy,
i.e it induces a homomorphism of groups Hom, (X,Y) - Hom, (FX, FY).

Proposition 3.3.1. Let o/ be an additive category and let A, B € Ob(</).

(i) Assume A1l B exists in o/ andletp: AIlB — Aand q : ATl B — B be the projections.
Nowleti: A— AllBandj: B — All B be two morphisms such that

Then we have
top+joq=1luus. (3.2)

(ii) Let P € Ob(«/)andleti : A —- P,j: B —- P,p: P — Aandq: P — B be
morphisms satisfying (3.1) and (3.2). Then P is a product of A and B by (p,q) and a
coproduct by (i, 7). Hence we have

AIIB = ATl B.

Proof. (i) We have po (iop+ joq) = (poi)op+ (poj)ogqg =p = polagp and
go(iop+joq)=(qoi)op+(qoj)og=qg=qolanp. Henceiop+joqg=lansp.
(i1) If we let w in
X

I
x x
1 : " 2
+

A < P s B

p q

be 7 o x1 + j o x5 we see that the diagram commutes. But to be sure we have a product we need
this u to be unique. So assume we have a  : X — P such that v = 6 makes the diagram above
commute. Then we have

0=1pof = (iop+joq)ol
=io(pof)+jo(qol)=iox;+jomwxs.

Hence u = i o 21 + j o x5 is unique and (P, p, q) is a product.

16



Now if we let the v in

be ¢; o p + ¢y 0 ¢ we get a commutative diagram. To see if this v is unique we letn : P — Z
such that v = n makes the above diagram commute. Then we have

n=mnolp=mno(iop+joq)
= (noi)op+(nojlog=ciop+cyoq.

Hence v = ¢1 o p + ¢3 0 ¢ is unique and (P, i, 7) is a coproduct. O

This means that when we want to check if a category is additive, it is not necessary to find a
coproduct between objects. We can find a product or biproduct instead, because they are all the
same. Let us now look at some examples of additive categories.

Example. (1) Ab is an additive category. The zero object is the trivial group, addition of
morphisms is defined pointwise and the biproduct is given by direct sums.

(2) Let R be an associative ring with unity. Then Mod R is an additive category. So is mod
R, the category of finitely generated R-modules.

Before we look at the next example we need some definitions.

Definition. Let </ be an additive category. A complex over 7 is a family X = (X,,,d;, ), ;
where X,, € Ob(«/) and d¥ € Hom,,/(X,,, X,,_;) such thatd,, o d,,;; = O foralln € Z. A
complex is often written as a sequence as follows:

dn+1 dn d’n—l
o Xot >y X, > X1 ——

Now let X = (X,,,dX)and Y = (Y,,d}) be two complexes. Then f : X — Y isa
morphism of complexes if it is a family of morphisms f = (f, : X,, — Y},),ez such that the
diagram

o — Xpp1 >y X, > X1 — ...
lfn«kl lfﬂ lfnfl
o — Yo > Y, s Y, 1 — ...

commutes.
If we put this together we get a new category.

Definition. Let o/ be an additive category. Then the collection of complexes over <7 together
with the morphisms of complexes form a new category called the category of complexes over <7,

denoted C'(«7).
Proposition 3.3.2. C'(.</) is an additive category.

Proof. 1) Addition of morphisms is defined degreewise soif f = (f,) : X — Y and g = (¢,) :
X =Y weget f+¢g:=(fn+ gn)nez Since & is additive we know that a + b = b+ a
for a,b € Hom,/ (A, B), and we get that [ + g = (f, + gn) = (9o + fn) = g + [, since
frs gn € Hom (X, Y,,). We also get the bilinearity from .o

17



2) The zero object in C'(.<7) is the complex (0., d) where 0, is the zero object in ./ and d
is the unique morphism on the zero object.

3) We need to prove that for every pair of objects X,Y € C(&) there exists a coproduct
XY in C(«). Let X = (X,,,dX) and Y = (V,,,d)) be two complexes. X IIY is then
defined degreewise with the coproduct in o i.e. X I1Y = (X, 11Y,,, d,,),ez Where d is obtained
by the universal property as in

X, 1Y, 4
Lx, V d{ wd}{
Xn — X, 1Y, —— Y,
Using uniqueness in the universal property on the following diagram
X, oY, »

N

it follows that d,,_1d,, = 0. The complex X I1Y satisfies the properties of a coproduct in C (<)
with morphisms of complexes tx = (tx, )nez : Xn — X, 1Y, and vy = (ty, )nez : Yo —
X, I1'Y,,. To check that the universal property holds we let Z be an arbitrary complex and let
fx : X, = Z,and fy : Y, — Z, be two arbitrary morphisms of complexes. The unique
morphism of complexes that satisfies fx = foix and fy = fouyis f = (fu)nez : XIIY — Z
where we get f,, from the universal property in the following diagram:

Zn

Hence the coproduct exists and so C'(.<7) is an additive category. O]

18



Chapter 4

Triangulated Categories

4.1 Definition

Triangulated categories are additive categories together with a functor called the suspension, and
what we call triangles. Let us define these first.

Definition. Let <7 be an additive category and let 3 : &/ — .7 be an additive automorphism. A
triangle in 7 is a sequence A; —= A, 22 A3 =2 ¥ A, of objects and morphisms in 7.

Let A 2% Ay 2 Ay %% YA, and B, 2% By 25 By %5 B, be two triangles in 7.
A morphism of triangles (¢1, ¢2, ¢3) is a commutative diagram

1 2

g

a8 > EAl

As
l¢>3 l&ﬁl
Bs

% vB,.

1
\
7

2
\
7

A 2 Ay 2
ldn lﬂbz

B 2 B, -2
If ¢1, ¢ and ¢5 are isomorphisms in o7, we say that (¢y, ¢o, ¢3) is an isomorphism of triangles.

Now we can define triangulated categories.

Definition. Let .7 be an additive category. Then .7 together with an additive automorphism 3
and a collection A of what we call distinguished triangles, is called a triangulated category if
the following hold:

(TR1) (a) If atriangle is isomorphic to a triangle in A it is itself in A.

(b) For every A € Ob(.7) the triangle A — A — 0 —s DA is in A.

(c) Forevery A;, Ay € Ob(«7) and « € Hom (A, As) there is a triangle in A of the
form
Al i} A2 — Ag — 2141

(TR2) If A, =5 Ay 22 A3 2% YA, isin A, then the left rotation
Ay 225 Ay 25 v 4, =% 14,
is also in A, and vice versa.

19



(TR3) If

Alﬂ)AQ%Aggz:Al and BlﬂBgﬁ)BgﬁzBl

are two triangles in A, each commutative diagram of the form

Al o > AQ & > Ag a8 > ZAl
ldh l¢2 l&m
B, -2 B, B, B, 5B

can be completed (not necessarily uniquely) to a morphism of triangles.

(TR4) (Octahedral axiom) Given a commutative diagram

Al o > A2 e > Ag i) EAl

H . H
A, -2 B, 2 B, g,
Y2
Cs
73
EAQ

where the top two rows and second column are in A. Then there exist morphisms
¢3 : A3 — Bs and 63 : B3 — ('3 such that the diagram

Al o > A2 = > Ag L ZAl
H @2 #3 H
Al o > B2 b > Bg L 2141
2 03 (4.1)
Cs C
V3 Yogoys

is commutative, the third column is in A, and 3 0 05 = Yy o (3.
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The last diagram can also be written as an octahedron:

where B3 -— A; means a morphism Bz — X A;.

4.2 Properties

Having defined triangulated categories, we now look at some elementary properties. In all the
following results we assume .7 is a triangulated category with suspension X..

Proposition 4.2.1. Let A; =5 Ay, 225 A3 =% S Ay be in A. Then any composition of two
consecutive morphisms vanishes, i.e. s 0 ag =0, ag o g = 0 and (X)) o ag = 0.

Proof. Because of the rotation axiom (TR2), we only need to show that ay o vy = 0. We also get

from (TR2) that we have a distinguished triangle A, —= A5 —% YA, Y Y A,. From this and
from (TR1)(b) and (TR3) we can complete the following diagram to a morphism of triangles:

AQ e > Ag a3 > 2141 i) EAQ
b i
A3 ! > A3 0 > 0 0 > EAS

From this we see that (¥as) o (—Xay) = 0 and since X is an automorphism this means that
Q9 O (1 = 0. ]

The following result shows that distinguished triangles give rise to long exact sequences.

Proposition 4.2.2. Let A; <5 Ay, %5 A 25 S A, be in A. Forany T € T there is a long
exact sequence of abelian groups

... — Hom(T,%"A) o)., Hom 7 (T, X' Ay) oz, Hom 7 (T, X' A3)

(Eiocg)*
e

HOmy(T, EiJrlAl) — ...

where f. := Hom (T, f), the morphism induced by f under the functor Hom 7 (T, —).
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Proof. By (TR2) we only need to show that

Hom 7 (T, %' A;) % Hom 7 (T, %' Ay) % Hom (T, X' A3)

is exact. By proposition 4.2.1 we know that (Xas)o(X%ay) = 0 and hence (Zias).o(Xla; ). = 0.
This means that the image of (X%a ), is contained in the kernel of (Xiasy),.
To show the other inclusion we let f € Ker(X'ay),. Consider the following diagram

o % v 0y iy L iy

lE—if lo lE—i+1f

AQ e > Ag a3 > EAl i) ZAQ

We know that the rows are distinguished triangles by (TR1)(b) and (TR2) and by our assumption
on f we see that the left square commutes. From (TR3) we get that there exists an h : X~ —
Y A; completing the diagram to a morphism of triangles. This means X~ f = (Za;) o h and
hence, since ¥ is an automorphism, f = (Xiay) o (Xi1h) is in the image of (Xiay), as we
wanted. 0

Proposition 4.2.3. Let A, —» Ay =2 A3 2% S Ay be in A, with a; = 0. Then there is a
B1: As — Ay such that By o oy = 14, and a By : A3 — Ay such that ag o By = 14,. We then
say that the triangle splits.

Proof. We first show the part about «;. Consider the following commutative diagram:

AlL)AQ aQ)Ag 0 >2A1

H O

A —s A —2 50— n4

By (TR2) and (TR3) this can be completed to a morphism of triangles. That means there exists a
p1: As — Aj such that 51 o a3 = 14,, which is what we wanted.

For ay, we look at the following: From (TR1)(b) we have that A EN A3 — 0 — YAzisin

A, and from (TR2) that Y10 — A; — A; — 0 is too. Since ¥ is an automorphism, X710 = 0
and we get the following commutative diagram:

0 —2 As L, As o 50
L | b
Al L) AQ = > Ag 0 > EAl

As above we see that with (TR2) and (TR3) we can complete this to a morphism of triangles and
hence get a 35 : A3 — Ay such that a0 By = 14,. O

4.3 Replacing the octahedral axiom

The octahedral axiom may seem big and complicated, and it is usually a lot of work to prove that
it holds. Amnon Neeman therefore introduced a new axiom which replaces the octahedral axiom
and is a bit more understandable. Here, instead of considering a large commutative diagram, we
look at mapping cones. If we assume (TR1)-(TR3) hold we have the following:
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(TR4’) Given any diagram

A1 e > A2 e > Ag a3 > ZAl
ld’l l(bz l&iﬁ
B 2B, 2B, %, v

whose rows are distinguished triangles, there exists a ¢35 : A3 — Bj such that the diagram
commutes and the mapping cone

—a2 0 —a3 0 —Xa; 0
% 1) & ) (o o)
—_—

Ay @ B, As @ By ~2 20 v A @ By 220 5 w4, ¢ NB,

is a distinguished triangle.

That this axiom is equivalent to the octahedral axiom was proved by Neeman in [20] and
[19], but we will instead follow the proof for n-angulated categories presented in [6]. First we
need a lemma.

Lemma 4.3.1. Suppose 7 is a category satisfying (TR1), (TR2), (TR3) and (TR4’), and let

p/pp—
P

be a commutative diagram where the rows are distinguished triangles. Apply axiom (TR4’) and

complete the diagram to a morphism of triangles

AQ & > Ag a8 > ZAl
[+ H
BQ b > B3 B > 2141

1

011\
7

A2 e > Ag a8 > ZAl
bl
B, B2 By B3

> ZAl

A
Al Gl >

in such a way that the mapping cone is also a distinguished triangle. Then the triangle

—an
Ay o], Ay By S22l gy Terk sy,
is a distinguished triangle.
Proof. In the direct sum diagram
A, [ P2 ] As & B, [¢3 B2] y By Sai183 ' YA,
(o] [0 7] (] (o]
o al L el o, e .
AQ © A1 _— Ag @D Bg e 2141 D B3 ZAQ D 2141
[101] [59] [01] (1 Son ]
+ —az + + +
A, [ $2 ] As @ B, [¢3 B2] s By Yo fs3 s YA,

the middle row is the mapping cone, i.e a distinguished triangle. In Proposition 1.2.3 in [20],
Neeman showed that A is closed under direct summands. Hence the top (and bottom) row in the
above diagram is also a distinguished triangle. [
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Now we can show that (TR4) and (TR4’) are equivalent, and as in [6] we do this in two steps.

Theorem 4.3.2. Assume A is a collection of triangles satisfying axioms (TR1) and (TR2). If A
satisfies (TR4’) it also satisfies (TR3) and (TR4).

Proof. (TR3) follows directly from (TR4’). Assume we have a commutative diagram

Al L) A2 e > A3 a8 > 2141

I H

Al L Bg e Bg % > EAl

~

where the rows are in A\, and in addition
Ay & B, 2 0y 25 34,

is in A. We want to show that we can complete this diagram to a morphism of triangles and
show that the diagram (4.1) commutes, with the right column in A. We also need to show that
Y3003 =Yaj o 3.

We apply (TR4’) to the diagram above and complete it to a morphism (1, ¢, ¢3) of triangles
in such a way that the mapping cone is in A. Then the top part of (4.1) is commutative.

Now, by Lemma 4.3.1 we know that the triangle

—as
As L&, As@® By 221, g, Tech, 5y,
is in A. That means we can apply (TR4’) on the diagram
5 93 2] , Sonos;
A2 i A3 D Bg i 2> Bg 01105? ZAQ

H Jro H

AQ —2> BQ RE 03 ik > EAQ

g

and complete it to a morphism

A, [ o2 As @ B, [¢3 52; Bs quoﬂg S A,

el

AQ —2> BQ RE > Cg ik > ZAQ

of triangles so that the mapping cone

Yas 0
[—<i>3 —{32 0] [—26;[1053 0] {—513@ 0
As ® By @ Ay o2 B3 @© By = YAs @ C z YA; ®EBy ® XA

is in A. Note that since the diagram (4.2) is commutative, we get from the middle square that
[092] = [0s0¢3 03082 ] = 9 = 03 o [, so the middle square in (4.1) is commutative. Note also
that since the mapping cone above is in A, the composition of the two last arrows is zero by
proposition 4.2.1. This means that

Yas 0 o —YagoXaiofBs 0
|:72¢2 0 :| [ Ezloﬁs 0 } = | X¢20Zaiofs 0 =0= Y3 O 03 = Yoy o 63
1 s 3 72 3083 —Xa1083 3072
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We also have that the mapping cone is the middle row of the direct sum diagram

03 Sagoys

Ag i > Bg > 03 > ZAg
-1 _ -1
3] b ) ey o 3]
4 [—373 —152 0] 1 [—231063 0] 1 {—Xllqbz 0 1
Ay @ By @ A ) By @ By — % S A, @ Cy Y S5 B N8y @ DA,
[—10 az] (1 82] [01] [—1 0 Saz]
Ag i > B3 b > 03 >z > ZAg,

which commutes by relations previously established. This implies, by Proposition 1.2.3 in [20],
that the top (and bottom) row is in A i.e. (TR4) holds. ]

Now let us prove the converse.

Theorem 4.3.3. If A is a collection of triangles satisfying axioms (TRI)-(TR4), then it also
satisfies axiom (TR4’).

Proof. Let
Al = > A2 - > Ag a8 > EAl
l¢>1 l¢>2 l&m
B 2B, 2B, %, yp

be a commutative diagram where the rows are in A. We call these A, and B,. We want to prove
that we can complete this diagram to a morphism of triangles in such a way that the mapping
cone of this morphism is in A.

From the diagram we are given, we build a new diagram

0 0
& 0] 2 58] )
Al@Bl BQ@A2®81—>A3@BQ—>ZA1@231
[1 —¢2 —pB1]
[p2001 Bi] o [—%2] [E_<i>11 193]
Al@Bl > B2 > EAl@Bg e EAl@EBl
0 4.3)
YAy, & YB;
|:E¢2 E/31:|
-1 0
0 -1

YBy, ® XA ® X5
where the top left square commutes. Now let X,, Y, and Z, be the triangles
—X¢2 —XB1
10

o YB, & YA, &Y,

[1 —¢2]

Xo: By® Ay @ By By 25 YA, ® VB,
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{—(()11 8 ] [O -2 0] [7043 0]

Y,: Al D Bl 0 -1 B2 D AQ @D Bl u Ag @D BQ % ZAl D EBl
[p20a1 B1] {—%2} [2_4511 503]
L Al D B1 s BQ > ZAl D Bg E— ZAl D EBl

In order to use (TR4) we need these three to be in A. We can easily see that X, is isomorphic
to the direct product of the trivial triangle on Bs, and the left rotations of the trivial triangles on
As and By, i.e.

By = By —0—%By, Ay —=0—%A = %A, and B; — 0 — 2B, = 2B,

all of which are in A. Similarly we see that Y, is isomorphic to the direct sum of A,, the trivial
triangle on B; and the right rotation of the trivial triangle on B; i.e.

A2 Ay 25 Ay 2 %A, Bl 5B —-0-5%B and 0— B = B, — 0,

which are also in A. Finally we notice that Z, is isomorphic to the direct sum of B, and the left
rotation of trivial triangle on A, i.e.

B2 B, 2B, 2 vB, and A —0— 24 5 DA,

which are of course both in A. This means that by Proposition 1.2.3 in [20] X,, Y, and Z, are in
A.

Now, since X,, Y, and Z, are in A, we can use (TR4) on the diagram (4.3). This means we
can find morphisms o : A3 ® By — Y A; ® Byand 0 : ¥ A; & By — YAy @ X By such that the
following holds:

() (1,[t=¢28],0) : Yo — Z, is a morphism of triangles,

—X¢2 —Xf1 . 7004 0 10
@ [ 6 A ]09_[ %191]0[2@53}3“(1

[—22;)02‘2 *2(3)51 ]

(3) the triangle A3 & B, L YA, @ B o, YA, D YB; Y A3 D X Byisin A.

In other words we have a commutative diagram

EXA [0 -2 0 [0 0]

Al@Bl e BQ@AQ@Bl % Ag@BQ &) EAl@EBl

[1 —¢2 —B1] o

[ 5] A

[¢p20a1 B1] y ZAl D B3 —_— EAl D EBI

Al@Bl > BQ

0 0

~ ~

EAQ EB ZBl _ ZAQ @ ZBl

—Xp2 —Ep1 Yo 0
[ oY } [ 256, -2a]

~ 0 —2042 0 2
Y By @ YA, ® 0B, [u] SA; @ LB,
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where the two top rows and two middle columns are in A. Since the diagram is commutative we
get, if we let o = [ 54 52|, that

o3 04

[—1 0}[0102]_[ —0o1 —02 ]_[—ago]

Y1 B3] Lo oa] ™ [ Bproo14+P3003 Lp1oo2+P3004] — L 0 0l
Hence 01 = a3 and 0, = 0, and we have the relations X ¢;a3 = —f3 003 and 3004 = 0
Further we get

(5] [t =02 =] = [ B, pogs 0] = [53 4] [ 76201 = [24 —o5oaz 0]
i.e. 04 = —f and (B 0 P = —03 0 arp. From this we get that o3 = —¢3 for some ¢35 : A3 — B3
such that ¢ = (¢1, ¢2, ¢3) is a morphism of triangles.

Further, if we let 0 = [z; Zj} we get from (2) that

—X¢2 —Xp1 61 007 0 0 10
[ (1) 91 } [93 94} =T _01 [Z¢1 53]
|: E¢2091 ;Eﬁloeg 2¢2092;Eﬁ1094 i| |: E0 8 i|
— — ot a1
79§ 793 —X¢1 —f3

and hence 0 = [_2‘“ 0

S } . This means that from (3) and what we have just shown, we get that
the triangle
A [ 4 BN
AgEBBQMZAl@Bg%EAQ@EBl i Bl

Y A; @ N8,

-1 0

is in A. The right rotation of this triangle is isomorphic by (1, [ ' % ], 1) to the triangle

—ag 0 —asz 0 —>aq 0
Ay @ By MAg@BQ Mml@&, MEAZ@Z&

which is the mapping cone of ¢. This means by (TR1)(a) and(TR?2) that this mapping cone is in
A and hence (TR4’) holds.

]
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Chapter O

Matrix factorizations

5.1 Definition
Definition. Let S be a commutative ring and z € S. A matrix factorization (F, G, ¢,) of x in
S is a diagram

F5a-5F

where F and G are finitely generated free S-modules, and ¢ and 1) are S-homomorphisms such
that

Yop=x-1p and ¢oyp =x-1¢.

A morphism 6 between two matrix factorizations (Fi, Gy, ¢1, 1) and (Fy, Ga, ¢2, 1) of z,
is a pair of maps f : F; — F, and g : G; — G5 such that the following diagram commutes:

F1 o > G1 i > F1
ool b
FQ e > Gg vz > F2

The category of matrix factorizations is denoted by MF (.S, x) and is an additive category
with the obvious notion of a zero object and direct sums.

Definition. The suspension X(F, G, ¢, 1) of a matrix factorization (F, G, ¢,1)) is the matrix
factorization

G—F—=G@G

of x.

Definition. For the map 6 : (Fy, Gy, ¢1,11) — (Fs, Ga, ¢2,109) above, we define the mapping
cone Cy of 6 to be the the diagram

[ &)

#4)
Gl@Fg g—>

fo2

Fy @ Gy G ® F;.
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This is also a matrix factorization of = and gives two natural maps of matrix factorizations in
MF(S, x):

(FQ,G2,¢2>¢2) F o2 » Gy v >
i I8 o 0] [18.] ) [
Cy GlEBF2g—¢2>F1€BG2 f v G, & F,
and
53] 7]
Cy GoR —2" . raeg L " ,00FR
lﬂ'e l[lGl 0] l[lﬂ 0] l[lcl 0]
X(F1, G, 01,11) Gy o > o > Gy

Definition. Let 0,0 : (Fy, Gy, ¢1,¢1) — (Fy, G, ¢a, 1) be two maps in MF (S, x) with the
same source and target, where = (f,g) and ¢ = (f’,¢'). We say 6 and 0" are homotopic if
there are diagonal maps s and ¢ in the diagram

such that

f—f =so¢+iyot
g—g =toty+¢y0s.

This defines an equivalence relation on the abelian groups of morphisms in the category
MF(S,z), and we denote the equivalence class of a morphism 6 by [f]. Homotopies are
compatible with addition and composition of maps in MF (.S, z). This means that if we have
0,0 (F1,G1,01,91) — (Fo, G, ¢2,92) and 1" = (Fa, Ga, ¢, 12) — (F3, G3, $3,3) with
0 ~ ¢ andn ~ 1/, we have (nofl) ~ (n/of'). Similarly, if we have 0,6, n,n' : (F1, Gy, ¢1,¢1) —
(Fy, Go, ¢a,109) with 6 ~ 6" and 1 ~ 1’ we have (6 +n) ~ (0’ +17').

Now we can define a new category HMF (S, x), the homotopy category, which has the same
objects as MF(S, ) but the morphism sets are the homotopy equivalence classes defined above.
These sets are also abelian groups, i.e [0] + [] = [n] + [f], which means HMF'(S, z) is an
additive category with the same zero object, which now is unique only up to homotopy, and the
usual direct sums.

We notice that the suspension ¥(F, G, ¢, 1) induces an additive automorphism on HMF' (S, )
with X2 = id. Now we define A to be the collection of triangles isomorphic to triangles of the
form

(F1, Gr, 60, 01) D (Fa, G, b, tha) 25 €y T4 S(RL Gy, 61, 0)

which are called standard triangles. This brings us to the main result of this section:

Theorem 5.1.1. HMF (S, x) together with the suspension 3. and the distinguished triangles A,
is a triangulated category.
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Proof. The proof is an adaptation of the proof of Theorem 6.7 in [11] that shows the homotopy
category of an additive category is triangulated. We need to show that the axioms (TR1) - (TR4)
hold. The first, (TR1)(a), holds from the construction of A.

(TR1)(b) From the construction of the standard triangles we know that there is one on the
form [
id]

(F,G,0,0) — (F,G,¢,¢) — Cia — E(F, G, 0, 1)
Want to show that Clq is isomorphic to the zero object 0 — 0 — 0 in HMF(S, z), and to do this
we show that the identity morphism on the cone Cj4 is homotopic to the zero map. The identity
map

F-2s0-YsF

llF llc llF

F-2sa0- Y, F
has mapping cone

(12 &) (17 3]

GoF —<%, FoGg % GoF
That means we need s and ¢ in the diagram
(12 4] (17 ]
GeF —<" , FeG —"" s GaF

that satisfy

Put s =t = [{ }]. This gives us
— 0 —& 0 0 — 1g O
[60] [12)(;;} + [1;?1#} [8a]= 18]+ [o 1;5} =[] =lcer
which is what we wanted. The same holds for 1q. This means the identity morphism on Ciq is

homotopic to the zero morphism which means Ci; must be isomorphic to the zero object in the
homotopy category. Hence

[1d

(F.G,¢,¢) —

is a distinguished triangle and (TR1)(b) holds.
(TR1)(c) This follows from the construction of A. If we have a morphism

0: (F1,G1,¢1,101) = (Fa, Ga, 02, 19)

we can find the mapping cone Cy and from this find the maps 74 and my. We take the homotopy
classes and get

(F,G,p,0) — 0 — X(F, G, ¢,0)

(F17G1,¢171/11) (F27G27</52,1/)2) ol — Cy 0SS (F1,G1, ¢1,11)
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which is a standard triangle and hence in A.

(TR2) We need to show that if we rotate a standard triangle, it is isomorphic to another
standard triangle in HMF' (S, z). More precisely we will show that

7 T —>[6
(Fy, G, 60,0n) 1 €y T (B, G b1, 01) —0 S(Fy, G, i, 1)

is isomorphic to

[iie]

(F2;G27¢27¢2) ol » Cy > Cig [%]> 2(F27G27¢27¢2)

We construct an isomorphism between the two triangles in the following way:

7 T —>[6
(Fy, G, b ths) —s €y T S(FL Gy, b1, 00) — S(Fy, Ga, 62,100)

lid lid [a] | T[ﬁ] lid

(F27 G27 ¢27 ¢2) Lo} > Cg [Wig]

> Ciy > X(Fy, Ga, @2, o)
where we define the morphisms o : X(F, Gy, ¢1¢1) — Cj, and 3 : Gy, — X(F1, G, ¢1,¢1) by

-1 , Py —¢1 y G

2<F17G17¢17¢1) Gl

-9 —f —g
al |8 ley [0 1c, 0] 1p, [0 1m O] le, [0 1g, 0]
0 0 0
-2 0 0 —¢1 0 O
0 1 0 0 ¢1 0

C GQ@Gl@FQMFQ@Fl@GgMGQ@G@FQ

20

For o and [ to be isomorphisms, they have to be the inverse of each other. We start by
looking at [ o o] . Here we have [0 1c, 0] [=g 1¢, 0]7 = 14, and [0 15, 0] [—g 1r, 0] = 1, sO
(8 o o] =ids s,y ,60,00)- The opposite gives us

0 —g O
[-9 16, O]T[O lg, 0] = [o 1Gg1 0]
0 0 O
0—-f0
[—f 1F1 O]T[O lFl 0]: |:01F{Oi|
0 0 O

1], which means a o 8 ~ idc,, . Hence [a] and [f]

oo o
[elelen]

This is homotopic to id¢, by s =t = [ _8
are the inverse of each other.

Now we need to check that « and 3 induce morphisms of triangles. We look at [f] first and
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see that [5 0 4;,| =

i

[79] by looking at the following diagram:

Cy ° » Gy ————— S(F1, G, ¢1,¢1)
0 0
lg, 0
|: 0 1F2:| [0 1G1 O}
G1®FQ—>G2@G1@FQ >G1
—p1 0
[ 91 ¢2] 0 0 My ¥
5]
~ 1 ~ 01 0 ~
F1®GQ G2 FQ@Fl@GQ 0 161 01 )Fl
—¢1 0
[ f1 1/12] 0 0 My —h
lg, 0
e { 0 1FJ h [0 16, 0] M
Gl@FQ—>G2@G1@FQ )Gl.

Next we want to show that =30 o 8 ~ m;,. So we first look at —¥6 o f3.

Ci, — L s (P, Gy, 1) —22 S(Fy, G, i, 1)

[0 16, 0]

Gad Gy Fy > Gy — > Go
J/Ml -1 l—d&

BeReG —— " R ! . Fy
lMQ —¢1 lﬂzﬁz

GodG DIy S > G ? Gy

We want ([0 —g 0], [0 -7 0]) to be homotopic with ([1a, 0 0], [1r, 00]), which we get if we let
s =t =[00-1] in the diagram

—¢2 0 0 —¢2 0 0
FR T

ley g ¢2 1p, [ 92
Ci Go® G DFy 2 FEBeFRaeG, ——— S5 GG b
T 1 T ///// T 1 T ///// T 1 T
s BT 7 RIET 7 B
0 0 o 0 0 e 0 0
L/// _w L/// _¢
Z(F27G27¢27¢2> G2 - ? F2 = > GQ.

So (3] is an isomorphism of triangles. The fact that [a] is too, follows from this:

zl-gzldcieozig:aoﬁoziozaow(;

=20 = =X0 oids(p Gy 0100) = —20 0 Boa =m, oa.

So we have two isomorphisms of triangles and hence the two triangles we started with are
isomorphic and the rotation property holds.
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(TR3) Let & = (a1, ) and 3 =

(F1>G1,¢1,¢1) (F2,G2,¢2>¢2) o] > Cy il > Z(F1>G1>¢1,¢1)
l[a] l[ﬁ] lZ[a] (5.1)
ARl el [ig/] [7or] V2PN /
(F{, G, 0,00 —— (Fy, Gy, ¢5,105) —— Cop —— L(F], G, ¢, ¢1)

where the left square commutes in HMF(S, ), i.e there exists maps s : G; — Fjand t : F;
GY, in the diagram

(B1, B2). We assume we have a diagram
9]

Fl ¢1 1 17b1

:q

t
Brof | floar /" Baog | g oas Brof | foaz

b
’ /
F2 2

such that

frof—floag=so0¢+sot
frog—g oas=toi +py0s

We want to complete the diagram (5.1) to a morphism of triangles

. To do that we define
v = (71,72) : Co — Cy by letting

az 0 ai; 0
71:[8251]’ 72:[7&152}’
When we complete the diagram with [7], it commutes since [y o ig| =
[Y v o my/]. Hence (TR3) holds.

(TR4) Assume we have the following diagram:

[ig/ o 5] and [7?9/ o ’y] =

(Fy, G, 61, th) —2s (By, G, b, ths) —2s Cp —20s SU(FY, Gy, 61, 100)
| b
(F1, Gy, ¢1,¢1) —— (F37G3,¢37¢3) > Cho > M(F1, Gy, ¢1,11)
C’W
B

where the two rows and the second column are in A. We want to find maps o : Cyp — Clp,
B : Chy — Cy and v : C;, — XCj such that the diagram

(F1, G, 61,01) —2s (Fy, G, o hs) —2s Cp — ™ S, Gy, 1, 11)

H o e H
(F1, G1, 01,¢1) —— (F37G3 ¢37¢3) ﬂ Cho M> Y(Fy, Gy, 01,91)
in (8] (5.2)
c, c,
u (7]
vp el v,
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commutes, the next to last column is in A and |7, 0 ] = [Xfomyg|. Let§ = (f,g) and
n = (u,v) and define

Oé:Cg—)Cng, by ([101 0},[1F1 0])

B:Cn0_>0n7 by ([8123}7[5123})

’yZCn—>ECQ, by ([1228},[122 8}), i.e ’YZEZ'QOWW.

These three morphisms make all the squares in (5.2) commute, and we also get

mof = ([1ex 0] [§:0, | [0 0] [£:2,]) = (150117 0]) = (9161 0], f [15: ©]) = SOy,

This means that all that remains is to prove that the next to last column in (5.2) is in A. To do
this, we want to find an isomorphism

cy —, 0,79 A, a7 SIS 5o

|
cy 0,79 sy Oy e

ieweneedtofindo : C;, — C,and 7 : C,, — C, to complete the isomorphism of triangles.
We let

0 0 0 0
1, 0 1z, 0 o1, g 0 0lg, g O
o= 0|5 0 o |) 7'—(0001F3 710 0 01p, )-

0 1p, 0 lg,

To see if these morphisms gives us the commutativity, we first look at the diagram

[ &l 7
Cng Gl@Fg g > >F1@G3 > >G1@Fg
0 0 0 O 0 0
0 0 0 O 0 0
ia [101 0 ] [11:1 0 ] [101 0 ]
0 1l 0 1lg, 0 1p
Ca Fl@GQ@Gl@FgLGl@FQ@Fl@GgLFl@GQ@Gl@Fg
0lgy g9 O 01lp, g O 01lgy g9 O
T [0 0 01FJ [0 0 0103} [0 0 01F3}
077 GQ@F{; [7w2 0] >FQ@G3 5 0] >G2@F3,
g9 ¢3 I vs

el

41 0 0 0 ¢ 0 0 0
where N, = [fF’i B _?m 0 ] and Ny = [ 9 _351 0 ],and see that
0 v f 2
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Next we see from

2] 8]
c, Gy @ Fy I % F@ Gy Ll L Gya R
0 0 0 0 0 0
lg, O g, 0 lg, O
i [ 0 0 } [ 0 0 } [ 0 0 }
0 1p, 0 lgg 0 1p,

lp, 0 00 lg, 0 00 lp, 0 00
e {0 1G200} {0 1F200} {0 1G200}
4 4 [—% d? ] 4 [—Jfl £ ] 4
209 Fl@GQ g o >G1@FQ 2 > Fl@GQ

that 7, 0 0 = ([122 8] , [122 8]) = .

The last two commutativity relations only hold up to homotopy. For the first one we claim
that 7, — 0 o 8 is homotopic to zero, and for the second we claim 7, — 7y o 7 is also homotopic
to zero. This gives us [i,] = [0 o 8] and [r,] = [y o 7] which is what is needed for the diagram

000 0 0 00 0 0

. : 0 0

to commute. Flrstwenotethatza—UOBZ({ A } — {8 0},{ o8 o ] — {f; 0 }):
0 1py 0 1pg 0 lg, 0 1g,

00 0 0
([19 0} : {_f 81).Withthehomotopy maps s =t =
0

Y1 0 0 O q _
-9 —¢2 0 0 _
lg; 0 —¢1 0 -

0 w f e

0 0 10
|:—90:|:|:00} [—1,111 0]+
lg, 0 00 g ¢2

0 00

[elelenlen]

OO+

0
The same holds for [1;; 8] and we have [i,| = [0 o §]. Next we note that 7, — yo 7 =
00
1 0 00 00 00 1 0 00 00 00 1, 0 0 O 1, 0 0 O .
([ o 10200] - [Olego]’[ gl IFQOO] - [OlefO]): ([ glo—go]’[ gloffob' With
the homotopy maps s =t = [ 9§ 9] we get

The same holds for [1%;1 : _Of ’

and [o] and [7] are morphisms of triangles.
What remains now is to check that they are in fact isomorphisms of triangles. We see that
0 0 0 0
0lg, g 0 lg, 0 0lp, g O 1z, 0 lg, 0 g, 0 .
TOoOo = ([0 0201FJ [ 0" 0 17[0 0201G3] { 0" 0 }) = ([ 0’ 1@,} ,[ 0 103]) = idg, .
0 1p, 0 lgy
The composition o o T is given by

and we have [7,] = [y o 7] which means the diagram commutes

0.0 00 000 0

0lgy, g 0 01p, f 0
(lo 000 |+]o00 0 |)

0 0 01lp 0 0 01lg,
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[=]e]eNe]
[e=]evlesen]

—_
(=]l

If we define the homotopy maps s =t = [ ] we get

coo |

~1p, 0 0 0 _ ¢ 0 0 0 ¢ 0 0 0 _
0 0 g 0] _ 88018 —f —¢2 0 0 + —g —¢2 0 O 88018
0 0-1g, 0| — [00 00 1py, 0 —91 0 lgy 0 —¢1 O 000 0
0 0 0 0 0000 0 u g ¢ 0 v f ¢ LOO OO
—1p 091 0 00 —¢1 O -1 0 0 O
_ 00 g 0l _| o0 o 0
—{8 888]+ 00 -1g, 0| = | 0 0-ig 0>
0 000 00 0 0 00 0 0
which means o o 7 — idg, is homotopic to zero, i.e. [0 o 7] = idg, in HMF(S,z). This
means both [0] and [7] are isomorphisms and hence we have proved the octahedral axiom for
HMEF(S, ), which means HMF(S, ) is a triangulated category. O

In Chapter 4 we introduced Neeman’s mapping cone axiom and saw that we can use this
instead of the octahedral axiom. This means we could have used (TR4) in the proof above:

Proof. (TR4’) Assume we have a commutative diagram

(F1, G, 1, 101) —2s (Fy, G, oy ths) —0s Cy —"20s S(Fy, Gy, b1, 1)

l[a] l[ﬁ] lE [a]

lig/] [7 /]
(F1/7G/17 77Z)1> <F2,7G/27 2’1/15) : > 09’ . (F1/7G/17 1777%)

as in (TR3). We want to complete this to a morphism of triangles in such a way that the mapping
cone is in A. To simplify notation we let A = (Fy, Gy, ¢1,v¢1), A" = (F], G, ¢,¢)), B =
(F2, Ga, @2, 1) and B = (F}, G, ¢, ¥5) so we get the diagram

A (0] N [i6] ' Cp [m6] s YA
l{a} lw lz[a] (5.3)
A/ [9/} N 7’8/] y OG/ [779/] y EA/

Let [7] : Cy — Cy bedefined by v = [*? ], [ 5, ]. We saw in the proof of (TR3) that this is
a morphism of matrix factorizations and that it completes (5.3) to a morphism of triangles. Now,
the mapping cone of (5.3) is given by

|5 0] [ 2] [32 9]
BoA —=CooB ———5TADCy YBaXA.

To prove that this is in A we need to show that it is isomorphic to a standard triangle. If we let

o= [_gg g,}, b=["7 igl] ande = [ 5 -, | we can look at the diagram

BepA N e Y saec, 0 sBaSA

| .

i (5.4)
ol o ™ ypaya.

BaA 9 c,a B

Here we have three new elements:
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o, :

G2@G’1@G1@FQ@F5iFQ@F{@Fl@GQ@G’QiGz@G;@Gl@FQ@FQ’

4y 0 0 0 0 —¢2 0 0 0 0
0 —¢/ 0 0 0 0 —¢f 0 0 0
where A = 0 0 -1 0 0| and B = 0 0 —¢1 0 0
-1 0 g ¢2 0 -1 0 f 42 0
B2 g 0 0 ¢ g1 f 0 0 9

0i,:Co®d B — C,

-1 0 0
{9 ¢20}

—¢1 0 0
[f 11120]
0 0 ¢

G.oFRaF, 0 O+

000
000
100
010
001

GG DCLOROF, S RoFoFRaGad, 2 Gaod,0G &k dF,

and
e, :C, - YXBpIA

Cob G GO RoF, 5 RoFoFReoGdG, 2 GaoG, eoG & F, e F)

[1000 [1000
0100 0100

—=Oo
oo
(]
oo
Pt

0 0

0] 0]
G / {_8” _?”/1] / [_352 _35’1} /
Q@Gl >F2®F1 >G2@G1

First we need to find 7 : Ya ® Cy — C,, such that (5.4) commutes. We have

-1 0 O —-¢1 0 O
0 —¢' 0 0 —¢ 0
! / |: gll ¢/2:| / / |: fll wé:| / /

GGG DD F o F, @ FloF @G, @ Gy L, GGG D F, @ Fy

where we define

—g00 -f00
az 10 a1 10
1= |-100 and =] _-100
000 000
s 01 t 01
Now,
i ha0g 0 0 foy1 0 07
—1pjoas -] 0 —ajopy —) 0 ~¢1 0 0
1 /
Aom = P1 0 0| = ¢ 0 0| =T70]| 0 —¢1 0
9—9 0 0 0 0 0 0 g ¢
L —B20g+g oaz+ghos g 2 —toyp1 g 2 |
and
B ¢p20f 0 0 gopr 0 07
_¢l10051 _¢,1 0 —20¢1 _¢/1 0 —¢1 0/ 0
BOTZZ b1 0 O = 01 0 0 =171 0 0 —9¢7 0
—f 0 0 0 0 0 0 f ¥
L —B1of+floar+aphot  f' 4o —sop1 [ 2 ]
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which means 7 is a morphism of matrix factorizations. Next we need to show that 7 completes
(5.4) to a morphism of triangles, i.e that [r,] o [7] = [¢] and [7] o [0] = [i,] . First we see that

-900 -f
_[r100007 |10 10000
g OT = [01000] *188 a[Olooo] -1
01

e
—g00 —f00 g 00 f 00
az 10 -100 a1 10 -1 00 —ag+az 00 —ai+a; 0 0 .
708 = Z1oo| e 00| | Soo||en00] ] = 1 00|, 1 00 Z iy
000 s P11 0 00 t P21 0 00 0 00
s 01 t 01 —s+s 11 —t+t B2 1

This means we need to find homotopy maps k and [ in the diagram

Q

00
10
00
00
01

-1 0 0 —¢$1 0 0
{ g ¢2 0 { f ¥2 0 ]
0 0 ¢ 0 0 ¢

Gi® @ F, > F1 & Gy @ G > G1@® Fy @ F)

oo O

1
OOoO—OO

[ —]
oo+ OY
=
=
—O0O0O O

v v v

GO OCLOROF, 2 RoF OFdG oG, 25 G dG, &G & F,® F)

such that

0 0 0-
00 0 —%1 00
000| =kol| g 20|+ Bol
0-10 0 0 ¢
LO 51 0
“F 0 0-

—¢1 0 0
209 ZZO[MQO}MO;{.
0-10 0 0 ¥
LO B2 0

This holds for k = [ = [

[e]er]elenlen]
[elelele]
[e]er]elenlen)

] which means [7] o [§] = [i,] and hence T completes (5.4) to a

morphism of triangles.
What remains now is to show that 7 is an isomorphism, i.e. that it has an inverse. To do this
we we define w : C, — XA & Cy,

God GG o Fy,® F) RN o Fl el oG od, L, GGG @@ Fy

w1 -1 0 0 w2 —-¢1 0 0 w1
0 -1 0 0 —¢, 0
0 0

CLoG @ F, C %L ReFad, P2 o oR,

| [o3e 52])-

—p1 0 0 00 ¥ 0 07 0 0 1 0 0
0 —¥1 0 | o wy = 0 —¢] —yjoaz 0 0 — 0 —p]  —aro 0 0 = Wy O A
0 ¢ ¢ 0 ¢ g'oastdhos ¢phoB ¢h | —B24B2 g —to1+B20g Baoga ¢

(5.5

by
10
1 0
B

[Nl
(=N e}
= OO

«
t

¥)

This makes (5.5) commute since
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and
~¢1 0 0 00 1 0 0 o 0 1 0 o0

{ 0 —¢7 0 } O Wy = |:0 —¢7  —¢joar 0 0 :| = { 0 —¢) —azop 0 0 :| =w;oB.
0 f 4 0 f" g'oon+vphot YhoPa il —B1+B1 f' —sop1+pBiof Bioa ¢

To see that [w] is the inverse of [7] we first look at w o 7:

1

1

«

t B2

30 [w] o [7] = [1saec, | - Next we see that

—g 00 00
az 10 00-100 10
TOow = -100| |0Lla2 00|, 00
000 00 s B 1 00
s 01 01

which means we need to find maps m and n in the diagram

a
0
t

P
GQ@G&@G&@ o D FéﬁFQ@F{@Fl GQ@G/—>G2@G @Gl@FQ@FQ/

such that
~10g 0 0 ~10f 00
00000 00000
00000 =moA+Bon and 00000|=noB+Aom
0 00-10 000-10
0 0083 0 00080

00010

We get this if we let m =n = (8) § § § §] and hence [7] o [w] = [1¢, ] and 7 is an isomorphism,
00000

which means (TR4’) holds. [

5.2 Equivalence with the homotopy category of totally
acyclic complexes

An important result concerning HMF (S, x) has to do with long exact sequences or acyclic
complexes. More precisely the homotopy category where the objects are acyclic complexes
P:..— P — Fy — P_; — ... where the F; are finitely generated free R-modules for the
commutative ring R = S/(z). We denote this category Kac(R). This is also a triangulated
category. With ¥ : K,c(R) — K,c(R) defined as a shift to the left, i.e. the usual shifting of
complexes, and the distinguished triangles the triangles isomorphic to standard triangles using
mapping cones, we can use the same proof as with HMF (S, z) with only small adjustments.
Before we present the result we need some preliminaries.

Definition. Let R be aring and let x € R be different from zero. Then z is a non-zerodivisor if
foranyy € R

xy=0=y=0.
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Instead of looking at the whole of K,.(R) we will look at a subcategory:

Definition. Let R be a commutative ring. A complex P of finitely generated projective R-
modules is totally acyclic if both P and Hompg (P, R) are acyclic. These complexes form a
homotopy category Kia.(R), which is a triangulated subcategory of K.

The fact that some complexes are acyclic but not totally acyclic is studied by Jorgensen and
Sega in [14] and by Iyengar and Krause in [12].

Lemma 5.2.1. Let R be a commutative ring and

fa f1 fo f1

> Fy > Fy > Fy sy Fy —— F 9 — ...

AN

2 1 0 g-1
> G2 > G1 > GQ > G_1 e G_2 —_— ...

a diagram in which the rows are totally acyclic complexes of free R-modules. Moreover, suppose
that ¢ = (..., ¢1, ¢o, $_1, ...) is a chain map and that the two diagonal maps s and s_1 satisfy

$o = g1050+s-10 fo.
Then sy and s_y can be completed to a nullhomotopy s = (..., S1, 80, S_1, -..) On .

Proof. To complete the nullhomotopy on ¢ we need to find maps s; such that ¢; = g;11 0 s; +
si_10 f;. Let# : F1 — G be defined by 6 = ¢; — sg o fi. Since

giol=giogr—gioso fi
=¢oo fi—g10500° fi
=(gioso+s_10fo)ofi—gioseofi
=g1os00fits10foofi—gioseo fi =0

we have Im# C Ker g; = Im ¢,. This means there exists an s; : F; — G5 in

S1 /// J/
.7 6
K

G2L1m92—>0

with § = g o s which means ¢; = sy o f; + g1 o s1. In this way we can find s, s3, ... and so
on, i.e. all the maps to the left of s.

Now we need to find the maps to the right. Apply Hompg(—, R) and write (—)* for
Homp(—, R) . Then we get the diagram

* * * *

9g_o 91 90 91
> G* > G*, > G* 4 > G > G —
* * * Sil * sa *
?Lg L, T4 ®5 o7
fia X 1o IT
» B > I, > I > IY » [T —

Here we have
¢ = (g1050)" + (5210 fo) = s5091 + fg 05",
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We know that for a free R-module (), QQ* is also free, so we can use the same method as above
to find t_o,¢_3,¢_4 and so on. We apply Homg(—, R) on this new diagram and since (—)** is
an equivalence on the category of free modules we get the original diagram. Let s; = ¢} for
1 = —2,—3,—4, ..., then we have a nullhomotopy

("’a §-3,5-2,5-1, 50, S1, )
which is what we wanted. 0
Now we can present the first result.

Theorem 5.2.2. Let S be a commutative ring, x € S a non-zerodivisor and R the factor ring
R = S/(x). To a matrix factorization

F ¢>G w>F

in MF (S, x) we assign the sequence

AN F/zF ¢, G/zG SN F/zF SN G/zG

¥

which is a complex of free R-modules, and for morphisms in MF (S, x) we assign the obvious
morphisms of complexes. This induces a fully faithful triangle functor

T : HMF(S, z) = Kac(R).

Proof. We need to prove three things: that 7" is a triangle functor, that it is faithful and that it is
full. We follow the proof in [5] and begin with showing that 7" is a triangle functor.
We start by reducing a matrix factorization (F, G, ¢, 1) modulo = and get

F/aF —° GJaG —'— FJaF.

This is exact: Firstly we have hop=x-1p=0s0Im¢ C Kert). Now let a € G and assume
a=a+xG € Ker ie.
a+xG— 0+ xF.

We also have
a+xGw— Y(a) + «F

so we know that ¢)(a) € xF i.e. ¥(a) = z - f for some f € F. From this we get

la) = f=voalf)
la—(f)) =0

bov(a—o(f) =0
z-(a—o(f)) =0

and since x is a non-zerodivisor this means that a = ¢(f). Hence a € Im ¢ and @ € Im ¢. This
means that Ker+) C Im ¢ and the sequence is exact.
From this we get an acyclic complex

M: ...—— F/aF SN G/zG v, F/zF SN G/2G —— ..
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of finitely generated free R-modules. We need to show that Hompg (M, R) is acyclic too.
We fix bases for F' and G and view ¢ and 1) as matrices with elements in .S. Applying
Homg(—, S) to (F, G, ¢, 1) we get

Homg(F, S) A Homg(G, S) & Homg(F, S)

which is a new matrix factorization in MF (S, x). Using the canonical isomorphism Hom(P, L)
= P for P a finitely generated free S-module, we see that the matrix factorization above is
isomorphic to

T T
¢ G<w F

in MF(S, z). From what we saw earlier we get a new acyclic complex by reducing modulo z:

F <

N: .. — F/zF P G/zG P F/xF P G/xG +—— ...

of free R-modules.
Now, we consider the complex M. Here the maps are matrices with entries in /2 and hence
the arguments above show that
()" ()" ()"
w—— F/aF «—— G/2G +—— F/a2F +—— G/2G +—— ...
is isomorphic to the complex Hompy(M, R). Furthermore, since (7)” = 37 for any matrix y over
S we see that Homg (M, R) is isomorphic to N and hence M is totally acyclic.

When we reduce a morphism of matrix factorizations in MF(S, z) modulo = we get a mor-
phism of totally acyclic complexes. And when we reduce a homotopy between two morphisms
in MF(S, x) we get a homotopy between two morphisms of totally acyclic complexes. This
means that 7" is a functor and from the similarity of the constructions of standard triangles in
the two categories, it is clear that 7" is a triangle functor, i.e. is a functor that sends triangles to
triangles.

Next we want to show that 7" is faithful. We do this by showing that the kernel of 7" on

the Hom-sets is equal to zero, i.e. it is injective on the Hom-sets. Let 6 : (F}, Gy, ¢1,v¢1) —
(Fy, G, ¢2,102) be a morphism

1 G, 1

Fy 1
I
F, ¢ 2

L Gy 25 R

~

in MF(S,z). Assume that 7'([f]) = 0. This means that the morphism of totally acyclic
complexes we get when reducing # modulo z is nullhomotopic over R. Look at a section of such
a nullhomotopy:

Fl/l'Fl L Gl/QTGl L Fl/QTFl L Gl/l'Gl

f 2 b 2 b

FQ/IFQ —> GQ/IGQ —> FQ/IFQ —> GQ/IGQ

where 5; does not necessarily equal s,. We choose liftings of these diagonal maps to S-
homomorphisms
811G1—>F2, tIF1—>G2, SQIG1—>F2.
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The nullhomotopy gives us that for every a € F}, there is a b, € F; such that

fla) —sy0pi(a) —yot(a) =z -b,

This b, is unique because x is a non-zerodivisor. Similarly, for every u € G; we have a v, € G,
such that

g(u) —to(u) — ¢ 0 sa(u) =z - v,
where v, is unique. This means that if we define maps p : F; — Fybya+— b, and g : G; — Go
by u — vy, they are well-defined S-homomorphisms, and we get the equalities

J—s20¢1 —got=ux-p
g—toyr —¢gro0sy=x-q.
We want to find a nullhomotopy on 6 so we modify ¢ to a new map t' : F; — G, defined by
t'=t+¢g0p.

So we want to show that (s9,t’) is a nullhomotopy on
F1 o > G1 i > F1
lf / lg / lf
F2 22 > G2 vz > FQ.
From the definition of ¢ we get

f—s20¢1 —thhot' =f—sy0¢ —yo(t+¢y0p)
=f—520¢1 — a0l +1y0py0p)
=f—50¢ —oot+ax-p)
=z-p—xz-p=0,

so the first part of the homotopy holds. Now, using the equality g —to ¢ — ¢ 051 = x - g we
see that composing [ — so 0 ¢1 — 1y o t = x - p with 1)1 gives us

T poyy = foi —sy0¢ 0 —hyotor
=1g0g— T S2 —Pg0to
=ipo(g—to)—x-sy
=10 (pros1+T-q) —T- 5
=2 (51 +1p0q—s9).

Since x is a non-zerodivisor we see from the above that p o 1)y = s; + 15 0 ¢ — so which gives us

g—t o —gaosy=g—(t+gaop)oth — o5y
=g—toyy —¢yo(por) + s2)
=g—to —¢yo(sy — sy +1P20q+ s2)
=g—toyy —¢s0s1—x-q=x-q—x-q=0.

This means that (s, ") is a nullhomotopy on # and hence [/] = 0 in HMF(S,z) and T is
faithful.

44



Lastly we want to show that 7" is full, i.e. that 7" is surjective on the Hom-sets. So, let
(F1, Gy, ¢1,11) and (Fy, G, ¢2,15) be two matrix factorizations in MF (.S, z) and let 1 be a
chain map

L Fl/.’L‘Fl L Gl/.’L'Gl L Fl/.TFl L Gl/.’IZGl _— ...

[

Lo FQ/CL’FQ & GQ/J]GQ & FQ/J]FQ & GQ/.TGQ _— ...

of totally acyclic complexes over R. This is the representation of a morphism [7] in K¢a.. We
choose a section and lift it to .S which gives us a diagram

G1 il > F1 i > G1
lgl lfo lgo
G2 vz > F2 22 > GQ

where the vertical maps are chosen liftings in S. Now, let a € F; and v € G;. We know that
there exists b, € (G5 and v,, € F, such that

¢20 fola) —goo ¢1(a) =
Yo 0 gi(a) — fooi(a)

because the diagram commutes when we reduce modulo R. Since x is a non-zerodivisor these
elements are unique and hence gives us well defined S-homomorphisms defined by

ba

ZL‘-
T Uy

a:Fy— Gy, a—b,
/B:Gl—>F2, U = Uy,

which gives us the equalities

P20 fo—goopr =7 -«
Yaogr — fooyy =x-p.

Here, the first equality gives us
T-Pgoaoty =10 (P00 fo—goopr)oy =x- foory —x -0

which means, because z is a non-zerodivisor, that )3 o a0 1 = fj 091 — 19 0 go.
Now, let the vertical maps in the diagram

G1 il > F1 o > G1
A
G2 V2 > F2 i > GQ

be defined by

f=Jo—Yro0a+Bog¢
g=go+¢a0p.
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Using the equalities from above we get

Ypog=1pr0gs+1ropy0fB = (fooy1 —poaot)+x-f
= footp1 —poaoth + Bog oy
= (fo—v2o0a+PBog)oy = foiy

and

G0 f=¢r0 fo+pr0p0a+ 0300
= (paofo—x-a)+¢y0B0¢
=goopr+ 0B 0 =(go+Pp208)opr=go¢;

which shows that the diagram commutes. This means that § = (f, g) is a morphism of matrix
factorizations in MIF (.S, z) and we now want to show that 7'([0]) = [n].
T([0]) in Kyac is represented by

L Fl/l'Fl L Gl/:cGl L Fl/l'Fl L Gl/l'Gl —_— ...

b bk

o FQ/I’FQ & GQ/I'GQ & FQ/.I‘FQ & GQ/I’GQ —_— ...

which is a two-periodic chain map of totally acyclic complexes. We need to show that this is
homotopic to 7. So consider the diagram

o Fl/l'Fl L Gl/l‘Gl L Fl/l‘Fl % Gl/l‘Gl —_— ...

e

L FQ/.I'FQ & GQ/.I'GQ & FQ/.TFQ & GQ/.Z'GQ —_— ...

Here we get o _ o
f=Jo=—tyoa+fog,
from the definition of f and so the diagram displays the "zeroth part" of a possible nullhomotopy.

From Lemma 5.2.1 we know that we can complete this to a nullhomotopy and hence T'([0]) = [n]
which means 7' is full. [l

Before we can prove the last result we need some more preliminaries.
Definition. (1) Let S be a ring with exactly one maximal ideal. Then S is a local ring.

(2) Let S be a Noetherian local ring with a maximal ideal m. Let m = (ay, as, ..., a, ) where
n is chosen as small as possible. Then S is regular if dim .S = n

The standard example of a local regular ring is S = k [[z1, ©2, ..., ]|, where k is a field. We
also have that every field & is a regular local ring, with dimension 0.

An equivalent definition of a local regular ring is that a local Noetherian ring S is regular
if it has finite global dimension. This was proven by Auslander and Buchsbaum in [1] and [2],
and by Serre in [23]. Auslander-Buchsbaum also has another useful result which is called the
Auslander-Buchsbaum theorem. It states that regular local rings are unique factorization domains
and was proven in [3].
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Now, let S be a regular local ring and let 0 # = € S. Since S is a UFD it is also an integral
domain, so z is automatically a non-zerodivisor. This means Theorem 5.2.2 holds. This brings
us to our last result, which was proved by Orlov in [21].

Theorem 5.2.3. Let S be a regular local ring and 0 # x € S. Let R = S/(x). Then the functor
T : HMF(S, ) — Kae(R)
Jfrom Theorem 5.2.2 is an equivalence.

Proof. We know that T is fully faithful so what remains is to prove that it is dense. Consider
the ring R. In [9] it was proven that K. (R) is equivalent with MCM(R); the stable category
of maximal Cohen-Macaulay modules. Furthermore, in [10] it was shown that every maximal
Cohen-Macaulay 2-module is two-periodic, i.e. has a two-periodic free resolution. So every
object in K¢, (R) is isomorphic to a two-periodic totally acyclic complex

and what is left to prove is that there exists a matrix factorization (F, G, ¢,v) in HMF(S, x)
such that 7" sends (F, G, ¢, 1) to the complex above.

Let
B

A » P —%— Q) s P —"— Q
in Kiac(R) be indecomposable and minimal. Let M/ = Im«. This is an R-module with a
minimal free resolution

B

Fi:.. > P —— Q » P —— M > 0

Since M is a maximal Cohen-Macaulay module, we have from commutative algebra that
dim M = dim R = dim S — 1. This and the Auslander-Buchsbaum-Serre theorem gives us

pdg M = dim S — depthg M =1

which means there exists a minimal free resolution over S

0 s F -G M s 0

Since M is an R-module, we know that M = 0. We also have that M ~ G /Im ¢ which means
xG C Im ¢. Look at

G

Jy 7 l
e @

F s Im¢ — 0

From the construction, this gives ¢ o ¥ = = - 1. From this we get

potpog=(x-1g)o¢.

The map ¢ is injective so we know that for every a € F' we have
popopla) =¢(ra) = d(pod(a) —xa) =0=1po¢d(a)=ra VYa€F
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which means that ¢) o = x - 1. Hence

F—2ya-YyF

~

is a matrix factorization.
Reduce modulo x and get

. —— F/zF SN G/zG SN F/xF SN G/2G —— ..

Since this is exact we know that Ker 1) = Im ¢ and from before we know that M/ ~ G/Im ¢ and
xG C Im ¢. Together this gives

Imvy ~ (G/2G)/Ker
= (G/2G)/Im¢
= (G/2G)/(Imy /2G)
~ G/Im¢ ~ M.

This means we get a free resolution of M over R:

Fy: .. — FlaF —% GjaG —2s F/aF —* G/aG

=
)

From the construction this is also minimal. This means that F; ~ 5, so
Mo (... —— F/aF —% G/2G —2 F/zF —2 G/aG — ... )

and the functor is dense. O]
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