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AbstratWhen a ship is moored alongside a terminal, the ship and the �uid entrained in betweenthe ship and the terminal may both experiene large motion. The large motion our atthe resonane frequeny of the oupled ship and piston-mode motion. Large ship motionsindue signi�ant wave frequeny fores in moorings and fenders, while large piston-modeamplitude auses large drift fores. Linear theory in general over-predit the resonant shipand �uid motions rather severely. For example, if in reality the piston-mode amplitudeis found to be �ve times that of the inoming wave, linear theory may typially predit afator of ten - twenty, or even more.It is with this disrepany between linear theory and that observed in reality weare mainly onerned in the present work. The possible andidates explaining the dis-repany are probably (1) e�ets due to the nonlinear free-surfae onditions, (2) �owseparation and (3) boundary layer e�ets. We investigate these three andidates withspeial attention to the �ow separation from the bilges of the ship. We limit ourselvesto a two-dimensional setting. A two-dimensional ship setion will resemble the mid-shipsetion of a long ship in beam sea waves.Our work is mainly of numerial and experimental harater. We assume potential�ow and implement a linear numerial wavetank as well as a fully nonlinear numerialwavetank. Both wavetanks are implemented in the time-domain. We use the BoundaryElement Method (BEM), and employ the Mixed Eulerian-Lagrangian (MEL) formalism.Flow separation is modelled in the nonlinear numerial wavetank by an invisid vortextraking method where a thin free shear layer is evolved. The in- and out-�ow of theboundary layers is modelled in the linear wavetank by a semi-analytial method involvinga onvolution integral. Two-dimensional physial model tests are arried out as well.The free shear layer will beome entangled if not ontinuously simpli�ed. An algorithmfor automati simpli�ations is developed and implemented. The simpli�ation proedureis found neessary for long-time simulations in order to reah steady-state. By long-timewe here mean typially 20 - 50 wave periods or more. The simulations will break downafter about one single wave period if the simpli�ations are not arried out.We onsider both a �xed ship setion, fored motion of a ship setion and a shipsetion that is free to osillate in sway, heave and roll. In the last ase the oupled �uid-and body-motion is solved. To overome the problem that the ϕt term in the Bernoulliequation is not de�ned in the MEL approah when the boundaries are moving (nonlinearwavetank only), an alternative formulation of the fore where the time derivative is movedoutside the integral is derived and implemented in the nonlinear numerial wavetank.Results from numerial simulations are ompared to experimental results. Three mainstudies are arried out, inluding a �xed ship setion in inoming waves, a ship setionin fored motion and a moored ship setion osillating in inoming waves. The in�ueneiii



ivof geometri parameters like the distane between the ship and the terminal and thewater depth as well as wave steepness is investigated. The linear simulations over-preditthe piston-mode motion by about 30 - 300% in the onsidered ases. Qualitatively, theship motion is over-predited by an equal amount. The nonlinear wavetank without�ow separation show the same over-prediting trends. Exeptions are in shallow waterwaves, where our results are somewhat inonlusive. The results from simulations by thenonlinear wavetank inluding �ow separation from the ship bilges do on the other handompare well with the experimental results. Our work hene strongly suggests that �owseparation from the ship bilges is found to ause the majority of the disrepany, and thisserves also as a validation of our numerial work. The e�et from the boundary layer �owis found negligible to all purposes.The present study has diret relevane also to other problems within marine hydro-dynamis that inhibit gap resonanes, suh as moonpools, multi-hull vessels or two shipsin side-by-side on�guration.



Nomenlature
General rules� Only the most used symbols are listed in the following setions� Meaning of symbols given at least when introdued in the thesis� Sometimes the same symbol is used to indiate di�erent quantities� Vetors are represented by bold-fae lettersSubsripts

n Normal derivative, ornatural period
s Tangential derivative
0 Deep water limit

Roman Letters
A Amplitude of inoming, undisturbed wave (A = H/2)
Ag Piston mode amplitude, amplitude in terminal gap (Ag = Hg/2)
b Distane from ship setion to terminal (terminal gap width)
B Ship setion beam (also alled ship breadth)
Cg Group veloity
d Clearane from ship bottom to sea �oor
D Ship setion draft
Fx, Fy Horizontal and vertial fore in inertial frame
g Aeleration of gravity (g = 9.81m/s2)
h Water depth
H Wave height
Hg Piston mode rest to trough height
I Roll moment of inertia
KC Keulegan-Carpenter number (de�ned where it appears)
m Ship setion mass v



vi
M Roll moment
p Pressure
r Radius of urvature, ordistane from �eld point to position of singularity
Rn Reynolds number (de�ned where it appears)
s Ar length along a boundary
S Boundary of losed domain of numerial wavetank
SB Boundary of ship setion
SF Boundary of free surfae
SV The free shear layer
t Time
T Wave period of regular wave
Tn Natural period of oupled ship and piston mode motion
Tp Natural period of piston mode
Us Shedding veloity just outside boundary layer
x, y Horizontal and vertial axes of inertial frame
xG, yG Horizontal and vertial oordinates of enter of gravityBold Roman Letters
n Unit normal vetor
s Unit tangential vetor
Uc Veloiy of the free shear layer
x Field point (x, y) in two-dimensional spae
xG Center of gravity, i.e. (xG, yG)
xv Position (parametrized by s) of the free shear layer

Greek Letters
α Internal angle along the boundary S, orumulative angle between free shear layer elements
β Parameter in osine squared distribitution of elements, orangle between two free shear layer elements
Γ Cirulation
ηj Ship setion motion in j'th degree of freedom
λ Wavelength
ϕ Veloity potential
ρ Fluid density
θ Roll angle of ship setion
ζ Free surfae elevation
ω Wave frequeny (rad/s)
Ω Computational domain
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Chapter 1IntrodutionGap resonanes are resonant �uid motion within semi-entrained vertial gaps betweentwo or more strutures or within one struture de�ning a gap of some sort. Consider-able vertially osillating �uid motion may our in suh gaps under foring at partiularfrequenies. Typial examples where vertial gaps are introdued within marine hydro-dynamis are moonpools, multi-hull vessels, two ships in side-by-side on�guration and aship alongside a terminal. In the two latter ases, large ship motions and not only large�uid motion is assoiated with the resonane problem.The gap resonanes are what we onsider external resonane problems and di�er fromthe internal resonane problem, i.e. sloshing, in that the �uid within the gap ommuni-ates with the outer, or external, �ow. The onsequene is that liquid volume onservationis satis�ed in sloshing, while this is in general not true for the gap problem. The latterfat allows for a piston-mode resonane in the gap problem, whih is not present in thesloshing problem.Linear potential �ow theory predits in�nite �uid motions in the sloshing problem.In the gap resonane problem, exept in some rare ases alled wave trapping, the om-muniation allows for outgoing waves. This introdues potential �ow damping. In gapresonane problems the �uid motion hene remains �nite at resonane even within lineartheory.However, although present, the potential �ow damping may be very small in gapresonane problems, and the response near the resonane frequeny is often highly over-predited by linear theory relative to that observed in reality. The over-predition bylinear theory poses a pratial problem when analyzing this kind of problems using e.g. athree-dimensional linear frequeny domain ode. Sharp spikes our in the response urvesthat are not assoiated with irregular frequenies whih are of mathematial harater,but rather existing physial resonane frequenies of the system. The level of responsepredited by linear theory at these frequenies may be several times that observed inreality.Although not as drasti as that predited by linear theory, the ship and water motionsmay still be large in reality. It is therefore of interest to be able to predit the level ofresponse orretly, something linear theory fails to do. The two main possible andidatesausing the disrepanies are (a) e�ets assoiated with the nonlinear free-surfae on-ditions and (b) visous e�ets. Postulations that visous e�ets provide damping andthereby explain the disrepanies have been made in the literature. The problem wasinvestigated by means of a Navier-Stokes solver by Maisondieu et al. (2001), but to the1
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 1.1: Illustration of planned Gravity Based Struture (GBS) type o�shore Lique-�ed Natural Gas (LNG) terminal. Atual site: Port Pelian, oast of Louisiana in Gulfof Mexio (ChevronTexaxo). Water depth h = 25m, distane from land 50km, GBSdimensions 364m × 89m × 57m and storage apaity 330.000m3. The apaity of theLNG arriers is at the present time typially up to 140.000m3 and typial dimensionsare L×B ×D = 300m× 45m× 12m, where L is length, B the beam and D the draft.The LNG is �rst o�-loaded to the terminal where re-gasi�ed and transported to landby pipelines.author's knowledge the postulations have not expliitly been investigated in other works.This is what we investigate in detail in the present work. Within the framework ofpotential �ow theory, we investigate the e�et of �ow separation from the bilges of theship on the resonant behaviour of a ship alongside a terminal by means of time-domainnumerial wavetanks based on the boundary element method inluding an invisid vortextraking method.1.1 O�shore LNG terminals - ChallengesThrough inreased fous on risk regarding the o�-loading of Lique�ed Natural Gas (LNG)from LNG arriers to terminals traditionally loated within harbors, there has reentlyevolved a trend of moving LNG terminals o�shore, say 10 - 50 km from land. The arrierso�-load their argo to the terminals where the LNG is re-gasi�ed and transported to landby pipelines. The situation is illustrated in Figure 1.1, where the terminal dimensions andpartiulars of the site are given. This partiular terminal is of Gravity Based Struture(GBS) type, the type used in water depths h of h ≃ 15 − 30m. At larger depths, �xedplatform systems involving jaket type installations are used for water depths of h ≃
30 − 100m, and �oating systems at water depths h ? 100m.Along the US oast, sixteen o�shore terminals were projeted by mid 2007 (f. Mar-itime Administration (2007)). Some projets have apparently been withdrawn due to higheonomial osts. The Port Pelian depited in Figure 1.1 is among those put on holdfor this reason. Several projets are also planned in Japan and Europe, where one, the
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer Figure 1.2: The North Adriati LNG terminal tested at MARINTEK.so-alled North Adriati LNG terminal o� the oast of Italy has reently been installed.A photo from model tests of this terminal performed at MARINTEK is shown in Figure1.2.Aside from a risk perspetive, the onept of o�shore terminals o�er additional advan-tages suh as reduing port ongestion as well as aommodation of larger LNG vessels.Due to the inreasing ativity in LNG transportation using vessels of inreasing size thesematters inspire the utilization of the o�shore areas for LNG terminals.However, along with the advantages there are also hallenges assoiated with movingo�shore. Intuitively there is an issue with the environmental loads experiened at suhunsheltered areas relative to those in harbors, introduing onerns about available oper-ational time. The duration of an o�-loading is typially 12 - 24 hours. The system willbe exposed to wind, urrent and waves.In the present work we onsider the hydrodynami problem, and more spei�ally, thewave-struture interation of relevane for an LNG arrier alongside a GBS type o�shoreterminal as those shown in Figures 1.1 and 1.2.The terminal introdues a �xed vertial wall extending from the sea �oor and therebya vertial gap between itself and the ship. Hene the system is prone to gap resonanes.Around resonane the ship may experiene resonant motion in all six degrees of free-dom. Vertial motions, inluding both pith and roll in addition to heave, then maybeome an issue with respet to ontat with the sea �oor due to the small bottom lear-ane.Large fores exerted on the moorings and fenders is yet another onern. The fendersand moorings exhibit nonlinear harateristis. These are in general designed suh as towithstand drift and slowly varying fores and not the �rst order ship motions. However,large �rst order �uid motions in the gap between the ship and the terminal introduelarge drift fores.Large vertial �uid motions in the gap also involves hazards in relation to the atualoperation of o�-loading. One may in severe ases experiene damage of the struturesinvolved in the o�-loading by the large water motion.In addition to the gap resonanes there are also issues regarding shallow water waveaspets given the relatively small water depths. Waves of periods T ? 10s - 14s enteringthe terminal area of water depths of h ≃ 15 − 30m are true shallow water waves, withtheir assoiated nonlinear behaviour and omplexity of modelling. Further, a onsequene
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Piston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 1.3: The hydrodynami problem of an LNG ship alongside a terminal is inprinipal three-dimensional (left). In the present work we onsider a mid-ship ut andbeam sea waves. We restrit ourselves to a two-dimensional approah as illustrated tothe right.of shallow water is small bottom learane of the ship. Although the main fous of thepresent work is on the damping e�et of �ow separation from the ship bilge keels, we alsoinvestigate to a ertain extent the behaviour of a the system in shallow water waves.1.1.1 Sope and limitations of the present workIn the present work we limit ourselves to long-rested, beam sea waves and no urrentor wind. Sine the longitudinal dimensions of the problem is rather large relative tothe lateral dimensions, and with the restrition of beam sea waves we may to a ertainextent allow for a two-dimensional approah. This orresponds to an in�nitely long shipand terminal and is a reasonable approximation regarding the mid-ship ut. We willthroughout the text refer to the two-dimensional setting illustrated in the right part ofFigure 1.3 as a �ship setion by a bottom mounted terminal�. We restrit our work to suha two-dimensional setting. We onsider rigid body motions in sway, heave and roll. Thethree-dimensional �uid �ow related to the longitudinal ends of the strutures are henenot investigated in the present work, nor are the surge, pith or yaw motions of the ship.A motivation for a two-dimensional study is that it more easily than a three-dimensionalstudy allows for detailed and ontrolled numerial and experimental studies of the physisof the problem.Throughout our work we shall denote the gap between the ship and terminal by the�terminal gap�. Within the terminal gap the free surfae may undergo resonant motion ofany mode. The zeroth mode, being the massive bulk of �uid in the terminal gap osillatingwith a �at free surfae, is often referred to as the piston mode. We shall onern ourselveswith the piston mode, and do not onsider resonane of the higher modes, i.e. the sloshinginside the terminal gap. This means we onsider wave frequenies away from the sloshingfrequenies. Although pure piston-mode motion will in general not exist, as in reality alsosome disturbane of the free surfae will inevitably our, we will most often denote thenear piston-mode motion simply by piston-mode motion.We will refer to piston-mode resonane as well as oupled ship and piston-mode res-onane. If two-dimensional linear potential �ow theory is onsidered, piston-mode reso-



1.2. Previous related work 5nane is assoiated with peaks in the piston-mode amplitude in the di�ration or radiationproblem, that is, for �xed ship setion or fored motion of the ship setion. Coupled shipand piston-mode resonane is the oupled resonant motion of the ship setion and piston-mode when the ship is free to osillate and assoiated with peaks in the ship motionamplitude. These resonane frequenies are in general di�erent.Our work is arried out within the framework of potential �ow theory of an inom-pressible �uid. We assume the water to be invisid outside boundary and free-shear layers.Visous e�ets are, however, modelled. We model �ow separation from sharp orners aswell as the in- and out-�ow of visous boundary layers. Vortiity is then introdued,but assumed to be limited to thin free shear layers within the water or in thin boundarylayers. The �ow in the main bulk of the water is hene irrotational. We solve the Laplaeequation under the restraint of the usual boundary onditions, both linearized and fullynonlinear. Two time-domain numerial wavetanks are implemented, one linear wavetankand one fully nonlinear wavetank. Both are based on a Boundary Element Method (BEM)and within the Mixed Eulerian Lagrangian (MEL) framework.Flow separation is modelled by an invisid vortex traking method. In order to reahsteady-state onditions, an automati simpli�ation algorithm for the free shear layer isdeveloped and implemented. There are ertainly limitations assoiated with the invisidvortex traking method and the presently developed simpli�ation proedure, but it hasproved useful in our work regarding aurate preditions of the e�et of �ow separation.Integration of the equations of motion need speial treatment in the nonlinear wave-tank. We assume slip onditions. The sway and heave fores as well as roll momentare obtained by integration of the pressure given by Bernoulli's equation over the shipsetion. However, in the Mixed Eulerian-Lagrangian approah we have adopted, the time-derivative of the veloity potential, ϕt, in Bernoulli's equation is not de�ned over the shipsetion when this is moving. To overome this problem, an alternative formulation of thefore and moments are derived and implemented in this work.1.2 Previous related workThe problem of a ship by an o�shore terminal in shallow water was treated by Buhneret al. (2001). Their study was three-dimensional and within linear theory. Calulateddrift fores about four times that observed in orresponding model tests were predited forfrequenies near gap resonane. The disrepany was remedied by applying a numerialdamping lid on the free surfae in the gap. The damping oe�ient of the numerial lid wastuned using the model test results, with improved orrespondene between simulationsand model tests as a result. Similar works are reported in Buhner et al. (2004) andBuhner et al. (2004), where also signi�ant run-up on the ship was observed due tononlinearity introdued by the shallow water. Pauw et al. (2007) onsidered two shipsin a side-by-side arrangement with emphasis on the e�et on linear versus seond orderquantities when tuning the damping parameter of the numerial lid. They reommendedthat the damping parameter be tuned in suh a way that the drift fores are optimalrather than the linear quantities.The numerial lid approah as used in these works is explained in Huijsmans et al.(2001). The damping is ahieved using the same approah as for removing irregularfrequenies. While irregular frequenies are of pure mathematial harater appearing



6 Introdutionas a onsequene of arti�ial internal resonane problems assoiated with the struturesinvolved, the gap resonanes are physial. In that regard the empirial damping lidapproah is perhaps somewhat questionable, as it does not re�et the physis. Sinethe model requires experimental input, its pratial usefulness in studying new oneptswithout doing model tests is limited. Similar numerial damping lid approahes have alsobeen used by Newman (2004), Newman and Lee (2005) and Chen (2005).Pratial problems for engineering purposes assoiated with gap resonanes are dis-ussed by Pinto et al. (2008) for moored ships in harbors. A moored ship in harborwas also studied by Bingham (2000) where he introdues a hybrid method oupling twoestablished methods; a time-domain method based on Boussinesq type equations for prop-agating waves from deeper waters and into the shallow waters of the harbor, and a linearfrequeny domain panel method for the wave-struture interation. The latter uses thewave spetrum at the position of the ship given by the Boussinesq model as input, as-suming these are free waves. Bingham argues that sub-harmonis are generated as wavespropagate over a sloping sea �oor, and these beome important with respet to the ex-itation of resonant ship motions, and should therefore be arefully modelled. This isahieved fairly well with the Boussinesq model as the method shows promising results inomparison with model tests. The used Boussinesq model is well doumented in Madsen,Bingham, and Hua (2002) and previous work ited therein. We note that sine nonlin-earities in the inoming wave �eld is important, we expet similar nonlinear interationbetween the ship generated waves and the inoming waves. This is not modelled in thehybrid model by Bingham (2000). Bingham also mentions that in onstrited waters asin a harbour, seihing, the resonant �uid motion assoiated with the basin, may also in-due resonant ship motions. In the present ase there is no harbour. The modelling ofthe inoming waves by e.g. a Boussinesq model would nevertheless be appliable also inour ase when onsidering the transformation of the waves when entering the assoiatedshallow waters at the o�shore terminals.A review of literature related to gap resonanes, invisid vortex traking methods andfore alulations in the nonlinear numerial wavetanks follows.Gap resonanes. Molin (2001) studied, within linear potential �ow theory, theeigenvalue problem for gap �ows. In�nite water depth was assumed. A simpli�ed, quasi-analytial approah to alulate approximately the resonane frequenies for the piston-mode as well as the sloshing modes in retangular moonpools was presented. Also theorresponding shapes of the sloshing modes were alulated. The work was both forthe two-dimensional (in�nitely long moonpool) and three-dimensional ase. The e�et ofbeam to draft ratio of the moonpool was onsidered in partiular.Faltinsen et al. (2007) studied, also within linear potential �ow theory, the piston-mode problem in a moonpool in a more exat manner. The work was restrited to thetwo-dimensional problem, but for arbitrary �nite water depth. They followed the strategyof domain deomposition and derived appliable Green funtions for the problem along theso-alled Neumann traes dividing the di�erent domains. Under fored heave of the tworetangular ship hulls de�ning the moonpool, they onsidered both the natural frequenyand the amplitude of the piston-mode motion. They de�ned the natural frequeny ofthe piston mode as that with the largest orresponding piston-mode amplitude afteronsidering fored motion for a range of frequenies. The alulated natural frequeniesreported therein were found orret to at least the seventh digit.



1.2. Previous related work 7MIver (2005) investigated the problem of a freely �oating body with a gap of somesort, for instane a moonpool. He onsidered the radiation and di�ration problems.He denoted by the resonant oupled ship and �uid motion the �motion resonane�. Hefurther denoted the resonant �uid motion where the body is �xed or fored to osillate bythe �sloshing resonane�. We remark that in his nomenlature, the �rst sloshing mode iswhat we in the present denote the piston mode. He showed analytially that the naturalfrequenies of the oupled �uid and ship motions are in general di�erent from the sloshingfrequenies. He also showed that the response near the sloshing resonanes (whih arefor �xed body or fored motion of the body) will be nearly annulled when the ship is freeto osillate. An exeption was in ase the ship was restrained from osillating in one ormore degrees of freedom. In that ase, large �uid motion also at the sloshing frequeniesould be attained, although the body is free to osillate in some degrees of freedom.An interesting feature of gap resonane is the so-alled trapped modes. There existsgeometries where under ertain onditions resonant �uid motion may our without ra-diating waves. The �rst suh was disovered by MIver (1996) - the MIver toroid, andother have been found and studied later. We have not found any evidene that our presentproblem exhibit wave trapping. This was also the onlusions by Faltinsen et al. (2007)in their investigation of resonant piston-mode motion in moonpools.Eatok Taylor et al. (2008) generalized the three-dimensional method of Molin (2001)to study the gap resonanes of a ship by a terminal by substituting the Neumann on-ditions with Dirihlet onditions at the longitudinal ends. They ompared their approx-imated theory with results from a linear di�ration ode with promising results both interms of estimation of natural frequenies as well as level of �uid response in the gap.They used the theory to introdue an arti�ial damping on the frequeny response fun-tion, in order to investigate the in�uene of this damping on the ship response due totransient wave trains with peak period around resonane.Invisid vortex traking models. A number of invisid models for vortex shed-ding has been developed over the years, falling mainly into two ategories haraterizedby approximating the shed vortiity either by disrete vorties or by a ontinuous distri-bution of vortiity. Continuous representation of the free shear layer has the advantagerelative to disrete methods that the atual vortex shedding is well de�ned, and the �nestrutures of the free shear layer is represented in a more rigorous way. Further, problemsassoiated with the unphysial in�nite veloity at the disrete vortex ores are avoided. Adisadvantage, however, is the requirement that the whole free shear layer be onneted atall times leading to inreasingly ompliated strutures during time evolution in unsteady�ow. We shall in the following refer to both the terms free shear layer and vortex sheetmeaning the same thing.Clements (1973) gives a omprehensive overview of earlier works on disrete vortexmethods. We here refer to key points of the evolution for the reader to get aquainted.Perhaps the �rst to represent a vortex sheet by an array of disrete vorties for numerialpurposes was Rosenhead (1932). He examined the so-alled Rayleigh instability of aninitially perturbed straight line of onstant vortiity representing e.g. the layer betweentwo veloities of a stream. The numerial alulations were in that work done by hand. Asin all disrete vortex methods, the veloity of eah vortex was alulated and the positionsstepped forward in time. He was suessful in showing perpetual growth of the instabilitiesalso beyond the valid regime of linear theory, with the sheet forming shapes resembling



8 Introdutionbreaking waves. Later, the alulations were re-done with a �ner disretization by Birkho�and Fisher (1959) and the method was shown to be unstable, onsidered therein to be dueto the higher in�uene of the unphysial in�nite veloities at the enter of eah vortex intheir ase of higher resolution. Chorin and Bernard (1973) introdued in this respet asmall ut-o� near the vortex origin, giving the stream funtion onstant values near theorigin and hene avoiding the in�nite veloities. They onluded that in any suessfulappliation of disrete vortex models suh a ut-o� or other similar strategy is neessary,otherwise solutions will diverge under inreasing resolution. Similar onlusions weremade by Clements (1973) where they investigated the roll-up of the end of a vortex sheet.When onsidering vortex shedding from a struture using a disrete vortex method,ambiguities arise on where to plae a newly shed vortex. This is disussed in severalworks, see e.g. Sarpkaya (1975). He gives a nie overview of disrete vortex methods withemphasis on the numerial treatment of the Kutta ondition. The Kutta ondition saysthat the �uid �ow must remain �nite at the point of separation, and that it must leavetangentially from the body. The Kutta ondition is a matter of observation in physialexperiments. During his literature review he found that there were a di�erent numerialtreatment of the Kutta ondition in almost eah publiation. The position and strength ofeah new vortex was di�erent. In most works mapping was used to identify the positions.For disrete vortex methods there are therefore issues both regarding how to satisfythe Kutta ondition rigorously and how to treat the singular behaviour at the vortexores. However, sine these issues have been understood for quite some time, severalauthors report satisfatory results. Appliation of a disrete vortex method to a shipheaving with onsequent �ow separation around the bilge keels is disussed in Soh andFink (1971).A ontinuous vortex method was developed by Faltinsen and Pettersen (1987). Theyinvestigated separation from both blunt and sharp edged bodies with emphasis on marineappliations. They performed boundary layer alulations to obtain the separation pointson the blunt bodies. Dipoles were distributed over the free shear layers whih were dis-retized by pieewise linear elements. Over eah free shear layer element a linear variationof the dipole distribution was assumed. We mention that assuming pieewise onstantvalues is similar to a disrete vortex method, as eah node onneting two elements willthen be like a disrete vortex. A di�erene is, however, that veloities are alulated onthe mid-point of eah element in their work, and not at the nodes. The method was usedby Braathen (1987) to study roll damping of ships, with satisfatory results reported, andfurther by Lian (1986) for more general ases. The method was also used by Aarsnes(1984) to study urrent fores on ships. He onsidered �ow separation from ontinuouslyurved surfaes by oupling the global solution to visous boundary layer alulations inorder to determine the separation points. Di�ulties oured at the separation pointsthat were remedied by introduing the so-alled �triple-dek� method. The entanglementof the free shear layer was in all these works a major issue.More reently, a higher order representation of the vortex sheet was developed byJones (2003) and applied to osillatory �ow past sharp edges. He put, like Faltinsen andPettersen (1987), emphasis on the treatment of the Kutta ondition in the unsteady ase,giving what he denotes a generalization to that in the well established ase of steady�ow. The method of Jones was further developed by Shukla and Eldredge (2007) wherethey investigated the �ow separation from a deforming body of presribed motion, withpropulsion from aquati organisms in mind, with aims at the possible improvement of



1.2. Previous related work 9propulsion systems. The numerial results were promising showing non-entangled, quiteimpressive, vortial strutures for long time simulations in osillatory �ow. In the works byJones (2003) and Shukla and Eldredge (2007), there was in addition to the osillatory �owindued by the body, also a mean steady �ow implying that the vortiity was onvetedaway from the body. This onsiderably simpli�es the problem.Three dimensional vortex sheets have been modelled by Winkelmans and Leonard(1993) and Brady, Leonard, and Pullin (1998). In the former a disrete distributionwas applied. In the latter a ontinuous distribution was used. There, they introdueda length sale ut-o� in order to suppress small sale deformations. The suppressionswere implemented suh as to work in an automati manner. Their results are in generalnot ompared to measurements, although they ompare well in a two-dimensional aseof axisymmetri �ows. The three-dimensional vortial strutures appear by all meansreasonable.Analytially based approahes has also been applied. Faltinsen and Sortland (1987)used a single vortex traking method, and investigated the drag fore on a ship due toseparation from the bilge keels of the ship. Downie, Bearman, and Graham (1988) studiedroll damping of a ship setion. They used a tehnique where the loal solution of the vortexshedding, whih was assumed to be loalized to the orner of separation, was mathed toan outer solution.We also mention the so-alled vortex-in-ell method. Atually, here, the Navier-Stokesequation is the basis, and so it is not an invisid vortex traking method. It has, however,the similarity that it traks the vortiity. One formulate an equation for vortex trans-portation and use an operator-splitting tehnique, i.e. the vorties are �rst onveted andnext di�used. The Poisson equation for the stream funtion is solved for. This was used tostudy the �ow separation around two-dimensional �nned bodies by Yeung (2002). Theyalso refer to the method as the �vortex blob� or random-vortex method. In Yeung et al.(2008) they used the method to study the three-dimensional problem of yaw moments ona slender body in terms of a strip theory approah.As far as (attahed) boundary layer e�ets are onerned, Liu and Or�la (2004) mod-elled the in- and out-�ow of boundary layers as boundary onditions on the sea �oor in aBoussinesq model in order to study visous e�ets on propagating shallow water waves.Fore alulations. The Mixed Eulerian-Lagrangian (MEL) approah is adopted inthe present study in order to numerially solve the fully nonlinear potential �ow problem.In the Eulerian step the boundary integral equation is solved given the instantaneouspotential and geometry. Next, based on the solution from the Eulerian step, the potentialon the free surfae and geometry of the free surfae are stepped forward in time in theLagrangian step. This allows for solving the problem involving a deforming geometry. TheMEL approah was suggested by Ogilvie (1967) in a numerial study on ship resistaneand later used by Longuet-Higgins and Cokelet (1976) where they investigated numeriallythe breaking of waves. Faltinsen (1978) used Ogilvie's ideas in a semi-Lagrangian mannerto study numerially the nonlinear problem of a surfae-piering body undergoing foredheave motion. Faltinsen (1978) used the method to also study nonlinear sloshing in tanks.The MEL approah has later been used by many authors e.g. to study waves in wavetanksand their interation with �xed strutures or strutures subjet to fored motions.Introduing free body motions, a hallenge is introdued in solving the equationsof motion. In the nonlinear numerial wavetank the ϕt term in Bernoulli's equation is



10 Introdutionnot de�ned at boundaries that evolve, so alulating the fore on an osillating ship byintegrating the pressure requires speial are. Evaluating ϕt simply by �nite di�erenesin time leads inevitably to numerial instability.To our knowledge three main strategies have been adopted to overome the problem.One is to evaluate ϕt in a separate problem. We mention that in the literature the ϕt termis ommonly referred to as the �aeleration� term, referring to its gradient being the �uidaeleration at a �xed point. The seond is to manipulate the fore expression in suh away that the time derivative is moved outside the integral. The third is to introdue ageneralized total derivative.For the �rst main strategy, aording to Tanizawa (2000) four methods have beenemployed whih he denote iterative methods, deomposition methods, indiret methodsand impliit boundary ondition method. Iterative methods imply estimating ϕt by �nitedi�erenes and then iterating until some riteria is met. A problem with the method istime onsumption as the boundary value problem is solved in eah iteration. Deompo-sition methods involve deomposing the fore in that from a unit aeleration multipliedby an e�etive mass de�ned in the atual appliation, and that from a �xed body. Thiswas used by Cointe (1989), and further elaborated in Cointe et al. (1991). They poseda boundary value problem for ϕt similar to that of ϕ. The indiret method also solvesa boundary value problem for ϕt, but at the same time also an arti�ial problem is in-trodued and solved for. This approah has been employed by Wu and Eatok Taylor(1996) and Kashiwagi (2000). In all these works the additional omputational ost asso-iated with solving the boundary value problem for ϕt is small, but as with all numerialproedures these methods exhibit hallenges, suh as estimating higher order derivatives,e.g. ϕns, along the body. Here, the subsripts n and s means partial derivative in thenormal and tangential diretions respetively. The impliit boundary ondition methodwas employed in earlier works by Tanizawa (see referenes in Tanizawa (2000)), but it isnot lear to the author what this theory involved.The seond strategy was followed by Faltinsen (1977), where he re-ast the foreexpression by integrating over a losed ontour involving the body, the surrounding freesurfae and a surfae at �in�nity� (a distane b from the body). In the present work wefollow this approah, although re-formulating the expression to overome the limitationthat the �uid had to be still exterior to b. In the ase of inoming waves, as in most ofthe present work, this would not be appliable.The third method was used by Zhao and Faltinsen (1993) in a study on water entryof a wedge. They introdued the derivative D′/Dt = ∂/∂t + U · ∇ where the veloity Uwas not the �uid veloity, but rather the body veloity. They showed onvergene of thenumerial results.1.3 Present work - struture and �ndingsIn the present study we have implemented and applied numerial models as well as per-formed several sets of model tests. All work has been restrited to two dimensions. Modeltests performed rather early in our study provided valuable insight to the author on res-onant �uid behaviour and the appearane of shallow water waves that would otherwisenot be as aessible. They further provided inspiration in onnetion with the work ofimplementing the numerial models, a task that at times may be experiened not so



1.3. Present work - struture and �ndings 11inspirational in itself.We wish to emphasize the following aspets regarding model tests and numerial mod-els. Validation and veri�ation of a numerial ode is always a neessity, and model testsare in that respet very useful. However, one should be areful about onsidering modeltests as the �truth� from the fat that bias errors may be present. Then omes preisionerrors. We regard the numerial and experimental work, of ourse together with analysis,as tools to study a problem. They are like partners with di�erent skills; both possesunique features that may provide valuable information and they omplement eah other.In this respet rather extensive e�orts have been made both in debugging and verifyingthe numerial odes as well as on identifying bias errors in the model tests. Bias errorssuh as wave re�etions, redued wave making apaity and slight �exing of strutureswhih were supposed to be rigid have been disovered during post-proessing of our modeltest data. Some were disovered from arguments of analytial harater, but others infat through diret use of the numerial odes.Assoiated with model tests there are sale e�ets relative to full sale, for instaneassoiated with the Reynold's number. In ase of �ow separation from blunt parts ofstrutures this is an important issue. In the present work �ow separation from sharporners have been studied, and hene model sale e�ets are onsidered not to be of greatimportane.1.3.1 Struture of the present thesisThe struture of the present thesis is as follows. In Chapter 2 the mathematial formula-tions upon whih we base our numerial work are given. We �rst formulate the standardset of equations desribing potential free-surfae �ow, next the theory of invisid �owseparation, then the visous boundary layer �ow, and last state the equations of motionof a rigid body.In Chapter 3 we disuss physial and numerial issues regarding wave generation inwavetanks with emphasis on reahing steady-state when starting from alm onditions.In Chapter 4 we disuss the relevant dimensions of our problem and present the basiproblem of resonant piston mode and resonant oupled ship and piston-mode behaviour.The numerial work is presented in the next four hapters, i.e. Chapters 5 - 8. InChapter 5 the basis of the numerial wavetanks are presented. We introdue the spatialdisretization and time integration. Some attention is paid to the treatment of intersetionpoints between the free surfae and solid boundaries. Our hosen methods of wave makingand wave absorption is explained. In Chapter 6 the invisid vortex traking method ispresented, along with some veri�ation by foil theory. Speial attention to the algorithmfor automati simpli�ations of the free shear layer during nearly sinusoidal ambient �owis made, as this is new to the present work, and onsidered a ontribution to the �eld.In Chapter 7 the modelling of the in- and out-�ow of boundary layers in the presentlinear numerial wavetank is presented. In Chapter 8 the derivation of the alternativeformulation of the fore and moment is given. The implementation is veri�ed to theextent a fully nonlinear method may be veri�ed.The model tests are presented in Chapter 9. This involves four sets of model testsarried out within the present work, as well as a reapitulation of a set of previouslyperformed model tests whose results are used in the present work. The �rst two setsinvolved a �xed retangular ship setion with rounded bilges by a terminal in inoming



12 Introdutionshallow water waves. The fous in the �rst of these was shallow water e�ets on foresand wave kinematis, while in the seond resonant piston-mode motion. The last two setsinvolved a moored retangular ship setion with sharp orners in resonant motion by aterminal in inoming waves. The reapitulated model tests, alled the moonpool tests,were originally performed to study resonant piston motion in moonpools under foredheave of two retangular setions with sharp orners. With the symmetri geometry inthe set-up, this is equivalent to a ship by a terminal in fored heave. The range of modeltests thus inlude the three sub-problems in linear theory: Di�ration, radiation and freely�oating ship setion, all by a bottom mounted terminal.In Chapter 10 our studies on resonant behaviour are presented. They all involve a shipsetion by a bottom mounted terminal. The studies involve results from present numerialsimulations as well as the model tests. There are three main studies, diretly related tothe experimental work desribed above, and two supplemental studies involving numerialsimulations only. The three main studies are (1) the di�ration problem involving a �xedship setion, and no �ow separation, (2) the radiation problem involving fored heave ofthe ship setion with �ow separation and (3) a moored ship inluding �ow separation.The two supplemental studies involve fored sway of a ship setion with �ow separationand a �xed ship setion in inoming waves inluding �ow separation.A summary with reommendations to further work is given in Chapter 11.1.3.2 Main ontributionsWe summarize what we onsider the main ontributions of the present work as follows:� Linear theory over-predit the ship and piston-mode motion near resonane. Ouronlusions are that (1) the disrepany is mainly aused by the damping e�etfrom �ow separation at the ship bilges, (2) nonlinear potential �ow e�ets are smalland (3) the damping e�et of the in- and out-�ow of boundary layers is negligible� An algorithm for automati simpli�ation of the free shear layer in nearly sinusoidalambient �ow is developed and implemented� A new alternative expression for the fore and moment on a surfae piering bodyin a nonlinear wavetank is derived and implementedAs for the �rst, linear theory over-predits the piston-mode motion around the piston-mode resonane frequeny in the ase of a �xed ship setion or fored motion of theship setion. Linear theory also over-predits both the ship motion and the piston-modemotion near the oupled ship and piston-mode resonane frequeny when the ship is freeto osillate. In the latter ase, the disrepanies are larger than in the former. Ourresults strongly indiate that the observed disrepany between linear theory and modeltests is explained pratially in full by the damping e�et aused by �ow separation. Thenonlinear potential �ow e�ets due to gravity waves are not dominant. That is, satisfyingthe boundary onditions at the instantaneous free surfae as well as inluding the squareterm in the Bernoulli equation is not important in the present resonane problem. Further,the e�et of the in- and out-�ow of boundary layers is negligible for all pratial purposes.We emphasize that sine our onlusion is based on numerial work and not analytiallyderived results, we have not atually shown this fat. We feel, however, that the goodagreement with model tests provide strong evidene that the onlusion is feasible.



1.3. Present work - struture and �ndings 13In order to reah these onlusions, we needed to handle the free shear layer in arational manner. We developed an algorithm for automati simpli�ations of the freeshear layer in near sinusoidal ambient �ow, providing a means to apply the invisid vortextraking method involving a ontinuous representation of the vortex sheet for long-timesimulations until steady-state. Without the automati simpli�ation proedure our resultsregarding �ow separation ould not have been ahieved as the free shear layer beomesentangled. We also regard the automati simpli�ation algorithm as a ontribution byitself.We also needed to deal with the problems assoiated with alulation of the foresand moment in the nonlinear wavetank. In this respet we derived and implemented anew alternative expression for the hydrodynami fore and moment on a body in a losednonlinear numerial wavetank. By alternative we mean the following. The integral of thepressure over the body is re-written by introduing a losed ontrol surfae involving thebody, a part of the free surfae and a onneting surfae within the �uid. By manipulationsemploying Gauss' theorem for fore and Stokes' theorem for moment, the time derivativeof the ϕt term is moved outside the integrals. The alternative expression hene avoids theneed to evaluate ϕt diretly. The free shear layer is inluded expliitly in the formulation.A limitation to the presently adopted BEM model with free shear layer is that itis most appliable to separation from sharp orners, as the separation point is hard topredit in ase of blunt bodies. In the present implementation, separation from sharporners only are onsidered. One may ask why a Navier-Stokes solver (CFD) was nothosen to investigate the present problem. There are a large variety of CFD methodssuh as FDM, FVM, FEM, SPM et., and di�erent ways of handling the free surfae byeither free-surfae traking or apturing methods. There is no method that a priori standsout as the perfet hoie, and the hosen method has to undergo a veri�ation phase inthe same way as is done in the present thesis with the adopted BEM model with free shearlayer. When that is said, we note two aspets that are of signi�ane from a pratialpoint of view and that perhaps inspires the use of the present method. First, the CPUtime when simulating typially 40 - 50 wave periods in a rather long wavetank is probablymodest using the present BEM method ompared to that of a CFD ode. Seond, thepresent method has the onvenient feature that �ow separation may be turned on or o�simply by a �ag speifying whether �ow separation should be inluded in the simulationor not. This allows for an easy way of investigating the e�et of �ow separation.
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Chapter 2Mathematial formulations
2.1 Potential free-surfae water �owIn the present work we onsider the two-dimensional motion of an inompressible andinvisid �uid with the objetive of studying the �uid interation with a ship setion by abottom-mounted terminal. We model �ow separation from sharp orners by an invisidvortex traking method. Further, the in- and out-�ow of visous boundary layers ismodelled by a semi-analytial method, under the assumption of laminar boundary layer�ow. Vortiity is in both ases introdued, but assumed to be limited to thin free shearlayers within the main bulk of the water, or within thin boundary layers along the solidboundaries. The �ow in the main bulk of the water is hene irrotational.The work is arried out within a losed tank as illustrated in Figure 2.1. We denote thedomain of the tank by Ω and its boundary by S+SV . We make a distintion between the�physial� boundary S and that exluding the free shear layers SV . We de�ne S to onsistof the solid surfaes S0 + SB as well as the free surfae SF , suh that S = S0 + SB + SF .There may be an arbitrary number of free shear layers. They are olletively denoted
SV . They are not allowed to enter a solid boundary or ross the free surfae. Although
SV in the �gure appears to be within the domain Ω, it rather is introdued to exludethe vortiity from the free shear layers from Ω. The modelling of the free shear layer istreated in Setion 2.2.We de�ne an Earth-�xed right-handed oordinate system with Cartesian oordinates
(x, y) where y is positive upwards, and the horizontal axis de�ned by y = 0 is in the meanwater line as indiated in the �gure. The surfae SB represents a ship setion, while S0typially a wavemaker, sea �oor and bottom mounted terminal. The domain Ω boundedby the losed surfae S is hereafter usually referred to as the numerial wavetank.We make a distintion between the linear wavetank and the nonlinear wavetank. In thelinear wavetank, the domain and its boundary is �xed in time. The free-surfae elevationis in this ase denoted ζ(x, t). In the nonlinear wavetank, the domain and its boundarydo evolve with time, i.e. Ω = Ω(t) and S = S(t).We now introdue the governing Laplae equation in Ω and the standard boundaryonditions on S. 15
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 2.1: Illustration of the losed tank onsidered in the present work. The domainis denoted Ω and its boundary S + SV = S0 + SB + SF + SV . All free shear layersare olletively denoted SV . The Cartesian oordinate system denoted (x, y) is de�nedsuh that y = 0 is in the mean water line. The unit normal vetor n is de�ned positiveinto the water, and s is the unit tangential vetor with positive diretion as shown.2.1.1 Governing equationWith the �uid assumed inompressible, onservation of mass may be desribed by theusual zero divergene of the veloity, i.e. ∇ · u = 0, where u is the �uid veloity at anypoint and at any time, and ∇ = (∂/∂x, ∂/∂y). Further, with the �uid assumed invisid,and upon exluding any vortiity from the main bulk of the �uid, the veloity may berepresented by the gradient of a veloity potential ϕ, suh that u = ∇ϕ. Our governingequation for the �uid motion is then the Laplae equation,
∇2ϕ = 0 in Ω. (2.1)We aim at solving for the unknown ϕ over the domain Ω. The governing equation (2.1)implies that we have an ellipti problem. This means that the solution at any point ofthe domain depends on the solution everywhere else in the domain. We therefore needboundary onditions along all the boundary S.2.1.2 Boundary onditionsAlong SF we have the dynami and kinemati free-surfae onditions, while along S0 +SBwe have the zero-penetration boundary ondition. Along SV we impose a zero pressuredrop ondition. This is explained further in Setion 2.2. In the present setion, we statethe free-surfae onditions only.The neessary evolution equation for the veloity potential on the free surfae is the so-alled dynami free-surfae boundary ondition derived from Bernoulli's equation whihrelate the pressure p to the �uid veloity and gravitational fore per �uid volume at anypoint in the �uid,
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+ ρ gy = C, (2.2)where ρ is the �uid density, g is the aeleration of gravity and y the vertial oordinatebeing zero at the mean free surfae and with positive diretion upwards as illustrated inFigure 2.1. Here C is uniform in spae and onstant in time. If we onsider the speialondition of zero �ow everywhere, we have from (2.2) that p + ρgy = C, and it follows



2.2. Flow separation - Invisid vortex traking model 17that C = pa at y = 0, where pa is the atmospheri pressure. We may subtrat pa on bothsides of the equality sign in (2.2). The net pressure p := p− pa in the resulting equationmust then be interpreted as the net pressure when the atmospheri is subtrated. In thisthesis, it is the net pressure we onsider. We further neglet surfae tension. There shouldthen be no pressure drop aross the free surfae, and we obtain from (2.2) the standarddynami free-surfae ondition on SF ,DϕDt =
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− gy on SF (2.3)where Dϕ/Dt = ∂ϕ/∂t + u · ∇ϕ is the total derivative. As above, u = ∇ϕ.The evolution of the free surfae with oordinates denoted by xF (t) is governed by thekinemati free-surfae ondition suh that SF is traked by following the veloity of the�uid at the free surfae itself, dxFdt = ∇ϕ on SF , (2.4)where d/dt is the usual di�erentiation operator with respet to time.On solid boundaries we impose the zero-penetration ondition, that is the �uid veloitynormal to the boundary is imposed as
∂ϕ

∂n
= U · n on S0 + SB, (2.5)where U is the veloity of the boundary S0 + SB relative to the de�ned Earth-�xedoordinate system (x, y) and n is the unit normal vetor de�ned positive into the �uid asshown in Figure 2.1.In the linearized problem the boundary S itself does not evolve in time. The boundaryonditions are hene imposed on the initial position of the boundary S, so (2.3) and (2.4)are redued to

∂ϕ

∂t
= −gζ on y = 0,

∂ζ

∂t
= −∂ϕ

∂n
on y = 0,

(2.6)where by y = 0 we here mean the part of the mean water line outside the body. Notethat ∂/∂n = −∂/∂y due to the diretion of the normal vetor pointing into the water.The solid boundary ondition is also in the linearized problem that of (2.5).2.2 Flow separation - Invisid vortex traking modelAn essential feature of a visous �uid is that the �uid separates from onvex ornersforming a free shear layer. The free shear layer ontains vortiity shed into the main bulkof the �uid domain from the separating boundary layer. The vortiity in the boundarylayer is a onsequene of the no-slip ondition on solid surfaes. The situation is illustratedin Figure 2.2. One may say that the �ow separation provides a means for the �uid to retaina �nite veloity at the orner of separation. In �standard� potential theory, an in�nite�uid veloity will be predited at onvex orners. This is not physial. The physialbehaviour is reovered by imposing a Kutta ondition. The Kutta ondition says that the
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Rn =
2ω a2

ν
, (2.7)where ω is the imposed irular frequeny, a is the amplitude of the relative ambient �owand ν is the kinemati visosity. In the present problem, none of the above assumptionsare stritly speaking ful�lled. First, the �ow past the ship setion is not that of anin�nite �uid. Seond, sine we investigate the nonlinear problem, the ambient �ow mayin priniple undergo rather ompliated �ow, and further, we investigate the transientproblem with the �ow starting from rest. However, the �ow around the ship setionorner will behave similar to that around one orner of a retangle in in�nite �uid. Thisapplies at least if the vortial strutures are on�ned to the viinity of the orner suh thatthe bottom, terminal, the other orner of the ship setion and free surfae are onsideredin the far-�eld. Further, in all the investigated ases, when the system has reahed steady-state, the piston-mode motion has been quite sinusoidal. This means that in steady-stateonditions, we may take the piston-mode amplitude as a relevant measure of the ambient



2.2. Flow separation - Invisid vortex traking model 19�ow amplitude a in (2.7). Also, in the transient part, taking the �instantaneous� piston-mode amplitude over one period, (2.7) provides in our opinion a relevant measure of the�instantaneous� Reynold's number.For a measure of the boundary layer thikness we use the distane δ from the wallwhere the atual �ow di�ers from the outer �ow by 1%. This is δ ≃ 4.6
√

2ν/ω for laminarboundary layer �ow (see e.g. Faltinsen (1990)). In the main part of the present work, wehave had the following situation regarding the boundary layer thikness and the Reynold'snumber range in steady state onditions. We take the ship setion beam B ≃ 0.5m (modelsale) as a typial strutural length, ω ≃ 2−9rad/s and a ≃ 0.01−0.05m as representativevalues for the irular frequenies and ambient �ow amplitudes. We then get that Rn ≃
103 − 5× 104 and δ/B ≃ 5× 10−3 − 10−2. These Reynold's numbers are onsidered largeenough for the invisid vortex traking model to be valid. The boundary layer thikness,and hene the thikness of the free shear layer, are also onsidered small relative to thebody geometry. Although this is not a diret riterion, it provides qualitative informationof interest for the user. It is, however, diretly relevant in the modelling of the in- andout-�ow of thin boundary layers whih will be treated in the next setion.In full sale the boundary layers in the terminal gap are most probably turbulent,and estimations of the boundary layer thikness beomes more involved. The model testsale above is roughly 1:100. We denote the inverse of the sale by κ, so that κ = 100in this ase. Sine the Reynold's number Rn sales like κ3/2, we have full sale values of
Rn ∼ 106 − 5× 107. In osillatory �ow over a smooth bed, the ritial Reynold's numberfor transition between laminar and turbulent boundary layer �ow is O{105}. In our asethen, the lower bound is in the regime of transition from laminar to turbulent boundarylayers, while the upper is well into the turbulent regime. An estimation of the boundarylayer thikness for a turbulent boundary layer is given in Fredsøe and Deigaard (1992)(see p. 29) as δ/a = 0.093Rn−0.11. They give no formal de�nition of what is meant byboundary layer thikness, but the formula is based on the assumption of a hydrauliallysmooth surfae and a log-law for the veloity distribution. Using this formula, we get
δ/B ≃ 4 × 10−4 − 10−3.In order to redue possible onfusion, we want to make the following remark. Althoughthe boundary layer �ow is laminar, the free shear layer is likely to be turbulent. Whetherthe free shear layer is turbulent or not is not, however, an issue regarding the appliabilityof the invisid vortex traking model. On the other hand, whether the boundary layersare laminar or turbulent, beomes an issue in ase of separation from a rounded part ofa body. The separation point will di�er in the two ases. In the ase of separation fromblunt bodies without sharp orners, a boundary layer alulation would be required inorder to determine the separation points. The point of separation would vary in time.We mention that the boundary layer alulations needed for blunt bodies without sharporners is quite troublesome, as disussed by Aarsnes (1984). A ompliation is that theboundary layer annot be onsidered thin in the viinity of the separation point. Also, adistintion between laminar and turbulent boundary layers is neessary. This is a pratialmatter when onsidering model testing versus full sale behaviour. This is not relevant,however, for bodies with sharp orners. In the present work we restrit ourselves to �owseparation from sharp orners only, meaning that the separation points are well de�ned.



20 Mathematial formulations2.2.2 Reapitulation of the theoryIn the following we reapitulate the theory presented by Faltinsen and Pettersen (1987).The vortex traking model is based wholly on Bernoulli's equation (2.2). Following similararguments as those behind Prandtl's boundary layer equations and assuming the free shearlayer to be thin, the pressure is impressed onto the shear layer from the ambient �ow fromboth sides, and so, there may be no pressure drop through the layer. Denoting the twosides by + and − as indiated in Figure 2.3 means we may write p+ = p−, yielding
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Γ = ϕ+ − ϕ−, (2.10)we may write (2.9) as
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. (2.12)Sine (2.11) is the advetion equation, Γ is adveted with the veloity Uc , or put in anotherway, Γ does not hange when following a path de�ned by this veloity. This means thatthe geometry xv of the free shear layer at any time t may be found by integrating (2.12)from zero to t, or on di�erential form dxvdt = Uc . (2.13)The free shear layer is fully desribed by xv and Γ. These quantities are parametrizedby the ar length s of the free shear layer, suh that xv = xv(s) and Γ = Γ(s). It is hereimplied that xv and Γ both are funtions of time as well, although not stated expliitly.We de�ne s = 0 to be at the separation point and s = Lv at the far end free shear layer,where Lv is the free shear layer length.The disontinuity in the potential ϕ+−ϕ− = Γ along the free shear layer is illustratedin Figure 2.3. The irulation along any losed path enlosing the free shear layer suh as
Sc (whih resides in the xy-plane) is given by the integral ∫

Sc
∂ϕ/∂s ds = ϕ−−ϕ+, wherethe integration diretion is positive in the ounter-lokwise diretion. This is equal to

−Γ, meaning that here, Γ(s) is the negative value of the irulation at any point alongthe free shear layer.Kutta ondition. The Kutta ondition involves two aspets. First, the �uid isrequired to leave tangentially from the body. This may be from either of the two sides
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2
U2

s , (2.14)where Us is the �uid veloity just outside the boundary layer at the orner on the sidewhere shedding ours, i.e. Us = ∂ϕ/∂s(xs). The sign on the right hand side is negativewhen the �ow separates from the +-side, and positive when the �ow separates from theother.



22 Mathematial formulations2.3 Visous boundary layer - In- and out-�owIn this setion we onsider attahed, visous boundary layers. We explain how the in-and out-�ow of the visous boundary layers is modelled suh that it may be used in thepresent BEM.As mentioned above, a onsequene of the no-slip ondition is that vortiity is gen-erated. The generated vortiity is loalized to a thin boundary layer lose to the wall.This has, due to ontinuity of mass, the e�et of induing an in- and out-�ow, say ṽ, ofthe �outer limit� of the boundary layer. In all physial �ows the in- and out-�ow will atglobally as damping. This follows from the fat that there is energy dissipation in theboundary layer. This means that the sum of the kineti and potential energy in the whole�uid must be redued, or damped.We are interested in the e�et of the in- and out-�ow in the present problem of a reso-nant piston-mode motion. Under ertain assumptions, the steady-state periodi solutionof ṽ is found in standard textbooks, as noted somewhat further below. However, sinewe investigate this problem by means of an initial value problem starting from rest, wehave unsteady onditions. After deriving the expression for ṽ in unsteady �ow, we use itas right-hand-side in the body boundary onditions (2.5), i.e. ∂ϕ/∂n = ṽ.Liu and Or�la (2004) onsidered the in- and out-�ow in the unsteady ase, and presentsa solution for ṽ in a similar form as will be done below, but without derivation. Thesolution is therefore derived in the following.We assume that the boundary layer �ow is laminar. Sine the in- and out-�ow of theboundary layers are imposed diretly on the solid boundaries, the layer should be thinrelative to a typial dimension of the geometry. We require that δ/B ≪ 1. Further, theurvature of the boundary, κ, must be small ompared to the boundary layer thikness,that is δκ ≫ 1, so that we may solve the problem loally in s in a urvilinear manner,where s is the loal tangential oordinate. The boundary layer thikness is as beforedenoted δ. We denote by n the loal normal oordinate as indiated in the left partof Figure 2.4. The domain is assumed to extend in�nitely far in both the positive andnegative s-diretion as well as in the positive n-diretion. We let the veloity immediatelyoutside the boundary layer be given by (Ue(s, t), Ve(s, t)) with Ve = 0. This is the external�ow. We further write the total veloity as (u, v) = (ũ, ṽ) + (Ue, 0), where u is requiredto satisfy the no-slip ondition on the wall, i.e. u = 0 at n = 0.In steady-state onditions the expression for ṽ is found in many text books, e.g. inFaltinsen (1990). With Ue(s, t) = U0(s) cosωt this is
ṽ =

∂U0

∂s

√
ν

ω
cos(ωt− π/4). (2.15)There is a phase lag of π/4 relative to the outer horizontal �ow, meaning there are equalontributions in phase with aeleration and in phase with the veloity, where the latterhas a damping e�et.We expet a similar behaviour also in the ase of arbitrary unsteady �ow. We takethe linearized Prandtl equations as a starting point. We mention that the linearizedPrandtl equation is equivalent to the heat equation. Relevant theory may be found e.g.in Landau and Lifshitz (1987) (see disussion around the heat equation in �52). We havethe following initial boundary value problem for ũ, where the initial ondition is assumed
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∂ũ

∂t
− ν

∂2ũ

∂n2
= 0, ũ(s, 0, t) = −Ue(s, t), ũ(s,∞, t) = 0,

ũ(s, n, 0) = 0, Ue(s, 0) = 0.
(2.16)Note that instead of δ we write ∞ in the boundary ondition. We take the Laplaetransform of (2.16), where we de�ne the transform f̂(b) of a funtion f(t) by

f̂(b) = L{f(t)} =

∫ ∞

0

e−btf(t) dt, (2.17)and get
b û− ν

∂2û

∂n2
= 0, û(s, 0, b) = −Ûe(s, b), û(s,∞, b) = 0. (2.18)

b is here a omplex variable. Note that we have here used that the �ow is initially at rest,or ũ(s, n, 0) = 0. The solution must be of the form û = A(s, b) eαn, and using the twoboundary onditions at zero and in�nity we get that α = −
√

b/ν and A(s, b) = −Ûe(s, b),so that
û = −Ue(x, b) e−n

√
b/ν (2.19)The vertial veloity at n = δ is obtained by integrating the equation of ontinuity from

n = 0 to in�nity, v̂ = −
∫∞

0
∂û/∂s dn, yielding

v̂(s,∞, b) =
∂Ûe

∂s
(s, b)

√
ν

b
. (2.20)The right hand side onsists of a produt of the two transforms f̂1 =

√

ν/b and f̂2 =

∂Ûe/∂s, and the inverse of the produt is hene a onvolution integral between the inversetransforms f1 = ν/
√
πt and f2 = ∂Ue/∂s. The onvolution integral is de�ned as

L−1{f̂1(b)f̂2(b)} =

∫ t

0

f1(t− τ)f2(τ)dτ, (2.21)



24 Mathematial formulations

PSfrag replaementss

x

y

xG

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

θ

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 2.5: Roll is denoted by θ, and is taken to be positive ounter-lokwise. Centreof gravity is denoted by xG = (xG, yG).and so the solution to our problem is
ṽ(s, t) =

√
ν

π

∫ t

0

∂Ue

∂s
(s, τ)

1√
t− τ

dτ. (2.22)As disussed, under the assumption of a thin boundary layer, we may impose theveloity (2.22) diretly on the solid boundaries, providing a slightly di�erent boundaryondition than the lassial zero penetration ondition. This is illustrated by the far-�eldrepresentation in the right part of Figure 2.4.Near orners of the solid boundaries and intersetion points between the free surfaeand solid boundaries we still apply (2.22), although the situation in the viinity of thesepositions is stritly speaking not as assumed.2.4 Rigid body motionIn the present work we are primarily interested in a ship setion by a terminal, with thesetion either �xed or moving and with the motion either fored or free. In the ase of freebody motion, the equations of motion must be solved for. We onsider rigid-body shipmotions in three degrees of freedom; sway, heave and roll. In the inertial oordinate system
0xy as used throughout the present work and illustrated in Figure 2.5, the equations ofmotion are

mẍG = Fx,

m ÿG = Fy,

I θ̈ = M,

(2.23)where m is the body mass, I the roll inertia about the enter of gravity of the shipsetion xG = (xG, yG), Fx and Fy the horizontal and vertial fores and M the rollmoment about the enter of gravity. We denote by motion of the enter of gravity inthe x-diretion sway and in the y-diretion heave. Roll is denoted by θ and measured inradians. The roll motion and moment are onsidered positive in the ounter-lokwisediretion as indiated in Figure 2.5.Although in the previous setion we desribed a method to inlude the visous e�etof in- and out-�ow of boundary layers we neglet shear stress when alulating the foresand the moment. We only onsider the ontribution from the pressure. The �uid fore
F = (Fx, Fy) and moment M ating on the body are then the pressure given by the



2.4. Rigid body motion 25Bernoulli equation multiplied by the body normal vetor and integrated over the body,
F = −

∫

SB

pn ds,
M = −

∫

SB

p nθ ds, (2.24)where n = (nx, ny) and nθ = (x− xG)ny − (y− yG)nx. The expression for nθ is explainedin more detail in Setion D.1.
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Chapter 3Wave modelling in a wavetankWe are basially onerned with wave-body interation and some knowledge on the matterof water waves has proved useful throughout our study. In the present hapter we disusssome aspets regarding generation of steady-state waves in a wavetank. This applies toboth physial and numerial modelling.There are no new results presented in this hapter. We do however, devote a separatehapter to aspets onerning obtaining steady-state, or at least nearly steady-state, waveonditions, as we �nd the issues disussed herein of appreiable importane to keep in mindduring studies suh as the present one. Speial attention is paid to shallow water waves.Relevant to o�shore terminals in small water depths, we give a short overview overdevelopments in shallow water wave modelling by Boussinesq type of equations made overthe last one or two deades.3.1 Linear propagating wavesFor a linear, regular wave we denote by T the wave period, λ its wavelength and Hits trough-to-rest height. From these we have the wave frequeny ω = 2π/T , the wavenumber k = 2π/λ and the wave amplitudeA = H/2. We also introdue the wave steepness
H/λ. In other ontexts, suh as in perturbation shemes of the veloity potential, a moreonvenient de�nition is perhaps kA whih is π times larger.Assuming onstant water depth h in a �uid extending in�nitely in the horizontaldiretion, a steady-state harmoni solution may be found, giving the linear dispersionrelation relating the wave frequeny ω, wave number k and aeleration of gravity g,whih is the well known

ω2 = gk tanh kh. (3.1)From an energy onsideration of a narrow banded wave train, in the limit, we reover thepropagation veloity of the energy assoiated with the wave, denoted the group veloity
Cg = dω/dk, whih is

Cg =
C

2

(

1 +
2 kh

sinh 2kh

)

, (3.2)where C = ω/k is alled the phase veloity. In the deep water limit when the wavelengthbeomes negligible ompared to the water depth, or kh → ∞, we get Cg = C/2. In theshallow water limit where kh→ 0, we get Cg = C =
√
gh.27
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 3.1: Two types of wave making devies. Left: Piston type. Right: Hinged �aptype.We also mention that when a regular wave enters from one water depth to anotherover a gently sloping bottom, not only the wavelength, but also the amplitude will hangesomewhat aording to linear theory. This problem is disussed e.g. in Mei (1989) wherethe solution to the linearized problem is obtained assuming multiple sales. The behaviouris governed by the so-alled wave ation equation, whih is in three-dimensional spae
∂/∂t(E/ω) + ∇ · (CgE) = 0, where E = 0.5ρgA2 for long rested waves. With notemporal hanges in the topography or urrent, there is no temporal hange in period orenergy, whih means that in two dimensions CgE = onst, or

A

A0

=

√

Cg0

Cg

, (3.3)where subsript zero means a referene water depth, e.g. deep water. The wavelengthdereases appreiably when entering an area of smaller water depth, but the amplitudehanges to a lesser extent. The steepness hene inreases until �nally breaking at suf-�iently small water depths. We make use of (3.3) when de�ning the environmentalonditions in the model tests presented in Setion 9.1.3.2 Steady-state wavemaker theoryWe next present linear wavemaker theory and disuss aspets that have onsequenes ina wavetank. The theory is found in many textbooks, see e.g. Hughes (1993), Dean andDalrymple (1984) or Faltinsen (2005).Given a wave period T and a desired far-�eld waveheight H for a regular wave insteady-state, the solution of the linearized problem of the motion of di�erent types ofwavemakers has been found and referred to in the above referenes. The solutions aregiven in terms of transfer funtions expressing the ratio between the waveheight and thestroke S of the wave making board, sometimes referred to as Bièsel transfer funtions.The stroke S is the horizontal distane between the two extrema of the paddle motiontaken in the still free surfae as indiated in Figure 3.1. The motion of the wavemaker isassumed sinusoidal. Perhaps the most ommon type of wave making devies are (1) thepiston type being a vertial plate typially extending the full water depth h for shallow



3.3. Reahing steady-state 29water waves, and (2) hinged �ap of arbitrary height hwm for deeper water, both illustratedin Figure 3.1. The transfer funtion for these are
H

S
=

2 (cosh 2kh− 1)

sinh 2kh+ 2kh
(Piston),

H

S
=

4 sinh kh

sinh 2kh+ 2kh

(

sinh kh +
cosh k(h− hwm) − cosh kh

khwm

) (Hinged �ap). (3.4)A speial �ap-type wavemaker that is ommonly used is the double-hinged �ap. It willtypially be proper for generating waves over a large range of wave frequenies; the top�ap may generate the shortest waves, while the lower plus upper �ap the longer waves.Note that in the linearized problem the atual geometry does not hange, that is theboundary onditions are satis�ed on the mean position of the paddle. Therefore, thevalidity of (3.4) beomes questionable if the paddle motion is large, e.g. large �ap angles.This is, however, in many ases not a pratial problem.As stated, the transfer funtions provide relations between the far-�eld waveheight andthe stroke. There are, however, also near-�eld disturbanes that do not propagate, oftenalled evanesent modes. The evanesent modes appear sine the paddle motion does notin general satisfy the exat �uid kinematis under a steady wave train. They vary sinu-soidally with depth and deay exponentially in the horizontal diretion as An exp(−knx).Here x = 0 orresponds to the wave board at rest and the water domain is for x > 0 ina linear analysis. There is an in�nite number of evanesent modes with kn the positiveroots of the equation ω2 = −gk tan kh. Note the minus sign and tan rather than tanh.The solution proedure for obtaining An is given in detail in Faltinsen (2005) (see p. 283).The amplitude of the evanesent modes depends on the type of wavemaker, wave periodand water depth. A rule of thumb is that undisturbed outgoing waves appear about
2 − 3λ away from the wavemaker. However, this depends on a reasonable hoie of typeof wave making devie. Two extreme ases are (1) attempting to reate deep water waveswith a piston type paddle extending to the tank bottom and (2) reating shallow waterwaves with a �ap hinged far from the bottom. In the former ase, the amplitude of theevanesent modes An will be large and give signi�ant disturbanes beyond that of therule of thumb above. In the latter ase the ability to produe waves with any signi�antamplitude will be very limited.3.3 Reahing steady-stateThe linear dispersion relation and its derived results suh as group veloity, is stritlyspeaking valid in steady onditions only. It is perhaps somewhat onfusing how steady-state might exist, but in our ase it means that there is an in�nitely long wave trainaused by a loal disturbane, sinusoidal in time, loated in�nitely far away that startedat t = −∞. In pratie we have only a �nite length wavetank and a �nite amount oftime to produe waves, so that we may obtain only near steady-state behaviour. Thishas pratial impliations. Assume that the �uid is initially at rest in a losed wavetank.When a wave making devie at one end of the wavetank starts undergoing regular motion,a wave train will start to propagate along the tank. The wave train front experienes adi�erent reality than the waves further behind whih, at least some distane from thewavemaker experiene a near steady-state ondition. The wave front may be desribed



30 Wave modelling in a wavetankby an in�nite sum of frequenies, and therefore, some energy will travel with the veloity√
gh (the zero frequeny limit), and its disturbane will be vertially uniform. This isrelevant for seihing, whih may our in a basin or wave �ume. Disregarding the detailedbehaviour of the wave front, we note that the veloity of the wave train front is limitedby the veloity that the energy is transported whih is Cg. In the deep water limit, thewaves travel twie as fast as the wave front, sine Cg = C/2, whereas in the shallow waterlimit the waves travel with the same veloity as the energy propagates, sine Cg = C. Abody in the wavetank will re�et waves that are in turn re-re�eted from the wavemaker.The time of re-re�etion is roughly 3l/Cg, where l is the distane from the wavemaker tothe body. The number of periods where the inoming waves at the position of the bodyattain a near steady-state behaviour is therefore dependent on the relation C/Cg and thedistane l. In the shallow water limit this is at most half that in the deep water limit,but in pratie somewhat less due to the somewhat transient behaviour typially of the�rst two or three wave rests in the wave train front. This is indeed a pratial limitationthat must be onsidered if performing physial or numerial work on shallow water.3.4 Shallow water aspetsFor deep water waves nonlinearity is assoiated by a large wave amplitude, with the rele-vant non-dimensional parameter being the steepness kA. In �nite water depths, anotherrelevant parameter is kh. There are thus the two independent parameters kA and kh,that are both measures of nonlinearity. They relate the horizontal dimension to the ver-tial dimensions of the wave, i.e. the wavelength to the wave amplitude and water depth,respetively.
kh beomes important when the water depth beomes shallow. The deep water limitis usually onsidered λ0/h ≤ 2, while the traditional limit for a shallow water wave is

λ0/h ≥ 10. The latter is equivalent to k0h ≤ π/5 ≃ 0.63. The subsript 0 means deepwater limit. We mention that shallow water waves are often also denoted long waves,referring to their length ompared to the water depth. Nonlinearity is introdued when
kh beomes small, as may be seen from the ratio of the two aeleration terms in theEuler equations, uux/ut ∼ kA/ tanh kh. Given A, the nonlinear advetion term beomesimportant when kh beomes small. When kh→ 0, the ratio tends to A/h, and so in veryshallow waters, the degree of nonlinearity is assoiated with the ratio of the amplitudeto the water depth. Ursell (1953) further found that the parameter Ur = kA/(kh)3,ommonly known as the Ursell parameter, is a more desriptive parameter regarding theamount of nonlinearity introdued by the �nite water depth relative to that from the waveamplitude. Relative to the above disussion, we see that Ur = 1/(kh)2A/h.3.4.1 Permanent shape of the wavesWe present in Figure 3.2 four snapshots of waves produed by four simulations using thepresent nonlinear wavetank. For eah simulation, the water depth h was hanged, other-wise, the onditions were the same. The motion of the piston wavemaker was sinusoidal atperiod T = 1s with stroke S orresponding to deep water wave steepness is H0/λ0 = 1/50.The parameter relating the deep water wavelength to water depth λ0/h is inluded foreah of the four snapshots in the �gure. The lower snapshot represent deep water on-
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 3.2: Snapshots showing typial shallow water e�ets on propagating waves.Simulations from the present nonlinear wavetank. Same wave period in all four simu-lations, but di�erent onstant water depths h. The horizontal axis represent distane
x along the wavetank.

dition, the seond lowest an intermediate depth, while the two upper represent shallowwater onditions. We want to mention the following two features. First, the shape of thefree-surfae elevation hanges drastially upon exeeding the shallow water limit, almostunreognizable when omparing to the well-known near sinusoidal deep water wave. Se-ond, the presented shallow water waves do not attain pro�les of permanent shape, thepro�le varies along the tank. In shallow water, waves of permanent shape do, however,exist. These are alled Cnoidal waves. Generation of Cnoidal waves requires a paddlemotion other than sinusoidal, as disussed e.g. in Mei (1989). In the ase of sinusoidalmotion, so-alled parasiti free seond-order waves are propagated, as disussed e.g. inHughes (1993). With seond order we here refer to an expansion of the potential in thewave steepness parameter kA. In very shallow water as that in the upper snapshot, thisexpansion beomes less valid from the disussion around the Ursell parameter above, butthe main feature is still explained in a qualitative manner.The features disussed here introdue pratial issues when modelling long waves ina wavetank. In ase of sinusoidal wave paddle motion, the lak of permanent shapesuggests that one should perform wave alibration tests without the model present inorder to measure the wave at the position where the model will later be plaed. The farfrom sinusoidal shape further ompliates the matter on what is atually a representativevalue for the waveheight H . An obvious option is to take the rest-to-trough height overone paddle period. This is what has been done during the present work in the partsinvolving shallow water waves. There is a question, however, if the rest-to-trough heightat e.g. the mid-position of the model is an adequate measure of say, the energy in thewave. These kinds of issues illustrates some di�ulties regarding shallow water waves.Not only do they involve a great deal of are in modelling, but one modelled, the way toextrat of information from the results are not obvious.



32 Wave modelling in a wavetank3.4.2 Boussinesq modelsWith respet to the modelling of shallow water waves we feel that so-alled Boussinesqtype of equations deserves to be mentioned. These equations basially keep some of thenonlinearity in the dynami free-surfae ondition, and makes impliit restritions on thedispersive harater of the waves. They are based on expansion of the veloity potential inthe two parameters µ = kh as well as ǫ = kA. One may assoiate with kh the dispersiveharateristis of the waves, and with kA the nonlinearity introdued by the nonlinearfree-surfae onditions. What is harateristi by the traditional Boussinesq models isthat ǫ and µ2 are assumed to be of the same order of magnitude. In newer formulations,the two parameters are treated more separately. The variation in the vertial diretion
y is assumed small and represented traditionally as a power expansion in ky. The orderof the method with respet to dispersion is the highest order of ky kept. Sine the rangeof y is in the order of h, one usually refers to kh rather than ky when disussing theorder of the method. So an expansion to (ky)2 is referred to as an expansion up to (kh)2.Expansions other than power expansions, like Padé approximants has more reently beenapplied.The basi idea behind a Boussinesq model is that some of the nonlinearity of the waterwave problem is retained through the expansion in kA. Sine shallow water waves attainnonlinear behaviour, this may be essential in a given physial problem. The apabilityof the model to apture the nonlinear harateristis depends on how the nonlinear free-surfae onditions, or expansion in kA, is treated. This varies from model to model.A Boussinesq model will not model the exat dispersive harater of the waves. Itwill be valid only for a ertain range of kh. The range of water depth to wavelengthratios (kh) for whih a given Boussinesq model is appliable must be investigated foreah spei� model. It is a question of settling a limit for kh where the model apturesglobal linear wave harateristis like the wave elerity C and group veloity Cg reasonablywell. Beyond this limit, the errors typially inrease very fast with inreasing kh. Thedispersive harateristis of the wave �eld is modelled improvingly well the higher theorder of the Boussinesq model is. One may then in theory expand to a very high order in
kh. However, the resulting equations beome very omplex if expanding to orders higherthan, say, 4 − 6.The lassial Boussinesq equations were derived by Peregrine (1967), and is appliablefor λ0/h ? 8, or equivalently kh > 0.75. Signi�ant progress has been made in the lastone or two deades in the treatment of medium deep to shallow water waves. A wealthof suggested models improving both nonlinearity of the free surfae as well as extendingthe ranges of kh have been published. Reently, so alled enhaned Boussinesq type ofequations have been developed and presented in Madsen et al. (2002), appliable for
λ0/h ? 0.15 or kh > 40. Interesting to note is that, ompared to Peregrine's model, thewater depth may be about 50 times greater. Note also that the water depth may in thelatter model be about seven times greater than the wavelength, and that is de�netely atrue deep water wave. In pratie this removes the restrition to shallow water almostompletely. They used a so-alled Padé approximant rather than a power expansion in
ky. A Padé approximant type of expansion involves a quotient in the shape p(ky)/q(ky).For example, keeping the �rst order term in eah funtion gives a seond order method,as (1 + a(ky))/(1 + b(ky)) ≃ (1 + a(ky))(1 − b(ky)) when b(ky) is small. Aording totheir work suh an expansion gives a higher range of kh where the model is appliable



3.4. Shallow water aspets 33relative to that for a traditional power expansion to the same order (seond order in thisase). Further, one may hoose pairs of a, b suh as to maximize this range.We mention last that originally our purpose was to study shallow water e�ets relatedto o�shore terminals, and so we onsidered oupling a Boussinesq type of model with aBEM. The idea was to evolve the waves from deep sea waves entering a sloping bottomand thereby undergoing transformations. The advantage of Boussinesq models is thatdisretization is needed only along one horizontal strip, e.g. along the bottom. In a BEMthe whole boundary is disretized and thereby more omputationally demanding. A dis-advantage of the Boussinesq models is maybe that they involve spatial derivatives in thehorizontal diretions. Solving the equations numerially typially involves using a �nitedi�erene sheme, and in that respet, numerial damping may be an issue. Numerial so-lution of a set of Boussinesq equations by �nite elements is, however, reported in Sørensenet al. (2004) with appliation of waves entering a medium steep slope. Interesting resultsare also reported by Fuhrman et al. (2005) in an appliation of wave interation witha bottom-mounted surfae-piering struture using the high-order Boussinesq type equa-tions presented in Madsen et al. (2002). In all these work, two horizontal dimensions areonsidered.We hose at an early stage not to pursue the approah of oupling Boussinesq andBEM type solvers. We have developed numerial wavetanks based on the BEM only.The wavetanks have been implemented suh as to aount for arbitrary bathymetry. Thepresent nonlinear wavetank was used for studying waves interating with a ship loatednear a steeply sloping bottom by Fredriksen (2008). In all the present appliations of thenumerial models, however, the water depth has been onstant. We have not onsideredthe nonlinear aspets of the transformation of waves entering from deep to shallow water.We now turn to the formulation of the two-dimensional problem of a ship setion bya bottom mounted terminal and the assoiated resonane problems.



34 Wave modelling in a wavetank



Chapter 4The physial resonane problemIn this hapter we introdue the two-dimensional hydrodynamial problem of a retangularship setion by a bottom mounted terminal. We �rst present in Setion 4.1 the geometriparameters in the problem. Next, for the reader to get aquainted with the two resonanephenomena that we denote the piston-mode resonane and the oupled ship and piston-mode motion resonane, we present in Setion 4.2 a shemati and desriptive overviewwith some diret referenes to spei� parts of the results from our analysis whih arepresented in Chapter 10. We emphasize that some parts of the disussion is not basedon analysis only, but rather from observations during our ase studies by means of modeltests and simulations. However, we feel that several key features are enlightened and theevidene for our reasoning quite strong.4.1 Formulation of the basi two-dimensional problemThroughout the present study we have onsidered our ship setion to be of a simpleretangular shape with sharp or rounded orners. A retangle with sharp orners willresemble a typial mid-ship setion of an LNG arrier whih has rounded bilges inludingbilge keels. In the present study we have not investigated the e�et of bilge keels; we havenot onsidered ship setion geometries with that degree of detail. We have only onsideredship setions with 90◦ orners or with rounded orners. The details of the separated �owwill ertainly be di�erent around a bilge keel ompared to those around a orner of aretangle, but the �ow will always separate in both ases. This is illustrated in Figure
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 4.1: Instantaneous senarios of �ow around bilges. The �ow will always separatearound a sharp orner. Left: No bilge keel. The �ow will still separate at su�ientlylarge KC-numbers, but not in the illustrated ase. Middle: Bilge keel. Right: Sharporner with bilge keel superimposed for illustration purposes.35
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 4.2: Dimensions in the problem of a ship setion by a bottom mounted terminal:Water depth h, bottom learane d, ship setion beam or breadth B, ship setion draft
D and terminal gap width b.4.1, where streamlines indiate the imagined �ow pattern. The e�et of the depth or sizeof the bilge keels on drag fores were investigated in Faltinsen and Sortland (1987). Theyshowed signi�ant inrease in the drag with inreasing bilge keel depth. This means thee�et of separation inreases with the bilge keel depth. We imagine that there would bea similar signi�ant e�et of bilge keel depth in the present ase of a ship setion by aterminal. This has not been investigated, though.In Figure 4.1 we also de�ne the bilge radius r. In the ase of �nite radius r the �owwill separate provided the KC-number is su�iently large, although in the �gure we haveillustrated non-separated �ow. More disussion on that matter is provided in Setion 10.1in onnetion with the study involving a ship setion with rounded bilges.We de�ne by B the ship beam or breadth and D the ship draft as illustrated in Figure4.2. In the �gure the vertial wall to the right of the ship setion represents the bottommounted terminal, and the distane from the ship setion to the terminal is denoted b.We will throughout the work all the area between the terminal and the ship setion theterminal gap, and b the terminal gap width. The still water depth is denoted h and thebottom learane d.There is a fair number of dimensions to onsider in this problem. The beam-to-draftratio B/D is a main parameter for the ship setion hull itself. For an LNG arrier thisis typially around B/D = 4. The ratio between the beam and the water depth B/h isa relevant parameter when onsidering �nite water depth e�ets on ship setion motion.Considering the terminal, the ratios between the terminal gap width and the ship setionbeam and draft, b/B and b/D, are relevant. If we onsider fored motion of the shipsetion, these parameters desribe the ability the ship has to disturb the �uid in theterminal gap when fored to move in heave and sway.Choosing one single dimension to haraterize our problem in full is of ourse notpossible. However, if fored to make a hoie, perhaps B is a reasonable andidate. Itde�nes in a way the relative extent of the terminal gap and further, the distane from the�external� �ow to the left of the ship setion and to the �inner� �ow in the terminal gap.We have in the present work mostly hosen B as our typial dimension of the problemand hene present variations of the other dimensions as nondimensional parameters withrespet to B.



4.2. Resonant behaviour 37We will onsider ship setions of di�erent B/D ratios in settings with di�erent waterdepths h and terminal gap widths b. The ship setion will be subjet to inoming regularwaves of varying regular wave period T and wave steepness H/λ. It will also be fored insinusoidal motion in heave with varying heave amplitude η3a, or sway with varying swayamplitude η2a. The results will in general be presented as funtion of the nondimensionalwave frequeny ω/√g/B.4.2 Resonant behaviourIn the gap resonane problem that we study in the present work, there is in priniplean in�nite number of resonane frequenies. Most of these are assoiated with modes ofthe free surfae loalized in the terminal gap. We refer to these loalized modes as thesloshing modes. Note that we make a distintion between the sloshing modes and thepiston mode, whih is of a more global harater. This should beome lear shortly.We want to remark that the approah taken in the present work is solving the linearand fully nonlinear problems by means of a BEM and not that of a modal method. Withthe hosen BEM we may not separate modes as suh. We solve in priniple the fullproblem without assumption of partiipating modes. We do, however, nevertheless �ndit useful to use the notion of modes in our disussion.Now, unless the ship setion draft D is very small relative to the terminal gap width
b, that is, unless D/b ≪ 1, these modes are similar to those in a losed retangular tankof breadth b and water depth D. This is due to the exponential deay of the �uid motionunder a traveling or standing wave, and that the �uid motion is near zero at y = −D, i.e.it is as if a horizontal solid boundary enloses the gap from below. The �rst mode is underthe above restrition roughly that of a standing wave of wavelength 2b. Then omes thehigher modes. The �rst and higher modes all have their assoiated resonane frequenies.We note that there are also disturbanes of the free surfae in the terminal gap other thanthose aused by the sloshing modes. These are evanesent-like disturbanes.In addition to the sloshing modes, there is a zeroth mode whih is usually referred toas the piston mode. The piston mode is haraterized by that the �uid entrained in theterminal gap undergoes near uniform vertial osillatory motion with a �at, horizontalfree surfae. This is illustrated in the left part of Figure 4.3. The piston mode has anamplitude whih we all the piston-mode amplitude and denote it by Ag. More spei�ally,we de�ne Ag = Hg/2, where Hg is the trough-to-rest height of the free surfae averagedover the terminal gap. Following this de�nition of the piston-mode amplitude, it alsoholds in the nonlinear ase where the magnitude of the trough might typially be slightlydi�erent from the magnitude of the rest. Assoiated with the piston mode is a resonanefrequeny whih we denote the piston-mode resonane frequeny. This will typially belower than those of the sloshing modes. Hene, if the exitation frequeny is in the viinityof the piston-mode resonane frequeny, the dominating part of the �uid motion is thatof the piston mode, although also loal evanesent-like disturbanes of the free surfaewill be present. We denote this as piston-like behaviour. The piston-like behaviour isillustrated in the right part of Figure 4.3.It is the piston-like behaviour we study in the present work. We hene do not studyviolent sloshing behaviour involving run-up and wave breaking, whih is a typial featureof the internal resonane problem. The internal problem we refer to here is that of a losed
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CirulationFree shear layerFigure 4.3: Illustration of the piston-mode motion. Piston-mode amplitude is Ag =
Hg/2 where Hg is the rest-to-trough height of the free-surfae elevation averaged overthe gap. Higher modes hardly ommuniate with the outer �ow while the piston modemust do so due to ontinuity of mass.tank partially �lled with liquid. The present external resonane problem di�er from theinternal one basially in the following two ways. First, in the external problem there existsa piston mode as just disussed. As a onsequene of mass onservation this does notexist in the internal problem. Under fored heave of a partially �lled tank, linear theorypredit zero sloshing. We mention, however, that nonlinear e�ets may ause parametriresonane in that ase. Seond, in the external problem energy may in general esapevia radiated waves. The radiated waves generated by the �uid motion in the terminalgap introdues damping, and hene the motion is kept at a �nite level. The system istherefore, one might say, not fored to at in an essentially nonlinear manner. In theinternal problem, under fored osillation in sway at the natural frequeny of an anti-symmetri mode, linear theory predits in�nite �uid response. In reality, the behaviourof that system around resonane is essentially nonlinear as desribed e.g. by Faltinsen(1974). If the depth is �nite, in a two-dimensional tank, nonlinear Du�ng type behaviourlimits the �uid motion. See also thorough desription of the three-dimensional ase inFaltinsen et al. (2005) and Faltinsen et al. (2003).The damping e�et due to radiated waves in the external problem applies in prinipleto all modes in the terminal gap, although most pronouned for the piston mode, sinethe basi nature of the piston mode is suh that it ommuniates appreiably with theexternal �ow due to ontinuity of mass. This is illustrated as �Communiation� in theleft part of Figure 4.3. The higher modes will ommuniate with the external �ow to aonsiderably lesser extent as the �uid motion deays roughly exponentially from the freesurfae.There are two separate resonant problems assoiated with the piston-like behaviour.One is the resonant motion of the piston mode when the ship setion is �xed or foredto osillate. These are the usual di�ration and radiation sub-problems respetively. Theresonant piston-like motion will be triggered whether exited by waves entering the systemor by fored ship setion motion, so disregarding whih sub-problem, there is one single
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η(t)

Sp

Ωp

CirulationFree shear layerFigure 4.4: Simpli�ed, linear hydrodynamial problem of piston-mode motion. The�uid motion within Ωp is assumed uniform, so the shaded mass ats like a rigid body.
Sp is the dashed (horizontal) urve only.resonane frequeny of the piston-mode motion, whih we denote ωp. This is what wehave so far referred to as the piston-mode resonane frequeny. Sine the type of externalresonane we investigate is also alled gap resonane, we will use terms like terminalgap resonane and piston-mode resonane interhangeably. The other resonant problemappears when the ship setion is free to osillate. The system of the oupled ship setionand piston-like �uid motion then exhibits two other natural frequenies, one assoiatedwith the sti�ness in heave and the other with the sti�ness in roll. We note that if theship setion is moored by linear, horizontal springs there will be another third resonanefrequeny assoiated with sway. We hoose to all the one assoiated with the sti�ness inheave the oupled ship and piston-mode resonane frequeny, and denote it by ωn.In the following we desribe how to obtain the piston-mode resonane frequeny ωp andthe oupled ship and piston-mode frequeny ωn. We also inlude some disussion on thedependene on the geometri parameters as well as the overall behaviour of the system.We will throughout the work also refer to the resonane periods whih are Tp = 2π/ωp and

Tn = 2π/ωn. Also, we will use the terms resonane and natural frequeny, or resonaneand natural period interhangeably.4.2.1 Piston-mode resonaneAn approximate method to estimate natural periods in gaps suh as in the present asewas derived within linear theory by Molin (2001) for the ase of in�nite water depth.The problem for �nite water depth was treated by means of domain deomposition and�nding relevant Green funtions in Faltinsen et al. (2007). We have not in the presentwork undertaken a frequeny domain analysis suh as in their works. Rather, a time-domain approah has been taken. The resonane frequeny of the piston mode ωp is thenfound by performing fored motion of the ship setion for a range of frequenies usingthe linear time-domain numerial wavetank whih is desribed later in the text, and the
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Free shear layerFigure 4.5: Illustration of the irulation introdued by the shed vortiity. The shedvortiity is in the present work assumed to be ontained in thin free shear layers.simulations run to steady-state. The resonane frequeny of the piston mode, ωp, is takenas the frequeny for whih the averaged amplitude of the free surfae in the terminal gapattains a loal maximum when plotted versus frequeny.The piston �body� . The existene of a natural period of the piston mode is aonsequene of the mass-spring type behaviour of the piston-mode motion. We illustratethis by the following simpli�ed, linear analysis. The starting point of the analysis is asthat of a moonpool in Faltinsen (1990) (see p. 99). We assume that the �uid motion inthe whole terminal gap is uniform, and denote the �at free surfae by η(t) as illustratedin Figure 4.4. This means that all the �uid in the shaded area denoted Ωp in the �gureosillates vertially with veloity ηt. Under the assumption of uniform �uid motion within

Ωp, the �uid in Ωp will at just as a rigid body on the surrounding �uid. The equation ofmotion in heave of the piston �body� Ωp is then
(ρDb+ Ap) ηtt +Bp ηt + ρgb η = FD. (4.1)where Ap(ω) and Bp(ω) are the added mass and damping oe�ients of the piston body,respetively, and FD is the exitation fore. If we in (4.1) assume harmoni motion,

η = ηae
iωt, we may solve the homogenous problem to �nd the natural period T̃p. Thehomogenous equation is −ω2(ρDb + Ã(ω)) + iωB̃(ω) + gb = 0. The undamped naturalperiod is, from this,

T̃p =
1

2π

√

ρDb+ Ãp

ρgb
, (4.2)where Ãp is the added mass at the natural period.We see from (4.2) that the natural period inreases with the square root of the draft

D. It further depends on the added mass term Ãp. The added mass term will dependon all geometri parameters B, D, b and h. The exat behaviour is aptured through adediated analysis only. It is not easy even to give a rough estimate on the dependeneof Ã, as the added mass typially varies appreiably in suh gap problems. In any ase, itis maybe not so rewarding to make a detailed investigation of this simpli�ed problem ofuniform �ow in the present gap-resonane ontext, as it is not an exat approah; the �uid�ow along the lower parts of Ωp will not behave as the assumed uniform �ow. However,what we have illustrated in this desription, is that the piston mode to a ertain extentmay be thought of as a rigid body. An expliit approximate formula for Tp is given byMolin (2001) in the ase of deep water and small b/B ratio. The error in his formlula is
O{(b/B)2}.
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42 The physial resonane problemand damping as well as exitation fores from the radiation and di�ration problems arehene inluded. He heks for what he alls onsistene to see if the radiation/di�rationnatural frequeny ωp is existent in the equations of motion. His analysis shows that thisis not so. An exeption exists if the ship setion is �xed in one or two degrees of freedom.The system may then retain the ωp resonane. Further, he shows that in general, ωp 6= ωn.He desribes this as a shift in the resonane frequeny, from ωp to ωn. The oupled shipand piston-mode behaviour is thus, when free to osillate in all three degrees of freedom,in resonane at ωn only. The pratial impliation is that when the ship setion is free toosillate, the oupled ship and piston-mode motion will be onsiderable around ωn only.Assuming no moorings, there are two resonane frequenies. These are found fromthe two zeros of the determinant of the system of the three oupled equations of motionwhen assuming steady-state motion eiωt. That is, the equations of motion in sway, heaveand roll. As we stated earlier, the one assoiated with the sti�ness in heave is what weall the oupled ship and piston-mode resonane frequeny ωn. The required added massand damping oe�ients are in the present work found from fored motion simulationsusing the linear time-domain wavetank presented later in the text. The simulations arerun to steady-state and the hydrodynami oe�ients extrated from steady parts of thetime-series. The proedure is standard and explained in more detail in Setion 10.3.We now disuss the mehanisms that drives the oupled ship and piston-mode motion.In the disussion we onsider only sway and heave. The reason we do not inlude roll, isthat it was not inluded in the onrete example that will be given shortly. Roll shouldin priniple also have been onsidered.Now, onsidering sway and heave only, there are three exitation mehanisms for thepiston-mode motion; sway, heave and the external �ow. By external �ow we mean theinident waves. The relative phasing between the three exitation mehanisms is ruialfor the level of response in the terminal gap, i.e. the ahieved steady-state piston-modeamplitude Ag. As a speial ase, if the ship motion resonane period Tn is low enough sothat the �uid motion indued by the inoming wave does not �reah� into the terminal toany signi�ant extent, the diret ommuniation between the external �ow and that in theterminal gap is small and the ship motion beomes the major exitation mehanism of the�uid in the terminal gap. Large piston-mode amplitudes are then ahieved when the swayand heave motion is lose to 180deg out of phase, meaning the ship moves downwards andtowards the terminal simultaneously. However, with a relative phasing of around 0deg,the terminal gap response may be almost aneled. Large ship motions may, however,be experiened also in this ase. The relative phasing between sway and heave motionin steady-state onditions seems in our experiene to be quite sensitive to the b/B ratio.This matter is disussed more in Setion 10.3.On the other hand, from a ship setion point of view the exitation fores ating onthe ship are due to the �uid �ow whih we may oneptually divide into two parts; theexternal �ow and the terminal gap �ow. The relative phasing between the external foresare then ruial for the ship motion response level. It is the net fore that the ship setionresponds to.At resonane, the amplitude of the ship motion is proportional to the net fore andalso inversely proportional to the damping. Waves radiated both as a onsequene of theship setion motion and the piston-mode motion ontribute to the potential damping.A onrete example. We now give a onrete example taken from the study of
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b/B = 0.2 and b/B = 0.15. The natural frequenies of the oupled ship motion andpiston-mode motion were ωn/

√

g/B ≃ 1.635 and ωn/
√

g/B ≃ 1.726 for the two asesrespetively. From the linear solution the steady-state amplitudes of the piston-modemotion and sway and heave motion was in both ases
Ag/A ≃ 15,

η2a/A ≃ 2.5 − 3,

η3a/A ≃ 2 − 2.5,

(4.3)where A is the amplitude of the undisturbed, inoming wave.In both ases the diret ommuniation between the external �ow and that in theterminal gap was quite weak around the resonane frequeny ωn. This onlusion wasreahed based on the following hek. We performed simulations with the ship setion�xed and subjet to inoming waves at the frequeny ωn, with a resulting piston-modeamplitude of Ag/A ≃ 0.4. Sine a piston-mode elevation Ag/A > O(1) is negligible in theurrent disussion, the ommuniation between the external �ow and that in the terminalgap was mainly via the ship motion.Further, from the simulations it was lear that around ωn, the relative phasing betweensway and heave was lose to 180deg. This means the ship setion moved downwards andtowards the terminal simultaneously. In light of the disussion above, the ahieved piston-mode amplitude should then be a superposition of that resulting from fored sway andfored heave separately. This was in fat what we found. This should beome lear fromthe following.



44 The physial resonane problemThe piston-mode amplitude due to fored sway and heave is presented as funtion offoring frequeny in Figure 4.7. The amplitude of the fored sway motion is denoted η2aand the amplitude of the fored heave motion is denoted η3a. In these two partiularases, the terminal gap response due to sway and heave is very similar, but the behaviourwill depend on the beam to draft ratio B/D. With a smaller B/D ratio, sway will induelarger piston-mode amplitudes than heave, and with a larger B/D value, the heave willindue the largest piston-mode motion. What is the key information in the �gure, is thelevel of response at the natural frequeny ωn. This is indiated by vertial and horizontallines in the �gure. We see that the piston-mode amplitude per unit motion of the shipin both sway or heave at ship motion resonane ωn is approximately 2.5 - 3. This meansthat superposing a unit amplitude in sway and and a unit amplitude in heave with arelative phasing of 180deg should result in 5 - 6 units piston-mode amplitude. Now, withapproximately 2.5 units of ship setion motion in both sway and heave as that indiatedin (4.3), we shold get about 12 - 15 units of piston motion. This is what we got, as seenfrom (4.3).E�et of �ow separation. So far we have disussed the linearized solution only.What we have illustrated is that, given the ship motion, and under the ondition that theexitation of the piston-mode motion was mainly via the ship, the terminal gap elevationwas predited well by linear theory using fored motions. The problem whih is nottaken into aount by linear theory is of ourse the �ow separation. In reality, the �owseparation must be modelled in order to �nd the atual ship motion near resonane. Andso, we need to inlude the �ow separation diretly in our analysis. This is what we havedone in the present work and present in the main study in Setion 10.3.A omment on three-dimensional e�ets. We want to omment on that thepresent work has only onsidered the two-dimensional problem, whereas all realisti sit-uations are three-dimensional. In the problem of a ship by a terminal, waves will besattered in all diretions and in partiular radiate from the fore- and aft ends of thestrutures. This means there is a further damping e�et assoiated with these openings,as the wave radiation represents an energy �ux out of the system. This radiation is ap-tured by linear potential �ow theory. However, a three-dimensional visous e�et is thatinvestigated in Aarsnes (1984), where the e�et of �ow separation from the fore- and aftends of a ship in open waters (i.e. without terminal) was onsidered. Seen from above the�ow separation from the longitudinal extremities indues a bak-�ow, thereby reduingthe in-�ow veloity on the bilge keels resulting in less vortiity shed from these. In thepresent ontext, the net e�et from this phenomenon on the piston-mode resonane is noteasily deduted without detailed investigation.



Chapter 5Numerial wavetank - the basisIn this hapter we explain the basis of our time-domain numerial wavetanks. The pluralform �wavetanks� refers to a linear as well as a fully nonlinear wavetank. The inlusionof the free shear layer and in- and out-�ow of boundary layers are explained in the twonext hapters. We here introdue the boundary integral equation on whih all of thenumerial work is based, and its disretized version in terms of a set of boundary elementequations leading to a Boundary Element Method (BEM). Evolution in time is ahievedby adopting the Mixed Eulerian - Lagrangian (MEL) approah. In the Eulerian phase wesolve the boundary element equations, whereas in the Lagrangian phase the free surfaeas well as the potential on the free surfae are stepped forward in time aording to thefree-surfae onditions using the solution aquired in the Eulerian phase.None of the theories in this hapter are new to this work; the boundary integralequations, the BEM as well as the MEL approah are well established in the literature.One may therefore argue that some of the following text is, stritly speaking, unneessary.We feel, however, that negleting to inlude the following theory would leave the presenttext inomplete and the work nearly impossible to reprodue, in partiular that regardingthe alternative fore expression in Chapter 8, where e.g. sign onventions are ruial. Wetherefore proeed by introduing the boundary integral equation.5.1 Boundary integral equationThe Laplae equation (2.1) is our governing equation for the �uid �ow in Ω∪S (f. Figure2.1) given in so-alled strong, or di�erential form. This may, along with proper boundaryonditions, be reast into a weak, or integral form upon applying Green's seond identity,leading to a boundary integral equation. The re-writing is of a purely mathematialharater. Therefore, after the statement of the integral equations, we inlude a shortdisussion on how to interpret the boundary integral, whih in our opinion is quite usefulfor understanding the physial �uid �ow of our problem.We assume that the veloity potential ϕ(x) that we aim at solving for is analyti forall x ∈ Ω ∪ S. In order to apply Green's seond identity we need to introdue anotherfuntion ψ. If this is harmoni in Ω, we have ∇2ψ = 0. Then,
∫

Ω

(
ϕ∇2ψ − ψ∇2ϕ

) dΩ = 0 (5.1)45



46 Numerial wavetank - the basisWe now take ψ = log r, whih is the fundamental solution of the Laplae equation in freespae. This funtion is singular at the point r = 0, where r = ((x− ξ)2 + (y − η)2)
1/2.We all x = (x, y) the �eld point and ξ = (ξ, η) the loation of the singularity. If we let

x ∈ Ω ∪ S, from (5.1) and Green's seond identity we get
0 =

∫

S1

(

ϕ
∂ψ

∂n
− ∂ϕ

∂n
ψ

) ds+

∫

S

(

ϕ
∂ψ

∂n
− ∂ϕ

∂n
ψ

) ds, (5.2)where the integration is with respet to ξ. S1 is introdued in order to exlude the singular-ity. This is explained in onnetion with Figure A.1. After the limiting proess desribedthere, we obtain the boundary integral equation that we will use for our numerial work,whih is
α(x)ϕ(x) =

∫

S

ϕ(ξ)
∂ψ(ξ,x)

∂nξ
ds− ∫

S

∂ϕ(ξ)

∂nξ
ψ(ξ,x) ds. (5.3)Here, α(x) is the internal angle measured ounter-lokwise, being e.g. −2π when the �eldpoint x is away from the boundary and −π when on a �at part of the boundary. ∂/∂nξ =

nx ∂/∂ξ + ny ∂/∂η is the normal derivative with respet to the integration parameter.When the �eld point x is on the boundary, the �rst integral in (5.3) must be interpretedas a prinipal value integral. The ontribution from that integral is expliitly given bythe term on the left hand side.
ψ = log r is within the theory of �uid mehanis referred to as a soure. Di�erentiatingthe soure with respet to ξ one obtains what is referred to as a dipole. The dipole has adiretion, and when di�erentiating in the nξ-diretion, it is alled a normal dipole. Thefuntions are

ψ(ξ,x) = log r (Soure),
∂ψ(ξ,x)

∂nξ
=

∂

∂nξ
log r (Normal dipole), (5.4)whih are also often referred to as Rankine singularities in the present ontext. These aresingularities that do not satisfy any boundary onditions, they are solutions of the in�nite�uid ase. With the present hoie of ψ, the boundary integral equation (5.3) expressesa distribution of Rankine singularities over the boundary S.The dipole attains a stronger singularity at r = 0 than the soure. A soure has arange of in�uene far beyond that of a dipole of the same strength, but the dipole has amore pronouned in�uene in its immediate neighbourhood, for physially, the range isproportional to the indued veloity whih is the gradient of the potential, being propor-tional to 1/r for the soure and 1/r2 for the dipole. These fats are keys in understandinghow the �uid reats when disturbed.The soure distribution represents the motion of a boundary. In the boundary integralequation (5.3), the soure strength ∂ϕ/∂nξ represents the normal veloity of the solidboundaries, and is known via the solid body boundary ondition (2.5). The role of thedipoles is not interpreted as easily. It is two-fold. Firstly, they ensure loally that no �owindued by soures or dipoles elsewhere indues �ow through the wall at its position, andseondly indue �ow felt in its neighbourhood, whih depending on the harateristis ofthe problemmay be globally signi�ant or not. In any ase, the dipole strength representedby ϕ is known on the free surfae via the free-surfae boundary ondition (2.3).



5.2. Wave making and absorption 47We mention that the so-alled desingularized boundary element methods exists wherepoint singularities are distributed along �titious lines outside the boundary S of thedomain, as well as outside the �uid domain. Aording to the priniple of distributingsoures and dipoles for onstruting a solution as disussed above, this is another way ofdoing that. However, the method is atually based on assuming analyti ontinuation ofthe potential outside the onsidered domain. Due to this assumption, there are limitationson how to go inside a body with sharp orners and also how to treat the intersetionsbetween the free surfae and solid boundaries. Singularities must be distributed there, andare must be taken in doing that. We have not in the present work used or investigated thismethod, but the desingularized method has been applied e.g. by Shønberg and Rainey(2002) to study green water loading and Lalli (1997) to study the wave resistane problem.They point out that a disadvantage of the desingularized method is that an ill-onditionedmatrix system appears if the position of the point singularities are not arefully hosen.The argument for using the desingularized method, however, is aording to Lalli (1997)a faster solver, ease of implementation and avoiding strong singularities assoiated withhigher order methods. On the other hand, it is expeted that the auray of the solutionat intersetion points between the free surfae and a solid surfae suh as a body, is reduedrelative to the method applied in the present ase where singularities are distributed alongthe boundary itself.5.2 Wave making and absorptionThere are two main strategies for generating waves in a time-domain numerial wavetank.The �rst is by moving a part of the solid boundary. This is rather straight-forward in aBEM, and the hosen strategy in the present work. This was found most onvenient sinewe have a losed tank. The seond is by imposing analyti values for the �uid veloityalong a vertial ontrol surfae as well as imposing the orresponding free-surfae elevationthere. This is a onvenient way to do it if the wavetank is not losed. This strategy hasbeen adopted e.g. by Baarholm (2001) where he investigated the two-dimensional problemof slamming underneath platform deks using a fully nonlinear time-domain wavetank.He modelled parts of the free surfae only, and the water depth was in�nite. The domainwas restrited laterally by a ontrol surfae on one side, and a numerial damping zone onthe other. On the ontrol surfae he applied the analyti results in in�nite water depth asgiven by Bryant (1983). The fully nonlinear solution is there given as a series, whih inpratie is trunated. In �nite depth, similar solutions are given by Rieneker and Fenton(1981).In the present work, both the piston and single �ap type wavemakers are implemented.During the present study only regular waves have been onsidered. See Figure 3.1. Theuser presribes the wavemaker type and height of the paddle hwm, the wave period and adesired (linear) steepness, and the stroke S is alulated from the Bièsel transfer funtions(3.4). Alternatively, the wavemaker stroke S(t) may be given as a time-series providedby means of a text-�le generated a priori, allowing e.g. for reprodution of model testsor for irregular wave generation. We have used the latter extensively during the presentwork. We have not, however, onsidered irregular waves.A numerial damping zone is used to damp out waves in the far-�eld. There areseveral possible ways to ahieve wave damping as disussed e.g. in Newman (2008). We
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(5.5)Here ν = ν(x) is typially a smooth funtion whih is nonzero in the damping zone, andzero elsewhere. See Figure 5.1. It is taken suh as to smoothly inrease up to a value
νmax. The interval over whih ν(x) is nonzero is denoted Ld. Sine the funtion shouldbe smooth to minimize re�etions, it must vary with x. The funtion ν is from (5.5) notexpliitly a funtion of x, it rather has the dimension of frequeny 1/s. This indiates adependene on wave frequeny or equivalently wave number, or equivalently, wavelength.The dependene on wavelength justi�es the spatial variation. Choosing the atual shapeof ν(x) is a matter of experiene, and we have hosen the shape of a third order polynomialas ν(x) = νmax(−2x̂3 + 3x̂2), where x̂ = (x− xd)/Ld, where xd is desribed in Figure 5.1.During our work we have usually taken Ld to be a multiple of the wavelength. Typialvalues are Ld = 3λ − 6λ. The atual value of νmax is determined empirially, typiallydepending on water depth and Ld. The empirially based damping zone is found to worksatisfatory.As kh dereases, the e�etiveness of the damping strategy in (5.5) will derease. Thestrategy provides no damping in the shallow water limit. This was disussed in detail byClement (1996). So for example the front of a wave train is not e�etively damped out.A piston-type strategy at the far end of the tank is then appropriate, as suggested byClement (1996). He presented a simple piston-type damping strategy based on ontroltheory, and demonstrated its e�etiveness for small kh. Suh a piston-type dampingdevie has not been implemented in the present work.



5.3. The Boundary Element Method 495.3 The Boundary Element MethodThe BEM is the disretized version of the boundary integral equation (5.3). The boundaryof the �uid domain, S, is divided into elements of some presribed shape, and the variationof the unknowns over eah element assumed to be of a ertain order. A so-alled low ordermethod assumes onstant value of variation of the unknowns over eah element, while ahigher order method assumes a linear or higher order of variation of the unknowns overeah element. Typially, one assumes a similar order of the shape of the elements as thatassumed of the variation of the elements. What one hooses is more or less a matter oftaste.Assuming a onstant variation over eah element, the boundary onditions are typi-ally satis�ed at the mid-point of eah element, and with a higher order variation it issatis�ed at several olloation points on eah element. Methods with onstant variationhas been applied in studies on slamming by several authors and with good results, e.g.Baarholm (2001) and Zhao and Faltinsen (1993). Note that in their works, a paraboli�t of the free surfae was introdued in order to properly onserve mass near the body inonnetion with the kinemati free-surfae ondition. Linear variation over eah element,with pieewise straight elements, has been adopted with suess for a nonlinear numerialwavetank by Greo (2001). A method for free-surfae �ows using arbitrary high order ispresented in Landrini, Grytøyr, and Faltinsen (1999).A onsequene of hoosing a higher order method is that we satisfy the boundaryonditions at singular points involving onvex orners of the domain as well as the inter-setion between the free surfae and solid boundaries. Although a higher order variationprovides a better desription of the solution in the main part of the domain, it does notprovide a more aurate solution at the singular points. It is perhaps natural to expetproblems of numerial harater assoiated with the singular points due to the lak ofproper mathematial modelling. However, the works referred to above presents numerialresults that are of good quality.In the present work we have hosen pieewise linear elements and a pieewise lin-ear variation of the unknowns over eah element. When dealing with propagating waveproblems, higher order variation (inluding linear) is perhaps more ommonly used thanonstant variation, judging from the literature. We believe that for propagating wavesover several wavelengths and over many periods it is proper to use a linear variation.We divide the boundary S into a total of N straight elements. A linear variation ofsome quantity z over element j is then
z =

zj+1 − zj

sj+1 − sj
s− zj on Sj . (5.6)In the present ontext, z represent ϕ, ϕn or xF , and s is the ar length along the element.As introdued earlier, xF are the free-surfae oordinates. The boundary integral equation(5.3) is satis�ed at the N end points xi of the elements, hereafter alled nodes. The twointegrals in (5.3) beome sums of 2N integrals, eah over an element Sj, and the disreteversion of (5.3) is given by (A.1). Re-arranging the terms suh that the known quantitiesare on the right hand side and the unknowns on the other, we obtain a linear system of

N equations in N unknowns, say
Ax = b, (5.7)



50 Numerial wavetank - the basiswhere the unknowns in x are the values of ϕn and ϕ on the free-surfae and the solidboundary nodes, respetively.We require the potential to be ontinuous at the intersetions between the free surfaeand solid boundaries, suh that ϕ is known through the dynami free-surfae onditionat these points. The unit normal vetor is here essentially disontinuous and the normalveloity therefore double valued, with that on the wall known through the body boundaryondition while that on the free surfae is an unknown.5.4 Time-stepping - the Lagrangian phaseOne the solution x in (5.7) is obtained as just desribed, the potential and the free-surfaeposition are updated aording to the free-surfae onditions (2.3) and (2.4) respetively.The free-surfae onditions are both ordinary di�erential equations of type ż = f(t, z),with z being the potential ϕ or the free-surfae position xF , while f is 0.5ϕ2
n +0.5ϕ2

s −gyor ∇ϕ in the two free-surfae onditions respetively. In the present work we use anexpliit Runge-Kutta method of orderm for time integration sheme. The expliit Runge-Kutta methods are preditor-orretor type of shemes, that is the right hand side of theordinary di�erential equation f is estimated, iteratively, m times at positions updatedfrom the previous estimate, and the �nal f taken as a weighted sum of the estimates.This means that the boundary value problem must be solved at least m times eah maintime-step. When solving the fully nonlinear problem, the system matrix A in (5.7) mustbe onstruted eah sub-step, whereas in the linear ase where the omputational domaindoes not hange, the system matrix is onstruted and inverted one at the beginning ofthe simulation. The system (5.7) must, however, be solved eah sub-step also in the linearase.The present implementation is suh that an arbitrary order up to m = 4 may behosen. For higher orders, the number of preditions needed is higher than the ahievedorder, see e.g. Iserles (1996). Typial hoies in our �eld is order two or four. Order one isalso used, but seems from the literature to be less popular in the ontext of time-domainBEM odes. There is always a trade-o� between omputational time and auray, andin the present work we have preferred the fast onvergene provided by the fourth ordersheme on the expense of doubled omputational time relative to order two. The lassialexpliit Runge-Kutta fourth order sheme is
zn+1 = zn +

∆t

6
(f1 + 2 f2 + 2 f3 + f4) (5.8)where ∆t is the length of the main time-step, the super-sript n means main time-stepnumber, and

f1 = fn, f2 = fn + 0.5 ∆t f1, f3 = fn + 0.5 ∆t f2, f4 = fn + ∆t f3. (5.9)Choosing the type of time integration sheme is a matter worth attention. Attentionmust, however, also be given to how to atually update the position of the nodes, i.e.how to alulate the right hand side f . Due to our hoie of having the olloation pointsat the nodes, the unit normal and tangential vetors are not uniquely de�ned there. Wehave hosen to introdue averaged unit vetors n̄j and s̄j at the nodes as illustrated inFigure 5.2. In the present a seond order polynomial y(x) is �tted through the node j
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(∇ϕ)j ≃ (ϕn)j n̄j + (ϕs)j s̄j , (5.10)where the normal veloity (ϕn)j is the solution from (5.7), and the tangential veloity

(ϕs)j estimated by di�erene-shemes orret to seond order in a urvilinear manner,using entral di�erenes at the main part of the free-surfae nodes, while forward andbakward di�erenes at the intersetions. Expressions for the di�erene shemes are givenby the expressions (A.4) - (A.6).In the onstrution of the seond-order polynomial above, we represent the free surfaeby the vertial oordinate as a funtion of the horizontal oordinate, y(x). This limits theappliability to a non-overturning free surfae. This is, however, a limitation whih has nopratial limitations in the present work. Throughout our studies, we did not onsider anybreaking waves. A plunging breaker would introdue problems in long-time simulationswithout proper handling of these, and this was outside the sope of the present projet.In ase one wishes to study overturning waves, however, the method is easily modi�ed bythe following approah. For eah node j, rotate the two neighbour elements Sj−1 and Sjsuh that the two far end-points xj+1 and xj lie in the horizontal plane. Then omputethe seond order polynomial in this rotated plane to obtain the tangent there. Calulatethe unit vetors in the rotated plane based on the tangent. The unit vetors n̄j and s̄j inthe physial plane are obtained by rotating these bak to the physial plane.5.4.1 The intersetion point between the free surfae and a solidboundarySine, as disussed earlier, within the framework of potential theory the intersetion pointsbetween the free surfae and solid boundaries are singular, there is no way that we mayrepresent the physis in an absolute sense here. Thorough analysis of the problem of awavemaker of both sudden and in�nitely smooth start-up assuming linear potential �owtheory is presented in Roberts (1987), where he demonstrates that the solution in the verynear viinity of the wavemaker attains a spatially osillatory behaviour with the amplitude�nite, but the wave number inreasing to in�nity when approahing the singular point.



52 Numerial wavetank - the basisNote that this is a onsequene of assuming linear theory. The osillatory behaviour isnot aptured in the present linear wavetank, as we in general disretize the free surfaesuh that these osillations are on a muh smaller sale than the �rst element. This lakof modelling is thought not to be of signi�ane in the present work.However, there are inonsistenies introdued by the disretization; the veloity om-puted based on ϕn and ϕs on the free surfae is in general not onsistent with that imposedon the solid surfae. E�ort should be made on treating this matter as onsistent as pos-sible. We tried two methods, where the latter was found superior to the �rst, providingmore stable long-time simulations. In the �rst method, the position of the intersetionnode was updated simply aording to (5.10), and next extrapolated/interpolated alongthe newly de�ned free-surfae element onto the new position of the solid boundary. Thiswas found to work satisfatory exept for long time simulations with large motion of thesolid boundary. This aused saw-tooth type of instabilities on the free surfae in the ter-minal gap in ases of large ship setion motion. An improved, probably more onsistentmethod was as follows. First denote by u the veloity from (5.10). Next, this is projetedonto the solid boundary providing a veloity omponent along the wall usw = u ·sw, wherethe subsript w refers to �wall�. The node veloity is then taken as
∇ϕ = unw nw + usw sw, (5.11)where unw = U ·n is given by the solid boundary ondition (2.5). This is thought to givea more onsistent motion seen from the solid boundary point of view.There are also other, similar hoies, suh as the �double node� approah explained inTanizawa (2000). The idea of the double node approah is to require that nw · u = unwand nf · u = unf . Here, u = (ux, uy) is the unknown and desired veloity vetor of theintersetion point, unw is the presribed normal veloity of the wall at the intersetionpoint, and unf the normal veloity of the free surfae at the intersetion point. This yieldstwo equations for the two unknown veloity omponents, ux and uy, whih is readily solvedfor. We see that the double node approah does not make use of the tangential veloityalong the free surfae, ϕs, and hene avoids the use of a �nite di�erene sheme whih isneessary for estimation of that quantity.5.4.2 Mass onservation in the numerial shemeMass onservation is the ore of our method, expressed by the Laplae equation and re-formulated in the boundary integral equations. At eah time-step we alulate the exatvolume V of the disretized surfae using Gauss's theorem (see Setion D.2), for exampleby

V =

∫

S

y ny ds (5.12)sine V =
∫

Ω
1 dΩ and ∇ · (0, y) = 1.The spatial disretization naturally introdues errors, as does the temporal disretiza-tion. Throughout our work we have heked the level of error in this respet in all ases.We typially observe a nearly sinusoidal variation of V , but in no ases any sign of inreaseor derease of the volume. The osillation amplitude dereases with dereasing time-step.Exept for some of the very early work, the amplitude has been within V/V0 ∼ O (10−6),where V0 is the initial volume at still water onditions.



5.5. Dynami re-gridding of the boundaries 535.5 Dynami re-gridding of the boundariesDynami re-gridding of the disretized boundary is applied in the nonlinear wavetank inorder to make it possible to impose a resolution at a ertain level. The disretizationof the boundary S is initially presribed. Typially, a osine distribution of elements isused along eah part of the boundary, as desribed by (A.8). Note that the parameter
β in (A.8) indiates the degree of re�nement towards one or both ends of the seletedpart of the boundary. What we mean by a �parts of a boundary� in this ontext is eitherone side of the ship setion, the terminal wall, the wavemaker, the sea �oor or the twoseparated parts of the free surfae. A gradually re�ned grid with re�nement near the endsas provided by this kind of distribution is onsidered good pratie, in partiular towardsintersetion points between the free surfae and a solid part of the boundary. However,with a �ne disretization near an intersetion point the need for re-gridding is evident.The implementation of dynami re-gridding was in the present work mainly inspiredby the large vertial piston-mode motion in the terminal gap. Re-gridding the right side ofthe ship setion and the terminal was found neessary. The implementation was, however,done slightly more general than only to inlude the terminal gap area. The two losestelements near any of the intersetion points between the �uid and the solid boundariesare split upon exeeding 1.8 of their original lengths, and removed if smaller than 0.4 ofthe original lengths. There is no re-gridding applied on other parts of the boundary otherthan the elements losest to the intersetion points. The re-gridding is applied at the endof eah main time-step.The potential is linearly interpolated when splitting a free-surfae element. During ourwork we experiened some parasiti osillatory saw-tooth like behaviour of the free surfaenodes losest to an intersetion point following re-gridding of the free surfae. We believethat the parasiti osillations are assoiated with the linear interpolation of the potentialwhen splitting an element, whih we suspet is too rude. We have not onsidered morere�ned interpolation strategies, suh as using ubi spline interpolation, but have fromommuniation with other researhers the feeling that the goodness of the re-gridding ofthe free surfae is sensitive to these issues. We have hene tried to keep the ourreneof re-gridding of the free surfae at a minimum. In our appliation of a ship setion by aterminal, re-gridding is typially assoiated with two phenomena: Stokes drift and largesway or roll motion of the ship setion. As for the �rst, the Stokes drift will streth theelement losest to the wavemaker, but any pronouned Stokes drift is assoiated withlarger amplitude waves than those generated for the most part in the present work. Forthe seond, sine we have studied piston-like behaviour, i.e. a near �at free surfae in theterminal gap, there has been no need to apply a �ne disretization of the free surfae in theterminal gap. The number of elements on the free surfae in the terminal gap has mainlybeen hosen suh as to avoid splitting of the elements there. Saw-tooth instabilities wouldarise and beome signi�ant typially after about 5 - 10 wave periods after a splitting.We also want to mention a few words regarding smoothing of the free surfae. Wehave seen that many authors mention that smoothing every time-step or at perioditime intervals is a neessity for stable long-time simulations, e.g. for the propagationof wave trains. They report that saw-tooth instabilities quikly arise and eventuallylead to simulation break-down if negleting smoothing. For example, Longuet-Higginsand Cokelet (1978) used a stenil providing a weighting proedure of nearby points, andprefers what they all the �ve-point stenil. Koo and Kim (2004) refers to this as �ve-point



54 Numerial wavetank - the basisChebyshev smoothing.In the present work we have used no suh smoothing. There has been no need for this.In our experiene there are three situations that give rise to the mentioned saw-toothinstabilities. First, as disussed, improper re-gridding of the free surfae, with partiularreferene to the re-distribution of the potential ϕ. Seond, improper handling of theintersetion points. And third, implementation errors, in partiular those assoiated withreating the system matrix A in (5.7). For instane, bugs may easily be introdued if notareful with respet to the prinipal value integrals, the internal angle α or the treatmentof the atan -funtion. We emphasize that these three situations are those experiened bythe author during work with weakly nonlinear �ow only, e.g. with no overturning of thefree surfae or wave run-up, and does not onstitute a omplete list of reasons for theourrene of saw-tooth instabilities in general for more violent free-surfae �ow.



Chapter 6Numerial modelling of the �owseparationIn this hapter we present the numerial aspets of inluding the free shear layer inthe numerial wavetank. This involves the limiting proess of exluding the vortiityfrom the domain to obtain an extended version of the boundary integral equation (5.3),the disretization of the resulting thin free shear layer and an explanation on how theKutta ondition is imposed numerially. We next present an algorithm for automatisimpli�ations of the free shear layer whih was developed in order to be able to runlong-time simulations without exessively omplex vortial strutures in near sinusoidal�ow. We last present an appliation of the method to foil in in�nite �uid serving partlyas a veri�ation of the present implementation.The method of inluding the free shear layer as a dipole distribution into the boundaryintegral formulation is not new to this work, inluding also its disretization and somenumerial aspets as how to enfore the Kutta ondition and a method of re-griddingthe free shear layer. However, the algorithm for the automati simpli�ations is new andonsidered a ontribution from the present work to the �eld of �ow separation modelling.6.1 Boundary integral equation inluding the free shearlayerThe free shear layer is inluded in the boundary layer equation by exluding the thinstrip ontaining vortiity, SV , in a similar manner as the singular points are exluded asdesribed earlier in onnetion with equation (5.3). The integration path is shown in theleft part of Figure 6.1. The limit is taken suh that S1, S2 and S5 tend to zero length,while S3 and S4 tends to SV , resulting in the on�guration shown in the right part ofFigure 6.1. The boundary integral equation (5.3) is then extended to
α(x)ϕ(x) =

∫

S

ϕ(ξ)
∂ψ(ξ,x)

∂nξ
ds− ∫

S

∂ϕ(ξ)

∂nξ
ψ(ξ,x) ds

−
∫

SV

Γ(ξ)
∂ψ(ξ,x)

∂nξ
ds, (6.1)for all points x ∈ Ω∪S ∪SV . If the �eld point x is on one of the boundaries S or SV , theorresponding integral over the dipole distribution must be interpreted as a prinipal value55
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−. We �nally let n := n

− and
s := s

− along SV .integral. The soure terms along S3 + S4 anel due to the assumption of an in�nitelythin shear layer and opposite signs of the normal vetors on eah side, while the normalveloity is ontinuous aross the free shear layer. The Γ-term appears sine Γ = ϕ+ −ϕ−,and sine ϕ+ 6= ϕ−, these terms do not anel. We reognize the negative value of theirulation −Γ as the strength of the dipole distribution along the free shear layer.We mention that, in reality, the free shear layer has a �nite width atually expandingfrom the time the shedding ours, as indiated in Figure 2.2. If modelling a �nite widthfree shear layer, the soure terms would model the spreading of the shear layer, a di�usione�et.The veloity of the free shear layer, Uc, is given formally by (2.12). We may, however,express Uc expliitly as the gradient of (6.1). Some are must be taken in this proedure,as desribed in the following. In the limiting proedure for the exlusion of the free shearlayer desribed above, we now take the �eld point x to be on the free shear layer. As thetwo sides S3 and S4 are shrunk towards eah other, a full irle remains enlosing the �eldpoint, with the two halves of the irle residing on eah side of the free shear layer. Sothe value of the potential is ϕ− over one half of the integral and ϕ+ over the other halfof the integral, giving −πϕ− − πϕ+ = −2πϕ̄, where ϕ̄ = 0.5(ϕ− + ϕ+). Considering nowequation (6.1) we get ϕ̄ on the left hand side and on the right hand side the last integralbeomes a prinipal value integral. The veloity of the free shear layer, being Uc = ∇ϕ̄,is then
−2πUc(xv) =

∫

S

ϕ(ξ)∇∂ψ(ξ,x)

∂nξ

ds− ∫
S

∇∂ϕ(ξ)

∂nξ

ψ(ξ,x) ds
− −
∫

SV

Γ(ξ)∇∂ψ(ξ,x)

∂nξ
ds, (6.2)where ∇ = (∂/∂x, ∂/∂y) is as before the usual gradient operator, and the last term is aprinipal value integral.Riemann uts. Before we proeed with the disretization of the free shear layer,we introdue so-alled Riemann uts. We de�ne by a Riemann ut a urve of any shapein the (x, y)-plane with a disontinuity of the potential ϕ aross the ut, and with therestrition that there is no hange in Γ along it. Sine Γ is onstant along it, there is noshear along a Riemann ut. The Riemann uts are of purely mathematial harater and



6.2. Disretization of the free shear layer 57

PSfrag replaementss

SR

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

Sv
SV = Sv + SR

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 6.2: Illustration of Riemann uts represented by the three dashed lines olle-tively alled SR. The solid line Sv represents the unsimpli�ed part of the free shearlayer. Aross the Riemann ut SR, the potential ϕ is disontinuous, while the normaland tangential veloities, ϕn and ϕs, are ontinuous. Expetions are at the onnetionpoints denoted by squares. These points are singular and eah point represents a pointvortex.is introdued basially as a means of simplifying the struture of the free shear layer. Theshape of the Riemann ut may typially be that of a straight line.In the present methodology a Riemann ut is modelled as a urve with onstant dipoledistribution Γ. There are singularities at the ends of the Riemann uts that need speialare. Introduing a Riemann ut is mathematially equivalent to introduing a pointvortex at its far end, and typially we want to simplify the free shear layer suh that anear irular vortial struture is represented by a point vortex. Sine there is no shearalong the main parts of a Riemann ut both the tangential and normal veloities areontinuous along this part. All the shear is onentrated to the end vortex whih issingular. An example of a Riemann ut made up from three straight lines is shown inFigure 6.2. We denote the unsimpli�ed part of the free shear layer by Sv and the Riemannuts by SR. Together they represent what we onsider the whole free shear layer in ourmodel, i.e. SV = Sv + SR. Along eah Riemann ut the dipole strength Γ is onstant.If the value of Γ on two neighbouring Riemann uts di�er, the e�et is a point vortex atthe onneting point, indiated by the squares. The far end square will represent a pointvortex as long as Γ 6= 0 along the last straight segment of the Riemann ut. We will oftenrefer to this set-up as having three Riemann uts, meaning the three straight urves.There may in priniple be several Riemann uts onneting several unsimpli�ed partsof the free shear layer. We have in our work always onsidered Riemann uts to representthe far end of the free shear layer. The reason is that we ut the end parts of the free shearlayer twie eah wave period. This will beome lear when we shortly disuss the auto-mati simpli�ation proedure of the free shear layer. We �rst present the disretizationproedure for the free shear layer.6.2 Disretization of the free shear layerWe disretize the unsimpli�ed part of the free shear layer Sv into Nv pieewise linearelements, and assume Γ to vary pieewise linearly along eah element. Choosing thelowest order method with onstant dipole distribution along eah element would providepoor auray of the indued veloities lose to the free shear layer, as eah node woulde�etively at as a disrete vortex, with resulting insu�ient modelling of the spiraling



58 Numerial modelling of the �ow separationvorties. Anyway, sine we assume the same variation of ϕ and ϕn along S, inludingthe free shear layer into the system of equations is a straightforward extension. Wefurther inlude the NR Riemann uts as straight elements with onstant dipole strength
Γ over eah ut. A Riemann ut is thus in this sense treated similar to an elementof the unsimpli�ed part of the free shear layer, exept it has always a onstant dipoledistribution. We denote by NV the sum of the free shear layer elements and Riemannuts, that is NV = Nv +NR.The disrete version of (6.1) is given by (B.1). This is the same as (A.1) exept withalso a sum over the dipoles of SV with strength Γj. The ontribution from the integralover the free shear layer enters the right hand side of the system (5.7) as known quantitiessine Γ is known.6.2.1 Kutta onditionAs stated earlier, there are two requirements in the Kutta ondition. First, the �owmust leave tangentially from one side of the body, and seond, the potential must beontinuous from the body and into the �uid. In the numerial model these are imposedby the following proedure.First, the �ow is imposed to leave tangentially by imposing the diretion of the freeshear layer element losest to the separation point to be in the diretion of the tangent ofthe body element losest to the point of separation (on the shedding side). Node 2 of thefree shear layer, whih is the end of the �rst free shear layer element, is fored to move inthe tangential diretion with the veloity 0.5Us.Seond, the ontinuity of ϕ from the body and into the �uid is imposed in the followingmanner. When �ow separation is enfored, we avoid to expliitly satisfy the boundaryvalue integrals at the node de�ning the separation point xs as we do in the ase withoutseparation. In that ase the boundary integral equation was satis�ed at the orner with
α = −3π/2 in (5.3). Instead, extrapolation from both sides along the body is used.Not solving for this node means we loose one equation. Further, sine the potential isdisontinuous over the free shear layer, i.e. ϕ+ 6= ϕ− in general at the orner, we impliitlyadd one unknown. This means we are two equations short. However, we require thepotential jump on the body to be equal to Γ0, hene introduing one additional equationsine the irulation is known. Next, we represent the two values of the potential atthe separation point by extrapolating ϕ linearly along the walls using the values at thetwo elements on eah side next to the elements losest to the separation point. Thisintrodues two more additional equations, meaning there is an overhead by one equation.We resolve that by not satisfying the boundary integral equations at the end point of oneof the elements adjaent to the orner. We have hosen to exlude ϕi−1 as unknown inour alulations, where node i de�nes the separation point. We get that

ϕ+ − ϕ− = Γ0,

ϕ+ = aϕi+1 + b ϕi+2, ϕ− = c ϕi + d ϕi−1,
(6.3)where a = 1+∆si/∆si+1, b = −∆si/∆si+1, c = 1+∆si−1/∆si−2 and d = −∆si−1/∆si−2.

∆si is the length of element i whih has end-points xi and xi+1.



6.3. Evolution of the free shear layer 596.3 Evolution of the free shear layerOne the system of equations (5.7) are solved, we may alulated the veloity Uc at thenodes of the free shear layer as well as the separation veloity Us. Using these and theposition of the free shear layer xv and the irulation Γ may be stepped forward in timeaording to (2.13) and (2.14).The hosen time integration sheme for the free shear layer is the simple expliit Eulersheme, that is, in the numerial wavetank where the fourth order Runge Kutta methodis used, the free shear layer is updated only one at the beginning of eah main time-step.Choosing the simple expliit Euler method must be seen in ontext with the re-griddingand automati simpli�ations applied to the free shear layer whih will be disussed indetail in the next setion. Also, the expliit Euler sheme was found to be adequate inearlier works, e.g. in Faltinsen and Pettersen (1987). This means, given the solution of
ϕ and ϕn along S, and Γ along SV at the beginning of time-step n, we alulate theseparation point veloity Us and Uc based on these, and the updated solutions xv and Γare next used as foring on the right hand side of (5.7) in all the four sub time-steps ofthe fourth order Runge Kutta sheme for the free surfae.6.3.1 The veloity of the free shear layer nodesWe need to distinguish slightly the way to obtain the veloity at the nodes of the unsim-pli�ed part of the free shear layer, and that of the point vorties. The latter is explainedin the next sub-setion.The disrete version of the veloity of the mid-point of an element of the unsimpli�edpart of the free shear layer is given by (B.2). Note that the summation over the freeshear layer is both the free shear layer elements and the Riemann uts, altogether NVterms. The free shear layer veloities at eah node, exept for the end node, is found bylinear interpolation of the alulated veloities at the mid-points of the two neighbouringelements in a urvilinear fashion.The veloity at the end node, that is node Nv + 1, is obtained as follows. First, thevalue from linear extrapolation using the values at the mid-points of elements Nv and
Nv −1 is alulated, all it ua. Next, the value based on �tting a seond order polynomialthrough the mid-point of element Nv − 1 and that of nodes Nv − 1 and Nv is alulated,all it ub. Upon using only ua, the end node tends to ross the inner spiral ore after sometime, and upon using only ub the end element tends to rotate around its hinge point.Sine extrapolation in general is a dubious a�air, we hose to experiment with di�erentombinations of ua and ub following the strategy of trial and error. The �nal ombinationwas taken as 0.6 ua + 0.4 ub (for node Nv + 1).We mention that the omputer time assoiated with alulating the veloity of the Nvnodes of the free shear layer is not negligible, at least when Nv/N ∼ O{1}. This is due tothe summation in (B.2) over all N + NV elements when alulating the veloity at eahof the Nv free shear layer element mid-points.6.3.2 The veloity of the point vortiesThe veloity of a point vortex, or the far end of a Riemann ut, needs speial treatment.Basially, the expression (B.2) is used, but modi�ed in two ways. First the sum is over all



60 Numerial modelling of the �ow separationfree shear layer elements, so the �j 6= i� should be negleted. Seond, and more impor-tantly, a point vortex does not indue any veloity on itself. Therefore, the ontributionfrom its one or two neighbouring Riemann uts must be treated speially. If Sk
R is the

k'th Riemann ut with end oordinates xd and xe, then xe is the loation of the pointvortex for whih we want the veloity. The veloity indued by Sk
R, all it Ude, at someposition x is

Ude(x) = −Γk

2π

(
1

r2
e

(y − ye) −
1

r2
d

(y − yd),−
1

r2
e

(x− xe) +
1

r2
d

(x− xd)

)

. (6.4)The two terms involving 1/r2
e must be interpreted as the ontribution from the pointvortex loated at position x = xe. When alulating the veloity of the point vortex at

xe, these two terms should be exluded. The proedure must be arried out for both theneighbouring Riemann uts if not onsidering the very end vortex.6.3.3 Separation veloityThe separation point veloity Us is in the present taken positive towards the separationpoint, and basially taken as the largest of the two andidates on eah side, being
Us1 = −((∇ϕ)+ − vB) · s,
Us2 = ((∇ϕ)− − vB) · s (6.5)where vB = ẋG + ω × r is the ship setion motion at xs and s is the unit tangentialvetor along the body. Ideally, there is a stagnation point on the lee side of separation.However, the �uid veloities in (6.5) are alulated over the elements not next to, butseond next to xs, and hene will take non-zero value in general. The hosen riterionfor swapping side of separation in ase of unsteady �ow has in our experiene only smallonsequene regarding the auray, but is, however, a matter of importane with respetto numerial stability. We believe that the treatment of the free shear layer elementlosest to the body should be onsidered in onnetion with this as well. We have hosenthe following strategy for deiding separation diretion. Given a shedding diretion withveloity, say Us1, this is hanged whenever Us2 exeeds (1 + ε)Us1 with ε a small value,and left unhanged otherwise. We found that simulations using ε = 0 often resulted innumerial instabilities in the ase of osillatory ambient �ow around a ship setion ornerdue to the small veloities ourring at both sides around the time of the �ow separationhanging diretion. This typially aused frequent hanges bak and forth every othertime-step leading eventually to entanglement of the free shear layer elements losest tothe separation point. We found a value of ε = 0.1 to improve this matter signi�antly.There is, however, still room for further improvements in order to ensure a more globallyrobust numerial method. We report some problems related to the �ow diretion hangein onnetion with the study of a ship setion moored to a terminal in Chapter 10.6.4 Automati simpli�ations of the free shear layerIn order to apply the present method to osillatory �ow, repeated simpli�ations of thefree shear layer geometry as the simulation progresses is ruial. We begin by posing the



6.4. Automati simpli�ations of the free shear layer 61two rules that (1) the free shear layer is not allowed to beome too omplex, and (2) thefree shear layer must not be over-simpli�ed. We exploit our knowledge regarding the mainfeatures of the free shear layer in order to de�ne a physially sound set of simpli�ationswhih obeys these two rules. Ignoring the simpli�ation proedure, even after one singleperiod the free shear layer strutures beome exeedingly omplex, as will beome learin this setion.6.4.1 Charateristis in sinusoidal �owIn arbitrary osillatory ambient �ow, there is no simple harateristi of the free shearlayer, while for sinusoidal ambient �ow there is. Basially, in sinusoidal ambient �ow foursingle vorties, or two pairs of vorties, are shed eah period. The two single vortiesshed eah half period form a vortex pair, that is, they are formed in suh a way that theyremain lose to eah other and one reated they travel along under mutual in�uene.Their vortex strengths are of opposite sign due to opposite sign of the shed vortiityfrom the two sides of the body, and typially they travel away from the body and returnin a large irular motion. The irular motion appears when the absolute value of thestrength of eah of the two are not equal. With idential absolute values of the strengthsthey would in in�nite �uid travel in a straight line, and most likely away from the body.We illustrate the behaviour by means of an example. Figure 6.7 presents snapshotsof the free shear layer geometry during the �rst few periods of a typial simulation. Thetime step number is indiated in eah sub-plot. Referenes to the �gures will be madein the following explanations of the four main tools that we use: Re-gridding, dumping,utting and resolution limitation (both temporally and spatially). None of these fourtools are new to this work. However, the automati identi�ation of the main vortialstrutures allowing for ontinuous simpli�ations ruial to long time simulations is new,and is onsidered as a ontribution to the area of vortex traking methods. We disussthis matter in some length and detail, as we have found, in aordane with earlier usersof the method (e.g. Braathen (1987), Faltinsen and Pettersen (1987)), that a substantialamount of details must be dealt with properly in the pratial use of the method.6.4.2 Re-gridding of the free shear layerSine a spiral ore will tend to streth the rest of the free shear layer, the atual length
Lv is in general longer than the sum of the lengths of the shed elements. Areas of largevortiity urls up and strethes areas with less vortiity, thereby ausing element lengthsto beome inreasingly di�erent. Our re-gridding strategy is as in Faltinsen and Pettersen(1987)) based on keeping all elements of the free shear layer, exept the two losest to theseparation point, of equal length at all times. As illustrated in Figure 6.3(a), the nodeson the Nv − 2 free shear elements are after eah time-step slided along the existing freeshear layer geometry suh that eah element obtain the length ∆s0

v = Lv/(Nv − 2). Thelength Lv is onserved in this manner.More re�ned re-gridding strategies may have been hosen, suh as having ∆sv ∝ 1/κvwhere κv is the loal urvature of the free shear layer, providing more elements to regionsof high urvature and hene providing higher resolution to �ne strutures. The presentstrategy, however, although perhaps somewhat rude, has the advantage of stabilizing the
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xd =

1

Γk+1 − Γi

k∑

j=i

γj x̄vj (6.6)
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γj = Γj+1−Γj , x̄vj = 0.5(xvj+1 +xvj), and the sum is over an appropriate set of elementsde�ning the near irle, or spiral ore, in this ase elements i to k. The riteria that weuse are purely geometrial, based on aumulated angles as well as distane of the spiralore from the separation point. The algorithm for identifying a spiral ore as well as theriteria for dumping are desribed in detail in the following.We �rst denote by βj the angle between the neighbouring pair of elements at node xvj ,being the elements Sj and Sj+1. The angle between two elements are determined usingthe standard funtion atan2 along with the dot and ross produts. For unit vetors wehave that cos β = a ·b and sin β = ( a×b) ·k, where k is the unit normal vetor pointingout of the paper, i.e. k = i × j. We use the unit tangential vetor along free shear layerelement j, that is sj = (xvj+1 − xvj)/(∆s)j, and get that

βj = atan2 (cj, dj) − π, (6.7)where cj = ( sj × sj−1) · k and dj = sj · sj−1. This gives the angle βj in a robust mannerfrom −2π to 0. Next, we de�ne the aumulated angle αi at node i as that alulatedfrom s = 0 and further the aumulated angle αI at node I as that alulated from node
I to s = Lv, i.e.

αi = Σi
j=2 βj , αI = ΣNv

j=I βj . (6.8)Note the onvention of upper- and lower-ase i.The �rst dumping ours as the spiralling vortex reahes four turns, or |αI | ≥ 16πwith I = 2. The elements forming the inner turn, identi�ed by the node I whih is suhthat αI just exeeds 2π, are then dumped. This proess is repeated as long as the singlevortex ontinues to roll up, and is illustrated in Figure 6.7(a-).When a vortex pair has established its shape suh as that shown in Figures 6.7() and6.4(a), two riteria has to be met before dumping to a vortex pair. First the point i1 asindiated in Figure 6.4(a) is identi�ed by an aumulated angle |αi1 | ≥ 3π/2 where thesign of βj for j = 1, .., i1 are required all to be equal. Next, the distane from the node
xvi1 to the separation point xs must be larger than a given harateristi length, that is
|xvi1 − xs| ≥ D0. A ertain distane from the orner is required so as not to violate therule of not over-simplifying. The impat of the dumping on the body will in general besmaller the larger the distane is. D0 is in the present taken as the mean of the maximumextent of the vortex in the x- and y-diretions, disregarding the part of the free shearlayer from s = 0 and to the point i1, as illustrated in Figure 6.4(a). If both riteria aremet, the point i2 is identi�ed as one node of the element being losest to perpendiular tothe shedding diretion, that is suh that |αi2| ≃ π/2 with the sign of αi2 opposite to thatof αi1 . The part beyond this point is dumped into the existing end vortex, while the partbetween i1 and i2 are dumped into the seond vortex. The situation is then typially asillustrated in Figure 6.7(d) whih is just after the vortex struture in Figure 6.7() hasbeen dumped to the shown vortex pair.When a new vortex has started forming, suh as that illustrated in Figures 6.7(e,i) and6.4(b), the point i3 as indiated in Figure 6.4(b) is identi�ed as that with aumulatedangle |αi3| ≥ 3π/2. If this exists, all elements beyond i3 are dumped into a new, singlevortex. Sine the vortiity is highly onentrated in the near viinity of i3, the long tailextending to the vortex pair with almost zero vortiity has a negligible ontribution tothe position of the dumped vortex.There are now three Riemann uts, representing three disrete vorties. At this stage,however, the double pair is removed, as desribed in onnetion with the desription of
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer (d)Figure 6.5: Illustration of typial breakdown when dumping is disregarded. In thisexample, the simulation breaks down beause the free shear layer penetrates the wallnear the separation point, where-after the evolution is unphysial.would lead to exessive use of omputer time. Also, the strutures will quikly beometoo ompliated for the present method to resolve properly. As a uriosity the situationabout three quarters of a period later, just before the simulation breaks down, is shownin Figure 6.5(d).6.4.4 CuttingCutting is in the present work assoiated with the ation of removing a vortex pair.Cutting allows the simulation to go on for any wanted number of periods, as it basiallyserves as a restart of the system. If utting is not performed the vortex pair will remainforever and eventually be entangled in the new developing double vortex or interfere withthe free surfae. This is most probably ourring also in nature, but there, the vortexstrength will not be preserved. In reality, the vortex strength of the double vortex willweaken due to turbulent dissipation. A vortex pair will dissipate at a higher rate than a



66 Numerial modelling of the �ow separationsingle vortex, sine the two vorties whih remain lose inhibit opposite sign of vortiityausing a anellation e�et due to visosity. Further dissipation ours if the vortex pair�slides� along the wall interfering with the boundary layer whih may inhibit vortiity ofopposite sign. The interation between vorties and a boundary layer is in general notwell understood.With dumping only, and no utting, the simulations in general survive for some time,perhaps a ouple of periods, but the behaviour beomes to our understanding unphysial.A typial senario is presented in Figure 6.6. Dumping is performed as desribed above,but a number of vortex pairs are aumulated as they are not removed, in this ase twopairs. The �rstly shed vortex pair travels towards the terminal wall as indiated by thearrow in Figure 6.6(a). This was also the ase in the disussion above where dumping wassuppressed, but now, the free shear layer does not penetrate the solid walls. However,as this vortex pair reahes the wall, the two individual vorties start travelling along thewall in opposite diretions as illustrated by the arrows in Figure 6.6(b), both remaininglose to the wall. They would interfere with the boundary layer and further, in reality,feel the no-slip onditions here. The seond shed vortex pair travels in a irle and nearlyin�ltrates the vortex sheet as shown in Figure 6.6(). The simulation eventually breaksdown as one of the disrete vorties from the �rst vortex pair in�ltrates the free surfae,see Figure 6.6(d).The method of suddenly removing a pair may seem rude. A possibility is of ourseto model the deay of vortex strength, i.e. the deay of Γ, and then eventually removethe vortex pair when its strength is below some threshold. This requires a mathematialmodel for the deay, and one suh model is due to Oseen, see e.g. Venkatalaxmi et al.(2007). However, any substantial deay of single Oseen vorties that we investigated takesin the order of ten or more periods, while the double vorties seem from informal physialexperiments to dissipate faster. An explanation to this disrepany may be that anOseen vortex only onsiders laminar visous e�ets, while in reality the �ow is turbulent.Therefore, without further reasoning we ut the pair at the instant the �rst dumping isperformed for the new single vortex, i.e. at the instant just before that e.g. in Figure6.7(f). The double vortex has then in general travelled a fair distane away from the bodyand is onsidered not to indue onsiderable veloities there. A small, sudden jump inthe potential on the body in the viinity of the separation point is experiened in theseases. The impliations related to the fore alulations and integration of the equationsof motion are to our experiene of little pratial importane as disussed in Chapter 8.The free surfae seems free from suh jumps if the intensity of the irulation is not toolarge and if the vortial strutures are on�ned to an area lose to the orner of separation.We require the vortial strutures to be on�ned in the viinity of the orner of separationif D0/D << 1, where D is the ship setion draft as before and D0 is illustrated in Figure6.4. If this is the ase, also the vortex pairs will typially be removed when still in the far-�eld of other boundaries suh that the terminal and sea �oor. The nature of the vortialstrutures are also of ourse a funtion of its strength, whih in priniple is independentof the size D0, but in pratie strongly related. In our experiene the utting strategyand hene the automati simpli�ation proedure works well if D0/D > 0.25, given thatthe other strutural dimensions are in the order of the draft or larger, in this ase that
b/D ∼ 1 and d/D ∼ 1, where b and d are the terminal gap width and the bottom learanerespetively.We illustrate in Figure 6.8 how the free surfae is a�eted in a ase where D0/D ≃ 1.
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A regular wave with period lose to the natural piston-mode period enter a �xed ship,and the �uid motion in the terminal gap builds up. Veloity vetors are inluded in orderto visualize qualitatively the strength of the vortial strutures. The time-step numberis also shown, and there are Np = 600 time-steps per wave period. In the initial stage(Figure 6.8 (a - b)), the vortial strutures are reasonably on�ned to the viinity of theorner. As the �ow builds up, however, the size and also its strength inreases. At a laterstage (Figure 6.8 (p - r)), the free-surfae kinematis beome somewhat violent. Althoughnot lear from the �gures, shoks are indued by eah utting whih ours twie eahwave period, and the indued sloshing behaviour hene onsidered arti�ial. From Figure6.8 (n - o) it is lear that the �uid �ow in the lower part of the terminal gap is alteredappreiably by the removal of the vortex pair. The in�uene from the pair on the �ownear the free surfae perhaps looks quite insigni�ant, but it does have a disturbing e�et.We also show the time of break-down in Figure 6.8 (r) when the free shear layer enters



68 Numerial modelling of the �ow separationthe ship setion. The simulation survives about six wave periods. This is not enoughin this ase to reah steady-state. In ase of surviving su�iently amount of periods toreah steady-state we would still, however, deem the results unphysial in this ase where
D0/D ≃ 1.Note that from the veloity vetors in Figure 6.8 one may at least qualitatively feelon�dent that the Kutta ondition is ful�lled by the present implementation. That is,the �ow leaves tangentially from the orner of separation and stagnation of the �uid �owon the lee side is indiated by only very short veloity vetors there.The disussed limitation on vortial struture size implies a limitation to the validityof the algorithm, but in all the ases investigated during the present work, the requirementhas been ful�lled, i.e. D0/D > 0.25. In ase of investigating more severe vortex shedding,we would reommend using other numerial methods.
6.4.5 Spatial and temporal resolutionThe free shear layer has an unstable nature in the sense that short wave instabilities arise.In fat, an in�nitely long and straight vortex distribution is unstable to any perturbation.A stabilizing e�et is that the ore of the vortex, if su�iently strong, strethes the freeshear layer as desribed earlier. During one period there are, however, several stages wherethe majority of the free shear layer may adopt small sale instabilities whose growth ausedestrution of the major strutures. This typially happens when very small elements ortime-steps are allowed.A ruial parameter is therefore the lower limit of the length of the free shear layerelement losest to the separation point until a new �rst element is born, ∆smin

v . Thislength should be related to the harateristi dimension of the free shear layer D0. Wehave found ∆smin
v ≃ D0/m with m ≃ 20− 30 a reasonable hoie through trial and error.The hosen value of ∆smin

v should not be too large either. If hosen too large, thevortial strutures are poorly resolved, leading among other things to large vortiity inthe end free shear layer element whih then rapidly swirls around its hinge point, whihis unphysial, as the free shear layer should not ross itself. This is basially a resolutionproblem.The hoie of the time-step length ∆t seems in our experiene also to be ruial. Toosmall time-steps allows the free shear layer to grow small sale instabilities, and with toolong time-steps typially the free shear layer enters the body, after whih the results arerendered unuseful. More spei�ally, our experiene points to that Np = 600 time-stepsper period is a good hoie. While e.g. Np = 400 is slightly too oarse and the struturestend not to be adequately resolved with the risk of free shear layer entering the body,
Np = 800 is slightly too �ne with small sale instabilities evolving.The reommended values of the parameters ∆smin

v and ∆t must be seen in ontextwith the fat that the re-gridding algorithm is applied eah time step. Using other re-gridding strategies would probably yield other values of the parameters. In our experiene,though, a suessful simulation depends on re-gridding eah time-step, as attempts withevery seond, fourth and eight all resulted in devastating small sale instabilities.



6.4. Automati simpli�ations of the free shear layer 696.4.6 Start-up and element sheddingThe start-up of the free shear layer is implementation-wise straightforward. Us is al-ulated and a free shear layer element of length 0.5Us∆t is reated. In the followingtime-steps, this is prolonged by adveting node 2 whih is the far end of the �rst element,with the veloity 0.5Us, until reahing the length ∆smin
v . The element is then split intwo. The node 2 is fored to move along the tangent diretion of the body from the sidethe shedding ours as explained in onnetion with the Kutta ondition. The sheddingveloity is hene applied to a point somewhat away from the separation point (node 2),but only by a small distane and so onsidered feasible. The physis are not well desribedin the very early stages of the start-up proess, but the free shear layer urls up under thein�uene of its own indued veloities, as e.g. shown in Figure 6.7(a) in an early stage.An improved desription of the physis in the early stages may perhaps be ahieved byintroduing a starting vortex, but this has not been done in the present work; it was notfound neessary.We next present an appliation of the vortex traking method to a foil in in�nite �uid.The fous is there not on the automati simpli�ation proedure, rather on veri�ation ofthe basi implementation. The automati simpli�ation proedure is validated throughthe main studies in Chapter 10.
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer (o)Figure 6.7: Typial behaviour of the free shear layer from the initial stage and up tosteady-state. Time step number is given. (a-h) desribe roughly the �rst period. Thefree shear layer started at time step n = 391 and number of time steps per period is
Np = 600.
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer (r)Figure 6.8: The free shear layer and veloity �eld in a ase of waves entering a �xedship setion in piston-mode resonane ondition. Time step numbers are shown. Thepiston-mode amplitude builds up and the vortial strutures beome too large for thepresent method to be valid, with D0/b ∼ 1 and D0/d ∼ 1.



72 Numerial modelling of the �ow separation6.5 Appliation to foil in in�nite �uid - A veri�ationThe �rst implementation of the invisid vortex traking method was in the present workdone for a foil in in�nite �uid, and next further developed for arbitrary number of sep-aration points in osillatory �ow around a retangular box also in in�nite �uid. Theresulting ode was �nally exported nearly as a separate module into the existing numeri-al wavetank. Choosing the ase of foil in in�nite �uid was a matter of providing a safeenvironment for the early development. The results serve, however, as a �rst veri�ationand we present some of the results in the following.In the steady ase, analytial solutions of the �ow exist for Joukowski foils, see e.g.Milne-Thomson (1968). In the unsteady ase linear theory gives the lift for an impulsivelystarted �at plate in terms of the Wagner funtion (see e.g. Newman (1977)). For a foil inosillatory �ow physial model tests show that under ertain irumstanes a mushroomlike wake is formed as in e.g. the experiments presented by Giesing (1968).The boundary value problem is posed in the xy-plane in the usual manner where atotal potential φ is introdued as φ = ϕI +ϕ, where ϕI represents the ambient �ow takenin the present ase to be ϕI = U(x cos β + y sin β). Here, U is the magnitude of theambient �ow. The angle β is measured from the x-axis with positive diretion in theounter-lokwise diretion. We impose a zero penetration ondition on the foil boundary
S, whih means that ∂ϕ/∂n = −∂ϕI/∂n, and solve for ϕ through (6.1). In the abseneof a free surfae in the ase of in�nite �uid, the only unknown is ϕ along the foil. Inthe steady ase the boundary value problem is solved one, while in the unsteady asethe MEL approah as desribed earlier is used with a �rst order expliit Euler sheme fortime stepping.6.5.1 Joukowski foil in steady �owWe �rst onsider the steady solution of a Joukowski foil at an angle β relative to theinoming �ow of onstant veloity U as desribed above. By steady we mean that themagnitude and diretion of the ambient �ow has been onstant for a very long time,and further that there is a stagnation point both on the lower and upper sides of thetrailing edge. The �ow is assumed to leave with half the apex angle from the trailingedge. We note two things. First, the �ow hene does not leave tangentially from anyof the sides of trailing edge of the foil, as in the ase of unsteady foil. In that ase theside of shedding will hange with time; the �ow will leave from the upper or lower sideof the foil in an osillating manner under steady in�ow ondition. Seond, the so-alledhomogeneous solution is obtained with an in�nite valued transverse �ow at the trailingedge if not imposing the Kutta ondition.We �rst revisit the essentials of Joukowski foil theory, being the analyti expressionfor the omplex veloity and the irulation by whih we may diretly ompare withour present simulations. Note that the omplex mapping is suh that one may diretlyompare veloities in the physial plane with those in the auxiliary plane, but not thevalues of the omplex potential itself.The foil geometry in the physial omplex z-plane is expressed by the Joukowskitransformation

z = ζ +
l2

ζ
(6.9)
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 6.9: Joukowski foil in steady �ow. Angle of attak β = 1deg. Upper: Exampleof foil geometry (l = 0.97 and µ = −0.03 orresponding approximately to 3% thikness,and N = 121). The free shear layer extends approximately 100c to the right. Lowerleft (four plots): The omputed and theoretial tangential veloity along the foil. Theorrespondene is good. Right: Convergene study of the irulation Γ with respet tore�nement of the body disretization (inreasing N) for three foil thiknesses.where ζ = ξ + µ with ξ = Reiθ desribing a irle of radius R in an auxiliary omplexplane. The oordinate point ξ = R maps to the trailing edge of the foil. The hord lengthof the foil is c = 2R + l2((R + µ)−1 + (R − µ)−1). Choosing µ < 0 has the e�et of�twisting� the right part of the irle. Choosing l and µ suh that l − µ = 1 provides afoil with a smooth leading edge and sharp trailing edge. Taking µ = 0 yields a �at plate,and for small values it gives approximately the thikness of the foil, with e.g. µ = −0.01being a foil with thikness approximately 1% of the hord length. The omplex potentialdesribing the �ow is f(ξ) = U
(
ξe−iβ +R2eiβ/ξ

)
+ Γ log ξ/2πi. The omplex veloity is

u− iv = df/dz whih is
u− iv =

(

U

(e−iβ − R2

ξ2
eiβ

)

+
Γ

2πiξ

)
1

1 − (l/(ξ − µ)2)
. (6.10)Stagnation points on both the lower and upper sides of the trailing edge is enfored byrequiring that u− iv = 0 at ξ = R. From (6.10) a irulation of

Γ = 4πUR sin β (6.11)is required to satisfy the zero �ow ondition. Note that this is onsistent with linear foiltheory for a �at plate whih predits a irulation Γ = πUc β, where c ≃ 4R.We model the free shear layer by two elements of equal and onstant vortiity as il-lustrated in the upper left of Figure 6.9. Only a small portion of the seond elementextending to the far-�eld is shown in the �gure. We do the following reasoning to justifythis representation. A onstant dipole distribution along a straight element is mathe-matially equal to two point vorties of opposite strengths loated at eah end of theelement. As is well known, and will be exempli�ed below for an impulsively started foil,the initially shed vortiity from a foil starting from rest will reate what we for simpliitymay all a starting vortex whih is onveted to in�nity with the ambient �ow. The exatpath is not known, but in the present ase not of interest as long as the seond element



74 Numerial modelling of the �ow separationrepresents a vortex in the downstream far-�eld. The �rst element may be short omparedto the foil and has the diretion of the half apex angle of the trailing edge. The requiredlength of the seond element for it to represent a vortex in the far-�eld depends on themagnitude of the irulation (−Γ). In the ase presented in Figure 6.9 a distane ? 100cwas needed. In the lower left part a omparison between the alulated and theoretialtangential veloity along the foil is shown, and the omparison is promising.A onvergene study on Γ with respet to body disretization for the irulation ispresented in the right part of Figure 6.9, whih shows a reasonable onvergent behaviour.In the �gure, Γ0 is the analyti value given by (6.11), while Γ is the irulation obtainedby the present BEM.We experiened some problems with divergene when inreasing the number of ele-ments N on the body to higher values than those shown. We believe this is a numeriale�et due to the very �ne elements near the trailing edge giving a near zero angle betweenthe two elements onstituting the trailing edge and hene a nearly singular system matrix
A. We did not pursue this further, as the problem of near zero angle is not relevant forour main study, namely �ow separation from a retangular ship setion. Even in the aseof modelling a bilge keel, the angle would exeed by at least an order of magnitude thatenountered when re�ning the grid of the Joukowski foil.6.5.2 Thin foil in impulsively started �owWe next onsider what we all a thin foil in impulsively started �ow and ompare with thesolution for the linearized problem of a �at plate as given by the Wagner funtion. Thehord length of the �at foil is as before denoted c. The shape of the foil is like a diamond.That is, the thikness inreases linearly, both in the upper and lower parts, from zero atthe two ends to the middle point c/2, where it attains its maximum thikness a. The foilin the present study has a thikness of 1% (a/c = 0.01). The angle of attak is β = 4deg.The geometry is shown in the middle part of Figure 6.10. The grid is re�ned towardsthe trailing edge. For all grids the two elements de�ning the trailing edge was of length
∆s ≃ 0.002c.The steady-state irulation given by the linearized problem of a �at plate is Γ∞ =
πUcβ. The Wagner funtion whih represents Γ(t)/Γ∞ attains a value of 0.5 at t = 0. Inthe numerial solution we model this by a starting vortex with strength equal to Γ∞/2.The numerial solution may not apture this behaviour diretly without suh a startingvortex. This is seen from the following. Consider the homogeneous solution whih preditsan in�nite veloity at the tip of the foil. We obtain numerially the homogeneous solutionif solving the boundary value problem without enforing the Kutta ondition, that is,when solving without any free shear layer elements or Riemann uts, say, at the �rsttime-step. The separation veloity Us is taken as the veloity over the lower aftmostelement on the foil by a simple �nite di�erene estimator Us = (ϕ2 − ϕ1)/∆s, where ϕ1and ϕ2 are the values of the potential at the element ends, and ∆s the element length.The evolution of the irulation is governed by (2.14), suh that when disretized, thesolution at time-step n is Γn = Γn−1 ± 0.5 ∆t U2

s . Now, if Γ0 = 0 (no starting vortex),the irulation after the �rst time-step is Γ1 = 0.5 ∆t U2
s . Now, sine Us alulated asdesribed is �nite, the expression tends to zero with dereasing time-step, not to Γ∞/2,and provides hene by no means a onvergent numerial sheme.The starting vortex is modelled by a Riemann ut onneted to a short free shear layer
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element of length 0.01c. The Riemann ut extends to a position xsv. The position is notdetermined analytially, rather by numerial experiments. In the present ase, the positionwas taken as (0.2c, 0.38c) relative to the trailing edge of the foil. The dipole strength overthe Riemann ut is taken as Γ∞/2, and as disussed earlier, this is equivalent to a singlepotential vortex at position xsv. The boundary value problem is solved, giving Us, andthe time-marhing proedure of shedding free shear layer elements starts. The evolutionof the irulation should then follow quite lose to that of the Wagner funtion. We notethat the numerial results represent the fully nonlinear solution, whereas the Wagnerfuntion is the solution to the linearized problem. We will expet some disrepanies dueto the nonlinearity in the problem. The nonlinearity is, as pointed out by Giesing (1968),basially only assoiated with the vortex struture whih involves a urled up free shearlayer. This means we expet some disrepany at the initial stages, but this should vanishfor long times. The disrepany should also derease with dereasing angle of attak β.For our hosen rather small angle of attak of β = 4deg, there should be quite smalldisrepanies.Time-series of the irulation are presented in the upper part of Figure 6.10. TheWagner funtion is that of a representation given in Bisplingho� et al. (1996). Thenumber of elements on the foil N is varied to hek the onvergene. The results seemto onverge quite well. The time-step is in all ases ∆t U/c = 0.02. There was no visual



76 Numerial modelling of the �ow separationdi�erene when using half the time-step. Choosing twie the time-step gave a slightly lessomparable result for Ut/c > 4, otherwise the same.A snapshot of the foil and free shear layer inluding the Riemann ut whose far endis represented by the small square is also presented in the �gure. The snapshot is takenat Ut/c = 14 for the ase with N = 240.We also performed simulations of the impulsively started foil without a starting vortex.The irulation Γ then starts with zero value as disussed. It does, however, approahquite lose to the theoretial solution after the foil has travelled about 6-8c. This indiatesthat a starting vortex is basially needed only to apture the initial stages of the evolution.The steady-state value seems to be quite insensitive to the start-up of the proess.6.5.3 Foil in osillatory in�owSine we are in the main part of the present work investigating osillatory �ow, we lastlypresent some results from simulations of a Joukowski foil with 1% thikness in uniformosillatory ambient �ow. Appliation of the present BEM qualitatively gives the wakepiture as observed in physial model tests presented in Giesing (1968). In the modeltests presented there a NACA 0015 foil pro�le was used. Around a ertain osillatory fre-queny, or Strouhal number UT/c, he obtained a mushroom like behaviour of the wake.An example of a simulation with the present BEM is shown in Figure 6.11. The obtainedstrutures as shown in the �gure do ompare qualitatively well with those obtained ex-perimentally by Giesing (1968). The amount of details aptured in the wake was foundquite strongly dependent upon the time-step. With twie the time-step there was nostrong urling up of the strutures furthest away from the foil as that in Figure 6.11, onlysimilar to those losest to the foil. This is in a way natural. The �ner time-step, the �nerthe problem is modelled. With inreasing time-step the physis is modelled in a moreaveraged way. In reality, however, visosity will ause dissipation of the free shear layers,di�using the strutures with time, so a more detailed representation of the free shear layerthan that shown is perhaps not orret in that respet anyhow.We onlude that the present BEM with vortex traking method reprodues analytiand experimental results in the setting of foils in in�nite �uid satisfyingly well. This goesfor both steady and unsteady onditions.
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Chapter 7Numerial modelling of the in- andout-�ow of boundary layersThe expression for the in- and out-�ow veloity ṽ of a laminar boundary layer along asmooth solid surfae in unsteady ambient �ow was derived and given by (2.22). Theexpression involved a onvolution integral. In the present hapter we desribe how thematter is treated numerially.The in- and out-�ow was implemented in the linear wavetank only, and not in thenonlinear wavetank. In the linear ase where the boundary of the domain S is �xed, theimplementation was straight-forward, and in our experiene involving no numerial prob-lems e.g. suh as instabilities or large assoiated omputation time. The implementationinvolved evaluating the onvolution integral (2.22) numerially at eah time-step and ateah node of the solid parts of the disretized boundary. This was done eah sub time-step in the fourth order Runge Kutta sheme in order to provide a onsistent boundaryondition on the solid boundaries at all times.We onsidered also implementing the in- and out-�ow into the nonlinear wavetank,but the damping e�et of the attahed boundary layer was found by all means negligiblein the present ontext of a ship by a terminal, or resonant piston-mode motion in amoonpool (see Figure 10.9), and we therefore deided not to. We mention, however, somethoughts around implementing the in- and out-�ow e�et in the nonlinear wavetank. Inthe nonlinear ase, a question on how to treat the free-surfae zone would arise. Firstof all, the basi idea behind modelling a visous boundary layer is to inorporate thee�et of the no-slip ondition. A physial modelling problem then arises, sine there isa on�it between the no-slip ondition at the wall and the treatment of the intersetionbetween the free-surfae and the wall in the BEM. In this regard we stress that the no-slipondition is in the present visous boundary layer model not enfored expliitly in theBEM, we rather impose the resulting in- and out-�ow on the solid boundaries. Next, apratial problem is that the parts of the solid boundaries that are in the free-surfaezone will alternately be dry and wetted. If one should attempt to implement the methodin the nonlinear ase, we suggest the following strategy: Re-start the onvolution integralassoiated with positions in the free-surfae zone eah time the �uid enter that position.Now, sine (2.22) is derived assuming loally the �ow to be of semi-in�nite extent, thisapproah would perhaps be somewhat questionable in the initial phase of wetting of aposition. Further, nonlinear terms in the boundary layer alulations should be inludedin the nonlinear BEM ase. We did not investigate the matter further.79



80 Numerial modelling of the in- and out-�ow of boundary layers7.1 Numerial integration of the onvolution integralThere is no analyti solution to the onvolution integral (2.22) for general unsteady am-bient �ow Ue, and so, it must be integrated numerially. Being of the form
I(t) =

∫ t

0

f(τ)√
t− τ

dτ, (7.1)we see that some are must be taken due to the square root singularity at τ = t. Thesquare-root singularity is a weak singularity that we may remove in at least two standardways. One is by integration by parts and another by substitution of variables. Althoughwe hose integrating by parts, we �rst brie�y outline a possible strategy if hoosing sub-stitution of variables. In the following, we take f =
√

ν/π ∂Ue/∂s.7.1.1 Substitution of variablesThe method of substitution of variables may be applied by introduing an auxiliary vari-able u. Substituting u2 = t − τ into (2.22) leads to the integral ∫ √
t

0
f(s, t − u2) du. Inthis expression the integration parameter appears in the argument of the integrand as u2,whih means that numerially, where the integral is approximated by a sum, the integrandwould be evaluated at time-steps n, n − 1, n − 4 et., where time-step n is the presenttime-step. The sum hene involves only √

n and not n terms, whih redues the ost ofevaluating the sum. Note that this is so in the ase of onstant time-step length ∆t .With a varying time-step some interpolation would be neessary.7.1.2 Integration by partsIn the method of integration by parts, whih we have hosen to use, all n terms arein priniple involved in the sum, but due to the 1/
√
τ term the sum may in pratie betrunated, as the value of the integrand in (7.1) vanishes as τ beomes large. The perhapsseemingly exessive time onsumption assoiated with the summation is therefore avoided.The reason we disuss time onsumption is that in some appliations, this may beome animportant issue. However, in the simulations performed in the present work all n termswere inluded with only a minimum of time onsumption experiened.The following approximate expression for the integral is derived in Appendix C:

I(t) =

(
n−1∑

i=1

fn−i

√
i

+ fn +
1

2
fn−1 − 1

2

f 1

√
n− 1

)
√

∆t . (7.2)In the derivation, onstant time-step ∆t is assumed, and the expression is orret to seondorder in time. The expression (7.2) was implemented into the linear numerial wavetankwith the outer �ow taken as that on the solid boundary itself, i.e. ∂Ue/∂s = ∂2ϕ/∂s2.The seond derivative of the potential was estimated numerially by the di�erene shemegiven by (A.7) and using the known values for the potential along the solid boundary fromthe previous (sub) time-step.
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 7.1: Deay of a standing wave in a retangular tank. Simulations using thepresent linear wavetank ompared to theoretial deay. The deay is due to the dampingintrodued by the in- and out-�ow of the boundary layers along the tank bottom andwalls. Lower plot is zoom-in of the upper. Tank length is L = 1m, still water depth
h/L = 0.5 and ν = 10−5m2/s. Initial amplitude is A0/L = 0.0147.7.2 Standing wave in a retangular tank - A veri�ationA veri�ation of the urrent method and implementation of (7.2) into the linear numerialwavetank is presented in the following by means of a free deay test. The test involves a�xed retangular tank, partially �lled with water. The tank length is L = 1m, and stillwater depth h/L = 0.5. We investigate the deay of the standing wave of wavelength

λ/L = 2, that is, the �rst linear mode. The initial ondition for the potential ϕ andthe free surfae ζ is taken from the analyti linear solution. The free-surfae elevationis initially at a maximum, suh that the �uid veloity is zero in the whole domain. Theinitial standing wave amplitude is A/L = 0.0147. The kinemati visosity that enters(7.2) is here hosen to be ν = 10−5m2.The simulated time-series of the wave elevation ζ at the left wall is presented in Figure7.1. The numerial results are ompared to theory as presented by Keulegan (1959) wherethe deay of the amplitude is, for small values of ν, assumed to be exponential exp(−αt/T )where α is found from an energy onsideration. The expression for α is shown in the�gure along with the analyti solution exp(−αt/T ) represented by the dashed urve.The number of elements along the boundary as well as the atual grid is also indiatedin the �gure. The element size was re�ned near the two intersetions between the freesurfae and the vertial walls aording to a osine squared spaing with the resolution



82 Numerial modelling of the in- and out-�ow of boundary layersparameter β = 0.7 in the formulation given in (A.8). The number of time-steps per periodwas Np = 120. From the �gure it is lear that the numerial solution reovers that of thetheoretial quite niely. From the zoomed view in the lower part of the �gure we mayestimate the disrepany to approximately 2 - 3% after 200 periods of osillations. Weperformed no systemati onvergene study. However, we did some heks with di�erentgrids. The results were slightly improved with the re�ned grid near the intersetionsrelative to onstant element size. Further, they approahed the theoretial solution withinreasing number of elements.We feel omfortable that the present method of modelling the in- and out-�ow ofboundary layers is feasible, and that its implementation in the linear wavetank has beenveri�ed through this example.



Chapter 8Numerial fore alulationsWe have in the three preeding hapters introdued and disussed the numerial wavetanksinluding the free shear layer as well as the in- and out-�ow of boundary layers. In this lasthapter on numerial issues we present the numerial fore alulations and integrationof the equations of motion.Rigid body motion may be fored or free, where in both ases the normal veloity isimposed as a boundary ondition in the boundary integral equations (6.1). The di�erenebetween the two ases is that in the latter the veloity must be solved for simultaneouslyand in a way beomes another unknown requiring an additional set of equations to solve.The equations of motion provide the required additional set of equations.The right hand side of the equations of motion are the fore and moment on the body.When imposing a slip-ondition as we do here, these are found by integrating the pressuregiven by the Bernoulli equation multiplied with the unit normal vetor along the full bodyboundary. The integration of the pressure involves integration of the instantaneous timerate of hange of the potential, ϕt. In the linear ase, the boundary is �xed at all timesand the fore alulations rather straight-forward. However, in the nonlinear ase, ϕt isnot de�ned over a moving boundary, sine we have adopted the MEL approah. TheMEL approah is explained in Chapter 5.There are to our knowledge three main strategies to overome this problem, and werefer the reader to the introdution hapter of the present text for a review of these. Thereare hallenges assoiated with eah strategy. In the present work we hose to pursue thestrategy of manipulating the fore and moment expression in suh a way that the timederivative of ϕt is moved outside the integral.In this hapter we start by deriving the alternative formulations for the fores andmoment. We next disuss some harateristis of these expressions. As a result of themanipulation, the equations of motion are ast into a set of so-alled di�erential algebraiequations. We point at problems related to solving these. We last present some veri�ationases.8.1 Alternative formulation of the fores and momentIn the present work we derive an alternative expression for the fore and moment on afreely �oating, surfae piering body in a nonlinear wavetank. The basi idea is as thatpresented in Faltinsen (1977), where the time derivative is moved outside the integrals.83
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S2 + S3, enlosing a domain alled ΩI . Here, SF is the part of the free surfae between
A and B. S0 denotes the solid boundaries of the losed wavetank. Right: Path ofintegration along S±

V = S−
V + S+

V , where S−
V is denoted simply as SV after ollapsing

S−
V and S+

V to one single urve.In his work disturbanes all the way to in�nity was allowed, but only vertial dipole-like.There were no waves allowed beyond a distane �b� from the body. This assumption wassuitable for ases with fored body motion with radiating waves in otherwise still �uid. Inthe ase of a body in a losed wavetank subjet to inoming waves that are generated atone of the lateral boundaries, however, we may not make the assumption of no waves faraway. We therefore derive an expression whih is basially a generalization of the formulapresented therein. More terms are involved in the present expression.8.1.1 Derivation of the alternative formulationIn short, moving the time derivative outside the integral is ahieved by manipulation byuse of Gauss' theorem for the fore and Stokes' theorem for the moment, as well as theTransport theorem. We �rst introdue a losed ontrol surfae as that shown in Figure8.1 enlosing and inluding only the body of interest. Here the losed surfae is denoted
SI = SB + SF + S±

V + S1 + S2 + S3. By SF we here mean the part of the free surfaelimited by the body and the intersetion points between S1 and S2 with SF , denoted Aand B in the �gure. By S±
V = S+

V + S−
V we mean a surfae enlosing the whole free shearlayer, inluding the unsimpli�ed part as well as Riemann uts. This is illustrated in theright part of Figure 8.1. We will later ollapse S±

V to SV . The horizontal oordinates ofthe vertial parts of the ontrol surfae, S1 and S2, as well as the whole of surfae S3,are �xed. Only the upper ends of S1 and S2 hange with time, and only vertially. Foronveniene in the derivation we de�ne SC = S1 + S2 + S3. The vertial axis is as beforedenoted y being positive upwards, and the normal points into the �uid as before. Wederive the expression for the fore only. The moment may be derived in the same manner,only using Stokes' instead of Gauss' theorem.We write the fore (2.24), after adding and subtrating the integral of pn over SI−SB,as
F = −

∫

SI

pn ds+

∫

SF +SC+S±
V

pn ds. (8.1)



8.1. Alternative formulation of the fores and moment 85In the seond term on the right hand side, the integrals of the pressure over SF and
S±

V vanish, that is ∫
SF +S±

V

pn ds = 0. This is so sine on the free surfae the pressureis assumed zero in the present appliation of Bernoulli's equation. Over the free shearlayer, the pressure drop is zero while the normal vetor is opposite along S−
V and S+

V whentaking the limit of a thin free shear layer. Substituting the pressure given by Bernoulli'sequation (2.2) into (8.1) we now get
F = ρ

∫

SI

ϕt n ds
︸ ︷︷ ︸

I1

+ ρ

∫

SB+SF +S±
V

0.5 |∇ϕ|2 n ds+ ρg

∫

SB+SF

yn ds− ρ

∫

SC

ϕt n ds. (8.2)Here, the integral of gy over the free shear layer S±
V vanishes for the same reason as justexplained above, sine y is equal along both sides. We proeed by rewriting I1. First,using Gauss' theorem (D.3) we have that

I1 =

∫

SI

ϕt n ds = −
∫

ΩI

∇ϕt dΩ. (8.3)Next, from the Transport theorem (D.4), we get
I1 = − ddt ∫ΩI

∇ϕ dΩ −
∫

SI

∇ϕU ds
=

ddt ∫SI

ϕn ds− ∫
SB+SF +S±

V

∇ϕϕn ds, (8.4)where U is the normal veloity of the boundary, de�ned positive into ΩI . In the lastequality, Gauss' theorem and the fat that U = 0 on SC and U = ϕn on SB + SF + S±
V isused. Inserting this expression for I1 into (8.2), we get

F = ρ
ddt ∫SI

ϕn ds+ ρg

∫

SB+SF

y n ds
+ ρ

∫

SB+SF +S±
V

(
0.5(ϕ2

s − ϕ2
n)n− ϕnϕss

) ds− ρ

∫

SC

ϕt n ds. (8.5)where the expression in the seond last integral is obtained due to the equality
0.5 |∇ϕ|2 n −∇ϕϕn = 0.5(ϕ2

s − ϕ2
n)n− ϕnϕs s, (8.6)sine ∇ϕ = ϕnn + ϕss. Over S±

V we show in Setion D.3 the following equality,
∫

S±
V

(
0.5(ϕ2

s − ϕ2
n)n − ϕnϕss

) ds =

∫

SV

(Ucns− Ucsn) Γs ds, (8.7)where Ucs = Uc · s and Ucn = Uc · n where Uc is the wake veloity given by (2.12),and SV := S−
V in the limit that S−

V and S+
V ollapses to one single line. Note thatthe ontribution over the Riemann uts vanish in this integral. Stritly speaking, theintegration is therefore over Sv only, although we write SV .We see that there still remains an integral with ϕt in the integrand of (8.5). We reduethis term into two muh simpler terms as follows. We use the one-dimensional version of



86 Numerial fore alulationsthe Transport theorem (D.5). Take the funtion f in (D.5) to be f = ϕn. We may then,aording to (D.5), writeddt ∫SC

ϕn ds =

∫

SC

ϕt n ds+ [uϕn ]A + [uϕn ]B. (8.8)The points A and B are the ontat points between SC and the free surfae as shown inFigure 8.1. uA and uB are the vertial veloities of the free surfae at points A and B.Both must be taken as positive in the positive y-diretion. This is so sine the diretionof expansion of the urve SC is in the positive y-diretion. This means that the diretionout of the �domain� SC in the Transport theorem is in that diretion. The values of thepotential is that at the time instant of evaluation. The normal vetors are those of theontrol surfae S1 and S2 at the ontat point, i.e. pointing horizontally (not vertially).We may now substitute (8.8) into (8.5), and we arrive at the alternative fore expressionwhere the ϕt term is eliminated,
F = ρ

ddt ∫SB+SF

ϕn ds− ρ
ddt ∫SV

Γn ds+ ρg

∫

SB+SF

y n ds+ ρ[uϕn ]A + ρ[uϕn ]B

+ ρ

∫

SB+SF

(0.5
(
ϕ2

s − ϕ2
n)n− ϕnϕss

) ds+ ρ

∫

SV

(Ucn s − Ucs n) Γs ds. (8.9)The moment is derived in the same manner, only using Stokes' theorem rather than Gauss'theorem, f. (D.3), and the result is analogous to (8.9), being
M = ρ

ddt ∫SB+SF

ϕnθ ds− ρ
ddt ∫SV

Γnθ ds+ ρg

∫

SB+SF

y nθ ds+ ρ[uϕnθ ]A + ρ[uϕnθ ]B

+ ρ

∫

SB+SF

(0.5
(
ϕ2

s − ϕ2
n)nθ − ϕnϕssθ

) ds+ ρ

∫

SV

(Ucn sθ − Ucs nθ) Γs ds, (8.10)where nθ and sθ are given by (D.1), exept here, they apply to all surfaes, not only SBas indiated in that expression.Note that the present formulations may readily be used in multi-body problems. Onesimply de�nes a separate ontrol surfae enlosing eah body. Eah ontrol surfae mustthen enlose its assoiated body only, and not other bodies. If the bodies drift, suh thatone body drifts aross another body's ontrol surfae, one must rede�ne the positions ofthe ontrol surfaes at some stage. This will presents no onsiderable pratial problemin a numerial implementation. This strategy of rede�ning the ontrol surfae may alsobe followed for a ship in forward speed.8.1.2 Some harateristis of the alternative formulationThere are two key features of the alternative expressions (8.9) and (8.10). First, theyinvolve several integral terms as opposed to the original single integral term over thebody itself. Seond, and this was the primary goal, the time derivative is moved outsidethose integrals involving ϕt. As for the �rst, the additional ost of evaluating the extraterms is negligible as they are over known quantities. A problem that arises, however, is



8.1. Alternative formulation of the fores and moment 87that pairs of terms may attain large amplitude of opposite sign whih in theory shouldnearly anel, but in pratie may pollute the numerial solution. This is so in partiularwhen alulating the roll moment. As far as the seond goes, moving the time derivativeoutside the integral means that the integral itself represents momentum, giving veloitydiretly without time integration. This may at �rst sight seem attrative, but representin pratie what we might onsider a phasing problem with respet to the remainingintegrals. In mathematial terms we are left with a set of so alled di�erential-algebraiequations whih in general is not trivial to solve. This means the present method also hasits hallenges, where suggested resolutions will be disussed shortly in onnetion withtime integration of the equations of motion.We �rst shortly disuss some harateristis of the ontribution of eah of the termsin (8.9) or (8.10) and onsider one of the fore omponents Fx, Fy or the moment Mand denote this simply by F . We refer to F as fore, although it also applies to themoment. We further denote by n and s the orresponding omponents of the unit normaland tangential vetors respetively. We write
F = ρ

ddt 3∑

j=1

Kj + ρ
10∑

j=4

Kj, (8.11)where the Kj -terms are
K1 =

∫

SB

ϕn ds, K2 =

∫

SF

ϕn ds, K3 = −
∫

SV

Γn ds,
K4 = g

∫

SB

y n ds, K5 = g

∫

SF

y n ds, K6 = [uϕn ]A, K7 = [uϕn ]B,

K8 =

∫

SB

f1 ds, K9 =

∫

SF

f1 ds, K10 =

∫

SV

f2 ds, (8.12)
where f1 = 0.5 (ϕ2

s − ϕ2
n)n− ϕnϕs s and f2 = (Ucn s− Ucs n) Γs.Assuming linear theory, and negleting �ow separation, we indeed reover the linearfore due to the following. All terms K6−9 are of seond order and therefore vanishes inthe limit of linear theory. Further, sine SF and SB are in the linear ase the �xed meanposition of the free surfae and the body, the time derivative goes under the integral signof K1. Then, dK2/dt + K5 = 0 due to the linear free-surfae ondition, and we are leftwith only dK1/dt representing the added mass and damping fore and K4 the restoringfore. Removing the assumption of linear theory we may perhaps still assoiate with K1the �added mass and damping� and with K4 the �restoring term�, at least for small shipmotion, although stritly speaking, these are no longer de�ned.To seond order we observe the following. The terms K1, K2 and K3 do not ontributeto the mean fore sine any onstant term is di�erentiated away. K6 and K7 do notontribute to the heave fore at all, sine the normals of the vertial parts of the ontrolsurfae SC point horizontally. The two terms do, however, ontribute signi�antly to themean drift fore in sway. Exept from K6 and K7, all the other terms K4 - K10 ontributeto the mean fore or moment in all three degrees of freedom.



88 Numerial fore alulations8.2 Numerial integration of the fores and momentThe numerial treatment of the spatial integrals as well as the integration of the equationsof motion are disussed in the following. We begin with the rather straight-forward im-plementation of the spatial integrals and next desribe in some detail that of the temporalintegration.8.2.1 Spatial integrationNumerially, the Kj terms in (8.12) are obtained by summation over the body, free surfaeand free shear layer elements. Sine the potential et. vary linearly over linear elements,the expressions are straight-forward to dedue onsistent to seond order auray in spaeas other quantities in the present work. The sums representing the integrals are given by(D.8). Note that for the term K9 there is a ontribution from the Riemann uts, whileit was shown in the derivation of (8.7) that the ontribution from Riemann uts was zerofor K10.8.2.2 Time integration of the equations of motionThe fore is integrated to veloity and the veloity to position. As a standard mathe-matial proedure the equations of motion (2.23), being a set of seond order di�erentialequations, may be onverted into another set of twie as many �rst order di�erentialequations by introduing the veloities in the three degrees of freedom vx, vy and vθ, andwe write the six equations of evolution
ẋG = vx, v̇x = Fx/m

ẏG = vy, v̇y = Fy/m

θ̇ = vθ, v̇θ = M/I
(8.13)where for eah there is an initial value at t = 0. Although neessary in the boundaryintegral formulation (6.1), the veloities may in a sense be onsidered auxiliary funtions.As a mean of further studying the nature of the alternative fore expression (8.9) weintrodue yet another set of auxiliary funtions as follows. We express the motion xand veloity v in one of the degrees of freedom, eah by a sum of two auxiliary terms

x = xa + xb and v = va + vb suh that v̇a = dKa/dt and v̇b = Kb where Ka = Σ3
j=1Kjand Kb = Σ10

j=4Kj. In the seleted degree of freedom we therefore have the set of fourequations of evolution
va = Ka, v̇b = Kb, ẋa = va, ẋb = vb, (8.14)where we have assumed va0 = 0. We see that one part of the veloity, va, is governed byan algebrai equation and is known expliitly at time t given the geometry and potentialat that instant in time, while for the seond part of the veloity, vb, and for the positions

xa and xb �rst order ordinary di�erential equations govern the solutions.Now, onsidering all three degrees of body motion, we have three algebrai and nineordinary di�erential equations. Further, for the oupled �uid-struture problem, we alsohave the two free-surfae onditions, (2.3) and (2.4), as well as the evolution equationof the free shear layer (2.13) and that of the irulation (2.14). In the MEL approah,



8.2. Numerial integration of the fores and moment 89where total derivative is like a normal time derivative, we then have thirteen ordinarydi�erential equations, and these together with the three algebrai equations onstitute aso-alled set of di�erential-algebrai equations (DAE).Di�erential-algebrai equations are known to be non-trivial to solve, and someaspets of the numerial solution are disussed e.g. in Hairer, Lubih, and Rohe (1989).Here we only give a quik outline of our understanding of the implied di�ulties. As anexample, onsider the motion of some arbitrary objet in three-dimensional spae withsolution (x(t), y(t), z(t)) with the motion governed by
ẋ = f(x, y, z, t),

ẏ = g(x, y, z, t),

0 = h(x, y, z, t),

(8.15)together with proper initial onditions. Note the zero on the left hand side of the lastequation. This is a set of two ordinary di�erential equations and one algebrai equation.Now, the algebrai equation is not an equation of evolution, but rather a onstraint asto where the objet might travel. The solution is thus de�ned over a manifold, i.e. livesin this ase on a surfae in three-dimensional spae, with the surfae possibly of omplexshape. Intuitively, keeping the solution on that surfae is harder than having availablethe whole three-dimensional spae. This goes in partiular for a numerial method whereone in a disrete time stepping algorithm is prone to �fall o�� the surfae.Auray and stability. The onsequene of the above disussion is in a way two-fold, although the two matters are inter-related. The �rst matter is regarding the order ofauray of the time-stepping algorithm. This will beome lear in a while. The other isregarding numerial stability. Both matters are related diretly to the di�ulties with thenumerial solution of DAE. Here we explain the way the problems are overome thus far,regarded su�ient for the present problem. More e�orts would nevertheless be welomein order to handle the problems in an improved manner in future works.As for the �rst, from a pratial point of view, the DAE represent a phasing problem.For example, onsider the linearized problem and resonant heave motion of a ship setion.The relative phasing between the added mass and damping fore represented by dK1/dtand the restoring fore represented by K4 is ruial at resonane. The only way we havemanaged to model this in a proper way with onvergent results is using a sense of averagingduring the four sub-steps of the fourth order Runge Kutta sheme. The impliation is thatwe reover a numerial method only �rst order in time, not fourth order. Although theship motion is in this way only aptured to �rst order in time we still use the fourth orderRunge Kutta method as it gives a truly superior numerial solution of the free surfae inthe far �eld, e.g. the propagation of the inoming wave train.As far as the numerial stability goes, a tehnique as used by several other authorsis adopted in the present implementation. The �rst one known to the auther to use thetehnique was Kvaalsvold (1994). Later it has been used by e.g. Wu and Eatok Taylor(2003), Sun and Faltinsen (2006). The tehnique is simple and robust. In the equationsof motion an arti�ial �added mass� term is added on eah side of the equality sign. Forexample, in the equation of motion for heave, where we denote the arti�ial added massby Ayy, we get (m+ Ayy)ÿG = Fy +Ayy ÿG. In the numerial sheme, the aeleration on
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K5, whih in theory only should ontribute to seond and higher order, in general gaveontributions in the same order as the �linear� terms, gave rise to inauraies that in turnaused instabilities. One reason that the numerial inauraies arise is perhaps that inthe integration over the free surfae, eah term involve multipliation with the distanefrom the enter of gravity, whih may beome large depending on the extent of the ontrolsurfae. We did not resolve this problem satisfatory during the present work, and wereommend for future use a proper investigation possibly resolving the problem. We annot, for example, neglet the possibility of a bug in the ode.We emphasize that in ase of small roll angle, the instability does not arise, and allterms may be kept. We realize that �small� roll angle is not well de�ned in this disussion.However, for example in the study of a moored ship by a terminal presented in Setion10.3, the roll amplitude was �small�, and no sign of instability was observed during thatstudy. We did, however, perform numerial experiments with a retangular box �oatingin a sloshing tank. The motion was started from rest, and a sinusoidal motion of the tankwalls was presribed. The frequeny was that of the �rst sloshing mode of the tank. Thebox was plaed in the middle of the tank. The roll moment of inertia was taken suh thatthe roll motion of the box should be equal to the slope of the free-surfae at its positionin the tank, i.e. in the quasi-stati roll regime. In the initial stages of the simulations, thebox behaved well in both sway, heave and roll. However, as the free-surfae motion builtup, the roll motion of the box beame unstable. This was in the ase all the Kj-termswere kept. Negleting all terms exept the �linear�, however, the roll motion was stable,and did follow the free-surfae slope, even up to the stage where the free-surfae was nearbreaking.8.2.4 E�et of free shear layer simpli�ationsAs was explained in Chapter 6 we automatially simplify the free shear layer during asimulation. We argued that dumping near irular vortial strutures to a single vortexand utting pairs of vorties of near opposite strength were aeptable ations both based
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 8.4: The veloities resulting from integration of the fores in Figure 8.2.on physial reasoning as well as in a mathematial sense. The surroundings do, however,feel these simpli�ations as a shok. The experiened level of the shok depends on thesize of the vortial strutures and of ourse their strengths relative to the magnitude of theambient �ow. For example, utting a vortex pair will have an in�uene on the potential
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8.3. Solving the equations of motion - Veri�ation tests 93the DAE disussed earlier. The disrepanies are so small that they have no pratialrelevane.At �rst sight the fore peaks may look devastating. However, the in�uene on theresulting veloities is small as illustrated in Figure 8.4. The shok are smoothed out. Theshoks are further smoothed out when integrating to position. Physially we may say thatthe large peak in the fore ours over suh a small interval of time that any momentumof signi�ane is not transferred to the body.8.3 Solving the equations of motion - Veri�ation testsIn this setion we seek to verify the alternative fore and moment expressions (8.9) and(8.10), and their implementation into the nonlinear numerial wavetank. We may notverify all aspets regarding this problem due to lak of theoretial results of the fullynonlinear problem. Only �linear� motion and �seond order� drift fores are veri�ed. Noveri�ation assoiated with �ow separation is done. The method is, however, validatedthrough the study on a moored ship setion by a terminal presented in Setion 10.3.We have hosen to investigate three ases. First, free heave and roll under waveexitation. Seond, heave deay of an initially displaed ship setion in still water. Third,horizontal mean drift fore on �xed ship setions. In all the ases we investigate surfaepiering, retangular ship setions of beam to draft ratios B/D = 2 or 4. An importantfeature in the present work is a orret reprodution of heave damping, ruial to the levelof response around ship motion resonane. This is veri�ed by the �rst two ases. Anotherfeature is the mean drift away from the terminal in resonant ondition. The third aseserves qualitatively as a veri�ation in that respet.Sine we have adopted a time-domain approah, the simulations are run until steady-state. Here, as well as later on the appliations to ship by terminal, we have basedour hosen time-windows on the group veloity Cg as well as visual inspetion. In theveri�ation ases presented in the following, we have deep water onditions with h = 2λ.8.3.1 Free heave and rollAssuming linear theory, the ship setion behaviour in a free, single degree of freedommotion is desribed as a damped harmoni osillator. The nonlinear numerial wavetankshould be able to reprodue this behaviour in ase of a body in heave or roll in vanishinglysmall amplitude waves. Given an inoming wave of presribed steepness we omparethe omputed ship setion response to the theoretial. For the theoretial solution weneed the added mass and damping oe�ients. These are provided by Skeji (2008)using a frequeny domain boundary element ode for in�nite water depth. The providedoe�ients are assumed to be of high auray, and hene regarded as benhmark resultsfor our purpose.We follow the standard six degree of freedom onvention of sway being diretion 2,heave 3 and roll 4. The vertial oordinate is y as shown in the lower right part of Figure8.5. The linearized equations of motion are in heave and roll given as
(m+ A33) ÿG +B33 ẏG + C33 yG = F3,

(I44 + A44 + 2yGA42 + y2
GA22) θ̈ + (B44 + 2yGB42 + y2

GB22) θ̇ + C44 θ = F4,
(8.16)



94 Numerial fore alulationswhere I44 is the moment of inertia alulated around the enter of gravity xG = (xG, yG),that is, around the origin of the oordinate system 0x̃ỹ indiated in the lower right ofFigure 8.5. Aij and Bij are the added mass and damping oe�ients in the i'th degreeof freedom due to motion in the j'th degree of freedom. Cii is the sti�ness in the i'thdegree of freedom. The oupling terms between sway and roll, being the third, fourth,sixth and seventh terms in the seond equation of (8.16) appear sine the hydrodynamioe�ients Aij and Bij are alulated with respet to the 0xy oordinate system, and notwith respet to 0x̃ỹ.In steady-state, the ratio between the amplitude of the motion xa to the amplitude
fa of the exitation fore is for a linear damped mass-spring system given by the transferfuntion

xa

fa/c
=

1

1 − ω2a/c+ iωb/c
. (8.17)If we relate the equations of motion (8.16) to (8.17), the parameters a, b and c are given bythe added mass, damping and restoring oe�ients. For heave, a = m+A33, b = B33 and

c = C33. For roll a = I44 +A44 +2yGA42 + y2
GA22, b = B44 +2yGB42 + y2

GB22 and c = C44.The roll moment of inertia is taken as I44/(mB2) = 1/6. The restoring oe�ients are
C33 = ρgB and C44 = ρB3/12 + ρg(yb − yG), where yb is the enter of buoyany. In thepresent ase yG = yb.We investigate free heave for two ship setions of B/D = 2 and 4, and free roll fora ship setion of B/D = 2. We mention that we also attempted to investigate free rollfor a ship setion of B/D = 4, but due to the very small potential damping for this
B/D ratio (see Figure 3.17 in Faltinsen (1990)), we were not able to reah anywhere nearsteady-state around resonane within aeptable CPU times.The steepness of the inoming waves was small, with H/λ = 10−4. We emphasize thatit is the nonlinear wavetank we are verifying. With the small wave steepness used, weadopt the strategy of linear theory where we solve several sub-problems. First, the ship isrestrained to osillate and subjet to inoming waves. This provides the amplitude of theexitation fores or moments Fex. Next, the ship is subjeted to the same waves while freeto osillate in the hosen degree of freedom, providing the amplitude of the motion. Thisis performed for a range of wave frequenies from the small frequeny, sti�ness dominatedregime through the resonane and to the high frequeny, mass dominated regime.The dimensions of the nonlinear wavetank are shown shematially in the upper partof Figure 8.5. The still water depth was h = 2λ, providing deep water onditions. Tenwavelengths in front of the ship setion provided a su�ient amount of wave periods sothat steady-state ould be ahieved before re-re�etions from the wavemaker reahed theship setion. The damping zone started two wavelengths downstream of the ship setionand extended four wavelengths. This was through testing found to su�iently damp outthe transmitted waves. The spatial resolution was in all ases the same. NF = 300, with200 elements on the free surfae upstream of the ship setion and 100 downstream withinreasing element length along the tank. NB = 60 on the ship.The results are presented in three of the sub-plots of Figure 8.5. Convergene with re-spet to temporal resolution was performed, with Np = 40, 80, 120 and 160 time-steps perperiod. The results from the simulations are presented by markers, while the results fromusing (8.17) with the oe�ients obtained by the frequeny domain ode is representedby the solid urve. For �ve seleted frequenies the values of the transfer funtion from
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the present simulations are presented as funtion of temporal resolution 1/Np, nondimen-sionalised by those aquired from the frequeny domain ode, are presented in Figures8.6 and 8.7. The seleted frequenies are indiated in the �gure. The results indiate aonvergene rate approximately �rst order in time, as argued earlier in the hapter. Con-sidering that the spatial resolution is �xed, the results onverge rather niely for heave.For roll, it is lear that a su�ient number of time-steps per period is neessary aroundresonane in order to reah an aeptable level of error. We tried running these simulationboth with only K1 and K4 as well as with all Kj-terms inluded, with no di�erene. Thereason is the very small amplitude waves. The remaining terms introdue inauraiesand instabilities only when the steepness beomes appreiable.
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∆yG/D = 10−2 and zero initial veloity. In this study we use both the linear wavetankas well as the nonlinear wavetank. The results are ompared with digitized data fromtheoretial results on free deay presented by Yeung (1982).The parameters used in the present numerial simulations were idential for the linearand nonlinear wavetanks. The ship setion was loated in the middle position of thewavetank whih had length L/B = 50. The still water depth was h/B = 7.5. Thenumber of elements on the free surfae was NF=240 with half on eah side and a osinespaed variation with β = 0.5 (f. Equation (A.8)) and inreasing element size awayfrom the body. On the body the number of elements were NB = 120, with re�nementtowards the intersetion points, using also here β = 0.5. Two damping zones extendingfrom 10B away from the ship setion and to both tank ends were used. Several di�erent
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time-steps were used, ranging approximately from Np = 60 to 600 per �period�, with the�period� taken in the ase of this transient behaviour, as the time from the �rst to theseond positive peaks in the time-series of the vertial displaement. For values higherthan about 120, there was no visible hange in the behaviour. We also tried varying thearti�ial added mass term Ayy desribed earlier, and the behaviour proved insensitive tothe atual value, exept when exeeding about 20 times the body mass m. For Ayy = 0,the simulations broke down after �ve-six time-steps.The time-series of the vertial displaement of the retangular setion obtained by thelinear wavetank, nonlinear wavetank and from Yeung's theory are presented in Figure8.8. The omparisons are in general good. There are no nonlinearities predited by thenonlinear simulations on the hosen sale of the �gure. This is as expeted. There are,however, some disrepanies between Yeung's theory and our simulations, in partiulararound the two �rst negative peaks. We attempted to run simulations with several largerwater depths h as we suspeted that perhaps the initial wave front whih is indued at thetime of release, experiening �nite water depth in any �nite depth ondition, in some wayould ause the disrepanies, but the results seemed absolutely insensitive to variationin h beyond that used here. The disrepanies are, however, very similar to those notedby Yeung (1982) between the theory and model tests reported therein, in that ase for airular ylinder.With the good omparison to Yeung's theory and the numerial method proving in-sensitive to the hoie of Ayy, we feel quite on�dent that the heave damping propertiesare well desribed in the present numerial work.



98 Numerial fore alulations8.3.3 Mean drift foreIn the last ase of the veri�ation proess, we investigate the mean horizontal drift foresdue to inoming waves on �xed retangular ship setions of beam to draft ratios B/D = 2and B/D = 4. Knowing the inoming wave amplitude A as well as transmitted waveamplitude AT we may ompare with the analytial expression known as Maruo's formula,whih is orret to seond order in deep water,
F̄x =

1

4
ρg(A2 + A2

R − A2
T )

=
1

2
ρg(A2 − A2

T ),
(8.18)where AR is the amplitude of the re�eted wave and the overbar indiates mean value.We mention that in the ase of �nite water depth, a formula due to Longuet-Higgins is

Fx =
1

4
ρg
(
A2 + A2

R −A2
T

)
(

1 +
2kh

sinh 2kh

)

, (8.19)where k is as usual the wave number given by the linear dispersion relation (3.1).The wave steepness was in our numerial tests taken to beH/λ = 1/100. The wavetankarrangement in the numerial simulations is presented in the upper part of Figure 8.9, andthe spei�ations are as follows. The still water depth h = 2λ, i.e. deep water onditions.The total length is L = 38λ + B with the ship setion front 16λ from the wavemaker,and a downstream tank length of 22λ. The numerial beah starts at xd = 22λ giving arelatively long beah of length 16λ in an attempt to avoid re�etions from the transientwave front. The spatial resolution was taken quite high, with NF = 600 elements on thefree surfae, 400 upstream and 200 downstream of the ship setion. In the downstreampart the element size inreased along the tank aording to β = 0.6. The number ofelements on the ship setion was NB = 120, with a variation aording to β = 0.6 alongeah of the sides. 100 elements were used on the tank bottom. The number of time-stepsper period was Np = 120. We did not perform a systemati onvergene test, but foundthat the resolution needed in order to approah good solutions was higher than in the twoprevious ases validating linear quantities. This is perhaps not a surprise.Results from the simulations with the nonlinear wavetank by means of the normalizedmean fore are presented as a funtion of the sattering parameter kB in Figure 8.9. Themarkers represent the mean fores taken from a part of the fore time-series that seemedstationary. The values for A and AT was taken as steady-state values from the same partof the time-series and used in (8.18). These values are represented by the solid urves andindiated as �Maruo� in the �gure. Although the omparison is qualitatively quite good,there are notieable disrepanies. The disrepanies are small for small wavelengths, sayless than 2 - 3% for kB > 4. For 1 < kB < 4 the disrepanies are within 10%. For thesmallest sattering parameters, the relative error is large. However, the values are verysmall sine nearly all the wave energy is transmitted, as the long waves do not feel thepresene of the body. The disrepanies may be due to numerial errors in the estimatedamplitudes. Sine AT → A as kB tends to zero, only small errors in the wave amplitudeswill ause signi�ant relative errors in the mean fore as seen from (8.18).Reahing steady-state of the mean fore. Some e�ort was made to understandthe disrepanies more in-depth. Using the same arguments based on group veloity as
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100 Numerial fore alulationsabout 10 - 15 periods after the wave-train has reahed the position of measurement. Theamplitude of the seond order 2ω osillation was still inreasing about 40 wave periodsafter the wave-train had reahed the ship setion, and was at the end-time about 10% o�the theoretial value. Sine mean values may not undergo visual inspetion in the samemanner, we do not know whether this quantity also experiene a similar slow onvergeneto steady-state, but it is possible.The above disussion indiates that a time-domain fully nonlinear numerial wave-tank does experiene hallenges regarding nonlinear e�ets despite the seemingly straight-forward handling of these. However, in the appliation of the nonlinear numerial wave-tank used in the main part of the work related to a moored ship by a terminal as pre-sented in the next hapter, the sattering parameter is kB ? 2, a regime where the erroris thought to be aeptably low for our purposes.



Chapter 9Model testsAltogether four sets of model tests were performed during the present work. Two relatedsets were performed in September and November 2006, and another two related sets inApril and June 2008. In all four sets a two-dimensional retangular shaped ship setionby a bottom mounted terminal subjeted to waves was onsidered. In the 2006 tests a�xed ship setion with rounded bilges was used, while in the 2008 tests we onsidered amoored ship setion with sharp bilges. For onveniene we shall heneforth refer to theseas the September and November 2006 tests and April and June 2008 tests.In the September 2006 tests the aim was to investigate shallow water e�ets on thefores as well as the kinematis onsidering waves of full sale periods 6s - 15s. Theresulting fores and free-surfae kinematis ontained onsiderable nonlinearities assoi-ated with the shallow water. However, more interestingly the results suggested we wereapproahing a resonant behaviour of the �uid olumn in the terminal gap at the highestwave periods, and we deided to perform another set of tests around the natural periodswhih resulted in the November 2006 tests. Only the results from the November testshave thus far been published, see Kristiansen and Faltinsen (2009a).In the 2008 tests the ship setion was moored by horizontal, linear springs and therebyfree to move in three degrees of freedom, this time essentially in deep water. The purposewas two-fold, �rst to validate the numerial work involving solving the equations of motionin the nonlinear numerial wavetank, and seond to investigate resonant behaviour alsoin the more realisti ase of a moored ship as opposed to the �xed ship in the previousmodel tests. It turned out, however, that during the April 2008 tests the terminal, beingonly an unsti�ened and hardly horizontally supported 3mm aluminum plate had slightly�exed due to the hydrodynami pressure. This aused additional damping, and the modeltests had to be repeated. This resulted in the June 2008 tests. Results from the Junetests have been published in Kristiansen and Faltinsen (2009b).In addition, model test results from moonpool experiments performed in 2005 andreported in (Faltinsen, Rognebakke, and Timokha (2007)) were re-analyzed for furtherinvestigation of some rather surprising results reported therein. The model tests involvedfored heave of two surfae piering retangular setions in a wave �ume resembling thepresent problem of a ship by a terminal under the assumption of symmetry around themid-line of the moonpool. The re-analysis showed that the somewhat surprising resultswere aused by wave re�etions. The re-analyzed data have been published in Kristiansenand Faltinsen (2008).In the �rst three setions of the present hapter, we desribe the test set-up, test101



102 Model testsTable 9.1: Key parameters in the September 2006 model tests. Full sale and 1:70model sale. Full sale dimensions are based on a typial mid-ship setion of an LNGarrier.Quantity Term Full sale Model sale 1:70Beam [m℄ B 45.0 0.64Draft [m℄ D 12.0 0.17Bilge radius [m℄ r 4.2 0.06Water depth [m℄ h 16.0 - 20.0 0.23 - 0.29Bottom learane [m℄ d 4.0 - 8.0 0.06 - 0.12Terminal gap [m℄ b 15.0 - 22.0 0.22 - 0.32Periods [s℄ T 6 - 15 0.72 - 1.79Wave steepness H/λ 1/60 - 1/40 1/60 - 1/40onditions, some results and a disussion around soures of model test errors and itspossible in�uene on the results from the 2006 and 2008 tests. In the last setion wepresent the re-analysis of the moonpool tests.9.1 Fixed ship setion in shallow water - Sept 2006The nearly two-dimensional model tests of a �xed ship setion by a bottom mountedterminal subjet to inoming medium deep to shallow water waves were onduted in a26.5m long and 0.595m wide wave �ume at the Division of Marine Civil Engineering atNTNU. The �ume had plexiglas walls, and was equipped with a piston-type wavemakerfrom DHI with a paddle extending from the bottom. The wave paddle ontroller inludedan ative wave absorption system (AWACS). The system proved to e�etively damp outre�etions during the tests, and was useful also for damping out the waves in betweenruns. A paraboli beah was used at the far end as wave absorber during wave alibration.In this setion we �rst present the hoie of parameters in these model tests, nextdesribe the models, rigging and instrumentation, and last disuss soures of error and abrief look at some results. Results from the present model tests have not been publishedearlier.9.1.1 Model test overview - hoie of parameters and test ondi-tionsThe dimensions and environmental onditions used for the model tests were hosen basedon a mid-ship setion of a typial LNG arrier subjet to near regular waves of periodsorresponding to typial deep water wave spetra at sea. The full sale wave period rangewas T = 6s - 15s. LNG arriers typially have beam of B ≃ 45m, a beam to draft ratioas large as B/D ≃ 4, and a bilge radius of r ≃ 4m. In reality, bilge keels extend abouthalf the length of the ship, but these were not modelled. The bilges were rounded suhas to avoid �ow separation as far as possible, with the KC-number bringing relevaneto the problem. The water depths were hosen aording to typial water depths wereGravity Based Struture (GBS) type of o�shore terminals are to be installed, whih are
h ≃ 15 − 30m. The arrier is typially fendered out from the terminal with relatively
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 9.2: Two snapshot from the September 2006 tests. The ship setion is �xed andsubjet to waves entering from the right. The water depth is h = 0.23m.depth part was modelled, the �nite water depth waveheight H was that input to thewavemaker. The stroke of the paddle was then automatially found through the transferfuntion (3.4).9.1.2 The models, rigging and instrumentationThe ship setion was onstruted by steel plates of 1.5mm thikness. The setion wasonneted to a vertially adjustable steel rig through a six degree of freedom (dof) foretransduer. The fore transduer was onstruted by two horizontal 0.45m x 0.45m and1.5m thik aluminum plates onneted to eah other at six positions. The model and therig are shown Figure 9.2 and also in the lower part of Figure 9.3. The fore transdueris shown in the upper left part of the upper photo of Figure 9.3. The fore transduerprodued at MARINTEK was of high quality, but not very robust. Sti�eners were there-fore plaed in between the top and bottom plates when being moved during rigging and
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 9.3: Upper: Fore transduer (top left orner), �lter box (lower left orner),wave gauge ampli�er (middle) and fore ampli�er of type Hottinger MGCplus (right).Lower: Reinforement of the rig by two steel bars.transportation. Further, the model was loaded with weights in order to balane the buoy-any fore, suh that the fore transduer experiened a minimum of pretension. Thetransduer was mounted with its midline in the still water line, that is, 0.17m above thebottom of the model in order to minimize moments. Eah of the six onnetion pointsbetween the two plates were assoiated with a fore measuring unit, one in the transversediretion, two in the x-diretion and three in the (vertial) y-diretion, giving a total needof six hannels for logging. Total fores and moments were obtained by summation.Using a six dof fore transduer when a three dof is ideally enough for two-dimensionalmodel tests was a matter of availability. It proved, however, useful to measure transversefores due to some transverse sloshing in the wave �ume during the model testing.The terminal was fastened to the wave �ume frame by lamps, and loaded with about30kg of weights, as illustrated in Figure 9.1.A total of twelve wave gauges denoted by w1 - w12 were mounted for measurement
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 9.4: Shematis of the wave �ume in the September 2006 tests inluding the1:30 sloping bottom. See Table E.1 for positions of the wave gauges w1 - w12. Mid-shipposition is x = 18.30m as indiated. The terminal gap width b was varied by hangingthe position of the terminal.of free-surfae elevation. The loation of these are shown shematially in Figure 9.4 andlisted in Table E.1. The wave gauges were of standard apaitane type with two metalbars 1m apart, eah with diameter of approximately 1mm. The length of these rangedfrom about 35m to 46m. Manual alibration was done at least one per day, and exeptfor two of the wave gauges only very small drift was observed. The zero level and gainwas sensitive to temperature hanges, that is, when adding water or hanging the water,the drift was large until room temperature had been reahed. After ompletely re�llingthe tank, it typially took one day and night to reah a steady temperature, while theatual proess of �lling in itself only took about one minute. For wave alibration runs,all twelve wave gauges were used, whereas in the tests with ship setion only ten wereused in order to �t six fore hannels in the sixteen hannel �ltering box whih is shownin the lower left orner of the upper photo in Figure 9.2. The ampli�er reeiving the wavegauge signals is shown in the middle part of the same photo.The ampli�er of type Hottinger MGCplus reeiving the fore signals is shown in thelower right orner of the upper photo in Figure 9.2. The fore and wave elevation signalswere aquired at a sampling frequeny of Fs=200Hz, while the wavemaker signals wereby default aquired at 40Hz.9.1.3 Estimation of measurement error and observed artefatsAlthough we believe that the model test results in general were of fairly high quality, inour opinion, a areful identi�ation of possible soures to error with attempts to provideestimates of these is ruial. There are two kinds of error; random error and bias error.The random errors may be quanti�ed by repetition tests. Other means of investigationsare needed in order to identify possible bias errors. The proess of identifying possi-ble soures of bias error inludes ations suh as quantifying known limitations of theequipment, utilizing your own and others' experiene, �brain storming� as well as are-ful observation during the model testing. During the model testing, ontinuous e�ortswere hene made to observe and identify artefats of possible signi�ane to the results.



9.1. Fixed ship setion in shallow water - Sept 2006 107A summary of the possible soures of error and observed artefats with their assumedsigni�ane, quantitative or qualitative, is given in Table 9.2, and eah disussed in thefollowing.A paraboli beah, or any shaped beah, will not in general be a perfet waveabsorber. The strategy of suh a beah is induing wave breaking. This will neverremove all the energy in a wave. This is true in partiular for shallow water waves.In fat, a paraboli beah is basially a low-pass �lter. Therefore, some re�etion wasinevitable in the present tests. No quantitative analysis of the re�etion intensity hasbeen performed, although the available data would allow suh an analysis, but some non-negligible re�etion is expeted for the longest waves, say for T ? 1.5s. Wave re�etionsare typial examples of bias errors in model tests.Capaitane type wave gauges onsist of two parallel steel wires penetrating thefree surfae. Bias error is introdued through nonlinearity in the voltage reated, the sur-fae tension ausing the water to �limb� on the steel wires, also known as the menisuse�et, as well as drifting over time. A semi-quantitative estimate of that introdued bynonlinearity based on our experiene from daily alibration is in the present > 0.5mm.Drifting was kept under ontrol by daily realibration, and no signi�ant drift was ob-served. The menisus e�et is said to introdue an error in the order of the diameter ofthe steel wires. In our ase this would mean 1mm. However, based on our experiene itis muh less than that, perhaps an order of magnitude lower. This is shortly disussedlater in onnetion with the June 2008 tests. There, we did a short investigation usingwave gauges of di�erent diameters. Based on this we would say that the error introduedby the menisus e�et is negligible in the present ontext.A slight motion of the ship in the order of 1 - 2mm was observed during thetests with the longest waves. The motion was aused by that the rig was originallynot onstruted adequately sti� with respet to fores in the x-diretion. The mountingbrakets were plaed near the top of the rig impliitly indiating large moments. Thiswas mended by mounting additional steel bars to the rig at a lowest possible position asshown in the lower left piture in Figure 9.2. About half of the runs were made prior tothis remedy, but were not re-run. Another related e�et was an observed indentation ofthe ship side due to the hydrodynami fores exerted on the unsti�ened 1.5mm steel plateonstituting the ship setion. The indentation might have been in the order of 1 - 2mmas well. Whereas the motion of the whole model was of a rigid body harater, the lattere�et was a hydroelasti e�et. Assuming the ship motion was repeatable, this introdueda bias error. The measured fores may have been somewhat a�eted by the motion as wellas the indentation, but we have not investigated quantitatively the signi�ane. We alsomention that during a few tests the srews onneting the fore transduer (and henethe model), to the rig were loose, and a lear 6Hz disturbane was introdued in the foremeasurements due to the sudden jerky movements of the ship. These tests were re-run,however.Seihing is a low-frequeny osillation of the �uid orresponding to the �rst longitu-dinal eigenperiod of the basin, that is, a standing shallow water wave. This is in theoryalways triggered in any �ume or basin. Typially the standing wave has a very low ampli-



108 Model testsTable 9.2: Summary of possible error soures and their estimated or assumed signi�-ane in the September 2006 tests.Artefats Signi�aneBeah re�etions Non-negligible for longest wavesWave gauge random error > 0.5mmShip moved slightly (rig sti�ness) LittleIndentation of the ship side SomeSeihing NegligibleTransverse sloshing and glass wall gap Little (exept when T = 0.96s)Three dimensional e�ets near model Unknowntude, but results in �uid motion of possibly appreiable horizontal extent, i.e. it basiallyats as an osillating urrent. As the AWACS is based on wave elevation, the seihing wasnot e�etively damped out. It typially took 3 - 5min and sometimes loser to 10min toadequately damp out seihing following the tests with the longest waves. Osillating sheartype urrents, both in the vertial plane as well as in horizontal plane, were also observedto some extent, although of signi�antly smaller amplitude than that of the seihing. Theseihing and shear urrents were observed until almost vanished before starting a newrun, and any e�et therefore onsidered negligible.Transverse sloshing is the orresponding transverse standing wave of the �rst eigen-period in the transverse diretion of the �ume. With a breadth of 0.595m, the resonantperiod using the deep water limit of the dispersion relation is 0.87s. Transverse sloshingwas observed in partiular during the tests with wave periods T = 0.84s, 0.96s and 1.79s.For the latter wave period, the seond harmoni triggered the transverse instability. Theonset of transverse sloshing is a onsequene of the three dimensional instability inher-ent in wave trains as investigated theoretially in e.g. MLean et al. (1981). In ourase, the slightly three-dimensional �ow introdued e.g. by the gaps formed between thewave paddle and the glass walls would provide the neessary perturbation from pure two-dimensional �ow. In the measurements the transverse sloshing is manifested as a slightphase di�erene between the side-by-side mounted wave gauges, that is, between w8 andw9 as well as between w10 and w12, aompanied by a transverse fore of appreiablemagnitude for these periods on the model as seen in Figure E.1.Glass wall gap. The transverse fore must be seen in ontext with the 3 - 4mm widewater olumn in the gap between the model and the glass wall, hereby denoted by the glasswall gap. The gap was a matter of neessity in onnetion with fore measurements. Theship setion had to be denied any mehanial ontat exept through the fore transduer.Using a quasi-stati approah, the amplitude of the transverse fore due to the waterolumns in the glass wall gaps on eah side is Fz = 0.5ρgB ((D + AT )2 − (D −AT )2)where B = 0.64m is the beam, D = 0.17m the draft and AT the amplitude of the standingwave. As two examples, in tests 2120 (T = 0.96s) and 2130 (T = 1.08s), the amplitude ofthe linear fore was 4N and 13N, and this is ahieved if AT is 2mm and 6mm respetively.From visual observations and qualitative inspetion of wave elevation time series fromw8 and w9 in front of the ship these predited values of AT are probable. Although ofappreiable amplitude for some wave periods, the transverse sloshing is onsidered not to



9.2. Fixed ship setion with piston-mode resonane - Nov 2006 109have in�uened the other results signi�antly. For example, no transverse motion of theship setion leading to mehanial ontat with the glass walls oured.Slight tilt. Another three-dimensional e�et of unknown signi�ane was a slighttransverse variation of the distane b between the terminal and the ship of about 0.5m,due to a small mounting angle of the ship as seen from above. From video reordings weobserved slightly three dimensional kinematis in terms of higher modes in the terminalgap during the tests with the longest and steepest waves.9.1.4 Short disussion of the resultsThe results of the September model tests were not used further throughout the presentwork as our fous turned to resonant behaviour in general water depth rather than shallowwater e�ets, and an extensive analysis has therefore not been performed. However,following the testing ondensed results as well as all time series were inluded in a modeltest report. The ondensed results inluded steady-state values taken from steady timewindows of the time series of the �rst three harmonis, mean value as well as peak topeak values of the fores and the wave kinematis. A seletion of results are presented inFigure E.1.The repeatability proved to be good, even in some rather extreme test ases withtransverse sloshing indued. A seletion of results from the random error analysis of therepetition tests is shown in Figure E.2 where bars represent mean values from the �vetests in eah of the eight test groups as indiated in the test matrix, and diamonds andnumbers the orresponding standard deviation relative to the mean value in perentage.In general for all ases and all hannels, the standard deviation is less than 0.5% for the�rst harmoni, and for the seond and third harmonis in the ases with an appreiablemean value, below 3% and 10% respetively.9.2 Fixed ship setion with piston-mode resonane -Nov 2006The November 2006 tests were performed in order to investigate the resonant piston-modemotion in the terminal gap. The model test set-up was very similar to the Septembertests; the same faility, ship setion and terminal as well as equipment was used, exeptthe 1:30 sloping bottom had been removed and fore measurements were not made.9.2.1 Model test set-up and test onditionsA shemati overview of the set-up is presented in Figure 9.5 and pitures are shown inFigure 9.6. Expeting large �uid motions in the terminal gap in resonant ondition, theglass wall gap was attempted sealed with rubber bands at the expense of loosing foremeasurements. Wave elevation was measured at twelve loations, denoted by w1 - w12as before, but at slightly di�erent loations due to re-rigging. See Table E.1. New tothe November tests was video reordings by a high-speed amera aquiring images withresolution 1280×1024 at 200Hz, as well as video by an ordinary digital amera.
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h/B b/B ǫ1 = 1/170 ǫ2 = 1/115 ǫ3 = 1/70Case 1 0.625 0.34 x x (x)Case 2 0.45 0.34 x x -Case 3 0.45 0.17 x x -Repetition tests were not performed in the November 2006 tests, as good repeatabilitywas found from the September 2006 tests.9.2.2 Wave generation apabilityAnalysis of the results from the wave alibration tests after performing the model tests,showed a disrepany between the theoretial and ahieved waveheight given by the wave-maker stroke an the Bièsel transfer funtions (3.4). Although (3.4) is based on lineartheory it should adequately desribe the situation at least in the majority of our regime
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 9.6: November 2006 model tests. Left: Model test set-up. Terminal seen to thefar left. Clay and rubber bands were used to seal gap between glass wall and models.The blak loths redued re�etions when aquiring high-speed photos. Right: Sampleof high speed amera.
of periods and steepness. This introdued a pratial problem when attempting to repro-due the model test results using the reorded wavemaker signal as input to the numerialwavetank. Some e�ort was made in order to understand the disrepany, inluding re-visiting the laboratory, heking wave gauge alibrations and manually measuring thepaddle stroke in order to hek the reorded wavemaker signal. No negative observationswere made in this respet. One question was why the DHI software ame with an op-tion �ampli�ation fator� ontrolled entirely by the user. In the urrent model tests, thewavemaker signal was multiplied by a fator of 1.28 in all tests, with its hoie based onone single wave alibration test from the beginning of the model tests without furtherthoughts on the matter. Our post-proessing analysis showed, however, a signi�ant vari-ation between the tests, with an ideal value for the ampli�ation fator being betweenabout 1.05 to 1.35, depending on all parameters h, H and T . A phone all to DHI revealedthat in general, and in partiular for shallow water wave �umes, the desired waveheight isnot ahieved using (3.4) only, thereby for pratial purposes allowing for a user spei�edampli�ation fator (or alibration fator) depending on the atual test ondition. Thephone all was followed by a literature searh, and a disussion of the wave generationapability of a paddle wavemaker was found in Madsen (1970). They analysed the �owdue to leakage around the sides and bottom of the paddle and found this to explain mostof the observed disrepanies between wavemaker theory and their model tests. The wave�ume was in those model tests similar to that used in the present model tests, and withsimilar gap width of about 0.5m between the paddle and the walls and bottom of thetank. A more general disussion of the problem is given in Hughes (1993) with the on-lusion that the wave generation apability of the wavemaker is in general less than thatpredited by two-dimensional potential theory, and dereases in pratie with dereasingwater depth. The disrepany is, however, signi�antly redued when sealing the gapsbetween the paddle and the walls and the �oor. Intuitively, letting ω → 0, e�etively al-lowing the free surfae to at as a rigid lid, the �uid will prefer �owing through the gaps.A pratial impliation is that when reproduing the wave in a two-dimensional numerial



112 Model testswavetank, the wavemaker signal must be adjusted aording to this ampli�ation fator.This disussion also in prinipal applies to the September tests, but as these were notequally in-depth analysed nor the results ompared to numerial simulations, this was notan issue.Note that the purpose of the November model tests was to investigate the resonanein the terminal gap, so the main fous was on the exitation period, and not on the exatshape of the waves. When disregarding the AWACS, the paddle motion was harmoni,so waves of permanent shape, or Cnoidal waves, were not generated. The waveheightis therefore not uniquely de�ned as the wave may have typially two loal minima perperiod, basially due to free traveling seond order waves, but it is hereby de�ned as thevertial distane from the minimum to the maximum free-surfae elevation during eahperiod.
9.2.3 Short disussion on error souresThe same disussion on soures of error and their estimated signi�ane to the resultsapplies here as in the September tests. We do, however, make some further remarks onthe possible three dimensional leakage e�ets around the ship setion in light of the abovedisussion on redued wave making apability. Also, we emphasize the possibly signi�antin�uene from de�etions of the side of the ship setion on the piston-mode amplitude inresonant onditions. The de�etions ourred also in the November 2006 tests.The gap between the glass wall and the ship setion was sealed with rubber bands andlay along the vertial sides of the ship setion. The horizontal part was not. Leakage-likebehaviour thus oured along the horizontal part of the ship model, where the dynami�uid pressure in the area below the ship setion reated �uid motion in the glass wall gap.Although the sealing of the vertial parts signi�antly redued the �ow in the glass wallgap, leaving the horizontal part open only partly gave the desired sealing e�et. Thinkingin terms of this being in reality a passive wavemaker by means of re�eting waves, thesame gap e�ets as those disussed with regard to the wave paddle may have been ofrelevane.We believe that a more important soure of error was introdued by the ship sidede�etions. This was most likely rather insigni�ant in the September tests as the on-ditions were not resonant. However, in ase of resonant piston-mode motion, this mostprobably ated e�etively as a damping. This matter is disussed in detail, and quan-titative analysis performed, in onnetion with the model tests of a moored ship in thenext setion. There, small de�etions of the terminal was in fat the reason for re-runningthose experiments. We have not made a quantitative analysis of the possible e�ets on theresults from the present model tests. But disrepanies with respet to linear and nonlin-ear simulations of approximately 20 - 25% around resonane as presented in our studieson resonant behaviour in Setion 10.1 indiates a possible e�et. The KC-numbers indi-ate that �ow separation may have oured to some extent around resonane, but thenan e�et of wave steepness should have been more pronouned than that found. Morethorough disussion on this matter is presented there.
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9.3. Moored ship setion in resonant motion - April and June 2008 115Table 9.4: Relevant measures of moored ship setion model tests. The tank length Lis the distane from the �ap top, i.e. the intersetion between the wavemaker �ap andthe free surfae in still onditions, to the terminal. The water depth range indiate aslight variation along the �ume, assumed negligible for the present model tests.April 2008 tests June 2008 testsTank length L (from �ap top) 9.40m 9.515mTank width (transverse) 0.60m 0.60mWater depth h 0.880m - 0.882m 0.880m - 0.882mInitial forward tilt angle wm �ap 4.3deg 5.5degShip setion breadth B 0.40m 0.4mShip setion draft D 0.099m 0.10mShip setion width lw 0.595m 0.590mShip COG yG (above still water line) 0.034m 0.025mShip roll moment of inertia I 0.21kgm 0.31kgmSpring sti�ness (4 springs) 21.95 - 22.30N/m 21.95 - 22.30N/min voltage along with desired wave frequeny, and the �ap motion had a sudden start-up, i.e. no initial ramping period, and also a sudden stop taking the �ap bak to zeroposition. Although parasiti disturbanes were hene reated, steady-state was in ouropinion adequately reahed during all the tests within the range of periods tested. Inthe June tests a signal in voltage was produed a priori, and we used a linearly varyingstart-up during the �rst three seonds and a similar ramp down by the end of the signal.The smooth ramp down helped avoiding rather large transients to be generated, pratialwith respet to redued waiting time in between tests. Unfortunately there was no ativewave absorption implemented on the wavemaker system, and slow dissipation of the �uiddisturbanes in between runs was experiened as expeted. A alm free surfae was ingeneral reahed after about 7 - 12 minutes, with the longest waiting time for the shortestwave tests with the ship hardly moving, ating as a total re�eting wall, and shortestaround resonane where the ship motion aused damping.For all tests, the reording time was one minute, with re-re�etions from the wavemakerreahing the ship setion within that amount of time.The test matrix for the June tests is presented in Table E.4, where hyphens indiaterepetition tests. The test program inluded two terminal gap widths of b = 0.08m and
b = 0.06m, 16 wave periods and two wave steepnesses ǫ1 = H/λ ≃ 1/170 and ǫ2 = H/λ ≃
1/85. We group the tests into two ases denoted by Case A and B with the spei�s givenin Table 9.5.Table 9.5: Spei�s of the two ases denoted Case A and Case B in the June 2008model tests. Here, ǫ = H/λ. The water depth was h/B = 2.2.

b/B ǫ1 ≃ 1/170 ǫ2 ≃ 1/85Case A 0.2 x xCase B 0.15 x xThe same two terminal gaps and range of wave period and steepness were used in theApril tests. We do not report the exat test matrix here. The test onditions were then



116 Model testsdetermined more or less ad-ho during the testing, with the eigenperiods estimated fromfree deay tests of the ship setion in the initial phase of the testing sine no simulations orother estimates had been done prior to the testing for that partiular geometry. We believea proper investigation of the system to be tested prior to model testing is important. Thead-ho proedure followed in the April tests are not, in general, reommended. It was,however, a question of availability of the laboratory whih was very limited in time andsomewhat earlier than originally planned.One the test set-up was ompleted, meaning the weights inside the model was prop-erly positioned, the spring arrangement �ne-tuned, wave gauges positioned and sensibleamera arrangements inluding adequate lighting found, the atual testing went quitesmooth. For the June tests we spent about one week for the set-up while three daysompleting the test runs, inluding the repetition tests. In the ases of more than onerepetition, the repetition tests were run both just before and just after eah of the fourtest series, meaning the repetition tests were basially run over 4 - 5 hours, and shouldtherefore inlude any drift in the gain of the instrumentation. The drift was aording tothis argumentation found to be small, and any observed variability of signi�ane ausedby other fators.9.3.2 Rigging and instrumentationA desription of the rigging of the ship setion and terminal as well as instrumentationnow follows.Ship setion, moorings and terminal. The ship setion used in the June testshad only slightly di�erent measures relative to that used in the April tests. The measuresare given in Table 9.4. They both onsisted of painted bloks of diviniell (ompressedfoam) that were hollowed out. A 4mm aluminum plate was used as lid for the ship setionmodel. Two photos of the ship setion from the June tests are shown in the upper part ofFigure 9.9. Weights were positioned inside the ship setion for orret draught, positionedsuh as to give a somewhat realisti roll moment of inertia I44. The roll moment of inertiaas well as the enter of gravity yG were, as is usual, alulated by summation of weights to
I44 = 0.21kgm around COG, and yG = 0.034m above the still water line in the April tests,whereas I44 = 0.34kgm around COG, and yG = 0.025m above the still water line in theJune tests. A ertain level of pith and yaw moment of inertia was found to be importantwith respet to stability in those modes suh as to avoid mehanial ontat with theglass walls due to transverse disturbanes. In the preliminary stages of the testing thiswas not onsidered. The weights were positioned near the mid-ship position only, leavingthe model prone to in partiular yaw motion under minor disturbanes. The impliationwas that mehanial ontat ourred between the ship setion and the glass walls. Theproblem was remedied before the atual testing started by re-distributing the weights,hene ahieving higher moments of inertia in pith and yaw. These two quantities werenot measured or alulated, but found during model testing large enough for the shipsetion model to be stable.The mooring arrangement was as simple as possible, onsisting of four horizontallinear springs with two on eah side of the ship setion �xed 20m apart for stability inthe transverse diretion. The distane from the ship side to the onnetion between thesprings and the extending rope, denoted by ls in Figures 9.7 - 9.8 was ls = 0.62m in
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 9.9: Pitures from the 2008 moored ship setion model tests. Upper: The Junetest set-up. Lower: unsti�ened terminal from the April tests (left), and the sti�enedand supported terminal from the June tests (right).the ase of terminal gap width b = 0.06m and extended by 2m on eah side in the aseof terminal gap width b = 0.08m. There was a variation of the spring sti�nesses of thefour springs of about 1.5%, and the length at rest with about 3.5%. Given their slightlyunequal properties we hose pairs as equal as possible in order to obtain transverse springfores and moments on the ship setion at a minimum. The total pre-tension in eahspring pair was 16.3N in the ase of terminal gap width b = 0.06m.As will be disussed somewhat further below, the ship setion preferred a positionlose to either of the glass walls, hoosing one or the other side aording to only smallperturbations of the position of the far end mounting point of the springs. Based onobservations the model kept that side during an entire test, and further, no mehanialontat between model and wall did, aording to our observations, our.The terminal is depited in the two lower pitures of Figure 9.9 and presented shemat-ially in Figure 9.10. The terminal was in fat the same as that used in the �xed shipsetion tests of 2006, but desribed in more detail here. The terminal onsisted of threemain parts; a vertial aluminum plate of 3mm thikness, 0.595m width and 0.90m height
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9.3. Moored ship setion in resonant motion - April and June 2008 119Table 9.6: Instrumentation in April and June 2008 model tests. Positions and relevantspei�s of instrumentation of the moored ship setion model tests. Dw means diameterof the wave gauge wires. Range indiates the maximum measurable aeleration of eahaelerometer where g is the aeleration of gravity. Position of aelerometers are pairsof transverse/longitudinal distanes relative to the lower left orner of the ship setionas seen from above when keeping your head pointing along the inoming wave diretion.Text in brakets indiate from where the distane is measured.April tests June tests
Dw[mm℄ Position [m℄ Dw[mm℄ Position [m℄w1 4.0 2.232 (�ap top) 1.5 2.345 (�ap top)w2 4.0 ≃ 5.1 - 5.18 (�ap top) 1.5 �w3 4.0 0.62 (terminal) 4.0 3.42 (�ap top)w4 4.0 0.025 (terminal) 4.0 0.624 (terminal)w5 - - 4.0 �w6 - - 4.0 0.037 (terminal)w7 - - 4.0 �Range Position [m℄ Range Position [m℄

ax1 100g (0.217 , 0.20) 20g (0.172 , 0.20)
ax2 - - 20g (0.418 , 0.20)
ay1 100g (0.2975 , 0.20) 20g (0.295 , 0.345)
ay2 100g (0.2975 , 0.271) 20g (0.295 , 0.20)
ay3 - - 5g (0.295 , 0.055)Freq. [Hz℄ Resolution Freq. [Hz℄ ResolutionHS 100 1280×1024 bw 100 1280×1024 bwIxus 32 640×400 32 640×400Casio - - 60 6Mpmentation is given in Table 9.6. Wave elevation was measured by apaitane type wavegauges, four in the April tests and seven in the June tests, while ship motion was mea-sured by aelerometers mounted on the aluminum top plate, three in the April tests and�ve in the June tests. The diameter of eah wire of the wave gauges was for the mainpart 4mm, exept for w1 and w2 in the June tests having a diameter of 1.5mm in ane�ort to investigate the in�uene from wire diameter on the menisus e�et, that is, theharateristi urved �uid surfae at the intersetion between the �uid and the wire dueto surfae tension. We were not able to detet or onlude on any measurable di�erenebetween wave measuring apability of the 1.5mm and 4mm diameter wave gauges in ourtests based on pre-tests with wave only using �rst the 4mm diameter wave gauges as w1and w2.In the April tests two aelerometers in the vertial diretion gave heave and roll, whileone in the horizontal diretion gave sway. The aelerometers used in the April tests hadmaximum range of 100g, far beyond the aelerations experiened in our tests whih wasin the order of 0.1g, and typially showed drift of some signi�ane during a single run.Signi�ant low-frequeny noise disallowed measurements of the slowly varying motion aswell as the mean drift in sway. Also, noise in the wave period range gave, when integratedtwie to motion, approximately 0.5mm amplitude motions. Further, notieable zero driftduring one single run was observed, and although �ltered out in the post-proessing, we
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 9.11: Two examples of photos from the high-speed (HS) amera apturing theterminal gap kinematis. Number marks are in entimeter. Resonant ondition ofoupled ship and piston-mode motion. Free surfae at lower (left) and upper (right)position during a wave period.felt that the equipment was somewhat improper. The three 100g aelerometers weretherefore hanged with one 5g and four 20g aelerometers for the June tests. Althoughmuh more stable during the test period as well as with hardly any drift during a run,the low-frequeny noise still disallowed diret integration to motion without band-pass�ltering, and the noise in the wave frequeny range was also for these about 0.5mm. Thismeant that e.g. roll less than 0.5deg was dominated by noise. In the tests with wave periodbelow about 0.8s, the roll was based on visual observations from video reordings, wellbelow 0.5deg, and therefore in reality not measured. Other measuring tehniques ouldhave been hosen, suh as optial systems, in order to redue noise as well as getting thelow-frequeny and mean sway position, but this type of equipment was not available. Afore ring onneted to the spring arrangement was used in the April tests, and would inpriniple give ombined mean roll and sway, but too muh noise preluded also this signal,and the fore ring was not used in the June tests. However, we believe the wave frequenymotion was aptured satisfatorily well by the aelerometers used, in partiular those ofrange 5g and 20g.Flow visualization. Three di�erent ameras with slightly di�erent purposes wereutilized during the tests, denoted here as the high-speed (HS) amera, the Ixus and theCasio.First, the wave kinematis and ship setion motion in the terminal gap area was ap-tured by a high-speed amera with frequeny hosen at 100Hz and resolution 1280×1024giving ti�-images in blak and white. Two examples of HS images are presented in Figure9.11. The model and glass wall were both marked with grids so that both ship motionand terminal gap elevation were monitored in detail. We mention that a white plate po-sitioned laterally, that is on the bak side of the wave �ume relative to the amera side,was found essential with respet to setting the lighting for lear high-speed photos. Withno suh bakground plate, or dark bakground, the free surfae was not aptured well.
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 9.12: Attempts to apture vortial strutures using a green olour mixed inthe water. HS amera (left image) and Casio amera (right photo). One may vaguelyobserve a vortex just below the ship orner of approximately 2m extent.Seond, the whole set-up was aptured by a standard digital amera of type CanonIxus 60 for a more qualitative observation of the global behaviour of the system.Third, a Casio Exilim EX-F1 amera able to reord a total of 60 olour images over oneseond with resolution of 6Mp along with powder providing green olour (bottle labeledFluoresenium Natrium) mixed in the tank was used in an attempt to apture vortialstrutures. This turned out not to be suessful to any satisfatory degree. The high-speedamera was also used during repetition runs by the end of the model testing in furtherattempts to study the �ow separation. The green olour was hardly visible on the blakand white high speed photos using the white bakground due to the light appearane ofthe oloring, something a blak bakground improved. The green olour was, however, ingeneral too evenly distributed throughout the �uid, so any lear vortial strutures werein general not aptured. We therefore tried mixing the olour with syrup and/or honey,stiking a lump on the ship orner just prior to a run using a ruler, resulting in relativelyniely visualized vorties during the initial stages, but dissolving almost ompletely beforeany steady-state motion was reahed. An example from the Casio amera with whitebakground and one from the high-speed amera with dark bakground, both in steady-state onditions, are shown in Figure 9.12. Although nearly dissolved, the olouringindiates some vortial strutures of about 2m extent just below the ship setion orner,in partiular in the high-speed photo.We onlude that the free surfae and ship motions were aptured well by the ameras,while the �ow separation not so well.9.3.3 Main di�erenes between April and June testsIn Table 9.7 we summarize the main di�erenes between the April and June tests withpossible improvement indiated in the right olumn. We have already touhed upon mostof these through the above desription of models and test set-up, but still dwell somewhaton this matter to emphasize the importane of taking previous experiene into aountwhen designing experiments.The main and deisive improvement in the June tests relative to the April tests was



122 Model testsTable 9.7: Main di�erenes between the June and April tests. Potential improvementsare indiated in the right olumn. The main improvement in the June tests relative tothe April tests was that the terminal was thoroughly sti�ened and supported.April tests June tests ImprovementTerminal plate Sti� and supported Unsti�ened Yes - majorNo. of wave gauges 4 7 YesCalibration First day only Eah day YesNo. of a.meters 3 5 SomeWavemaker signal Abrupt start-up Smooth start-up SomeTest program ad-ho Planned SomeTerminal sealing Top 30 - 40m All boundaries LittleHS Lighting No bakground White bakground LittleShip setion marks Tiks 2m x 2m grid LittleModel length 0.595m 0.590m Unknownby all means the sti�ening and support of the terminal. Two other improvements notregarded ruial, although still providing results of what we believe is somewhat higherin quality than in the �rst tests were that (1) three pairs of wave gauges in side-by-sidearrangements allowed identi�ation of transverse osillations, and (2) the wave gaugesand the aelerometers were alibrated eah morning. Also, a new set of aelerometerswhih proved to have less drift, and with a redundany of one in eah diretion, gave moretrustable body motion measurements. For example, alulating roll using three di�erentombinations of the vertially positioned aelerometers gave di�erenes only within 1-2%.As far as the wavemaker motion goes, a smooth wavemaker start-up is onsidered animprovement in partiular with respet to reprodution by a numerial wavetank, avoidingtransients of non-smooth harater.Following a well de�ned model test plan is onsidered an advantage as opposed tothe approah of more or less ad-ho type of testing. It is on the other hand of oursethe danger of being biased towards the aquired results when expeting ertain results.We feel, though, that we have treated both sets of data neutrally during the testing andpost-proessing.Proper sealing of the terminal intersetions with the �ume bottom and walls is regardeda deent ation, although the deep water onditions and relatively small gaps wouldindiate very small leakage in any ase below about 30 - 40m from the free surfae.Improved image quality in terms of better lighting as well as grid on both the ship andthe glass wall provided an opportunity to qualitatively double hek both the ship setionmotion and the free-surfae elevation in the terminal gap, in partiular the former.Lastly, a 0.5m shorter length of the ship setion lw (in the transverse diretion of thewave �ume) may have redued possible, yet quite unlikely, glass wall frition. By glasswall frition we mean the shear fores ating on the ship setion due to the boundary layer�ow in between this and the glass walls. On the other hand, it did most likely introdueadditional three-dimensional e�ets, therefore the indiation �unknown� in Table 9.7. Bythree-dimensional e�ets we mean the following. In the April tests the setion length was0.595m, leaving a 2 - 3mm gap between the ship setion and glass walls on eah side, whilein the June tests there was a total gap of about 1m. The fritional fores were in theApril tests a priori estimated using a Stokes seond problem approah. In Stokes seond
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124 Model testsexperiments is �rst substantiated by estimates using beam theory on a horizontal strip ofthe terminal. The atual �exing and its e�et of reduing the amplitude of the resonantship and piston-mode motion is next modelled by use of the nonlinear numerial wavetank.We assume that the terminal plate is free at the ends towards the wave �ume wall,that is, neglet the sti�eners onneting the vertial and horizontal aluminum plates.We further assume a uniform hydrodynami pressure over the breadth and onsider ahorizontal strip at the top of the terminal. The maximum de�etion is then given by
wT = (5/384)ql4/EI, where for aluminium E = 0.7 · 105MPa, I = t3/12 with t = 0.003mbeing the plate thikness, l = 0.6m the breadth of the tank and q = p× 1 is the pressuretimes a unit setion. The bak of the plate was wetted, suh that the net pressure atingwas the dynami pressure in the terminal gap, and we estimate q from the amplitude ofthe dynami pressure near the free surfae ρφt ≃ ρgAg. As de�ned earlier in the text, Agis the amplitude of the piston-mode motion. As an example, for one test near resonanewith Ag ≃ 9mm, meaning ρφt ≃ 100Pa, we get that the de�etion amplitude would be
wT ≃ 1mm, whih orresponds well with that observed. The averaged de�etion over thebreadth is then 2wT/π ≃ 0.64mm whih is about 7% of the piston-mode motion.Next, we assume the plate de�etion to vary linearly along its height as indiated inFigure 9.10, with de�etion wT at the top due to the dynami pressure ating there, andzero at the bottom. Sine the range of wave periods was away from that providing anyplate dynamis, we may further safely assume the plate de�etion to have been quasi-stati. This means we may express the plate de�etion as w(y, t) = wT (1 + y/h), with
wT = aζg The fration a is hosen based on observation and the above estimates of thede�etion. The time derivative of w serves as body boundary ondition (2.5) along theterminal, i.e. ϕn = −ẇ in the numerial wavetank. Examples of terminal gap elevationtime-series from running the nonlinear numerial wavetank is shown Figure 9.13. Flowseparation is not inluded. In the �gure, the thin solid urve orresponds to no de�etionof the terminal, and the other two urves orresponds to de�etions of wT = 0.05ζg and
wT = 0.1ζg. The e�et of the de�etion is signi�ant. Although steady-state is notreahed, the results indiate that the terminal gap amplitude is redued to about 60%and 30% of that without de�etion in the two ases respetively.Condensed results from both the April and June tests by means of steady-state termi-nal gap amplitudes normalized by the amplitude of the inoming wave is shown in Figure9.14. These show that the near resonane amplitudes of the April tests were about 60% ofthose in the June tests. This fration of about 60% orresponds well with the numerialresults ombined with the estimates and observations of the �exing amplitude.The above disussion provides lear evidene of the signi�ant redution e�et of a�exible terminal. We onlude that emphasis must be made on modelling boundariesthat are supposed to be �xed and solid thoroughly sti� when investigating resonanephenomena.Last, we suggest that this e�et ould also be utilized in pratie in design. Forexample, a plate hinged near the bottom of a terminal or inside a moonpool, allowedto under-go quasi-stati motion might be an e�etive devie to redue motions aroundresonane. The spring e�et ould be ahieved for example by plaing piees of rubberor similar between the hinged plate and the terminal. The onept is based on a passivesystem, meaning no ative ontrol is needed.
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√

g/B, where ω is theirular frequeny, rather than Λ = ω2L1/g. Rede�ning the harateristi length andnondimensional frequeny is purely a matter of providing onsistent presentation relativeto the other studies in the present work.Table 9.8: Spei�s of the three ases denoted Case I - III in the moonpool modeltests. ǫ = η3a/B is nondimensional fored heave amplitude. The still water depth was
h/B = 2.86.

B/D b/B ǫ1 = 1/144 ǫ2 = 1/72Case I 2 0.25 x xCase II 1.33 0.25 x xCase III 2 0.5 x -



9.4. Moonpool tests brie�y reapitulated 1279.4.2 Wave re�etionsInvestigations of time-series showed lear indiations of wave re�etions in the wave �ume,both from the beah side and from the wavemaker side. It seems that neither the wave-maker absorption system nor the beah was able to properly damp out waves radiated bythe fored heave motion, and we speulate that this was due to the very low wave steep-ness, typially H/λ ∼ 1/1000 − 1/300. As far as the beah goes, the waves will refuse tobreak at suh low steepness, and for the wavemaker, the indued fores were perhaps ina lower range than the working range. The authors are not aware of the working rangeor the atual funtionality of the absorption system of the wavemaker.The existene of re�etions is best illustrated by a few examples. In Figure 9.16 thetime-series of w3, w10 and w11 from four tests (a-d) are presented. We denote the timeinstants when the wave train fronts are, roughly, to return from the two extremes of thetank by Tr1 = 2l1/Cg and Tr2 = 2l2/Cg. The Hilbert envelopes, low-pass �ltered at 1Hz,re�eting the energy in the signal, are superimposed as solid urves enlosing the timehistories, and the time instants t = Tr1 and t = Tr2 are indiated by dash-dotted vertialbars. The solid vertial bars denote the time window used for estimation of the �uidelevation amplitudes. The spurious behaviour in the very beginning of eah signal is dueto band-pass �ltering, and does not a�et the following observation.If there are no asymmetries inside the moonpool, the radiated waves to eah sideshould evolve equivalently. This means that, given a symmetri behaviour of the �uid inthe moonpool, the measured signals from w10 and w11 should be the same. From visualobservations during the testing (oral ommuniation) and from movies of the free surfaeelevation reonstruted using the signals from w1 - w5, there were no asymmetries in themoonpool of signi�ane. This means that any disrepany beyond measurement au-ray between w10 and w11 must be a onsequene of re�etions. Signi�ant disrepanybetween the signals from w10 and w11 is indeed observed in several ases suh as that inFigure 9.16(). We therefore onlude that re�etions did our at least in this test takenfrom Case III, but most likely in all tests to some extent. Modulations of the amplitudesour around Tr2 whih is a lear indiation that waves re�eted from the beah side isthe ause of the strong modulations in the partiular test shown in Figure 9.16(). A on-sequene of the re�eted wave is an altering of the �uid behaviour also in the moonpoolwith a resulting lowering of the amplitude as seen from the bottom time-series of w3.In Figure 9.16(d), the di�erene between w10 and w11 is not pronouned, but smallamplitude modulations in w3 around both t = Tr1 and t = Tr2 are observed. In Figure9.16(a) and (b) whih are from Case I and Case II, there are some visible modulationaround both Tr1 and Tr2, although very small.We onlude that wave re�etions of some signi�ane oured in Case III, while inCases I and II, re�etions did our, although not that signi�ant. This is taken intoaount in our study on resonant piston-mode motion due to fored heave in the nexthapter.
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√
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√
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√
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√

g/B = 0.872. The Hilbert envelope re�etingthe energy in the signal is superimposed.



Chapter 10Studies on resonant behaviourIn this hapter the results from our studies of a ship setion by a bottom mounted terminalin resonant onditions are presented. The studies are presented within the �ve setions ofthe present hapter. The �rst three setions represent the main work that inludes bothexperimental and numerial results. Most of these results have already been published overthree papers. The two last setions inlude numerial studies only, and are onsidered assupplement for the three preeding main studies. Results from these have not previouslybeen published. A summary of the studies with main partiulars is presented in Table10.1. We further summarize the studies as follows.In Setion 10.1, a study on a �xed ship setion with rounded bilges by a bottommounted terminal subjeted to inoming shallow water waves with fous on the piston-mode resonane is presented. The rounded bilges were suh as to avoid �ow separation asfar as possible. The numerial part of the study involves simulations from both the linearwavetank as well as the nonlinear wavetank without �ow separation. The results are om-pared with experimental results from the November 2006 model tests performed withinthis work as reported in Setion 9.2. The majority of the results have been published inKristiansen and Faltinsen (2009a).In Setion 10.2, a study on fored heave of a ship setion with sharp bilges by a bottommounted terminal with fous on the e�et of �ow separation on the amplitude of the pistonmode near resonane is presented. The numerial part of the study involves simulationsfrom both the linear wavetank as well as the nonlinear wavetank with and without �owseparation. The onsidered ase is equivalent to that of a moonpool, and the resultsare ompared with experimental results from the moonpool tests brie�y reapitulatedin Setion 9.4. The results have previously been published in Kristiansen and Faltinsen(2008).In Setion 10.3, a study of a moored ship setion with sharp bilges by a bottommounted terminal with fous on the e�et of �ow separation on the resonant oupled shipand piston-mode motion is presented. The numerial part of the study involves also heresimulations from both the linear as well as the nonlinear wavetanks with and without �owseparation. The results are ompared with experimental results from the June 2008 modeltests performed within this work as reported in Setion 9.4. The results have previouslybeen published in Kristiansen and Faltinsen (2009b).In Setion 10.4 we present numerial results of fored sway motion with otherwise thesame set-up as in the work on fored heave reported in Setion 10.2. This work involvessimulations from both the linear wavetank as well as the nonlinear wavetank with �ow129



130 Studies on resonant behaviourTable 10.1: Overview of the studies presented in Setions 10.1 - 10.5. By �Wave� foringwe mean inoming waves generated by a wavemaker.Setion: 10.1 10.2 10.3 10.4 10.5Ship setion Fixed Fored Moored (as 10.2) (as 10.1)Foring Wave Heave Wave Sway (as 10.1)Flow separation No Yes Yes (as 10.2) YesModel tests Nov. 2006 �Moonpool� June 2008 - -Water depth Shallow Deep Deep (as 10.2) (as 10.1)
B/D 3.76 1.33 - 2 4 (as 10.2) (as 10.1)
h/B 0.45 - 0.625 2.86 2.2 (as 10.2) (as 10.1)
b/B 0.17 - 0.34 0.25 - 0.5 0.15 - 0.2 (as 10.2) (as 10.1)
r/B 0.09 0 0 (as 10.2) 0 - 0.014

B [m℄ 0.64 0.36 0.40 (as 10.2) (as 10.1)
T [s℄ 1.3 - 2.8 1.0 - 1.7 0.6 - 1.0 (as 10.2) (as 10.1)separation. In Setion 10.5 we study numerially the e�et of �ow separation on thepiston-mode resonane for a �xed ship setion by a bottom mounted terminal subjetedto inoming waves, with the same set-up as that reported in Setion 10.1. We presentnumerial results involving simulations from both the linear as well as the nonlinearwavetanks with �ow separation, and the ship setion bilges are modelled both as sharpand with a �nite urvature with �xed separation point.10.1 Fixed ship setion by a bottom mounted terminalWe now present and disuss the results from our �rst main study involving a �xed shipsetion with rounded orners by a bottom mounted terminal. The ship setion and ter-minal are subjet to inoming regular waves with wave periods around the piston-moderesonane period Tp. The study is based on the November 2006 model tests desribed inSetion 9.2, and the partiulars of the geometry and wave onditions are desribed there.Before we proeed, we want to make the following three remarks. First, the relativelyhigh piston-mode resonane period Tp implied rather shallow water waves (h/λ0 < 1/10),with whih one will typially assoiate large nonlinearities in the inoming waves. We doobserve lear nonlinearities assoiated with the shallow water waves on the wave kinemat-is in the external part of the �uid. In the terminal gap itself, however, from observationduring the model tests and video reordings we found that no higher modes of signi�anewere triggered, exept in some extreme ases where the terminal gap amplitude was largeenough for the free surfae to reah the rounded bilges, hene introduing signi�antdisturbanes. Video reordings from the high-speed amera shows learly that violentsloshing, or run-up along the ship and terminal oured in these ases. The desribeddisturbanes were, however, introdued by the urved geometry, and not by the nonlin-earity in the inoming waves. These tests were not onsidered in the following study. Theterminal gap elevation, ζg, turned out to be nearly harmoni in all other ases. Seond,this study involves a �xed ship setion. This is not a realisti ase, of ourse. It was,however, onvenient to begin with a �xed ship setion. Third, the results of this studyand the disussion of these must be viewed in light of being our �rst study on the resonant



10.1. Fixed ship setion by a bottom mounted terminal 131behaviour and the �rst real study applying the numerial models. More knowledge on theresonant behaviour was naturally aquired throughout the later studies. This goes bothfor the model testing and the appliation of the numerial wavetanks. For the former, thelevel of response is highly sensitive to additional damping whih may easily be introduedby bias errors. For the latter, in the later studies we were typially more areful withstudying the neessary resolution in time and spae.We now present the parameters in the numerial simulations and next ompare thenumerial results to those aquired from the model tests.10.1.1 Parameters in the numerial simulationsThe length from the mean position to the terminal is denoted L. The exat wave �umegeometry from the model tests was reonstruted in both the linear wavetank and nonlin-ear wavetank, exept for the beah. This means that in the simulations inluding the shipsetion and terminal, the exat geometry was reonstruted. In the wave alibration runs,however, the part from the position of the terminal and onwards was not reonstruted asthis would involve wave breaking over the parapoli beah as in the physial tank. Waveabsorbtion was done by using the numerial beah approah, that is, using (5.5).The motion of the wave paddle in the numerial wavetank was that reorded duringthe model tests with the signal divided by the ampli�ation fator disussed in sub-setion9.2.2.Although the ship setion in the model test had rounded orners of radius r/B =
0.09, the ship was in the numerial model taken as a retangle. The argument was thatquantities suh as added mass and damping of this struture of area ratio AS/(BD) ≃
0.986, where AS is the atual area of the ship setion with rounded bilges, would not bea�eted to any signi�ant degree.Table 10.2: Numerial parameters in simulations of a �xed ship setion by a bottommounted terminal. Initial number of elements on the di�erent parts of the boundary

S. Free surfae (external + terminal gap) NF = 357 + 3 = 360Ship setion (side + bottom + side) NB = 5 + 5 + 5 = 15Bottom of wavetank NBOT = 240Terminal NTERM = 7Wavemaker NWM = 10Numerial beah length Ld = 3λDissipation parameter νmax = 0.8No. of time-steps per period NP = 20 − 80The initital number of elements used on the di�erent parts of the geometry, the nu-merial beah parameters and the time disretization parameter are tabulated in Table10.2. These parameters applied to both the linear wavetank and nonlinear wavetank.Typially 30 periods were run, but in some ases the simulations broke down earlier. TheCPU time for a single run on a 2.67GHz PC ranged from about 6min for the linear runswithout beah and up to 40min for the nonlinear runs inluding the beah.No formal onvergene testing with respet to the beah length Ld was performedfor the spei� ases in the present study. Rather extensive testing of the parameter Ld



132 Studies on resonant behaviourwas done during the implementation of the numerial beah prior to the study. We thenfound that Ld = 3λ in general gave re�etions less than 1% of the inoming waves. Thiswas done in intermediate to deep water onditions. We have no reason to believe that anextensive amount of re�etion did our in the present study. However, sine the presentdamping strategy is not valid in the shallow water limit, we expet that Ld = 3λ mighthave been a little too short to ahieve less than 1% re�etion for the longest waves in thestudy.A seletion of numerial tests involving the ship setion and the terminal were hekedfor onvergene with respet to resolution in time and spae. These indiated that thenumerial error assoiated with the present simulations were within 1 - 3%. Note thatthis was for tests inluding the ship setion and terminal. A similar onvergene studywas not done for the wave alibration runs.As pointed out in Setion 5.4.2, the total �uid mass showed an osillatory behaviour.In the present study this had an osillation amplitude of O(10−4). There was never anysign of mean mass loss. This holds also for the wave alibration runs when the arti�ialdamping was applied. We remark that in later studies the amplitude of osillation was
O{10−6}.10.1.2 Results - Piston-mode resonaneThe results from our study are organized as follows. First, time-series and snapshots ofthe free-surfae elevation in two seleted onditions are presented. Next redued dataare presented as funtion of wave frequeny. As desribed in onnetion with the modeltests we grouped the tests into three ases, alled Case 1 - 3, with spei�s given in Table9.3. Sine in Kristiansen and Faltinsen (2009a) the work was limited to investigatingCases 1 and 2 only, we present these results in the same detail as therein in onnetionwith Figures 10.3 - 10.5. We also shortly present some results from Case 3, inludingpiston-mode amplitudes from linear simulations and model tests, shown in the left partof Figure 10.6. In the right part of the same �gure we inlude some results also from theSeptember 2006 tests for frequenies higher than the resonane frequeny.Time-series. We �rst present the seleted time-series from the model tests andnonlinear numerial simulations. Time-series at �ve loations along the wave �ume fromwave alibration tests are presented in Figures F.1 and F.2, and from orresponding testswith ship setion and terminal in Figures F.3 and F.4. The wave ondition in Figures F.1and F.3 represent near piston-mode resonant ondition in Case 1. The wave frequenyis ω/√g/B = 0.791. The nominal wave steepness in deep water is ǫ2 = H0/λ0 = 1/115.In the atual water depth where the wavelength and waveheight have both hanged, wehave H/λ = 1/115 and H/h = 1/10. Figures F.2 and F.4 present near piston-moderesonant ondition in Case 2. The wave frequeny is ω/√g/B = 0.707. In this ase wealso have ǫ2 = H0/λ0 = 1/115, but H/λ = 1/73 and H/h = 1/6. The wave alibrationtime-series ompare in our opinion quite well. Exeptions are the troughs at w8 and w12in Figure F.2. This disrepany might just as well be due to beah re�etions in the wavealibration tests during the physial model as well as due to inauraies in the numerialmodel.In all the onsidered tests, we have a similar level of omparison as in Figures F.1 -F.4. The troughs at w8 and w12 in Figure F.2 represent the worst level of omparison.
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In other words, we feel the results ompare reasonably well.When the ship and terminal is present, the time series for w1 - w8 ompare quite wellup to the stage when the wave is re-re�eted from the wavemaker to the wave gauges.The disrepanies after this stage is due to the leakage e�et around the wave paddlewhih was disussed in sub-setion 9.2.2. The AWACS adjusts the motion of the paddleontinuously in order to damp out the re�eted waves, and does so rather suessfullyin the physial tank. However, the reorded wavemaker motion will not e�etively dampout the re�eted waves in the numerial model due to the leakage in the physial tank.It will partly work, though, one may say, and the behaviour of the simulated free-surfaeelevation is qualitatively similar to that in the model tests. See for instane w1 after about
t/T = 15 in Figure F.3 and w4 after about t/T = 12 in Figure F.4. The kinematis inthe terminal gap (w12), however, is over-predited right from the start. The disrepanystays onstant for some time, until it inreases about when the re-re�eted wave reahesthe model. This last inrease is due to the leakage around the paddle. The disrepanyin the �rst steady-state part is the ore of the present study. We disuss this in detailbelow, in onnetion with the redued data.
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Snapshots. In Figures 10.1 and 10.2 snapshots of the simulated wave elevation forthe two onditions are presented. The geometry is strethed in the vertial diretionfor illustration purposes. From the �gures it is lear that nonlinearities in the wave inthe up-stream part of the wavetank are more pronouned in the latter ase. The freesurfae beomes very messy in the seond ase as illustrated in Figure 10.2, but the timeseries nevertheless ompare quite well, ref. Figure F.4. Note that the steepness H/λ isroughly the same for the two onditions. However, H/h is not the same. The values are

H/h = 1/10 and 1/6 in the two ases, respetively. The large motion in the terminalgap is lear, and dominated by the piston motion. Some disturbanes other than thepiston mode are also seen. So, as disussed in Chapter 4, the behaviour is piston-like, andnot that of pure piston-mode motion. We take ζg = 0.5(w11 + w12) as a representativemeasure of the piston-mode elevation. The positions of these are given in Table E.1.Wave gauge w10 gave a few spurious results, and was not inluded in the analysis. Foronsisteny, we use the same measure in the numerial simulations.Redued data. Steady-state values of the free-surfae elevation are taken from steadyparts of the time-series. The simulated time-series were only stationary until the re-re�eted waves reahed the position of eah wave gauge, but we found that the free-surfaeelevation at w11 and w12 were steady in the time-interval t = 25−35s. This was a matter
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6 in both Cases 1 and 2 while the ratio from the model tests lie between four and �ve.Seond, the nonlinear results in general lie between the measured and linear, also over-prediting with respet to the measured values. Third, there is lose to no e�et ofsteepness in Case 1 with the largest water depth h/B = 0.625, while there seeminglyis an e�et in the Case 2 with the smallest water depth h/B = 0.43. This applies toboth the experiments and the nonlinear simulations. Last, for the frequenies higherthan resonane the measured and simulated results ompare well, as expeted, while forlower frequenies some disrepanies are observed. We disuss these disrepanies in thefollowing.The fat that linear theory over-predited was expeted, but the nature of the nonlinearbehaviour was not known a priori. From Figure 10.5 we an see that there is an e�et of thenonlinearity parameter H/h, while there is seemingly no e�et of the other nonlinearityparameter, the wave steepness ǫ = H0/λ0. The results from the nonlinear simulationsleave the linear to an appreiable degree when H/h is higher than, say, 1/6. This may beseen from a ombination of the lower left sub-plots of Figures 10.4 and 10.5. In the latter�gure, the disrepany between the linear and nonlinear behaviour is non-negligible for
ω/
√

g/B > 0.7. For these wave frequenies, we see from Figure 10.4 that the waveheight
H = 2A ? 0.05. With the water depth h = 0.29m, this means H/h ? 1/6. This is aboutthe limit when we start observing signi�ant nonlinearities in the external �uid kinematisas illustrated above in onnetion with the time-series and snapshots.The fat that the nonlinear results are in general loser to the linear than to themeasured around resonane means that the majority of the disrepany between measuredand linear values are explained by other e�ets than those assoiated with the nonlinearfree-surfae onditions, assuming that the simulated results are aurate. We proposefour andidates. First, �ow separation from the ship setion bilges did probably our.Seond, the slight �exing of the side of the ship setion in the model tests as was observed
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CirulationFree shear layer Figure 10.5: Nondimensional piston-mode amplitude Ag/A.is a andidate. Third, the leakage between the glass wall and ship setion might havebeen a ontributor. Last, wave re�etions was most probably of some importane for thelongest waves. The three last andidates represent bias errors in the model tests. Thisillustrates the importane of disussing this matter as we did in the presentation of themodel tests. The leakage e�et and possible wave re�etions are not disussed furtherhere. We do, however, disuss the two other.In the present model tests the orners were rounded in order to avoid �ow separationas far as possible. However, using 2r = 0.12m as a harateristi length, Um = πHg/Tas the maximum �uid veloity and a kinemati visosity of ν = 10−6 we get e.g. nearresonane in Case 1 (T = 2s) that the Keulegan-Carpenter number KC = UmT/2r ≃ 5.Futher, the Reynolds number Rn = 2rUm/ν ≃ 4 · 104 and β = Rn/KC ≃ 7000. Forthese onditions �ow separation probably ours, although it is not easily observable,as disussed in Faltinsen (1990) (see disussion on p. 229). The �ow will separate for

KC ? 1, but the separated �ow will not break strongly away from the body as visiblevorties unless KC ? 5. So, even though we did not observe vorties breaking away fromthe rounded ship bilge, some ontribution to the disrepanies may nevertheless have beendue to �ow separation, due to the ahieved KC-numbers. If �ow separation was the mainontributor, however, there should have been a more lear e�et of wave steepness thanthat observed for Case 2 in the two upper plots.We therefore speulate that the observed slight �exing of the ship side is the main on-tributor. We base this on the fat that the piston-mode amplitudes Ag around resonanewere higher in Case 2 than in Case 1, around 50 - 60% higher. This was due to the hosen�xed wave steepness and longer waves in Case 2. The ability to indent the ship setionside was therefore about twie as large in the Case 2 than in Case 1. Referring to thedisussion on the rather signi�ant motion redution e�et of �exing walls in onnetionwith the study on a moored ship setion in Setion 10.3, we �nd this a plausible ause ofthe observed disrepanies.Last, we brie�y present in Figure 10.6 (left plot) results from Case 3 with the smallerterminal gap width b/B = 0.17, and in Figure 10.6 (right plot) some results from the
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H0/λ0 = 1/40 and H0/λ0 = 1/60, and the inoming waves were subjet to a 1:30 slopingbottom. The behaviour seems, however, in general to be onsistent in the two sets ofmodel tests. For the one overlapping wave frequeny (ω/√g/B ≃ 0.897), the nondimen-sional amplitude is about 11% higher in the November tests. This is probably due to thesmaller wave steepness.



10.2. Fored heave of a ship setion by a bottom mounted terminal 13910.1.3 Summary of the studyWe summarize the present study as follows. The study involved a �xed ship setion bya bottom mounted terminal. The ship setion had rounded orners in order to avoid�ow separation. The ship setion and terminal were subjeted to inoming shallow waterwaves. The wave periods T were hosen to be around the piston-mode resonane period
Tp. We varied the water depth h, the terminal gap width b and the wave steepness H/λ.The studied ases are summarized in Table 9.3. The primary goal was to study thepiston-mode amplitude around piston-mode resonane. A seondary goal was to studythe e�ets of the shallow water wave onditions.The main results from the studied ases are brie�y summarized as:� The present linear simulations predited piston-mode amplitudes Ag/A ≃ 6 − 8 atthe piston-mode resonane period Tp.� Piston-mode amplitudes in the model tests were around resonane 10 - 30% lowerthan that predited by linear theory.� The present nonlinear simulations predited values in between that predited by thelinear simulations and measured in the model tests.� Shallow water wave e�ets seemed to slightly a�et the piston-mode amplitude forlarge H/h, say H/h ? 1/6 in the investigated ases.� Flexing of the ship side probably introdued a redution of the piston-mode motionin the model tests. We believe this aused a major part of the disrepanies.� Flow separation is thought not to have been important in the present study.There seemed to be a relatively small e�et on the piston-mode amplitude due tononlinearity assoiated with the free-surfae onditions, despite the rather nonlinear be-haviour of the external wave �eld in the shallow water onditions. We believe that forthe most part, the disrepanies between measurements and nonlinear simulations areexplained by �exing of the ship sides rather than by �ow separation from the roundedbilges.10.2 Fored heave of a ship setion by a bottom mountedterminalOur seond main study involves fored heave motion of a ship setion with sharp bilges bya bottom mounted terminal in deep water onditions. The ship setion is fored at periodsaround the piston-mode resonane period Tp. Although the deep water onditions are notrealisti regarding o�shore LNG terminals, the study is diretly relevant to the problem.We investigate the disrepanies between the piston-mode amplitude predited by lineartheory and that observed in experiments. The experiments we refer to were arried outto investigate resonant �uid behaviour in moonpools, and originally reported in Faltinsenet al. (2007). They also presented a newly developed linear theory for this problem. Thesolution proedure involves domain deomposition and Green funtions distributed along



140 Studies on resonant behaviourthe so-alled Neumann traes de�ning the �titious boundaries of eah domain. We usethis theory to verify the present results from appliation of our linear wavetank.In the present setion we present results from our numerial simulations using boththe linear wavetank and the nonlinear wavetank, where in the former ase, both with andwithout in- and out-�ow of boundary layers, and for the latter both with and without �owseparation from the ship setion bilges. The numerial results are ompared to the abovementioned linear theory and experiments. All results presented in the present setion arepreviously published in Kristiansen and Faltinsen (2008). There, the experimental datawere re-analyzed and re�etions in the wave �ume were found to ause some surprisingresults in some ases. This disussion is also found in Setion 9.4. The results inludepiston-mode amplitude, Ag, the �far-�eld� amplitude, denoted by Af , as well as phases ofthe free-surfae elevation relative to the heave motion.We proeed with a desription of the parameters used in the present numerial work,and next present and disuss the results of the study.Table 10.3: Numerial parameters in the simulations of fored heave of a ship setionby a bottom mounted terminal. Initial number of elements on the di�erent parts of theboundary S.Free surfae (external + terminal gap) NF = 184 + 16 = 200Ship setion (side + bottom + side) NB = 30 + 60 + 30 = 120Bottom of wavetank NBOT = 30Terminal NTERM = 40Far end of damping zone NWM = 4Tank length L ≃ 47BNumerial beah length Ld = L/2Dissipation parameter νmax = 0.4No. of time-steps per period NP = 120 or 60010.2.1 Parameters in the numerial simulationsThe exat geometry of the physial wave �ume was not reprodued in this ase as it wasin the study of the �xed ship desribed in the previous setion. Only one ship setion wasmodelled due to symmetry of the �ow under fored heave in otherwise alm onditions.The terminal gap width b was thus half the distane between the two hulls in the modeltests. The tank length in the numerial work was L/B ≃ 47. The gridding and time-stepwas similar for all tests and both the linear and nonlinear wavetanks, with osine spaingfor re�nement near the intersetions between the free surfae and solid boundaries, andin partiular near the onvex orners of the body. The ratio of the element lengths onthe mid-part of the body to those at the orners were 200 in the simulations with �owseparation, while 25 in the other simulations. A lose-up of the body and its near viinity isshown in Figure 10.7. As desribed earlier, dynami re-gridding of the geometry was used.The inital number of elements, numerial beah parameters and temporal disretization ispresented in Table 10.3. The number of time-steps per period was Np = 120 in simulationswithout �ow separation. In the simulations with �ow separation this was hanged to
Np = 600 at the onset of the free shear layer. We hose to initiate the �ow separation atminimum ambient veloity during the fourth period. This means that the �ow separation
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Akj = −
∫ T

0
Fkj η̈j dt

∫ T

0
(η̈j)2 dt , Bkj = −

∫ T

0
Fkj η̇j dt

∫ T

0
(η̇j)2 dt , (10.1)
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∫

SB
ϕt nk ds is the part of the fore due to the unsteady term in theBernoulli equation, ϕt, in the k'th diretion due to fored motion in the j'th degree offreedom and nk is the orresponding omponent of the normal vetor. Here, SB is the�xed mean boundary of the ship setion. ϕt is estimated by numerial di�erentiationof ϕ, in the present taken as (ϕn+1 − ϕn)/∆t, where n is main time-step number. Theexpressions in (10.1) appear diretly from the de�nition of added mass and damping, i.e.

Fkj = −Akj η̈j − Bkj η̇j , upon multipliating this by η̈j or η̇j , integrating over an integernumber of wave periods and using the orthogonality properties of os and sin. We haveduring the present work integrated over 5 - 10 periods. The added mass and damping arein the present nondimensionalized as A33/(ρB
2) and B33/(ρB

2
√

g/B).In Figure 10.9 a seletion of results from the linear simulations with in- and out-�ow of the boundary layers, with Case I arbitrarily hosen, is ompared to �standard�linear theory. The data points are lose to indistinguishable, hene the damping due to
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the piston-mode amplitude is somewhat narrower in the experiments than that estimatedby the numerial results for both foring amplitudes. The results are in good agreementaround and far from resonane, but di�er somewhat for frequenies in the viinity ofresonane. The same holds for the far-�eld amplitudes. The rapid phase shift aroundresonane is somewhat relaxed by the separation e�et, as seen from the right sub-plots.The phase of the radiated wave is more a�eted by the separation than the phase of thefree-surfae elevation in the terminal gap, and there is a lear e�et of foring amplitude,as seen for the frequenies just above the resonane frequeny. The phases of the radiatedwaves predited by the simulations with separation for ω/√g/B ≃ 1.15 di�er somewhatfrom the linear theory, despite the seemingly small e�et of the separation judging fromthe piston-mode amplitude. In these tests the amplitude of the radiated waves are verysmall, and perhaps the numerial modelling of these small waves were not ompletely
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152 Studies on resonant behaviour10.3.1 Parameters in the numerial simulationsIn the simulations with the nonlinear wavetank, both with and without �ow separation,the exat geometry of the physial wave �ume was modelled, inluding the initial tilt ofthe hinged wavemaker �ap, and the �ap motion was aording to the �ap signal in themodel tests. The situation is desribed in Figure 9.8. For the linear wavetank, a tanklength of L = 18λ was used for eah run, meaning the model test geometry was notreonstruted. Based on the group veloity Cg, re-re�etions will our after 108 periodswith this tank length. In the linear simulations we attempted to reah loser to steady-state than in the runs with the nonlinear tank without �ow separation where signi�antbeating of the signals ourred. The beating behaviour in the numerial wavetanks isfurther disussed below. A sinusoidal signal with linear initial ramp of �ve periods wasused in the linear ase.Typial spatial disretization as used in the present simulations is exempli�ed in thesnapshots in Figure 10.19. The initial grid resolution is indiated by numbers in the �gure.A somewhat �ner body disretization was used in the simulations with �ow separationthan in those without. A �ner resolution near the orners of separation was required inthe former ase. As in the study of fored heave, the element lengths followed a osinesquared distribution, with the length of the elements near the orner 1/200 of those inthe middle part of eah body surfae. On the free surfae, a total of 300 elements wasfound adequate in order to propagate the waves properly, giving a number of elements perwavelength between 18 for the shortest waves of period T = 0.6s and 52 for the longestwaves of period T = 1.0s. Around the resonane periods of T ≃ 0.73s−0.78s this was 25 to33, whih we have found represents both amplitude and group veloity well for suh small-amplitude waves. Only two elements were used to desribe the free surfae in the terminalgap, reasoning that hardly any loal disturbanes in the terminal gap were observed inthe experiments. The low resolution helped avoiding numerial instabilities related tofrequent re-gridding of the free surfae. The numerial instabilities are assoiated withthe linear interpolation of the potential when splitting an element, whih we suspet is toorude on the free surfae. This was disussed in Setion 5.5. The sway motion of the shipindued a slightly tilted terminal gap free-surfae. This is, however, aptured adequatelyusing only two elements, and the hosen resolution therefore onsidered su�ient for ourpurpose. As before, re-gridding was applied in order to keep the resolution at a ertainlevel, in partiular along the ship side and terminal wall.The number of time-steps was Np = 120 per period in the runs without �ow separation.In those with �ow separation, 120 was used until the onset of separation, and 600 afterthe onset. The number 600 is onsidered near optimal in the sense that the free shearlayer behaviour behaves well as disussed in detail earlier. The time of onset was in thepresent study hosen as the instant the free surfae in the terminal gap, ζg, starts movingdownwards from maximum positive elevation under the ondition that ζg > 3A, where Ais the inoming wave amplitude. As mentioned in the previous setion, the steady-stateresults are found not to be sensitive to the time of onset, but a ertain �ow magnitude isrequired in order for the model to be valid, i.e. the Reynold's number to be su�ientlylarge (f. Setion 2.2). The runs without free shear layer typially took two hours running55 wave periods, while those with free shear layer about ten hours running 50 wave periodson a 2.4GHz proessor. The additional CPU time in the latter was for the most part dueto shorter time-step, but also due to somewhat higher resolution on the body as well as



10.3. Moored ship by a bottom mounted terminal 153

0 1 2 3 4 5 6 7 8 9

−0.8

−0.6

−0.4

−0.2

0

0.2

300

16

120

25

x [m]

y 
[m

]

PSfrag replaementss

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer
8.7 8.8 8.9 9 9.1 9.2 9.3 9.4 9.5

−0.2

−0.15

−0.1

−0.05

0

14

52

14

x [m]

y 
[m

]

PSfrag replaementss

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer
8.8 8.9 9 9.1 9.2 9.3 9.4 9.5

−0.2

−0.15

−0.1

−0.05

0

34

132

34

x [m]

y 
[m

]

PSfrag replaementss

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer
9.525 9.53 9.535

−0.105

−0.1

−0.095

−0.09

9.11 9.115 9.12

−0.1

−0.095

−0.09

PSfrag replaementss

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 10.19: Snapshots from nonlinear wavetank runs. Top: Nonlinear wavetankwithout �ow separation (not to sale). Seond: Close-up of the ship setion. Third:Close-up of body in a ase with �ow separation. Bottom: Close-up of the free shearlayers emanating from the two bilges. Initial number of elements on eah surfae isindiated.



154 Studies on resonant behaviour
−2

−1

0

1

2

 

 

A
22

 /ρ B2

B
22

 /ρ B2 (g/B)0.5

−2

−1

0

1

2

 

 

A
33

 /ρ B2

B
33

 /ρ B2 (g/B)0.5

0.6 0.8 1 1.2 1.4 1.6 1.8 2

−2

−1

0

1

2

ω
n
/(g/B)0.5

ω/(g/B)0.5

 

 

A
23

 /ρ B2

B
23

 /ρ B2 (g/B)0.5

PSfrag replaementss

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layer

−4

−2

0

2

4

 

 

A
22

 /ρ B2

B
22

 /ρ B2 (g/B)0.5

−4

−2

0

2

4

 

 

A
33

 /ρ B2

B
33

 /ρ B2 (g/B)0.5

0.6 0.8 1 1.2 1.4 1.6 1.8 2
−4

−2

0

2

4

ω
n
/(g/B)0.5

ω/(g/B)0.5

 

 

A
23

 /ρ B2

B
23

 /ρ B2 (g/B)0.5

PSfrag replaementss

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄Ship setionTerminalSway dominatesHeave/sway

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 10.20: Added mass and damping alulated by using the linear wavetank. Left:Case A. Right: Case B.additional CPU time assoiated with the free shear layer.For the linear wavetank a similar spatial disretization as for the nonlinear wavetankswas used, exept on the body only 36 elements, and along the bottom 80. The numberof time-steps per period was 80. Eah simulation took about about 25 minutes running90 wave periods on a 2.4GHz proessor.Added mass and damping used to estimate resonane frequenies, were aquired fromfored heave and sway simulations using the linear wavetank as desribed in the previoussetion. In these tests the resolution was somewhat lower, taken as in the fored heavestudy desribed in the previous setion. The added mass and damping oe�ients arepresented as funtions of nondimensional frequeny in Figure 10.20. The oupled ship andpiston-mode resonane frequeny ωn/
√

g/B is indiated for referene. Note the negativevalues of added mass and oupled damping oe�ients.For the highest steepness, only two runs with �ow separation were suessful. In allother runs breakdown oured about 2 - 6 periods after the onset of �ow separation. Theexperiene with fored heave was that if the simulations survived the �rst two periods itwould proeed without breakdown. This is also the ase with the present lowest steepnessase. The reason for breakdown in the highest steepness ase is probably assoiated withan appreiably larger body motion than in the fored heave simulations. The automatisimpli�ation proedure was developed with small body motions. The breakdown isin general due to element rossing near the orner of separation. As disussed in thepresentation of the automati simpli�ation proedure in Setion 6.4, reduing the time-step was not feasible and therefore not done. More work is needed in order to provide a



10.3. Moored ship by a bottom mounted terminal 155more robust proedure, but this is left for future work.Beating. As brie�y mentioned above, the ship motion and terminal gap elevationas simulated with the nonlinear wavetank without �ow separation and linear wavetank,for frequenies lose to the natural frequeny, exhibit pronouned beating due to thetransient behaviour starting from initially alm onditions. This is a result of smalldamping. Therefore, steady-state is in general not reahed within the time of simulation.Further, at resonane, the motion is still slightly inreasing even after the 90 wave periodsin the linear simulations. The ondensed data presented in this study therefore must beseen as near steady-state values only. In order to extrat data as onsistent as possible,the average amplitude over one beating period, Tb, is used as long as the time-series arelong enough. The beating period was taken as Tb = 1/|f − fn| where f = 1/T and
fn = 1/Tn with Tn alulated a priori. At the natural frequeny the average amplitudeof the last 10 periods were used. With the motion still inreasing at resonane and withthe beating behaviour as desribed, the values are not exatly the desired steady-statevalue, but do indiate reasonably well the steady-state values. In the model tests andsimulations inluding �ow separation, however, steady-state is reahed in all ases.10.3.2 Results - Coupled ship and piston-mode resonaneTwo di�erent ases were onsidered. The terminal gap width b and the wave steepness
ǫ = H/λ were varied. The spei�s are given in Table 9.5, where the three ases aredenoted Case A and B.In the following we present results from the above desribed numerial work as wellas the model tests. We �rst present example time-series. Next, we present redued datain terms of near steady-state amplitudes of the ship motion and piston-mode amplitude.These are nondimensionalized by the inoming wave amplitude and presented as funtionof the nondimensionalized wave frequeny ω/√g/B. The terminal gap amplitude is rep-resented by the wave elevation 0.037m away from the terminal, taken in the model tests as
ζg = 0.5(w6+w7). What we refer to as terminal gap amplitude is thus not that averagedover the terminal gap width, but in all the onsidered tests, the free surfae was observedto be near horizontal. This therefore represents the piston-mode amplitude quite well.For onsisteny, the terminal gap elevation in the numerial simulations are taken as thefree-surfae elevation at the same position.Time-series. The time-series examples are presented in Figures 10.21 and 10.22.They are taken from Case B (b/B = 0.15). The nondimensional wave frequeny is
ω/
√

g/B ≃ 1.69 (orresponding to T = 0.75s), and the steepness is ǫ1 ≃ 1/170 inthe �rst �gure and ǫ2 ≃ 1/85 in the seond �gure. From top to bottom we present sway,heave, roll, terminal gap elevation and the inoming wave. The vertial bars indiate theonset of �ow separation in the numerial simulations denoted �BEM with vortex� in thelegends. The nonlinear numerial simulations without �ow separation is simply denoted�BEM�. Time-series from the linear wavetank is not inluded sine the model test geom-etry nor the wavemaker motion were reonstruted in those runs. Please note that thelinear solution over-predits signi�antly more than the nonlinear solution without �owseparation. This will beome lear when we present the redued data.We �rst disuss the time-series in Figure 10.21. The horizontal drift away from the ter-
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√

g/B ≃ 1.69 and the lowestwave steepness H/λ ≃ 1/170. Nonlinear numerial wavetank without and with �owseparation denoted by �BEM� and �BEM with vortex�, respetively.minal is learly over-predited by the simulation without �ow separation relative to thatwith �ow separation. Sine the experimental data are band-pass �ltered we are not ableto ompare the drift with that measured in the model tests. However, from the high-speedvideo it is quite evident that the drift is muh loser to that predited by the simulationsinluding �ow separation than to those without. The osillation amplitude of the swaymotion is also largely over-predited by the simulations without �ow separation, whereasonly somewhat over-predited by the simulations with �ow separation. For heave, thesimulations without �ow separation learly over-predit, while the simulations with �owseparation ompares well with the measured. Roll is very small and the experimental data
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g/B ≃ 1.69 and the highestwave steepness H/λ ≃ 1/85. Nonlinear numerial wavetank without and with �owseparation denoted by �BEM� and �BEM with vortex�, respetively.here shown are dominated by noise in the aelerometers. The roll amplitude is somewhatsmaller in the simulations with �ow separation relative to those without �ow separation,with the relative di�erene more or less as for sway and heave. The amplitude is approx-imately 0.5deg in the simulations inluding �ow separation. The terminal gap amplitudeis also learly over-estimated by the simulations without �ow separation. Inluding �owseparation signi�antly improves the situation, although they still over-predit by about25%. We note that for all main quantitities of the problem, i.e. sway, heave and terminalgap motion, steady-state is reahed in a matter of about 12 - 15 periods in the modeltests and the simulations with �ow separation, whereas in those without �ow separation,



158 Studies on resonant behavioursteady-state is not yet reahed by the end of the simulation. There is a lear beating inthe signals from the nonlinear simulations without �ow separation. The inoming wavetime-series, taken as 0.5(w1+w2), is presented in the bottom of the �gure. The inomingwave is reasonably reprodued by the numerial wavetank. We mention that there aresome small disrepanies as seen from the �gure; the wave in the model tests exhibits somefeatures that are not as expeted. This inludes slightly larger minima than maxima andslightly wider troughs than rests. The inoming wave amplitude was only 2.8mm in thepresented ase. The amplitude of these features are thus very small. We believe they aredue to some transverse motion and possibly menisus e�ets on the wave gauges.Muh the same disussion applies for the results in Figure 10.22. This orresponds tothe same set-up, but for the highest wave steepness. An exeption is that the results fromthe numerial model with �ow separation over-predit less in this ase. There is almostno over-predition for heave and about 12% for the terminal gap amplitude orrespondingto that in sway. The simulation without �ow separation predits a large drift away fromthe terminal. The motion then tends away from resonane due to the inreased gap whihis initially b/B = 0.15, while it inrease to b/B ≃ 0.19 around t/T = 35 − 38. In realitya taut mooring will not allow this signi�ant drift, and the over-predition would mostlikely be higher in suh a ase.As a supplement, we present time-series of the terminal gap elevation for a range ofwave periods in Figures F.5 - F.8. These illustrate the beating behaviour for periodsaround the natural period in the nonlinear simulations where �ow separation is not in-luded. The vertial bars indiate initiation of �ow separation in the tests where suhsimulations were made. Some of these break down quite early, as disussed. Also someof the nonlinear simulations without �ow separation break down. When suh large shipmotions our that re-gridding is applied in the terminal gap, saw-tooth instabilities arisewith breakdown after a few periods as a onsequene.Redued data. Redued data in terms of near steady-state values are presented inFigures 10.23 and 10.24. The main observations are that linear theory learly over-preditsaround resonane as expeted. Inluding �ow separation (in the nonlinear simulations)seems to remedy the majority of the disrepanies. In the nonlinear simulations without�ow separation the resonane frequeny shifts somewhat to a lower value due to meandrift away from the terminal, with the e�et being more pronouned in the ases withhighest wave steepness, as one would expet. We note that this is not realisti in thease of taut mooring, and the behaviour would most likely be loser to the linear ifrestrained from drifting. If this is true, e�ets from the nonlinear boundary onditionsare not important. Further, believing the results produed by the simulations inluding�ow separation, the present results strongly indiate that �ow separation is the mainontributor to the disrepany between linear theory and experimental data.This is onsistent with the �ndings in the previous setion for the fored heave prob-lem, where around the piston-mode resonane period Tp there was a lear e�et of �owseparation. It was, however, from that study not lear whether it would be so also in thease of a moored ship undergoing resonant oupled ship setion and piston-mode motion.It turned out, as seen from the present results, that the �ow separation e�et is in fatappreiably more pronouned in the ase of a moored ship than in the radiation prob-lem, now around the oupled ship and piston-mode resonane period Tn. In the foredheave problem, linear theory over-predited the piston-mode amplitude by about 45%
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 10.23: Piston-mode and ship motion steady-state or nearly steady-state am-plitudes nondimensionalized by wave amplitude A. Case A (b/B = 0.2). Upper row:Piston-mode amplitude (Ag/A). Middle row: Sway (xG/A). Lower row: Heave (yG/A).Columns: Wave steepness ǫ1 and ǫ2.
and 65% in the lowest steepness and highest steepness ases respetively, while in thepresent moored ship setion problem, by about 240% and 300% for the two steepnessesrespetively.We have no explanation for this observation. An explanation ould perhaps have beenthe di�erent relative veloity Us at the orner of separation. It is the relative veloiy whihis relevant for the strength of the indued irulation, and thereby level of damping. Thepiston-mode amplitudes were in the present ase omparable to that in the fored heavease presented in the preeding setion. In both the fored heave study and the presentmoored ship setion study, the piston-mode amplitudes at resonane were approximately
Ag/B ≃ 0.07 in the lowest steepness ase and Ag/B ≃ 0.14 in the highest steepness ase.In the present ase when the ship setion is free to osillate, there is a hane that therelative veloity is higher, despite a omparable piston-mode amplitude. We argue inthe following, however, that this was not the ase. We exemplify this as follows: In the
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fored heave ase, we had e.g. for Case I in the lowest steepness ase that η3a/Ag ≃ 1/10.In Case A in the present moored ship setion ase, we have that yG/Ag ≃ 1/5 and
xG/Ag ≃ 1/4. If we assume that the piston-like �uid motion is out of phase with theheave motion, the amplitude of the irulation should go like (1 + 0.1)2 = 1.21 (for CaseI) and (1 + 0.2− 0.25)2 ≃ 0.9 (for Case A) relative to the irulation with no ship motionand only �uid motion. This means the �ow separation e�et should be, aording to thissimple analysis about 0.9/1.21 ≃ 0.75 times stronger in the moored ship ase than in thefored heave ase. That is, aording to this reasoning, the indued irulation is lowerin the moored ship ase. Still, the e�et is, as stated above, muh more pronouned.One should be areful with generalizations, but we believe that in a large number ofappliations in marine hydrodynamis with similar types of gap resonane phenomenawhere linear theory in general over-predits relative to experiments or full-sale measure-ments, �ow separation is the major ause to this disrepany. Our feeling is also that



10.3. Moored ship by a bottom mounted terminal 161

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

PSfrag replaementss

(new)(old)New elementOld elementmm
(Damping zone)

=0.88mw1w2w3w4w5w6w7w8w9w10w11w12w1,2w3w4,5w6,7w3w4w5w6w7w1-50.7m0.12mm0.3m0.32m=0.4m=0.595m=0.59m0.10m0.08m0.071m0.08m0.05m0.145m0.175m=0.1m=9.4m=9.59mweightsWave diretion3mmmmmmLNG ship setionTerminalslopePiston wavemakerSide view:Bird view:7.95m10.10m6.60m1.85m19.04m1:30 slopemm

StagnationpointFinite veloityBoundary layerthikness
TangentSeond order polynomial

Damping zone
[m/s℄[m/s℄[rad/s℄

ω

Ag/A Ship setionTerminal
Sway dominatesHeave/sway Heave/sway

0◦ 180◦

ωn

GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 10.25: Observed ship motion behaviour as funtion of wave frequeny.e�ets assoiated with the nonlinear free-surfae onditions is of minor importane, atleast as long as the free surfae behaves non-violent as in the present ase.Some further interesting observations partly based on the results from Figures 10.23and 10.24, and partly from video reordings and investigation of orresponding time-seriesis presented shematially in Figure 10.25. For high wave frequenies basially only swayis exited. A rapid inrease in heave ours when tending to the natural frequeny fromabove. Around resonane, the relative phase between heave and sway is as stated above,approximately 180deg. This dereases rapidly to nearly 0deg with dereasing frequeny,with a near total aneling of the terminal gap motion.In reality, bottom mounted GBS type of terminals are not built in water depths aslarge as that onsidered here. The hoie of water depth in the present study was a matterof laboratory availability. The water depths in the present study was h/B = 2.2. Thewater depths are more typially h/B ≃ 0.4−0.7 for these types of installations. There arethree main e�ets assoiated with dereasing the water depth h, given otherwise the samedimensions. First, as indiated in the disussion around Figure 4.4, Tp inreases withdereasing water depth. Seond, heave added mass of the ship setion inreases so thatalso the ship motion resonane period Tn inreases. A relevant question is then whether
Tn beomes loser to Tp or not. If they ome lose, substantially larger motion thanthat reported here may be a onsequene. Third, sine the ship motion resonane periodinreases, the assoiated inoming waves beome longer and start ommuniating withthe terminal gap �ow more diretly, and the resulting disussion beomes slightly moreompliated than the above. Then omes the aspets of shallow water waves. Whetherthe nonlinearities assoiated with the inoming shallow water waves are important to theresonane problem is not lear at this stage. It was investigated for a �xed ship setion in



162 Studies on resonant behaviourSetion 10.1. The results in that study were somewhat inonlusive due to possible biaserrors in the model tests of that study. Our suggestion was, however, that the shallowwater wave e�et was small in that ase.10.3.3 Summary of the studyWe summarize the present study as follows. The study involved a moored ship setionby a bottom mounted terminal. The ship setion had sharp bilges in order to �x theseparation point. The ship setion and terminal were subjeted to deep water waves. Theperiods T of the inoming waves were hosen to be around the oupled ship and piston-mode resonane period Tn. We varied the terminal gap width b and wave steepness H/λ.The steepness was small. The studied ases are summarized in Table 9.5. The goal wasto study the e�ets from the nonlinear boundary onditions and �ow separation from theship bilges on the amplitudes of the ship motions in sway, heave and roll as well as thepiston-mode amplitude around oupled ship and piston-mode resonane.The main results from the present study are� The present linear simulations predited Ag/A ratios at resonane up to about 15in both Cases A and B. The sway and heave motion was (xg, yg)/A ≃ 2 − 3. Theroll motion was very small.� The Ag/A ratios measured in the model tests were about 5 for the largest wavesteepness and about 6 for the smallest wave steepness in both Cases A and B.There is a signi�ant disrepany between those measured and predited by lineartheory. The sway and heave motion was xg/A ≃ 1− 1.5. The roll motion was loseto zero.� The present nonlinear simulations without �ow separation predited Ag/A ratiosin between those predited by the linear simulations and measured in the modeltests. They were appreiably a�eted by large drift from the terminal. The driftwas aused by the largely over-predited piston-mode motion. With a more realistitaut mooring the drift would not our and the results would probably be lose tothe linear results.� The present nonlinear simulations with �ow separation predited both ship motionsand piston-mode motion very lose to those measured in the model tests.The present study strongly indiates that �ow separation is the main ontributor tothe observed disrepanies between linear theory and experiments around oupled shipand piston-mode resonane period Tn. The e�et of �ow separation is signi�antly morepronouned when the ship setion is free to osillate than when fored to osillate. Thelatter was studied by means of a fored heave study in the previous setion.10.4 Fored sway of a ship setion by a bottom mountedterminalWe study the resonant piston-mode behaviour in fored sway of a retangular ship setionwith sharp bilges by a bottom mounted terminal. Foring frequenies near the piston-mode resonane frequeny Tp is applied. The numerial work related to fored sway was
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 10.26: Nondimensional piston-mode amplitude Ag/η2a in the ase of a shipsetion undergoing fored sway motion. Note the di�erent sales in the �gure axis.
originally meant as part of a quantitative study on the shape of the vortial strutureemanating from a sharp orner in ollaboration with other researhers at NTNU. Modeltests of fored sway were planned in the wave �ume at MARINTEK desribed in thetwo previous setions, with measurements involving Partile Image Veloimetry (PIV).Software had been developed by these researhers for identi�ation of the main vortialstrutures from the PIV images, suitable for diret omparison with the present simula-tions. However, the model tests ould not be performed due to an unresolved problemof slight drift in the rig ontrolling the sway motion, so the present numerial work onfored sway has not previously been published.We nevertheless �nd it interesting to present the results from the numerial study asa supplement to the study on fored heave presented in Setion 10.2. The geometrialset-up is the same as in that study. The parameters are desribed in Table 9.8.Also the same numerial parameters as those used in the fored heave tests were used,and fored sway amplitudes the same as the fored heave amplitudes. Not all simulationswith the nonlinear wavetank with �ow separation were suessful, but we made no e�ortin improvements on this matter sine the experimental work was stopped.Redued data by means of piston-mode amplitude Ag/η2a taken as that averaged overthe gap are presented in Figure 10.26. We note the onsiderable piston-mode amplituderesulting from the fored sway motion in Cases I and II. In Case III, the response is muhlower. The results are hene sensitive to the ratio b/B. The response in Case II is higherthan in Case I due to a larger draft D. The disrepanies between the linear simulationsand the nonlinear simulations with �ow separation are very similar to those in the foredheave study. The response is, however, signi�antly higher here, in partiular in Case II.For fored heave, the ratio was from linear theory Ag/A ≃ 13 in the heave ase, while it is
Ag/A ≃ 43 in the present, sway ase. Despite the di�erent response, the relative dampinge�et due to �ow separation is very similar in sway and heave.
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GBSLNG arrierMid-ship utWavesPiston modePiston mode + higher modes+ other disturbanes�Communiation�CirulationFree shear layerFigure 10.28: Zoom-up of the middle left sub-plot of Figure 10.27.strategy to investigate the �ow separation e�et was to model the ship setion bilge �rstas sharp and then with inreasing bilge radius, r, with a �xed separation point at themean apex angle. We realize the shortomings of the method when �xing the separationpoint. Boundary layer alulations would be needed in ase of estimating the separationpoint, but this was not done.Su�ering from numerial problems assoiated with the free shear layer entering thebody when inreasing the bilge radius we were only able to simulate for r/B > 0.014. Webelieve the problems were assoiated with the physis involved where, with dereasing
KC-number, vorties breaking away from the body beomes less likely.The simulations were done with the same set-up and numerial parameters as in thesimulations of the study of the �xed ship setion in Setion 10.1, exept the ship bilgeswere allowed to be rounded and a higher number of elements were used on the ship setion.We onsidered all Cases 1 - 3, but had to redue the steepness of the inoming waves to
ǫ1 = 1/600 and ǫ2 = 1/300 as vortial strutures with dimension D0 in the order of theterminal gap width b and bottom learane d evolved when using the original steepnesses.In suh ases the automati simpli�ation algorithm still works, but its validity seizes. Anexample of this type of behaviour was presented and disussed in onnetion with Figure6.8. We suspet that in suh a ase the free surfae in the terminal gap as observedfrom above in an experiment would look rather haoti, sine an appreiable amount ofvortiity would be adveted towards the free surfae.In Figure 10.27 we present the nondimensional piston-mode amplitude Ag/A as thataveraged over the free surfae in the terminal gap. Note that with the wave steepnessbeing only about one quarter of that in the original study, the amount of vortiity shedthrough �ow separation and the KC-numbers are not diretly omparable to those usedin that study. Anyway, there is some e�et of wave steepness, as seen when omparingthe left and right olumn of sub-plots in the �gure. Also, there is some e�et of bilge keelradius. This is perhaps best illustrated by the lower right sub-plot. Those results suggest



166 Studies on resonant behaviourthat a bilge radius of only 0.5% of the ship beam removes about one third of the dampinge�et of �ow separation. Further, from Figure 10.28, whih is a zoom-up of the middleleft sub-plot of Figure 10.27, we see that the results seem to approah those without �owseparation when inreasing the radius.



Chapter 11Summary and further work
11.1 Summary of the present workIn the present work we investigated the gap resonane problems assoiated with a shipalongside a bottom mounted terminal. The gap between the ship and the terminal wasdenoted the terminal gap. The resonane problems were studied in a two-dimensionalsetting, whih means we studied a mid-ship setion. If the ship setion is fored to move,or �xed and subjeted to inoming waves, we have the piston-mode resonane problem.By piston-mode motion we mean the massive, near vertially osillating �ow of the �uidentrained between the ship and the terminal. If the ship setion is free to osillate, wehave the oupled ship and piston-mode resonane problem. With eah of these problemsthere is a resonane frequeny.The main fous was to investigate why linear theory in general over-predits the shipand piston-mode motion near the resonane frequenies. Dediated experimental as wellas numerial work was performed and results ompared. The present experimental workinvolved a �xed and a moored ship setion. Results from previously published experi-ments on fored heave of two ship setions was also used. Geometrial parameters liketheterminal gap width b, the water depth h, and wave steepness H/λ, were varied. Thepresent numerial work involved two time-domain wavetanks based on a boundary ele-ment method, one linear wavetank and one fully nonlinear wavetank. We investigatedthe e�et of the nonlinear boundary onditions. Further, the following two visous e�etswere investigated: The in- and out-�ow of boundary layers and �ow separation from theship bilges. Speial e�ort was made in modelling the �ow separation as well as alulatingthe ship motion in the nonlinear numerial wavetank.Basi numerial wavetanks. We assumed potential �ow. The boundary value prob-lem involving the Laplae equation with the kinemati and dynami boundary onditionswere reast into a standard boundary integral equation based on Green's seond identity.Two time-domain wavetanks applying the Boundary Element Method (BEM) were im-plemented, one linear and one fully nonlinear. By linear we mean that both linearizedboundary onditions were satis�ed at the mean position of the boundaries. Rankine sin-gularities were distributed along the boundary. The Mixed Eulerian-Lagrangian (MEL)formalism was adopted, where the boundary value problem is solved given the instanta-neous situation eah time-step, and the unknowns, the free surfae SF and the potential167
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ϕ, are updated aording to this solution. We hose a fourth order expliit Runge-Kuttasheme for time-integration. Re-gridding of the elements de�ning the intersetions be-tween the free surfae and the solid boundaries was implemented in order to keep the gridresolution at a ertain level. No expliit smoothing of any kind for the free surfae wasused.Numerial modelling of visous e�ets. The two visous e�ets of in- and out-�owof boundary layers as well as �ow separation were modelled. The former was implementedin the linear wavetank only, and the latter in the nonlinear wavetank only. Swithes de-termined whether the two visous e�ets be turned on or o�. In this way, we were able toisolate the di�erent e�ets. Laminar boundary layers were assumed, and a semi-analytialsolution found as a onvolution integral handling arbitrary outer �ow. The in- and out-�ow veloity was posed diretly on the solid boundaries. Flow separation was modelledby an invisid vortex traking method where the shed vortiity is onentrated in thinfree shear layers in the irrotational �uid. The assumption of a thin free shear layer re-quires high Reynold's numbers. The vortiity in the free shear layer was represented bya ontinuous distribution of dipoles. Re-gridding and automati simpli�ations of the ge-ometry of the free shear layer were applied eah time-step. The automati simpli�ationswere based on an algorithm developed within the present work and onsidered ruial forthe method to be appliable for long-time simulations in osillatory �ow. The proedurerequired in pratie the vortial strutures to be loalized in the viinity of the orner ofseparation.Numerial modelling of ship motions. We onsidered rigid body motion in thethree degrees of freedom sway, heave and roll. This involved solving the equations ofmotion. A hallenge with evaluating the fores and moment was introdued by the adoptedMEL approah, sine in the MEL approah, the ϕt term in the Bernoulli equation is notde�ned. A simple di�erentiation in time gives an unstable numerial sheme. We derivedan alternative formulation of the fore and moment where the time derivative was movedoutside the integrals. A losed ontrol surfae inluding the ship, the surrounding freesurfae and a onneting surfae inside the �uid was introdued and Gauss' and Stokes'theorems used. Some numerial problems were enountered for roll. For large amplituderoll, the numerial sheme was unstable. For small roll amplitudes the solutions onverged.In the present work only small roll amplitudes and no instabilities were experiened. Forsway and heave the method worked well.11.1.1 Studies of resonant ship and �uid motionThree main studies and two supplementary studies were performed, all with a ship setionby a bottom mounted terminal. All studies were within a two-dimensional setting. Inthe main studies we presented results from both model tests and present numerial sim-ulations, while in the supplementary studies results from present numerial simulationsonly. The two �rst main studies involved resonant piston-mode motion of the �uid withthe ship setion �xed and subjeted to inoming waves (�di�ration�) or fored in heave(�radiation�). The third involved oupled ship and piston-mode motion of a moored shipsetion. In the �rst study the ship setion had rounded bilges to avoid �ow separation



11.1. Summary of the present work 169as far as possible, while in the two last studies, sharp bilges in order to enfore �ow sep-aration and to ensure the separation point was �xed and known. Realisti water depthsfor an o�shore terminal was onsidered in the �rst study only, whih involved shallowwater wave onditions. The other two main studies involved deep water onditions. Inall studies a range of wave periods T around resonane were onsidered.Fixed ship setion with rounded bilges. In the �rst main study the ship setionwas �xed, and the model test set-up was originally meant for the study of shallow waterwave e�ets on o�shore terminals. This involved full sale periods in the range T =
6s − 15s at full sale water depths of h = 16m − 20m. We next deided to investigatethe resonant piston-mode motion. The wave period range was extended to inlude waveperiods around the piston-mode resonane period Tp whih in full sale was approximately17s to 21s depending on the water depth. The water depth was extended to inlude also
h = 28m. We de�ned the three Cases 1 - 3. The ratio between the water depths andship beam were h/B = 0.45 − 0.625. The ship beam B and draft D were not varied.The beam to draft ratio was �xed to B/D = 3.76. In addition to h, the parameters band wave steepness were varied. The steepness of the inoming waves were modest, with
H0/λ0 ≃ 1/115−170, where subsript 0 means deep water limit. Flow separation was notyet modelled numerially. The bilges were rounded in the model tests in order to avoid�ow separation as far as possible. The orner radius was r/B = 0.09. The KC-numberwas no more than 5, where KC = πAg/r with Ag the piston-mode amplitude. No vortexshedding will our for these KC-numbers, although the �ow may separate. No �owseparation was observed visually during the experiments. Despite the low wave steepness,signi�ant nonlinearities in the free surfae up-stream of the ship were introdued by theshallow water, in partiular for H/h ? 1/6. The kinematis up-stream of the ship wasaptured well by the nonlinear numerial wavetank. The linear simulations over-preditedthe piston-mode amplitudes Ag relative to the measurements by 20 - 30% around piston-mode resonane. Candidates explaining the disrepany were e�ets assoiated with thenonlinear free-surfae onditions as well as �ow separation from the rounded ship bilges.If these were responsible, there should have been a lear e�et of wave steepness. Thiswas not the ase, however. We suspeted that a bias error in terms of slight �exing ofthe ship side in the model tests aused a redution in the piston-mode motion, explainingmost of the disrepany.Fored heave of a ship setion with sharp bilges. In the seond main studya ship setion of retangular shape and sharp bilges was fored to osillate in heavewith amplitude η3a. The parameters D, b and η3a were varied. The water depth was
h/B = 2.86. We de�ned three ases, Cases I - III with b/B = 0.25 in Cases I and II and
b/B = 0.5 in Case III. Previously published model test results were re-visited and used.Results from a semi-analytial linear theory was also used. Our linear simulations wereveri�ed against this linear theory.Linear theory predited in Cases I and II about 30% higher piston-mode amplitudesaround piston-mode resonane Tp relative to the measured for the lowest foring ampli-tude η3a, while 40% when doubling η3a. In Case III only the lowest foring amplitude wasonsidered, and the linear theory over-predited in that ase only by about 10%. Alsofar-�eld amplitudes were ompared, with similar disrepanies. The in- and out-�ow ofboundary layers were from our linear simulations with and without this e�et turned onfound insigni�ant to all pratial purposes. Thus, the �frition�, as one may think of



170 Summary and further workit, along the ship side and terminal was negligible. There were only negligible e�etsassoiated with the nonlinear free-surfae onditions; the results from the nonlinear sim-ulations without �ow separation were very similar to those from the linear simulations.Steady-state amplitudes as well as time-series from the nonlinear simulations inluding�ow separation ompared well with those measured. Flow separation was thus found toexplain the disrepanies. The irulation introdued by the shed vortiity indued abak�ow ating like a damping. The study showed a rather weak dependene on η3a, butrather pronouned dependene on b.Moored ship setion with sharp bilges. In the third main study the ship setionhad sharp bilges and was moored by linear, horizontal springs. The beam to draft ratiowas B/D = 4. The parameters b and H/λ were varied. The water depth was h/B = 2.2.We de�ned two ases, Case A with b/B = 0.2 and Case B with b/B = 0.15. No highermodes or other loal disturbanes of signi�ane were observed in the terminal gap duringmodel testing, while large ship and piston-mode motion were experiened. This was soalso in the numerial simulations. The results in Case A were very similar to Case B,indiating weak dependene with b in this range of b. However, a short investigationduring model testing with b/B = 0.25 indiated a very di�erent behaviour; the piston-mode motion was nearly aneled at ship motion resonane Tn in that ase, although theship motion was onsiderable. The phasing between the sway and heave motion of the shipwas ruial in this respet. This last ase was not studied further due to time limitations.Steady-state values were stritly speaking not obtained from the linear simulations nor thenonlinear simulations without �ow separation due to onsiderable beating e�ets. Onlynear steady-state values were therefore presented. The system did reah steady-state,however, in the model tests as well as in the simulations with �ow separation. This wasso due to a signi�antly larger damping.Linear simulations over-predited both the ship motion and the piston-mode amplitudearound the oupled ship and piston-mode resonane Tn by two - three times relative tothat measured. The nonlinear simulations without �ow separation also over-predited,but somewhat less than the linear. In both the experiments and the simulations with �owseparation some mean drift away from the terminal was observed. The mean drift was,as expeted, towards the wave diretion due to the large piston mode. In the nonlinearsimulations without �ow separation the mean drift was signi�antly over-predited dueto over-predition of the piston-mode motion. In the more realisti ase of taut mooringthe experiened large drift would not be allowed. With suh a mooring the nonlinearsimulations without �ow separation would most probably over-predit nearly as muh asthe linear simulations. We note that the ship may note drift in the linear ase. As inthe fored heave ase, steady-state amplitudes as well as time-series from the nonlinearsimulations inluding �ow separation ompared well with those measured. Based on thisdisussion, we onluded that the disrepanies between linear theory and that measuredaround ship motion resonane was due to �ow separation.The disrepanies between linear theory and that measured in the model tests werenearly an order of magnitude higher than in the fored heave study. This indiated asigni�antly stronger e�et of �ow separation in the resonant oupled ship and piston-mode than in the fored heave problem with only resonant piston-mode motion.Other studies. We also performed two supplementary, numerial studies. One with



11.2. Future work 171fored sway with the same parameters as in the fored heave ase. The results were verysimilar to the fored heave ase. In the seond supplementary study the e�et of �owseparation was investigated in the setting of the �rst main study of a �xed ship setion inshallow water. Also the e�et of rounded bilges (r/B = 0 − 0.014), with �ow separationfrom a the mean apex angle of the bilge, was investigated. A �xed separation point wasquestionable. However, from the simulations, the damping e�et of �ow separation wasredued by a third with r/B as small as 0.005 relative to a sharp orner.11.2 Future workFuture work that ould be arried out inludes improvements of the present numerialwavetanks as well as further ase studies using these, either as they are or after im-provement. We also think an investigation of the three-dimensional problem would beinteresting. Other aspets are mentioned last.There are three numerial issues onerning the nonlinear wavetank as it is at thepresent, that should be further investigated:� The automati simpli�ation proedure works reasonably well. It is, however, notvery robust in ases with large ship motions. We believe that this ould be improvedby developing a more robust handling of the free shear layer element losest to theseparation point to avoid entanglement when the diretion of �ow separation isturning. We also expet that a higher order representation of the free shear layergeometry would improve the matter. Less entanglement is then expeted.� When onsidering the oupled �uid and ship motion problem, a set of di�erential-algebrai equations must be solved. To the author's knowledge, this has not previ-ously been expliitly noted in the literature. A further investigation of this matterin order to try to improve the order of auray of the present numerial shemewould be welome.� There is still an unresolved problem with roll. We are at the present time notsure whether the roll instabilities, whih our when roll motion is appreiable,are due to large terms that do not anel due to numerial inauraies or simplya programming bug. Perhaps a higher order spatial auray is needed in theintegration of the terms in the alternative expression for the moment.Additional ases studies would be welomed. With respet to a moored ship by ano�shore bottom-mounted terminal, it would be interesting to perform an investigationsuh as the third main study in more realisti water depths of h/B ≃ 0.4 − 0.8. Thiswould involve nonlinear e�ets assoiated with the shallow water waves as well as a morepronouned ommuniation between the outer �ow with that in the terminal gap. In thepresented study, the ommuniation was mainly via the ship. Further, nonlinear moor-ing and fender harateristis should also be introdued. In the time-domain approahadopted here, this should in priniple be straight-forward to inorporate. The shallowwater e�ets and nonlinear mooring and fender harateristis are expeted to introduehallenges not onsidered in the present work. This ould involve e.g. super-harmoniresonanes.



172 Summary and further workThe onsidered two-dimensional problem represents an in�nitely long ship. In reality,there are three-dimensional e�ets. One is the nearly sinusoidal mode shape of the �pistonmode� along the ship length. Another is �ow separation at the longitudinal ends of theship and terminal. The behaviour of the three-dimensional problem is not lear to uswithout further investigation. But it is not lear neither how suh an investigation ouldbe performed. The formulation using the boundary integral formulation does not, inpriniple, prohibit a diret three-dimensional investigation. The full three-dimensionalproblem would, however, be very CPU-demanding and, we expet, prone to numerialdi�ulties assoiated with the free shear layer. Consider e.g. the transverse instabilitiesof the free shear layer. One ould perhaps develop some automati smoothing proedurein that respet. Another possibility is a strip theory approah.As desribed in the introdution, empirially based damping terms in the free-surfaeonditions have been applied to three-dimensional linear radiation-di�ration frequenyplane odes in pratie, and the magnitude of the damping terms are urrently foundfrom model tests. A future work would be to suggest and elaborate on a more physiallybased, possibly semi-empirial, method to resolve the pratial problems assoiated withlinear theory and gap resonanes. It is, however, not lear to the author what this wouldinvolve.We also note that the nonlinear wavetank inluding �ow separation ould be used inother problems involving near sinusoidal �ow with separation from sharp orners. Forexample, the e�et of ba�es in a two-dimensional sloshing tank ould be investigatedin ase of non-violent free-surfae �ow. In ases involving violent free-surfae �ow, moreelaboration would, however, be needed with respet to the handling of the free surfae inthe nonlinear numerial wavetank.
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Appendix AThe basi numerial wavetank
A.1 The disretized version of the boundary integralequationAssuming linear variation of ϕ and its derivatives, the disretized version of (6.1) is
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log ri ds. (A.2)The inde�nite integrals are

I➀ = ξ (log r − 1) + η τ, I➁ = τ,
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1
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r2 log r − 1

4
ξ2, I➃ = η log r,

(A.3)where τ = atan (ξ/η).In these expressions, the integration over eah element is arried out in a Cartesianoordinate system (ξ, η) whih is rotated and translated relative to the Earth-�xed oor-dinate system (x, y). The former is denoted by the auxiliary plane and the latter by thephysial plane. The auxiliary plane is de�ned as follows. The positive ξ-diretion oin-ides with the tangential diretion of the element in the physial plane. This diretion isde�ned by the unit tangential vetor s of the element. Similarly, the positive η-diretionoinides with the normal diretion of the element in the physial plane. This diretionis de�ned by the unit normal vetor n of the element. This is a standard Jaobi rotation.The rotated oordinate system is next translated suh that the �eld point is in the origin.Lengths are preserved in this proedure. 179
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s. For larity in the notation we use y2 = y(sj+1), y1 = y(sj) and y0 = y(sj−1). Allexpressions may be derived by diret expansion of the funtion y into Taylor series.

y′(sj) ≃
(
b2y2 + (a2 − b2)y1 − a2y0

)
/γ (entral) (A.4)

y′(sj − b) ≃
(
−b2y2 + (a+ b)2y1 −

(
2ab+ a2

)
y0

)
/γ (forward) (A.5)

y′(sj + a) ≃
((

2ab+ b2
)
y2 − (a+ b)2y1 + a2y0

)
/γ (bakward) (A.6)

y′′(s) ≃ (2b y2 − (a + b)y1 + ay0) /γ (any) (A.7)where the prime denotes derivative, a = sj+1 − sj , b = sj − sj−1 and γ = ab(a + b). Notethat the expression for the seond derivative is orret to seond order in all the threenodes.
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ds(x) =

(

1 − β cos2

(

π
x

L/2

))
ds0

1 − β/2
, (A.8)where 0 ≤ β < 1 must be given, the parameter L is the length over whih one desires anuneven grid spaing and ds0 is the element length aording to an even distribution overthe length L. The value of 1/(1 − β) is the ratio between the longest and the shortestelement. Note that with β = 0 we reover an even distribution of the nodes.



182 The basi numerial wavetank



Appendix BInvisid vortex traking model
B.1 The disretized version of the boundary integralequation inluding �ow separationAssuming linear variation of ϕ and its derivatives, the disretized version of (6.1) is
αϕi =

N∑

j=1

[

ϕj+1

I➃
i,j − ξjI

➁
i,j

ξj+1 − ξj
+ ϕj

ξj+1I
➁
i,j − I➃

i,j

ξj+1 − ξj

]

−
N∑

j=1

[

σj+1

I➂
i,j − ξjI

➀
i,j

ξj+1 − ξj
− σj

ξj+1I
➀
i,j − I➂

i,j

ξj+1 − ξj

]

−
NV∑

j=1

[

Γj+1

I➃
i,j − ξjI

➁
i,j

ξj+1 − ξj
+ Γj

ξj+1I
➁
i,j − I➃

i,j

ξj+1 − ξj

]

, (B.1)following the same de�nitions of ξ, η, σ and the I-terms as in onnetion with equation(A.1).B.2 The disretized version of the free shear layer ve-loityThe disretized version of (6.2) is, when onsidering the veloity Uc at the mid-point ofelement i of the unsimpli�ed part of the free shear layer Sv,
− 2π∇ϕi =

1

π

Γi+1 + Γi

ξi+1 − ξi
+

N∑

j=1

[

ϕj+1

J➃
i,j − ξjJ

➁
i,j

ξj+1 − ξj
+ ϕj

ξj+1J
➁
i,j − J➃

i,j

ξj+1 − ξj

]

−
N∑

j=1

[

σj+1

J➂
i,j − ξjJ

➀
i,j

ξj+1 − ξj
− σj

ξj+1J
➀
i,j − J➂

i,j

ξj+1 − ξj

]

−
NV∑

j 6=i

[

Γj+1

J➃
i,j − ξjJ

➁
i,j

ξj+1 − ξj
+ Γj

ξj+1J
➁
i,j − J➃

i,j

ξj+1 − ξj

]

,(B.2)where
J➀

i,j =

∫

Sj

∇ log ri ds, J➁
i,j =

∫

Sj

∂

∂nξ
∇ log ri ds,

J➂
i,j =

∫

Sj

ξ∇ log ri ds, J➃
i,j =

∫

Sj

ξ
∂

∂nξ

∇ log ri ds. (B.3)183



184 Invisid vortex traking modelHere, ∇ = (∂/∂x, ∂/∂y) while ∂/∂nξ is the normal derivative with respet to the integra-tion parameter ξ. The inde�nite integrals are
J➀ = (− log r, −τ), J➁ =

(

− η

r2
,
ξ

r2

)

,

J➂ = (−ξ + η τ, −η log r), J➃ =

(

−η ξ
r2

+ τ,
ξ2

r2
− log r

)

,

(B.4)where as in Appendix A, τ = atan (ξ/η). In the derivation of the inde�nite integrals wefound Gradshteyn and Ryzhik (2000) useful (see Setion 2.103 and formula (2.147)).



Appendix CThe in- and out-�ow of boundary layers
C.1 Numerial integration of the onvolution integralWe here derive (7.2), the numerial approximation of the onvolution integral (7.1). Inthe derivation, a onstant time-step ∆t is assumed. We �rst separate the integral from(7.1) into two sub-integrals,

I(t) =

∫ t−h

0

f(τ)√
t− τ

dτ
︸ ︷︷ ︸

It(t)

+

∫ t

t−h

f(τ)√
t− τ

dτ
︸ ︷︷ ︸

Ih(t)

, (C.1)where h < t. We integrate Ih by parts,
Ih(t) = 2

(

f(t− h)
√
h +

∫ t

t−h

dfdτ (τ)
√
t− τ dτ) . (C.2)This proedure removes the singularity. We hoose h = ∆t, and use the trapezoidal rulefor time integration. Using the trapezoidal rule will give estimates orret to seond orderin time,

Ih(t) ≃ 2

(

f(t− ∆t )
√

∆t +
1

2

dfdτ (t− ∆t )
√

t− (t− ∆t )∆t

) (C.3)We approximate the derivative of f to �rst order in time by a bakward di�erene sheme,but the expression is still seond order in time. We get
Ih(t) ≃ 2

(

fn−1
√

∆t +
1

2

fn − fn−1

∆t

√
∆t∆t

)

=
(
fn + fn−1

)√
∆t .

(C.4)For It we get, using the trapezoidal rule, that
It(t) ≃

∑

′′
n−1

i=1

f i

√
n∆t − i∆t

∆t =

(
∑

′′
n−1

i=1

fn−i

√
i

)√
∆t

=

(
n−1∑

i=1

fn−i

√
i
− 1

2

(

fn−1 +
f 1

√
n− 1

))√
∆t ,

(C.5)where by ∑ ′′ we mean that the �rst and last terms are multiplied by one half. If weadd (C.4) and (C.5) we obtain that of (7.2).185
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Appendix DFore alulations
D.1 Rotational motionIn the following statements we onsider three-dimensional spae for the sake of using theross-produt, but with translational motion only in the x- and y-diretions and rotationalmotion only in roll, denoted θ. The ship is thought to point towards the negative diretionof the z-axis with the z-axis being the diretion perpendiular to and positive out of thepaper sheet with unit vetor k. The unit vetors in the positive x- and y-diretions aredenoted by the usual i and j.The normal and tangential unit vetors for the moments are the vetors r × n and
r× s where r = x− xG is the distane vetor from the instantaneous enter of gravity ofthe body xG to a point x on the body surfae. The third omponent, orresponding toroll in our ase, are then

nθ = (x− xG)ny − (y − yG)nx on SB,

sθ = (x− xG)sy − (y − yG)sx on SB,
(D.1)The veloity of any point on the body is vB = ẋG + ω × r where in the ase of rollonly and using the usual right hand rule, ω = θ̇ k suh that ω × r = (−yi + xj) θ̇. Thenormal veloity of the body is vB · n = (ẋG + ω × r) · n = ẋG · n + ω · r × n, where thelast equality is due to the interhangeability of the terms in the triple produt. The sameapplies for the tangential veloity exept we onsider vB · s. The normal and tangentialveloities of the body are then

∂ϕ

∂n
= (ẋG − θ̇(y − yG))nx + (ẏG + θ̇(x− xG))ny on SB,

∂ϕ

∂s
= (ẋG − θ̇(y − yG))sx + (ẏG + θ̇(x− xG))sy on SB.

(D.2)D.2 The Gauss-, Stokes- and Transport-theoremsWe onsider a losed domain Ω enlosed by the surfae S and de�ne the normal vetor nalong S to be positive when pointing into Ω. The theorems known as Gauss' and Stokes'theorems may be written as
∫

S

f ◦ n ds = −
∫

Ω

∇ ◦ f ds, (D.3)187



188 Fore alulationswhere ◦ is either nothing, ross- or dot produt. If ◦ is nothing, f is a salar funtion. If
◦ is the dot- or ross-produt, f is a vetor funtion. In any ase f must be de�ned over
Ω ∪ S. Note the negative sign due to the diretion of the normal. In the ase that ◦ isnothing or dot-produt, (D.3) is Gauss' theorem. In the ase ◦ is ross-produt (D.3) isStokes' theorem.The Transport theorem (see e.g. (Newman 1977)) is a speial ase of a more generallaw of onservation. It saysddt ∫Ω(t)

f ds =

∫

Ω

ft ds− ∫
S

fU ds, (D.4)where f may be a salar or vetor funtion, and U is the normal veloity of the boundary
S being positive into the domain with the urrent onvention that the normal points intothe domain.As a speial ase of the Transport theorem, onsider a urve c(s, t) = (x(s, t), y(s, t))parametrised by the ar length s in two-dimensional spae and de�ne a ontinuous funtion
f(x, y, t) over this urve. The total time derivative of the integral of f over this urve isddt ∫ b(t)

a(t)

f(s, t) ds =

∫ b

a

ft ds+ [uf ]a + [uf ]b , (D.5)where ua and ub are the tangential veloities of the end points of the urve c, or the rateat whih the domain c expands or ontrats, being positive in the diretion of expansion.Note that this de�nition of positive diretion is opposite to that in equation (D.4).D.3 Contribution from the free shear layerWe show in the following the equality (8.7). First we let SV := S−
V . We then have that

∫

S±
V

(
1

2
(ϕ2

s − ϕ2
n)n − ϕnϕss

) ds
=

∫

SV

(
1

2

(
(ϕ−

s )2 − (ϕ+
s )2
)
n − ϕn(ϕ−

s − ϕ+
s ) s

) ds, (D.6)due to opposite sign of the unit vetors along S−
V and S+

V . We may rewrite the squaredterms as
1

2

(
(ϕ−

s )2 − (ϕ+
s )2
)

=
1

2
(ϕ−

s + ϕ+
s )(ϕ−

s − ϕ+
s ). (D.7)We reognize that in both (D.6) and in (D.7) we have the term Γs = ϕ+

s − ϕ−
s . Wefurther reognize in (D.7) the tangential veloity of the free shear layer Ucs = 1

2
(ϕ−

s +ϕ+
s ).Lastly, sine the normal veloity is ontinuous aross the free shear layer we may write

ϕn = Uc · n = Ucn.We need to pay extra attention to the Riemann uts, the dashed line in Figure D.1,whih has an essential singularity of the potential at the far end. We show here thatthe ontribution over the Riemann ut to the integral (8.7) is zero. First note that theontributions along SR1 anels that along SR3 due to opposite signs, i.e. n− = −n+ and
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ϕ−

nϕ
−
s s− = −ϕ+

nϕ
+
s s+ and (ϕ−

s )2 = (ϕ+
s )2. The only remaining ontribution is over SR2.Sine near the point vortex, ϕn → 0 due to the point vortex behaviour of zero normalveloity, the only possible ontribution is from the term 1

2
(ϕs)

2n. Now, given a small, but�nite radius of SR2, ϕs is onstant along the urve, and may be pulled outside the integral.But the integral over a omplete irle of its normal is zero, hene the ontribution is zero.And this shows the equality in equation (8.7)D.4 Numerial integration of the Kj - termsThe integrals (8.12) are approximated by the following sums:
K1 ≃

NB∑

i=1

ϕmini∆si, K2 ≃
NF∑

i=1

ϕmini∆si, K3 ≃
NB∑

i=1

ymini∆si, K4 ≃
NF∑

i=1

ymini∆si

K5 ≃
NB∑

i=1

fmini∆si, K6 ≃
NF∑

i=1

fmini∆si, K7 ≃ uAϕAnA, K8 ≃ uBϕBnB

K9 ≃
Nv∑

i=1

niΓmi∆si +

NR∑

i=1





−(yRi+1 − yRi)
xRi+1 − xRi

0.5(x2
Ri+1 − x2

Ri + y2
Ri+1 − y2

Ri)



Γi,

K10 ≃
Nv∑

i=1

((−Ucmi · si)ni + (Ucmi · ni) si)∆Γi (D.8)where subsript m indiates values at the mid-point of an element, i.e. ϕmi = 0.5 (ϕi+1 +
ϕi), ymi = 0.5 (yi+1+yi), Γmi = 0.5 (Γi+1+Γi), Ucmi = 0.5 (Uci+1 +Uci), ∆Γi = Γi+1−Γi,
∆si is the length of element number i, and (xR, yR) is the oordinate of the end points ofeah Riemann ut relative to the enter of gravity of the body. The intersetion points Aand B will in general lie on a free-surfae element. Only the part enlosed by the ontrol



190 Fore alulationssurfae should be inluded in the alulation. The terms uAϕA and uBϕB are estimatedby linear interpolation from the two end-points of the interseting free surfae elements.



Appendix EModel tests - tables and seleted resultsThe �gures and tables presented here are referred to in the main text and not furtherexplained within this appendix.Table E.1: The loations of wave gauges and mid-ship positions in the September andNovember 2006 tests. Distanes x measured from the mean position of piston wave�ap as indiated in Figures 9.4 and 9.5.September 2006 November 2006
x [m℄ x [m℄w1 3.50 3.50w2 5.00 5.00w3 6.50 6.52w4 13.5 12.06w5 16.91 16.90w6 17.38 17.40w7 17.65 17.87w8 17.91 18.10w9 17.91 18.10w10 18.75 18.95w11 18.70 18.98w12 18.75 18.95Mid-ship position 18.30 18.50

191



192 Model tests - tables and seleted results
Table E.2: Test matrix September 2006 tests. Subsript 0 means deep water limit.Light grey bakground indiates shallow water waves (λ0/h > 10).Water depth h = 0.23m

b = 0.22m b = 0.32m
H0/λ0 = 1/40 H0/λ0 = 1/60 H0/λ0 = 1/40 H0/λ0 = 1/60

T [s] test wave test wave test wave test wave0.72 3100 8105 3000 8005 2100 8105 2000 80050.84 3110 8115 3010 8015 2110 8115 2010 80150.96 3120 8125 3020 8025 2120 8125 2020 80251.08 3130 - 3134 8135 3030 8035 2130 8135 2030 80351.20 3140 8145 3040 8045 2140 8145 2040 80451.31 3150 8155 3050 8055 2150 8155 2050 80551.43 3160 - 3164 8165 3060 - 3064 8065 2160 8165 2060 80651.55 3170 8175 3070 8075 2170 8175 2070 80751.67 3180 8185 3080 8085 2180 8185 2080 80851.79 3090 - 3094 8095 2091 8095Water depth h = 0.29m
b = 0.22m b = 0.32m

H0/λ0 = 1/40 H0/λ0 = 1/60 H0/λ0 = 1/40 H0/λ0 = 1/60
T [s] test wave test wave test wave test wave0.72 3300 8305 3200 8205 2300 8305 2100 82050.84 3310 8315 3210 8215 2310 8315 2110 82150.96 3320 8325 3220 8225 2320 8325 2120 82251.08 3330 - 3334 8335 3230 8235 2330 8335 2130 82351.20 3340 8345 3240 8245 2340 8345 2140 82451.31 3350 8355 3250 8255 2350 8355 2150 82551.43 3360 - 3364 8365 3260 - 3264 8265 2360 8365 2160 82651.55 3370 8375 3270 8275 2370 8375 2170 82751.67 3380 8385 3280 8285 2380 8385 2180 82851.79 3290 - 3294 8295 2191 8295



193
Table E.3: Test matrix November 2006 tests. Subsript 0 means deep water limit.Water depth h = 0.40m, terminal gap width b = 0.22m (Case 1)

H0/λ0 = 1/70 H0/λ0 = 1/115 H0/λ0 = 1/170
T [s] test H [m] wave test H [m] wave test H [m] wave1.43 5000 0.033 8807 5500 0.022 9007 5700 0.018 92071.55 5010 0.038 8817 5510 0.025 9017 5710 0.021 92171.67 5020 0.043 8827 5520 0.029 9027 5720 0.025 92271.79 5030 0.048 8837 5530 0.032 9037 5730 0.029 92371.91 5040 0.054 8847 5540 0.036 9047 5741 0.030 92471.95 5051 0.060 8857 5550 0.040 9057 5750 0.032 92571.99 5060 0.062 8867 5560 0.041 9067 5760 0.033 92672.03 5071 0.064 8877 5570 0.042 9077 5771 0.035 92772.07 5080 0.066 8887 5580 0.044 9087 5780 0.036 92872.11 5091 0.068 8897 5590 0.045 9097 5790 0.038 92972.15 5100 0.070 8907 5600 0.047 9107 5800 0.043 93072.27 5110 0.072 8917 5610 0.048 9117 5810 0.048 93172.39 5120 0.079 8927 5620 0.053 9127 5820 0.054 93272.51 5130 0.086 8937 5630 0.057 9137 5830 0.060 93372.63 5140 0.093 8947 5640 0.062 9147 5840 0.066 9347Water depth h = 0.29mTerminal gap width b = 0.22m (Case 2) Terminal gap width b = 0.11m (Case 3)

H0/λ0 = 1/115 H0/λ0 = 1/170 H0/λ0 = 1/115 H0/λ0 = 1/170
T [s] test H [m] wave test H [m] wave T [s] test H [m] wave test H [m] wave1.79 4000 0.033 8401 4500 0.022 8601 1.31 6000 0.018 8550 6200 0.012 87501.91 4010 0.038 8411 4510 0.025 8611 1.43 6010 0.021 8552 6210 0.014 87522.03 4020 0.043 8421 4520 0.029 8621 1.55 6020 0.025 8554 6220 0.017 87542.15 4030 0.048 8431 4530 0.032 8631 1.67 6030 0.029 8556 6230 0.019 87562.27 4040 0.054 8441 4540 0.036 8641 1.71 6041 0.030 8558 6240 0.020 87582.39 4050 0.060 8451 4550 0.040 8651 1.75 6050 0.032 8560 6250 0.021 87602.43 4060 0.062 8461 4560 0.041 8661 1.79 6060 0.033 8401 6260 0.022 86012.47 4070 0.064 8471 4570 0.042 8671 1.83 6071 0.035 8572 6270 0.023 87622.51 4080 0.066 8481 4580 0.044 8681 1.87 6080 0.036 8574 6280 0.024 87642.55 4090 0.068 8491 4590 0.045 8691 1.91 6090 0.038 8411 6290 0.025 86112.59 4100 0.070 8501 4600 0.047 8701 2.03 6100 0.043 8421 6300 0.029 86212.63 4110 0.072 8511 4610 0.048 8711 2.15 6110 0.048 8431 6310 0.032 86312.75 4120 0.079 8521 4620 0.053 8721 2.27 6120 0.054 8441 6320 0.036 86412.87 4130 0.086 8530 4630 0.057 8731 2.39 6130 0.060 8451 6330 0.040 86512.99 4140 0.093 8540 4640 0.062 8740 2.51 6140 0.066 8461 6340 0.044 8661



194 Model tests - tables and seleted resultsTable E.4: Test matrix June 2008 tests. Water depth h = 0.88mTerminal gap width b = 0.08m (Case A) Terminal gap width b = 0.06m (Case B)
T [s] H/λ ≃ 1/170 H/λ ≃ 1/85 T [s] H/λ ≃ 1/170 H/λ ≃ 1/850.60 40010 40210 0.60 40510 40710 - 407110.65 40020 40220 0.65 40520 407200.70 40030 40230 0.70 40530 407300.72 40040 40240 0.71 40540 407400.74 40050 40250 0.72 40550 407500.75 40060 40260 0.73 40560 407600.76 40070 40270 0.735 40570 - 40572 407700.77 40080 - 40082 40280 - 40281 0.74 40580 - 40582 40780 - 407830.776 40090 - 40094 40290 - 40294 0.75 40590 - 40592 40790 - 407930.78 40100 - 40101 40300 - 40301 0.76 40600 - 40601 40800 - 408010.79 40110 40310 0.78 40610 408100.80 40120 40320 0.78 40620 408200.82 40130 40330 0.80 40630 40830 - 408310.85 40140 40340 0.85 40640 408400.90 40150 40350 0.90 40650 408501.00 40160 40360 1.00 40660 40860Table E.5: Spei�s of waves in September 2006 tests aording to linear theory.

H0/λ0 = 1/60 H0/λ0 = 1/40
T λ λ0 Cg Cg0 h/λ0 H0 H H/λ H0 H H/λ

h = 0.23m0.72 0.77 0.81 0.63 0.54 0.28 0.014 0.012 1/60 0.020 0.019 1/400.84 0.99 1.10 0.77 0.59 0.21 0.018 0.016 1/59 0.028 0.024 1/390.96 1.20 1.44 0.90 0.63 0.16 0.024 0.020 1/55 0.036 0.030 1/371.08 1.41 1.82 1.00 0.65 0.13 0.030 0.025 1/51 0.046 0.037 1/341.20 1.61 2.25 1.08 0.67 0.10 0.038 0.030 1/46 0.056 0.044 1/311.31 1.79 2.68 1.14 0.68 0.09 0.045 0.035 1/42 0.067 0.052 1/281.43 1.99 3.19 1.19 0.69 0.07 0.053 0.041 1/39 0.080 0.061 1/261.55 2.18 3.75 1.23 0.70 0.06 0.063 0.047 1/35 0.094 0.071 1/231.67 2.37 4.35 1.27 0.71 0.05 0.073 0.054 1/32 0.109 0.081 1/211.79 2.56 5.00 1.30 0.71 0.05 0.083 0.062 1/30 0.125 0.093 1/20
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