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Abstract 
 
 
 
Mooring systems are widely used in the offshore industry to limit the horizontal excursions of 
a floating structure from desired position in order for the structure to fulfill the required tasks. 
Safety of mooring systems is therefore crucial for successful marine operations. 
 
Under the environmental actions of waves, wind and current, large dynamic tension in 
mooring lines can be excited at both wave frequency (WF) and low frequency (LF). Due to 
the nonlinearities of environmental loads and mooring systems, both WF and LF tension are 
non-Gaussian random processes. In this thesis, stochastic nonlinear mooring line tension has 
been modeled in an efficient way, by which, motion-induced WF tension is approximated by 
a simplified dynamic model, while LF tension is evaluated based on a quasi-static analysis. 
Especially, non-Gaussian fatigue of each frequency component has been explicitly estimated 
in the frequency domain, and fatigue induced by the combined tension, so-called bimodal 
fatigue problem, has been dealt with. The frequency-domain method for fatigue analysis has 
been exemplified by mooring analysis of a semi-submersible and validated by time-domain 
simulations and rainflow cycle counting method. 
 
The degrading mechanism of e.g. corrosion has an influence on mooring system reliability, 
since mooring lines are normally submerged in sea water for a long period of interest. A 
time-variant reliability problem is formulated herein using a probabilistic analysis of 
corrosion. The problem is solved by a piece-wise constant model of line strength and the 
effect of corrosion on mooring safety has been analyzed in terms of annual failure probability 
increasing with time. 
 
Another problem discussed in this thesis is mooring system response in a partially damaged 
condition. Extensive mooring analyses have been carried out using varying long-term 
environmental conditions and considerable increases of tension loads in the neighboring 
mooring lines have been obtained due to failure of one line. Significant variations in the 
yearly and even seasonal wave conditions and the induced extreme and fatigue responses of 
mooring systems together with other marine vessels, like an FPSO and a semi-submersible, 
have been analyzed. These variations could have a notable effect on the safety assessment of 
these structures. 
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In addition, an efficient method for estimating the damping of LF vessel motions caused by 
mooring systems has been proposed based on the simplified dynamic model of mooring lines. 
The accuracy of the calculated damping coefficients in surge and sway including the cross 
terms has been verified by time-domain simulations using a finite element method. 
 
As an interesting extension of bimodal fatigue analysis, a novel frequency-domain method 
for estimating trimodal fatigue damage has been developed considering the interaction 
between the high, intermediate and low frequency components. Such a process might occur 
for combined responses of moored structures involving vortex induced vibrations. The 
proposed method has been verified to be accurate and practically acceptable by rainflow 
counting algorithm based on time-domain simulations of a series of ideal trimodal Gaussian 
processes. 
 
Furthermore, this method has been generalized and applied to Gaussian processes with 
general wide-band spectra. In this way, three equivalent processes have been first defined 
based on the division of the response spectrum into three parts with the same variances. The 
wide-band fatigue damage is then estimated using the same procedure as for ideal trimodal 
processes. Extensive time series have been simulated for different kinds of wide-band 
processes, including typical marine structural responses induced by waves and wind. It is 
noted that the narrow-band approximation can be applied to estimate the wide-band fatigue 
damage if the Vanmarcke’s bandwidth parameter is less than 0.5. The proposed method has 
been validated with the simulation results and compared with other empirical methods. 
Although the idea of the proposed method is simple, it seems to be applicable for a wide 
range of spectral types. 
 
Moreover, previous research work on frequency-domain fatigue analysis has mainly focused 
on single-slope SN curves. In this thesis, fatigue analysis considering two-slope SN curves 
has been carried out and especially the methods of bimodal fatigue analysis have been 
generalized and the accuracy has been verified by time-domain simulations. 
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Chapter 1 
 

Introduction 
 
 
 

1.1    Background 
 
Floating structures are frequently used by the oil and gas industry for drilling, well 
intervention, production and storage at sea. They are often used in other offshore activities as 
well, like the aquaculture industry and the exploitation of renewable energy from wind, 
waves and ocean current. 
 
Under environmental actions of waves, wind and current, a freely floating structure exhibits 
offsets different from the desired point for normal operations. It is crucial to keep the 
structure within limits of excursions and orientation for safety of personnel, protection of the 
environment and stability and serviceability of it. Therefore, a station-keeping system is used 
and attached to the floating structure. The function of a station-keeping system (ISO 2005) is 
to restrict the horizontal excursions of the floating structure within prescribed limits, as well 
as to provide means of active or passive directional control when the structure’s orientation is 
important for safety or operational considerations. Different from a fixed platform whose 
global motions are negligible and only due to the structural deformation, it is not desirable to 
keep a moored floating structure motionless and in general the floating structure is allowed to 
have restricted dynamic motions (e.g. the wave frequency motions) in normal operations. In 
such conditions, the station-keeping system provides forces to balance the mean constant 
environmental actions, while the first-order wave forces are not counteracted and as a result 
the wave frequency motions of the structure are not influenced by the station-keeping system. 
However, the natural period of the moored structure is close to that of the excitation of e.g. 
the second-order wave forces and this causes the slowly varying resonant vessel motions. 
 
Depending upon the principle for providing restoring forces, a station-keeping system can be 
passive (e.g. a mooring system), active (e.g. a dynamic positioning (DP) system) or combined 
active-passive (e.g. a thruster-assisted mooring system). 
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Mooring systems are used for anchoring a floating structure to the sea floor with e.g. catenary, 
taut or semi-taut lines. Mooring lines consisting of steel chain links and sometimes steel wire 
ropes have a catenary shape with heavy weight, while synthetic fibre ropes are normally 
straightened in a taut mooring system and used especially for deep water. These components 
are often combined in one mooring line to sustain abrasion at the fairlead and friction on sea 
bottom with chain links and to decrease the weight of the whole line using ropes in between.  
 
Dynamic positioning (ISO 2005) is a station-keeping technique consisting of on-board 
thrusters (and sometimes rudders) that are automatically controlled to maintain a floating 
structure's position and/or heading. Propulsive forces produced by the thrusters/rudders 
normally counteract only the mean and slowly varying actions due to wind, waves and 
current so as to maintain the structure within pre-set tolerances at a desired point above the 
sea floor and on a pre-defined heading. However, in harsh sea states, the WF forces might be 
compensated as well by a DP system to obtain a relatively stable working condition. A DP 
system has an obvious advantage in deep water, compared to conventional mooring systems 
which get a payload penalty due to the heavy weight of e.g. chains. 
 
A thruster-assisted mooring system can also be applied for instance to control the heading of 
a ship e.g. in a single point mooring or to assist in resisting environmental loads in extreme 
conditions, while dynamic environmental forces in normal conditions are mainly 
compensated by the mooring system. Mooring line tension in extreme sea states can be 
reduced with thruster assistance. However, in order to assess the safety of the whole system, 
design check should be carried out for loss of one mooring line as well as for loss of thruster 
assistance. 
 
Due to its simplicity and passivity, mooring systems are frequently used in the offshore oil 
and gas industry. Various types of mooring arrangements are envisaged, e.g. single point 
mooring and spread mooring. Single point mooring is often used for ship-shaped floating 
structures such as floating production, storage and offloading structures (FPSOs) and allows 
the connected vessel to vary its heading (weathervane). One example is the turret mooring 
system as shown in Figure 1.1, where a number of mooring lines are attached to a cylinder 
and the ship is allowed to rotate around this cylinder. A spread mooring system consists of 
multiple lines terminated at different locations of the structure and provides an almost 
constant heading of it. An example of the spread mooring system of an FPSO is shown in 
Figure 1.2. 
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Figure 1.1 Turret mooring system of an FPSO (Courtesy of APL) 

 

 
Figure 1.2 Spread mooring system of an FPSO (Courtesy of SHELL) 

 
Moreover, mooring systems might be economically suitable for anchoring fish farms, wind 
turbine devices and wave energy converters (WECs). Different from mooring systems for 
large floating structures like ships, semi-submersibles or spars, mooring systems for fish 
farms should be analyzed in a coupled manner to take account of flexibility of the nets and 
considerable forces resulting from the mooring lines. For a motion-based WEC, the station-
keeping performance should not only be the design consideration of the mooring system and 
the effect of mooring system on the efficiency of wave energy absorption should be evaluated 
as well (Johanning et al. 2006). 
 
This thesis focuses on mooring systems used by the offshore oil and gas industry for which 
design codes are well established by international organizations, including classification 
societies, e.g. ISO 19901-7 (ISO 2005), API RP 2SK (API 2005) and DNV OS-E301 (DNV 
2004). Various limit states are considered in design, i.e. ultimate limit state (ULS), fatigue 
limit state (FLS), accidental limit state (ALS) and serviceability limit state (SLS). Normally, 
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ULS is considered for both permanent moorings when the floating structures are deployed for 
long-term operations, e.g. for the whole service life of 20 years, and temporary moorings with 
short operational periods. FLS might be required only for permanent moorings when the 
accumulated fatigue damage in mooring lines is considerable. However, since fatigue is a 
cumulative phenomenon, it is important to consider the total damage for a given mooring line 
if it has been used in many services. ALS design checks considering line failure due to 
abnormal causes might be a relevant criterion as well. Moreover, SLS criteria are usually 
determined based on the requirements for the structures to fulfil their intended mission. ULS 
and FLS are to ensure that the individual mooring lines have adequate strength to withstand 
the load effects imposed by extreme environmental conditions and cyclic loading, 
respectively. Both ULS and FLS are considered for an intact mooring system, while ALS is 
to ensure that the system has adequate capacity to withstand the failure of one mooring line. 
 
Mooring system design is usually carried out by a semi-probabilistic load resistance factor 
design (LRFD) method. In order to take into account the uncertainties involved in the 
analyses of load effects and strength resistance, appropriate safety factors are normally 
applied and calibrated by reliability analysis. Depending on the methods of quasi-static or 
dynamic analysis of mooring response, safety factors vary for different consequences of 
system failure. As defined by the offshore standard DNV OS-E301 (DNV 2004), two 
consequence classes are introduced in the ULS and ALS, i.e. the Class 1 where mooring 
system failure is unlikely to lead to unacceptable consequences such as loss of life, collision 
with an adjacent platform, uncontrolled outflow of oil or gas, capsize or sinking, and the 
Class 2 where failure may well lead to these consequences. Although the semi-probabilistic 
method is applied to mooring system design, the consideration of ALS and consequence 
classes reflects a thinking of risk analysis. 
 
As we know, compared with the semi-probabilistic method, reliability and risk analyses are 
more advanced methods for safety assessment. They will be briefly touched upon in Chapter 
4. 
 
Dynamic mooring response consists of two frequency components, i.e. wave frequency (WF) 
component mainly induced by the first order wave forces and low frequency (LF) component 
caused by the slowly varying environmental forces. For design purposes, mooring analysis 
needs to be carried out to estimate extreme value and fatigue damage of the combined 
mooring line tension. Usually, the following rule for load combination is applied to predict 
the extreme line tension in a short-term period, by which the extreme value is estimated as 
the maximum of two sums, i.e. sums of the expected extreme WF (or LF) tension plus the 
significant value of LF (or WF) tension. Fatigue under combined WF and LF tension is 
recognized as a so-called bimodal fatigue problem which will be discussed later in this thesis. 
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Mooring analysis for design purposes is usually based on the Gaussian assumption for the 
mooring line tension of both the WF and LF components. For instance, the formula 
developed by Jiao and Moan (1990) is widely used in design codes like ISO 19901-7 (2005), 
API RP 2SK (API 2005) and DNV OS-E301 (DNV 2004) for estimating the mooring line 
fatigue. In fact, due to the nonlinear effects of the second order wave forces and the wind 
force acting on the floating structure, the resulting LF mooring line tension is typically non-
Gaussian, see e.g. Næss (1986), Faltinsen (1990) and Stansberg (1991). The WF line tension 
mainly induced by the WF motions of the structure is non-Gaussian as well due to the drag 
forces acting on the line. Furthermore, the static excursion-tension relationship of one 
mooring line is typically nonlinear. Sea bottom friction and contact could also increase the 
nonlinearity of mooring systems. Influence of these nonlinearities on the prediction of 
extreme value and fatigue damage of mooring line tension needs to be investigated. 
 
A structure under cyclic loading will experience fatigue damage in the components, where 
crack starts to grow and propagate from an initial stage to a situation when it turns to be large 
enough to make the components or even the entire structure fail to carry the external loads. 
While the structural response for ULS criteria refer to extreme conditions, fatigue analysis 
needs to consider the damage effect of each load cycle and to determine whether structural 
failure occurs or not due to the cumulative damage over a period of interest. 
 
Fatigue analysis can be carried out by a fracture mechanics or a SN approach. The former 
method allows detailed modelling of the crack propagation, while the SN approach is based 
on an SN curve established by use of laboratory tests under constant amplitude loads. Both 
methods commonly predict linear cumulative damage when dealing with variable amplitude 
loading. This thesis focuses on the SN approach. 
 
The SN approach needs the following information to calculate the fatigue damage, i.e. 
distribution of the effective stress ranges, SN curve and damage accumulation law. The 
Miner-Palmgren linear damage rule (Miner 1945) is usually applied to estimate the total 
fatigue damage as a sum of damage due to each effective load cycle. 
 
An SN curve is defined as a relationship between the stress range S  and the number to 
failure N  of a specimen under a constant-amplitude test with this stress range. 

mN KS −=            (1.1) 
where K  and m  are the material parameters. 
 
SN curves for various materials and specimens under different environmental conditions have 
been well established by constant-amplitude tests. Examples of SN curves for stud and 
studless chain links are shown in Figure 1.3. These are single-slope SN curves in air and in 
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sea water, respectively. In addition, many fatigue tests show that specimens can experience 
more load cycles for low stress ranges than those predicted by single-slope SN curves and 
this effect can be well modelled by two-slope or even multi-slope SN curves. An example of 
two-slope SN curve is shown in Paper 6. 
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Figure 1.3 Examples of SN curves for stud and studless chain links in air and in sea water (Mathisen, 

1999a) 
 
Prediction of effective stress ranges is much more complicated. For deterministic time series 
of loading, fatigue damage estimation is straightforward based on the time-domain cycle 
counting methods such as the peak counting, the range counting, the level-crossing counting 
and the rainflow counting, see e.g. ASTM (1985). The rainflow cycle counting algorithm 
originally proposed by Matsuishi and Endo (1968) is believed to be the best method for 
fatigue damage estimation (Dowling 1972 and Watson and Dabell 1975). However, offshore 
structures are often subjected to stochastic loads induced by waves, wind and current which 
are random in nature. In order to account for the randomness, it is mandatory but time-
consuming to generate many time series of responses required to cover the relevant sea states 
in the scatter diagram and limit the statistical uncertainty. In such situations, fatigue damage 
can be calculated based on the stress range distribution predicted by the frequency-domain 
methods, by which only spectral density functions of the load effects (stress range) are used. 
However, there is no simple and explicit relationship between the effective stress range 
distribution and the general response spectrum. 
 
As we know, the shape of spectral density function of a certain response has a significant 
effect on the prediction of the induced fatigue damage. The Vanmarcke’s bandwidth 
parameter is often used to characterize a random process and is defined as (Vanmarcke 1972), 

2
1 0 21 ( )m m mδ = −          (1.2) 
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where im  is the ith order spectral moment. The value of bandwidth parameter is between 0 

and 1. A process is narrow-banded if this parameter is close to 0. Otherwise, it is wide-
banded. Other bandwidth parameters defined based on higher spectral moments might also be 
used. 
 
For a narrow-band Gaussian process, the effective stress range is twice the positive amplitude 
of the response and follows a Rayleigh distribution. Fatigue damage due to this process can 
be analytically estimated based on the Palmgren-Miner rule as 

0 (2 2 ) (1 )
2

m
NB

T mD
K
ν σ= Γ +         (1.3) 

where σ  is the standard deviation of the stress process, 0ν  is the mean zero up-crossing rate, 

T  is the duration, ()Γ  represents the Gamma function, K  and m  are the material 
parameters for a single-slope SN curve. 
 
Often the load effects are not ideally narrow-banded and their spectra cover a wider range of 
frequencies. Fatigue damage of wide-band processes is hard to obtain in the frequency 
domain. Nevertheless, it is clear that damage estimates based on the narrow-band assumption 
are always conservative. Also, the actual wide-band fatigue damage is often expressed as the 
narrow-band result multiplied with a correction factor. Various methods have been proposed 
to estimate this factor in terms of the spectral moments. 
 
The bimodal process is a special wide-band process that occurs often. Frequency-domain 
methods have been proposed to determine the fatigue damage for such processes, by e.g. Jiao 
and Moan (1990), Sakai and Okamura (1995), Fu and Cebon (2000), and Benasciutti and 
Tovo (2007), using different principles for combining the damage associated with the two 
frequency components. For practical use, bimodal fatigue damage could also be expressed in 
terms of individual damage as proposed by for instance Lotsberg (2005) and Huang and 
Moan (2006). 
 
One practical extension of bimodal fatigue problem is the trimodal fatigue damage estimation, 
which could a problem encountered for instance for a riser system. A riser system attached to 
a moored vessel could experience vortex induced vibrations (VIV) with high frequencies in 
addition to the forces induced by the WF and LF vessel motions. According to the current 
procedure for fatigue analysis of risers, the WF and LF fatigue damage is first estimated and 
then the VIV contribution is separately added to obtain the total fatigue damage (Chakrabarti 
2005). In this way, no interaction between the VIV response and the WF and LF response has 
been considered. In principle, the fatigue damage will then be underestimated because of the 
nonlinear relationship between the fatigue damage and the stress range. Fatigue damage for 
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stress spectra consisting of three frequency components is therefore interesting to study in a 
way that all interactions can be considered simultaneously. 
 
Furthermore, bimodal and trimodal processes are special wide-band processes. Frequency-
domain methods for general wide-band fatigue damage estimation are certainly of great 
interest and importance. Although the rainflow cycle counting method is the best method for 
fatigue analysis, it is only applicable in the time domain and it has no closed-form solution in 
the frequency domain. Most of the frequency-domain methods for wide-band fatigue damage 
estimation are therefore based on the empirical correction on the narrow-band estimate. 
Bouyssy et al. (1993) and Benasciutti and Tovo (2006) compared different methods 
considering various wide-band spectral shapes. Among them, the formulae of Dirlik (1985) 
and Benasciutti and Tovo (2005) give the most accurate estimates of fatigue damage in 
comparison with the results of the time-domain simulations.  
 
Moreover, the responses of marine structures are not always Gaussian. Nonlinear loads and 
nonlinearities in structural systems make the load effects non-Gaussian. Time-domain cycle 
counting methods can be applied to non-Gaussian processes in the same manner as to 
Gaussian processes. However, frequency-domain methods may not be able to consider the 
complete effects of non-Gaussianity on fatigue damage estimation. It seems that the best way 
to deal with non-Gaussian processes is to approximate them by a monotonic transformation 
of Gaussian processes and estimate the fatigue damage by making use of higher order 
statistical moments, notably skewness and kurtosis. The effect of non-Gaussian features of 
the loading on the fatigue damage was studied by e.g. Winterstein (1988) and Wang and Sun 
(2005), by accounting for the effect of the skewness and kurtosis of the whole process. 
 
 
 

1.2    Objectives and scope of the thesis 
 
This thesis is written as a summary of the published or accepted papers, including 3 journal 
papers and 4 conference papers as listed in Appendix A. One extension of the papers is 
included in Appendix B. The scope of the thesis is shown in Figure 1.4 where the main topics 
and the interconnection between these papers are illustrated.  
 
Safety of mooring systems is one of the main topics dealt with in this thesis. Several key 
issues are investigated in detail, like bimodal fatigue damage induced by non-Gaussian 
mooring line tension (Paper 1), mooring system reliability considering strength deterioration 
(Paper 4), mooring response analysis in damaged conditions (Paper 5 and Extension 1) and 
mooring line damping (Paper 7).  
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As indicated above, both WF and LF mooring line tension are nonlinear and the combined 
tension certainly has a non-Gaussian statistical property. One of the purposes of this thesis is 
therefore to explicitly investigate the non-Gaussianity of mooring system response and to 
study the corresponding effect especially on the induced fatigue damage, which is reported in 
Paper 1 at length. 
 
Mooring system performance under deteriorated and even damaged conditions is very 
important to the overall safety. One objective herein is to study the mooring response in such 
situations and the influence on system reliability assessment, see Paper 4, Paper 5 and 
Extension 1. 
 
Another main topic of this thesis is the frequency-domain methods of fatigue analysis. 
Fatigue analyses of multi-modal and generally wide-band processes have been studied and 
discussed. 
 
As we know, most of the frequency-domain methods consider only single-slope SN curves. 
The purpose of Paper 6 is to verify the accuracy of such methods for two-slope or even 
multi-slope SN curves as well as for non-Gaussian processes by time-domain simulations and 
rainflow cycle counting. 
 
Fatigue damage of general wide-band processes is hard to obtain in the frequency domain. 
However, it is believed that it could be beneficial to start with some special cases of wide-
band processes first, such as bimodal or trimodal processes, study the properties of these 
processes in detail and then generalize the common principles of fatigue calculation to more 
general wide-band processes. Therefore, as reported in Paper 2, one objective of this thesis is 
to generalize the fatigue analysis method from bimodal process to trimodal process and then 
apply the method to estimate general wide-band fatigue damage. 
 
Furthermore, it is noted that long-term variations (e.g. due to seasons or from year to year) of 
environmental conditions at sea can be quite significant. These variations cause significant 
variations of the structural responses as well and influence the safety assessment, especially 
for structures which are temporarily in a damaged condition. These issues are touched upon 
in Paper 3, Paper 5 and Extension 1. 
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Chapter 2 
 

Mooring System Analysis 
 
 
 

2.1    Overview of mooring analysis 
 
Mooring analysis includes both the vessel motion analysis and the analysis of mooring line 
tension. Vessel motion responses are caused by steady wave, wind and current forces, wave 
frequency (WF) and low frequency (LF) wave loads as well as LF wind forces. While the LF 
wave forces are relatively small compared with the WF forces, the effect on the vessel 
motions can be significant due to the resonance of the entire moored structure. Moreover, 
mooring line tension is mainly induced by the motions at the fairlead and the contribution of 
wave forces directly acting on the lines is relatively small (Larsen and Fylling 1982). As a 
result, the tension response consists of the mean, WF and LF components similar to the 
motion response. 
 
Coupled analysis where both the vessel motion and mooring line tension responses are 
simultaneously obtained is normally applicable in the time domain, while the frequency-
domain analysis is usually carried out in an uncoupled way. 
 
Reaction forces of mooring systems to the first-order wave forces are negligible and therefore, 
the WF vessel motions can be predicted without consideration of the mooring systems and 
the LF motions. However, on the other hand, the LF vessel motions are due to the resonant 
phenomena and certainly dependent on the mooring systems, especially the damping 
contribution from mooring lines. Furthermore, mooring line damping is mainly caused by the 
drag forces induced by the WF vessel motions. In addition, another source of the damping of 
the LF motions is the wave drift damping which is also affected by the WF motions. In this 
sense, the LF motions of the vessel present the dependency on the WF motions. 
 
Regarding the dynamic mooring line tension, a quasi-static analysis might be applied where 
the tension response, e.g. the short-term extreme value, is estimated at the total extreme 

11



 
 

 
vessel motions based on the displacement-tension characteristics of the mooring lines. 
However, the WF mooring line tension is a direct result of the WF fairlead motions and 
normally needs to be calculated by a dynamic model. In this way, it is dependent on the 
vessel position where the mooring system might be linearized and this position is determined 
considering the mean and LF vessel motions. For example, the linearization can be made at 
the position of the total extreme motions minus the WF extreme motions (MARINTEK 2003). 
 
Mooring system analysis, including fatigue analysis, is the main focus of this thesis. Case 
studies are mainly carried out on the mooring system of a large semi-submersible with a 
weight of 52500ton and a draught of 21m. The mooring system has 16 identical chain-wire-
chain mooring lines with 4 lines grouped at each corner of the semi-submersible. 
 
 
 

2.2    Vessel motion analysis 
 
Floating structures and their mooring systems experience interaction under environmental 
forces. The dynamic mooring line tension is normally predicted based on the vessel motions 
which are first determined. 
 
Floating structures considered herein are ships, semi-submersibles, spars, etc., and they are 
usually modelled as rigid bodies in motion analysis. Vessel motion response in a stationary 
and short-term sea state can be split into three components: 

• mean displacement due to mean environmental loads, 
• LF motions with natural periods of the moored vessel in surge, sway and yaw 

directions due to LF wind loads and second order wave loads, 
• motions at the frequency of incoming waves due to first order wave loads. 

 
Mean offset of the floating vessel is determined at an equilibrium position under the 
combined mean forces of waves (mean wave drift), wind and current by considering the 
nonlinear restoring forces of the mooring system. Dynamic motions are established at the 
equilibrium position of the vessel. 
 
Dynamic analysis of vessel motions includes both steady-state response in the intact or 
damaged conditions of the mooring system and transient response induced by mooring line 
failure or thruster failure if a thruster-assisted mooring is used. The steady-state response can 
be solved both in the frequency domain and in the time domain. The frequency-domain 
analysis is commonly used with linear models and the choice between these models depends 
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on how good a linearization will be. The transient response is usually obtained by a time-
domain analysis. 
 
The equation of motions for the vessel in regular waves may be written as 

1 2 ( ) ( ) ( , , )Mx Cx D x D f x K x x q t x x+ + + + =       (2.1) 

( ) ( ) ( )
( ) ( ) ( ) ( )

M m A
A A A a
C C C c c

ω ω
ω ω ω

= +
= = ∞ +
= = ∞ + =

       (2.2) 

where  
t   time variable 
ω   frequency of incident waves 

, ,x x x   vectors of displacement, velocity and acceleration 
m    body mass matrix 

( )A ω   frequency-dependent added mass matrix 
( )C ω   frequency-dependent potential damping matrix 

1D   linear damping matrix 

2D   quadratic damping matrix 

( )K x   position-dependent stiffness matrix 

( )f x   vector function where each element is given by i ix x  

( , , )q t x x  excitation force vector 
 
The excitation force on the right-hand side of Equation (2.1) includes the following 
components, 

(1) (2)( , , ) WI WA WA CU othq t x x q q q q q= + + + +        (2.3) 

where  

WIq   wind drag force 
(1)
WAq   first order wave excitation force  
(2)
WAq   second order wave excitation force  

CUq   current drag force 

othq   other forces including forces from the mooring system 

 
The whole differential equation of vessel motions can be solved in the time domain by use of 
convolution integral of the retardation function, and alternatively the motions can be 
separated into a WF part and an LF part, 

WF LFx x x= +            (2.4) 
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where WFx  and LFx  refer to the WF and LF vessel motions, respectively. 

 
The WF motions can be obtained by a linear analysis where the quadratic damping is 
linearized and set to be zero and the stiffness matrix is assumed to be position-independent. 
The equation of WF vessel motions is reduced to 

(1)
1( ( )) ( ( ) )WF WF WF WAm A x C D x Kx qω ω+ + + + =       (2.5) 

 
Only the first order wave forces need to be considered in the WF motion analysis and the 
linearized system can be easily solved in the frequency domain. The WF vessel response is 
Gaussian because it results from a linear system subjected to Gaussian loading. 
 
However, in order to solve the LF vessel motions, forces from the mooring system need to be 
considered together with the slowly-varying forces of waves, wind and current. The LF 
motion equation is shown as follows and it is normally solved by a time-domain method, 

(2)
1 2( ( 0)) ( )LF LF LF LF WI WA CU othm A x D x D f x Kx q q q qω+ = + + + = + + +    (2.6) 

where the potential damping is zero for small frequencies ( ( 0) 0C ω = = ). Due to the second 
order wave forces and the nonlinear wind and current forces, the LF vessel motions exhibit 
non-Gaussian properties. 
 
Mooring systems provide not only time-varying restoring forces but also damping forces. 
Both forces must be taken into account in the LF response analysis and the effects might be 
obtained by a linearization centered on the mean position of the vessel. 
 
The effects of a single riser are usually negligible in comparison with the effects of the 
mooring lines, but the effects of multiple risers may need to be included as well. Similarly, 
risers may cause restoring, damping and excitation forces. 
 
 
 

2.3    Low frequency damping 
 
The LF motion response is typically narrow-banded since it is dominated by the resonant 
response at the natural frequency of the moored structure. The motion amplitude is highly 
dependent on the stiffness of the mooring system and the damping.  
 
Damping of the LF motions is a critical parameter, which may be difficult to quantify. If 
model tests are available, they can provide a basis for quantifying the damping. It is 
dependent on water depth, the number of mooring lines and risers in addition to the actual sea 
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state and current profile. There is a substantial degree of uncertainty in the estimation of LF 
damping of which there are four main sources: 

• viscous damping of the structure, 
• wave drift damping, 
• mooring and riser system damping, 
• thrusters damping if applicable. 

 
Some examples of damping coefficients can be found in e.g. DNV OS-E301 (DNV 2004): 
For a ship in 150m water depth, with 12 mooring lines and no risers: 

• the surge damping coefficient is 5% to 10% of critical damping, 
• the sway damping coefficient is 15% to 20% of critical damping; 

For a twin-pontoon drilling semi-submersible in 450m water depth, with 8 mooring lines and 
no risers: 

• the surge damping is 10% of critical damping, 
• the sway damping is 15% of critical damping. 

 
Relative importance of these damping sources has been discussed by e.g. Wichers and 
Huijsmans (1990), Molin (1993) and Triantafyllou et al. (1994). 
 
Oscillation of a structure in a viscid fluid could induce periodic vortex shedding and provide 
damping forces to the structure. Viscous effects on the LF motions of ships are significant in 
sway and yaw motion modes (Graham 1980) and could be calculated by strip theory and the 
cross-flow principle (Faltinsen 1990). For structures with cylindrical components like semi-
submersibles or spars, the viscous damping could be estimated based on the Morison 
equation as illustrated by e.g. Chakrabarti (1984), Larsen and Huse (1993), Downie et al. 
(1995) and Lie (2006). 
 
It is well known that structures advancing in waves could experience an added resistance and 
this explains the wave drift damping phenomenon by interpreting the LF vessel motion as a 
forward and backward speed (Faltinsen 1990). Wave drift damping has been studied or 
discussed by Zhao et al. (1988), Zhao and Faltinsen (1988), Sclavounos (1989), Hermans 
(1991) and Newman (1993). 
 
Mooring systems also contribute damping of the LF vessel motions (Molin 1993 and Webster 
1995). The damping effect increases with the presence of WF motions. Based on the quasi-
static model of mooring lines, damping from the mooring system has been proposed by Huse 
(1991), Liu and Bergdahl (1998) and Bauduin and Naciri (2000).  
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In Paper 7, we propose an estimate of mooring line damping in the frequency domain based 
on a simplified dynamic model, originally developed by Larsen and Sandvik (1990). This 
method predicts the total damping of the mooring system to be about 20% smaller than that 
obtained by the time-domain simulations and yields conservative estimates of LF motions. 
 
 
 

2.4    Mooring line response analysis 
 
Studies of mooring line dynamics has been carried out by many researchers, like Larsen and 
Fylling (1982), Lindahl and Sjoberg (1983), Triantafyllou (1991), Liu and Bergdahl (1997) 
and Aranha and Pinto (2001). The Finite Element (FE) method has also been applied to 
model mooring lines. Comparative studies of frequency-domain and time-domain methods 
were performed by e.g. Kwan and Bruen (1991) and Brown and Mavrakos (1999). 
 
Hydrodynamic excitation forces directly acting on mooring line components are normally 
negligible and mooring line response is mainly induced by the vessel motions at the fairlead 
and therefore consists of the mean, WF and LF components. Except locally in chain links (e.g. 
at the fairlead), the bending of mooring lines is normally negligible and only the tension 
needs to be calculated. Quasi-static analysis of the mooring system is usually appropriate to 
determine the mooring line tension due to mean and LF vessel displacements, while dynamic 
analysis is normally necessary for mooring line tension due to WF displacements of the 
vessel. 
 
In design codes for mooring systems, the LF vessel motions are normally assumed to be 
Gaussian and the extreme value of the LF line tension is calculated by considering the 
nonlinear line characteristics. This is a good approximation only for small damping of LF 
motions. In fact, the quasi-static mooring line tension includes not only the nonlinearities due 
to the reaction and friction forces from the seabed and the offset-tension relationship, but also 
the non-Gaussian property of the LF vessel motions e.g. induced by second order wave forces. 
The non-Gaussianity of the LF line tension strongly relies on the damping of LF vessel 
motion and would normally imply a higher extreme value than the Gaussian one. The effect 
has been studied by e.g. Næss (1986), Stansberg (1991) and Stansberg (2000). 
 
Although the WF vessel motions are Gaussian, the resulting dynamic line tension is non-
Gaussian due to the nonlinear drag forces acting on the line as well as the nonlinear 
displacement-load characteristics of the line. 
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When the dynamic WF and LF line tension are determined separately, they should be 
combined to obtain the total extreme value and the induced total fatigue damage. The 
Gaussian assumption is widely adopted for design purposes.  
 
So far the load effects in a single sea state have been considered. In reality, the long-term 
extreme value and fatigue damage need to be calculated for mooring systems with a long 
service life and the probabilities of occurrence of different environmental conditions should 
be taken into account. 
 
Long-term extreme value of mooring line tension could be predicted by a full long-term 
analysis (Nordenstrøm 1971) by which all the relevant short-term sea states of interest were 
considered and it is normally quite time-consuming. Battjes (1977) also considered the 
correction term on the variation of the mean zero up-crossing rate of each short-term sea state 
when predicting the long-term response. 
 
Alternatively the contour line method could be applied. By this method only some important 
sea states along the environmental contour line (or surface) with a certain return period of e.g. 
20 years or 100 years, are considered. The contour line method only uses the information of 
extreme sea states and approximates the long-term extreme response by the short-term 
extreme value under these conditions. However, the environmental contour line is pre-
determined and does not depend on the response type. Although the long-term extreme 
response is strongly correlated to the extreme sea states, other sea states could also contribute 
to the long-term response distribution. Moreover, the short-term extreme response also 
presents the variability which is different in different sea states. It would normally be under-
estimating if the short-term variability is not included. In order to consider these effects, a 
high quantile than the median should be used when applying the contour line method. This 
quantile is response-dependent and needs to be determined or calibrated by the full long-term 
analysis. 
 
Meling et al. (2000) used the contour line method to predict the extreme response of quasi-
static mooring line tension. In Paper 5 and Extension 1, we apply the contour line method by 
considering the dynamic analysis of line tension and verify the method with full long-term 
analyses.  
 
The accuracy of the contour line method is exemplified in Figure 2.1 for predicting annual 
extreme line tension, where the relative error is defined as the difference of the results 
obtained by the contour line method and the full long-term analysis divided by the full long-
term result. Seasonal and yearly environmental conditions are considered and a quantile of 
70% of the distribution of the short-term extreme tension has been used when applying the 
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contour line method. The obtained relative errors are very small, within +/- 3%, except those 
based on the Summer data, where a maximum absolute value of the relative error of about 
6.5% are obtained. 
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Figure 2.1 Relative error of the contour line method compared with the full long-term analysis for 

predicting the annual extreme mooring line tension based on the seasonal and yearly sea data of thirty 
years (In the figure, “Each” represents the results based on the data of individual years, while “All” 

represents the results when all of the data of thirty years are applied.) 
 
Separate analyses of WF and LF mooring line tension result in the fatigue damage due to 
each frequency component. However, in order to assess the performance of mooring systems 
under fatigue loading, the total fatigue damage needs to be evaluated. Combination of WF 
and LF fatigue damage is not trivial even for a stationary short-term sea state. The process of 
mooring line tension consists of wave and low frequencies and it is called a bimodal process. 
Jiao and Moan (1990) proposed a very accurate method to predict bimodal fatigue damage 
under the assumption of Gaussianity. Other combination rules have also been suggested and 
some of them are introduced in Chapter 3. 
 
In Paper 1, the Jiao and Moan’s method is modified by considering the non-Gaussian 
properties of both WF and LF mooring line tension induced by wave loads in an explicit way 
and the total fatigue damage is estimated by numerical integration since no analytical formula 
is envisaged. The effect of non-Gaussianity has been included for the LF fatigue damage 
estimation by consideration of the skewness and kurtosis of LF line tension. The WF fatigue 
damage is predicted by the closed-form solution of Morison-type forces where a simplified 
dynamic model (Larsen and Sandvik 1990) of the mooring lines has been applied.  
 
The mooring analysis mentioned above is a decoupled analysis by which vessel motion 
responses are uncoupled with mooring system responses and the mean, WF and LF responses 
are also uncoupled. The coupling effect might be important especially for deep water systems 
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and coupled mooring analysis has been studied by Ormberg et al. (1997), Ormberg and 
Larsen (1997), Sødahl et al. (1996), Sagrilo et al. (2002), etc. Ormberg et al. (1998) discussed 
the accuracy and the efficiency of analysis methods with different levels of coupling effect. 
 
 
 

2.5    A simplified model to determine dynamic mooring line 
tension 
 
Mooring lines are slender structures and the line tension induced by WF vessel motions 
should be estimated by dynamic analysis considering drag and inertia forces acting on the 
line. Quasi-static analysis based on the catenary configuration of mooring line might not 
properly describe the WF response. Usually the FE method is applied in the time-domain 
analysis and mooring components are modelled as truss elements under only tensile loads. 
Time-domain methods of mooring line dynamics can include all of the nonlinear effects and 
can be carried out for coupled analysis. However, it is quite time-consuming especially for 
analysis under random wave loads where many simulations with long duration have to be 
performed to obtain the appropriate statistics of line tension. 
 
A simplified model of dynamic tension induced by the WF vessel motions at the fairlead has 
been proposed by Larsen and Sandvik (1990) for one mooring line. This model captures the 
main features of drag and inertia forces induced by the WF motions of the line and expresses 
them in terms of a spring/damper system. The dynamic line tension is obtained by a single 
degree-of-freedom system and appears as a Morison-type force. Lie and Sødahl (1993) 
applied this model to estimate the extreme WF dynamic line tension and showed that the 
simplified model agrees reasonably well with the results obtained by time-domain 
simulations with an FE method. A brief description of the method is given in Paper 7. 
Although this simplified model was originally proposed to estimate extreme mooring line 
tension, it has been successfully applied to predict the LF damping from the mooring system. 
 
As mentioned above, the method used to determine the fatigue damage of mooring lines 
under bimodal non-Gaussian loading in Paper 1 is also directly established on the basis of 
this simplified dynamic model for the WF loading. 
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Chapter 3 
 

Wide-band Fatigue Analysis 
 
 
 

3.1    General 
 
As mentioned above, fatigue damage induced by a random process of structural response is 
strongly dependent on the bandwidth parameter of its spectrum. However, it is impossible to 
theoretically obtain an exact relationship between the fatigue damage and the bandwidth 
parameter by a frequency-domain method for a general wide-band Gaussian process. Many 
researchers contributed to fatigue analysis of special wide-band processes like bimodal 
processes (Jiao and Moan 1990, etc.) or empirical modelling of wide-band fatigue damage 
(Dirlik 1985, Benasciutti and Tovo 2005, etc.).  
 
On the other hand, fatigue analysis can also be carried out in the time domain by various 
cycle counting methods. Although it is very time-consuming, the rainflow cycle counting 
method normally gives the most accurate estimates among all of these methods.  
 
In this chapter, several typical counting methods will be introduced first based on the time-
domain description of the response. Then frequency-domain fatigue analysis will be 
addressed. 
 
 
 

3.2    Time-domain fatigue analysis 
 
Time-domain fatigue analysis is based on time series of stress and is only applicable when 
the time-varying response is available. As already mentioned, cycle counting methods can 
then be applied to all types of response time series, independent of the fundamental properties 
of the response. The counting algorithm is identical for narrow-band or wide-band, stationary 
or non-stationary, and Gaussian or non-Gaussian processes. 
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In fact, time-domain methods use only the information provided by the series of peaks (local 
maxima) and valleys (local minima). According to different principles for constructing the 
effective stress ranges from these identified peaks and valleys, various cycle counting 
methods are envisaged and their procedures are defined by e.g. ASTM (1985), including the 
peak counting, the range counting, the level-crossing counting and the rainflow counting. 
 
The peak counting method identifies all peaks in the stress history and uses the peaks above a 
defined reference level to estimate the fatigue damage. The reference level corresponding to 
the mean stress is usually applied. If the effect of the mean stress is not considered, each 
stress range is then assumed to be twice the difference of each peak value minus the mean 
value. This method basically assumes a symmetric property centred at the mean value. 
However, not all of the peaks are positive for a general wide-band process and this fatigue 
damage estimate is based on the total number of all peaks, therefore, a quite conservative 
estimate is usually obtained by the peak counting method. Moreover, actual valleys should 
also be used in the cycle counting especially for asymmetric responses. 
 
The range counting method considers a peak and the following valley as half a cycle of stress 
range as well as a valley and the following peak. The total fatigue damage is obtained as the 
sum of the damage from all of the half cycles by which a single half cycle is assumed to 
induce half value of the fatigue damage due to a complete load cycle with the same stress 
range. This method is established on the local load cycles and ignores the effect of global 
large load cycles. Therefore, it always underestimates the true wide-band fatigue damage. 
 
Instead of using the values of peaks and valleys directly, the level-crossing counting method 
forms cycles of stress range based on the counting of up-crossings above and down-crossings 
below the mean value at fixed load levels usually defined with constant increments and 
centred at the mean value. All identified level-crossings are used to form the largest possible 
cycle first, followed by the second largest, and so on. This method takes the interaction 
between cycles into account and gives priority to large load cycles. It is actually equivalent to 
the narrow-band assumption which is demonstrated by Rychlik (1993) to be the upper bound 
of the expected fatigue damage. 
 
The rainflow method was first proposed by Matsuishi and Endo (1968) and it is also known 
as the pagoda-roof method with its original version. This method has proved to be the most 
accurate method for estimating fatigue damage under random processes by e.g. Dowling 
(1972) and Watson and Dabell (1975). The rainflow counting algorithm is briefly described 
in the following. 
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We consider a stress time series of peaks and valleys with the time axis vertically downward 
as shown in Figure 3.1 and in this way the lines connecting peaks and valleys form a series of 
pagoda roofs. The rainflow method applies the following general rules to produce stress 
cycles. 

• Each rainflow begins at the beginning of the time series and successively at the inside 
of every peak and valley. 

• Rainflow initiating at a peak (or a valley) drops down until it reaches opposite a peak 
more positive (or a valley more negative) than the peak (or the valley) it started from. 

• Rainflow also stops when it meets the rainflow from a roof above. 
• Rainflow must terminate at the end of the time series. 
• The horizontal length of each rainflow is counted as a half cycle with that stress range. 

 
Figure 3.1 Illustration of the rainflow cycle counting method 

 
As shown in Figure 3.1, the first rainflow starts from the beginning at 1 as a valley, the 
second one from the peak 2, the third one from the valley 3, and so on. The end at 10 is 
considered as a peak herein. There are totally 9 half cycles can be extracted from this time 
series. 
 
The rainflow initiating at the valley 1 drops down at 2 and ends at 4 because the following 
valley 5 has smaller value than the initial point 1. Therefore, a half cycle of 1-2-4 has been 
identified. The same rule can be applied to determine the half cycle of 5-6. 
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The second rainflow starts from 2 and stops at 3, which leads to a half cycle of 2-3, because 
the following peak 4 has larger value than 2. Similarly, the half cycles of 4-5-7 and 8-9 can 
be extracted based on the same rule due to the largest peak at 10. 
 
The half cycles of 3-2’, 6-5’ and 9-8’ are determined because the rainflows started at 3, 6 and 
9, respectively, meet the rainflows from roofs above. 
 
The half cycle of 7-8-10 is formed because the time series ends at 10. 
 
When all of the 9 half cycles have been identified, the horizontal length of each cycle is used 
as an effective stress range to calculate the fatigue damage based on e.g. the linear damage 
accumulation law. 
 
This is the original proposal of the rainflow cycle counting algorithm (Matsuishi and Endo 
1968). Other versions of the method can be found such as the 3-point algorithm (ASTM 
1985), the 4-point algorithm (Amzallag et al. 1994) and the non-recursive definition proposed 
by Rychlik (1987). All these algorithms lead to the same results of fatigue damage. Therefore, 
no details of other versions are given herein. 
 
Moreover, the time-domain rainflow results obtained in this thesis are based on Rychlik’s 
definition by using the Matlab Toolbox – WAFO (The WAFO Group 2000).  
 
In general, fatigue damage obtained by the counting methods described above have the 
following relationship (e.g. Tovo 2002), 

( )RC RFC LCC NB PCD D D D D≤ ≤ = ≤         (3.1) 

where RCD , RFCD , LCCD  and PCD  represent the fatigue damage estimated by the range 

counting, the rainflow counting, the level-crossing counting and the peak counting methods, 
respectively, and NBD  denotes the narrow-band approximation. 

 
 
 

3.3    Frequency-domain methods for multi-modal Gaussian 
processes 
 
As mentioned above, time-domain analysis with cycle counting methods are extremely time-
consuming especially for random fatigue analysis where a great number of time series of 
responses must be generated and analyzed. Frequency-domain methods are more 
computationally efficient. However, the most accurate method, the rainflow cycle counting 
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method, does not have a closed-form solution in the frequency domain for a general wide-
band Gaussian process. In order to propose an accurate frequency-domain method, one must 
focus on the spectral type and start with particular random processes. Herein, multi-modal 
Gaussian processes are introduced first and methods for estimating the corresponding fatigue 
damage are discussed. 
 
The multi-modal Gaussian process is a Gaussian process where the energy of the process 
concentrates at several well-separated frequencies and therefore the spectral density function 
shows multiple peaks. Bimodal processes are special cases of multi-modal processes where 
only two central frequencies can be identified. This kind of process occurs frequently in the 
responses of marine structures, e.g. mooring system response as discussed in Chapter 2, 
wave-induced and springing responses of tension leg platform (TLP) and large ships, etc. 
These responses mainly have one frequency component corresponding to the wave input and 
the other due to the resonance of flexible oscillations of the whole structure itself. Trimodal 
process could also be relevant for structural responses involving VIV as mentioned in 
Chapter 1. Examples of a bimodal and a trimodal Gaussian process are shown in Figures 3.2 
and 3.3 with the Vanmarcke’s bandwidth parameters of 0.62 and 0.73, respectively. 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.2 Example of a bimodal Gaussian process (Left: spectral density function; Right: time series.) 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.3 Example of a trimodal Gaussian process (Left: spectral density function; Right: time series.) 
 
Often wide-band fatigue damage is expressed as a correction on the narrow-band 
approximation. However, for a bimodal process with a high frequency (HF) and a low 
frequency (LF), the rainflow algorithm extracts two types of load cycles: one is the large 

f (Hz)
0.0 0.1 0.2 0.3 0.4 0.5 0.6

S
XX

(f)

0

5

10

15

20

t (s)
0 50 100 150 200 250 300 350

x(
t)

-3

-2

-1

0

1

2

3

f (Hz)
0.00 0.05 0.10 0.15 0.20

S XX
(f)

0

10

20

30

40

50

t (s)
0 50 100 150 200 250 300 350

x(
t)

-3

-2

-1

0

1

2

3

δ = 0.62

δ = 0.73

3.3 Frequency-domain methods for multi-modal Gaussian processes 25



 
 

 
cycles considering the interaction between the HF and LF components and the other is the 
small HF cycles only. Various methods for bimodal fatigue damage estimation under the 
Gaussian assumption have been proposed by many researchers, e.g. Jiao and Moan (1990), 
Sakai and Okamura (1995), Fu and Cebon (2000) and Benasciutti and Tovo (2007). 
 
Jiao and Moan (1990) expressed the bimodal fatigue damage as the sum of the HF damage 
plus the damage induced by an equivalent process of the HF envelope plus the LF process. 
The number of small cycles is determined by the mean zero up-crossing rate of the HF 
component, while the number of large cycles is given by that of the equivalent process. They 
also showed that a closed-form solution could be approximately obtained when assuming that 
the LF component dominates. This method is very accurate especially for large LF 
contributions. A brief description of the theory is provided in Paper 1. Moreover, this method 
has already been adopted in offshore standards, such as ISO 19901-7 (ISO 2005), API RP 
2SK (API 2005) and DNV OS-E301 (DNV 2004), to estimate the fatigue damage in mooring 
lines.  
 
Sakai and Okamura (1995) estimated the bimodal fatigue damage as the sum of each narrow-
band component. In this way the fatigue damage is usually underestimated since no 
interaction between two components is considered. 
 
Fu and Cebon (2000) assumed that the number of large cycles is directly associated with the 
LF cycles, while that of small cycles is equal to the difference of the HF number and the LF 
number by keeping the total number of counted cycles as the same as that of the HF cycles. 
Meanwhile, the same stress range distributions of short and long period cycles are applied to 
estimate the fatigue damage as in Jiao and Moan’s formula. This method normally 
overestimates the fatigue damage since the number of long period cycles is usually less than 
that of the LF cycles due to the presence of the HF envelope process. 
 
Benasciutti and Tovo (2007) made an improvement on Fu and Cebon’s method by using the 
mean zero up-crossing rate of the equivalent process to determine the number of long period 
cycles in the same manner as Jiao and Moan did, while keeping the number of small cycles 
unchanged. They also compared these methods as well as general methods for wide-band 
fatigue damage calculation with time-domain simulations. It is found that the single moment 
method originally proposed by Larsen and Lutes (1991), Benasciutti and Tovo’s formula 
(Benasciutti and Tovo 2005), the modified Fu and Cebon’s method as well as Jiao and 
Moan’s method provide quite accurate estimates. But Jiao and Moan’s method gives a 
damage correction factor which is larger than 1, when the process is close to a narrow-band 
one. However, in such a case, the narrow-band approximation is good enough and no 
correction factor needs to be applied on the estimation of fatigue damage. 
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Alternatively, explicit formulae, such as Lotsberg (2005), Huang and Moan (2006), etc., can 
be applied to estimate the bimodal fatigue damage by using individual damage. They are 
more practical and desirable for design purposes where the fatigue damage of individual 
components might be available. Some of these formulae have been introduced and assessed 
in Paper 6. 
 
In addition, most of the frequency-domain methods were obtained for a single-slope SN 
curve (for instance with the slope parameter equal to 3, 5 and so on) and the accuracy was 
well documented. However, two-slope SN curves are frequently used for offshore structures 
and the corresponding accuracy of these methods needs to be checked as well. Paper 6 deals 
with this problem. Methods of Jiao and Moan, Lotsberg, and Huang and Moan, have been 
extended by using a two-slope SN curve and new formulae have been derived for the 
corresponding bimodal fatigue damage estimation. The accuracy is also examined based on 
time-domain simulations. 
 
The trimodal process is a generalization of the bimodal process. So far, no specific method 
has been proposed to estimate the resulting fatigue damage for such a process. Although it 
can be evaluated by general methods (see e.g. Dirlik 1985, Benasciutti and Tovo 2005, etc.) 
considering the trimodal process as a general wide-band process, it is of intrinsic value to 
start with the analysis of the trimodal process and the interaction between the three frequency 
components. Therefore, a novel method is proposed in Paper 2 for estimating the trimodal 
fatigue damage under the Gaussian assumption. This method is actually an extension of Jiao 
and Moan’s method originally derived for bimodal processes. The basic principle of the 
proposed method is illustrated in Table 3.1 for multi-modal Gaussian processes. 
 

Table 3.1 Illustration of fatigue damage due to multi-modal Gaussian processes (In the table, ( )iX t , 

( )iR t  and ( )iP t  represent the component processes, the Rayleigh amplitude processes and the equivalent 
component processes, respectively, 1...i denote the component number with decreasing frequencies and D  

denotes the fatigue damage.) 
Gaussian 
process 

Compo
-nent Total process Equivalent component process for 

fatigue analysis Fatigue damage 

Narrow-
band 

1( )X t  1( ) ( )X t X t=  1 1( ) ( )P t X t=  1PD D=  

Bimodal 
1( )X t  
2 ( )X t  1 2

( )
( ) ( )

X t
X t X t

=
+  1 1

2 1 2

( ) ( )
( ) ( ) ( )

P t X t
P t R t X t

=
= +

 
1 2P P

D
D D
=
+  

Trimodal 
1( )X t  
2 ( )X t  
3 ( )X t  

1 2 3

( )
( ) ( ) ( )

X t
X t X t X t

=
+ +

 

1 1

2 1 2

3 1 2 3

( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

P t X t
P t R t X t
P t R t R t X t

=
= +
= + +

 1 2 3P P P

D
D D D
=
+ +

 

Multi-
modal 

1( )X t  
… 

( )iX t  
1

( )
( ) ... ( )i

X t
X t X t

=
+ +  1 1( ) ( )P t X t=  

… 
1 1( ) ( ) ... ( ) ( )i i iP t R t R t X t−= + + +  

1 ...P Pi

D
D D
=
+ +  
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As shown in the table, the trimodal fatigue damage is estimated by defining three equivalent 
processes to model the load cycles with long, moderate and short periods, respectively. The 
damage is determined for each of the equivalent process and summed up. It is seen that the 
effect of the process with a short period load cycle (high frequencies) on the process with low 
frequencies has been taken into account. The stress range distributions of the equivalent 
processes are obtained by using the Rayleigh envelopes of narrow-band Gaussian processes. 
Meanwhile, the mean zero up-crossing rates are directly calculated by using the Rice formula 
(Rice 1944) since the explicit expressions of the three equivalent processes are available.  
 
The procedure defined for trimodal fatigue damage estimation is quite general and is very 
easy to apply considering more general multi-modal processes as shown in Table 3.1. 
 
 
 

3.4    Frequency-domain methods for general wide-band Gaussian 
processes 
 
A general wide-band Gaussian process contains all frequency components and the process 
itself does not display any particular feature as shown by two examples in Figure 3.4 with the 
Vanmarcke’s bandwidth parameters of 0.5 and 0.61, respectively. The corresponding power 
spectrum normally has a continuous density function and covers a wide range of frequencies. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.4 Two examples of general wide-band Gaussian processes (Left: spectral density functions; Right: 

time series.) 
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Before performing any fatigue analysis of a wide-band process, it is very important to 
calculate the bandwidth parameter first. As shown in Paper 2 of this thesis, the narrow-band 
approximation is quite acceptable for a process whose bandwidth parameter is less than 0.5. 
For such cases, the narrow-band assumption will overestimate the fatigue damage by up to 
20%. When the bandwidth parameter is less than 0.3, the error is 10% at most. 
 
Frequency-domain methods for general wide-band fatigue analysis have been proposed by 
many researchers since the 1980s. They include Wirsching and Light (1980), Dirlik (1985), 
Gall and Hancock (1985), Larsen and Lutes (1991), Naboishikov (1991), Zhao and Baker 
(1992) and Benasciutti and Tovo (2005). Wide-band fatigue damage is normally expressed 
by an empirical correction term on the narrow-band result. Dirlik’s empirical formula (DK, 
Dirlik 1985) and Benasciutti and Tovo’s empirical formula (BT, Benasciutti and Tovo 2005) 
have been verified to be the best among empirical approximations of the rainflow counting 
method. Therefore, only the DK and BT formulae are introduced herein. 
 
Dirlik (1985) proposed an approximate closed-form solution for the probability density 
function of effective rainflow stress ranges by using a combination of an exponential and two 
Rayleigh distributions. A large set of numerical simulations with various spectral shapes have 
been generated and a best fit has been performed to establish the empirical distribution. 
Fatigue damage can be obtained by the following closed-form expression, 

1 2 3(2 ) ( (1 ) ( 2) ( ) (1 ))
2

m m m mP
DK

T mD D Q m D R D
K
ν σ= Γ + + + Γ +     (3.2) 

where σ  is the standard deviation of the random process, Pν  is the mean rate of peaks, 

4

2

1
2P

m
m

ν
π

= , T  is the duration of interest, K  and m  are the material parameters of the SN 

curve, and ()Γ  denotes the Gamma function. The parameters of 1D , 2D , 3D , Q  and R  are 

given as follows, 
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   (3.3) 

 
Recently, another empirical formula was proposed by Benasciutti and Tovo (2005). As 
shown by Inequality (3.1), the rainflow fatigue damage is bounded by the narrow-band 
approximation and the range counting method. Starting from this point, they proposed a 
formula of wide-band fatigue damage by using a linear combination of the narrow-band and 
range counting results which are easy to obtain by closed-form expressions in the frequency 
domain. The formula is given as the following equation, 
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1

2(1 ) ( (1 ) )m
BT NB RC NBD bD b D b b Dα −= + − = + −       (3.4) 

where the coefficient b  is empirically obtained based on extensive numerical simulations,  

1 2 1 2 1 2 2 1 2
2

2

( )(1.112(1 ( )) exp(2.11 ) ( ))
( 1)

b α α α α α α α α α
α

− + − + + −
=

−
    (3.5) 

where  

1 1 0 2 2 2 0 4;  m m m m m mα α= =         (3.6)  

 
Benasciutti and Tovo (2006) also compared the DK and BT formulae with other methods and 
they concluded that these two formulae predict the most accurate fatigue damage in 
comparison with the time-domain rainflow method. Although these two formulae were 
empirically derived based on different spectra, they gave quite similar results. Moreover, the 
BT method was found to be slightly more accurate than the DK method.  
 
A great number of numerical simulations of various wave and wind induced responses of 
marine structures have also been generated in Paper 2. Accurate, but slightly underestimated 
fatigue damage is obtained by these two formulae when compared with the rainflow results. 
 
The wide-band fatigue methods mentioned above are mainly based on empirism. It is also 
interesting to study the wide-band process itself and to investigate how the rainflow load 
cycles are obtained in the time domain.  
 
As shown by the analysis procedure for an ideal trimodal process in Paper 2, three equivalent 
processes are successfully defined and used to approximate the rainflow fatigue damage. In 
this case, the theory of Jiao and Moan has been extended from bimodal Gaussian processes to 
trimodal processes and verified to give accurate results. It implies that this procedure could 
be further generalized for random processes with more modes. This multi-modal procedure 
could then be used to approximate the damage for a general wide-band process if these 
modes could be defined or identified for general processes. Therefore, in the same Paper 2, a 
novel method is proposed to estimate the fatigue damage of a general wide-band Gaussian 
process using a trimodal or even a multi-modal spectral formulation. The method requires an 
equal division of the wide-band spectrum into three segments with the same variances as 
illustrated in Figure 3.5. 
 
An equivalent trimodal process is therefore defined by assuming each segment to be narrow-
banded. The general wide-band fatigue damage can then be estimated in the same way as for 
an ideal trimodal process.  
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Figure 3.5 Division of a general wide-band spectral density function into three equal-variance segments 

 
The proposed method has been applied to various spectral types of responses of marine 
structures as well as artificially defined wide-band spectra. The accuracy of the method has 
also been examined in Paper 2.  
 
Herein, the accuracy of the proposed method as well as other frequency-domain methods are 
shown in Figures 3.6-3.8 considering ideal bimodal and trimodal spectra, general wide-band 
spectra defined by Dirlik (1985) and Benasciutti and Tovo (2005) and typical spectra of 
wave- and wind-induced linear structural responses, respectively. The results are represented 
as the ratios of fatigue damage obtained by the frequency-domain methods and by the time-
domain rainflow cycle counting method. In addition, they are all expressed as a function of 
the Vanmarcke’s bandwidth parameter defined in Equation (1.2). 
 
The proposed method generally works well for ideal multi-modal Gaussian processes with 
large bandwidth parameters as shown in Figure 3.6, while it might overestimate the fatigue 
damage for bandwidth parameters less than 0.5 where the narrow-band approximation 
provides acceptable estimates. For general wide-band processes in Figure 3.7, the proposed 
method gives accurate estimates of fatigue damage with the bandwidth of 0.5-0.85 and over-
predicts them with large bandwidth. However, the overestimation can be alleviated by 
dividing the wide-band spectrum into more segments, see Paper 2. In addition, as shown in 
Figure 3.8, typical spectra of linear wave- and wind-induced responses might have limited 
bandwidth and in this sense, the proposed method has practical usefulness with acceptable 
accuracy. 
 
Empirical formulae of Dirlik and Benasciutti and Tovo predict the fatigue damage quite close 
to the rainflow results and in general, the accuracy are not dependent on the value of 
bandwidth, although they both slightly underestimate the fatigue damage for general wide-
band processes and overestimate those of ideal multi-modal processes in some cases with 
extremely large bandwidth parameters. 
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Figure 3.6 Ratio of fatigue damage of ideal bimodal and trimodal spectra to RFC as a function of 
bandwidth parameter (“RFC” – the rainflow cycle counting method, “SS” – the simple sum of the 
components, “NB” – the narrow-band approximation, “DK” – the Dirlik’s formula, “BT” – the 

Benasciutti and Tovo’s formula, “Proposed” – the proposed method. The NB ratios greater than 1.6 are 
not shown in the figure.) 
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Figure 3.7 Ratio of fatigue damage of Dirlik’s and Benasciutti and Tovo’s spectra to RFC as a function of 

bandwidth parameter (The NB ratios greater than 2.5 are not shown in the figure.) 
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Figure 3.8 Ratio of fatigue damage of typical spectra of wave-induced (bandwidth of 0-0.6) and wind-

induced (bandwidth of 0.7-0.9) responses to RFC as a function of bandwidth parameter 
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3.5    Effect of non-Gaussianity on fatigue 
 
The wave-induced response of marine structures is often non-Gaussian due to the nonlinear 
environmental forces and/or the nonlinear properties of the structural system itself. 
 
Although fatigue damage under non-Gaussain load can be estimated by the time-domain 
counting methods in the same straightforward manner as for Gaussian processes, they are 
difficult to obtain in the frequency domain, especially for wide-band processes. 
 
Depending on the structural nonlinearity, non-Gaussianity may cause an increase in the 
fatigue damage estimates as compared with that based on the Gaussian assumption. For 
instance, the fatigue damage induced by the drag force can be 2.5 times the one under the 
Gaussian assumption, see Madsen et al. (1986). However, for slightly nonlinear responses 
like the HF springing response of a TLP, the non-Gaussian fatigue damage is only a few 
percent higher than the Gaussian one as indicated by e.g. Næss et al. (1994). Gao and Moan 
(2006) showed that the non-Gaussian fatigue damage due to the merely LF mooring response 
is about 1.3 times the Gaussian estimate for the sea state which contributes the most fatigue 
damage in a long-term period. Moreover, under particular conditions, the nonlinear fatigue 
damage is even smaller than that based on the Gaussian assumption of the Morison force, see 
Madsen et al. (1986) and Winterstein (1988). 
 
Usually, a non-Gaussian process is often dealt with by considering it as a monotonic 
transformation of a Gaussian process. Parametric formulae are often used to define this kind 
of transformation. For example, a Hermite model has been adopted by Winterstein (1985 and 
1988). Ochi and Ahn (1994) applied a monotonic exponential function, while Sarknai et al. 
(1994) used a power-law model. Non-parametric definition of the transformation has also 
been applied by e.g. Rychlik et al. (1997). 
 
Higher order moments of the non-Gaussian random process like skewness and kurtosis are 
normally involved in the transformation and the fatigue damage is therefore estimated based 
on the evaluation of the effect of skewness and kurtosis, see Winterstein (1988) and Wang 
and Sun (2005). Most studies in this area were based on the assumption that the non-Gaussian 
process is narrow-banded. 
 
As an example, Winterstein’s model has been applied in Paper 1. The ratio of the non-
Gaussian and Gaussian fatigue damage as a function of the kurtosis is given. 
 
If the response nonlinearity can be explicitly expressed and the amplitude distribution can be 
obtained e.g. by a numerical integration, the non-Gaussian fatigue damage might be directly 
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calculated as shown in Paper 1 where the LF mooring line tension is obtained based on 
Næss’ approximation (Næss 1986) and the WF tension is expressed as a Morison-type force 
by using the simplified dynamic model (Larsen and Sandvik 1990), and finally the theory of 
Jiao and Moan has been extended to estimate the total fatigue damage when both the WF and 
LF line tension are non-Gaussian processes. 
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Chapter 4 
 

Reliability and Risk Analyses 
 
 
 

4.1    General 
 
The safety of marine structures is normally assessed on the basis of a comparison of load 
effects due to environmental actions and structural resistance. Traditionally, the comparison 
was only made using the characteristic values of load effects and strength. However, a variety 
of uncertainties affect the estimate of random environmental loads on marine structures. In 
addition, structural strength is also subjected to uncertainties due to e.g. the variation of 
material and geometrical imperfection. Therefore, probability-based methods are more suited 
to evaluate the structural safety. The LRFD method frequently adopted in design of marine 
structures is a semi-probabilistic method by which the uncertainties are reflected in the 
recommended partial safety factors. Furthermore, detailed probabilistic modelling of loads 
and strength need to be established in order to perform a complete structural reliability 
analysis. In this way, a reliability problem should be formulated and the failure probability 
can be calculated to represent the corresponding safety level in a certain period. 
 
In reliability analyses, only the failure probability of the considered structure due to normal 
uncertainties within a reference period of interest is calculated and the safety assessment is 
based on this quantity and no failure consequence is explicitly considered. However, most 
failures are initiated by human errors and developed into catastrophes if no correct actions are 
performed. For this reason, a broader approach of risk analysis should be applied to estimate 
the probability of undesirable events as well as their consequences. In particular, the risk 
analysis should include all causes of failure to the risk. However, it remains a challenge to 
estimate the probability of human errors that, say, cause mooring line failure when 
performing a risk analysis of mooring systems. 
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4.2    Structural reliability analysis 
 
A reliability analysis starts with estimating uncertainties involved in the predictions of 
applied loads and structural strength. These uncertainties include physical uncertainty, e.g. 
the variation of environmental actions, statistical uncertainty, modelling uncertainty, etc. 
Among them, it is very important to assess the modelling uncertainty before any reliability 
calculation since any prediction of loads and even strength is based on a certain model which 
is just an approximation of the reality. The reliability estimate is strongly dependent on the 
accuracy and the quality of the adopted model. 
 
For a time-invariant reliability problem, the load effects are assumed to be time-independent, 
and the uncertainty model of structural strength is given by the as-welded structure and also 
does not change during the period due to deterioration. In reality, both change with time. 
However, if only the load effects are considered to be varying with time and they can be 
represented by e.g. the extreme response in a period of interest rather than the dynamic 
response itself, the reliability problem can be solved in the same manner.  
 
This analysis involves an estimation of failure probability defined as 

( 0)fP P R S= − <           (4.1) 

where ( )P A  expresses the probability of event A , and R  and S  are the resistance and load 

effect variables, respectively, R S−  is the failure function and 0R S− <  represents the 
event of structural failure.  
 
In general, the load effects and resistance are expressed by a more detailed model by which 
all relevant random variables are collected in a vector X . Therefore, Equation (4.1) could be 
written in a more general way as a multiple integral of the joint probability density function 
of random variables over the failure domain, 

( ) 0

( ( ) 0) ( )f
g

P P g f d
<

= < = ∫ X
x

X x x         (4.2) 

where ( )g X  is the failure function, ( ) 0g <X  represents the failure domain and ( )fX x  is 

the joint probability density function of X .  
 
The time-invariant reliability problem described above, can be solved by analytical methods 
such as the first and second order reliability methods (FORM and SORM) or simulation 
methods such as crude Monte Carlo simulation, simulations with variance-reduction 
techniques like Latin Hypercube simulation, importance sampling, etc., see, for example, 
Thoft-Christensen and Baker (1982), Madsen et al. (1986), Melchers (1987).  
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Time-variant reliability analysis deals with the problem when the structural resistance varies 
with time as well. Marine structures are exposed to sea environment conditions and subjected 
to deteriorations due to e.g. corrosion. The structural strength obviously decreases when it is 
corroded. Time-variant reliability analysis of marine structures has been studied by e.g. 
Hagen and Tvedt (1991), Marley and Moan (1992), and Ayala-Uraga and Moan (2007).  
 
 
 

4.3    Reliability analysis of mooring systems 
 
Mooring reliability has been thoroughly studied in the DEEPMOOR project considering the 
ULS, FLS and ALS (Mathisen et al. 1998, Mathisen et al. 1999a and Mathisen et al. 1999b). 
Analyses were carried out for two types of offshore structures i.e. FPSOs and semi-
submersibles, for two sets of environmental conditions i.e. on the Norwegian continental 
shelf and in the Gulf of Mexico, for various water depths from 70m to 2000m, and for 
different mooring components such as chain links and steel wire ropes. Partial safety factors 
in semi-probabilistic design equations of mooring lines have been recommended and 
calibrated by the reliability analyses. These safety factors are now adopted in the offshore 
standard DNV OS-E301 (DNV 2004). 
 
As considered in the DEEPMOOR project, overload and fatigue reliability analyses are 
normally carried out for mooring components. Meanwhile, a mooring system usually consists 
of multiple mooring lines and a systems reliability approach needs to be applied. Moreover, 
long-term reliability of mooring systems is established on the assumption of piece-wise 
stationary short-term sea states and is solved by a nested reliability analysis (Wen and Chen 
1987) where the long-term mooring line tension is modelled by e.g. the response surface 
method as a function of environmental variables such as significant wave height, spectral 
peak period, mean wind and current velocities, which characterize short-term conditions. 
While the strength model is normally considered to be time-invariant and the failure 
probability corresponding to a long-term period is calculated based on the formulation of a 
series system of sea states and conditional on the strength values. 
 
Reliability analysis of mooring systems has been also studied by other researchers, e.g. Luo 
and Ahilan (1991), Larsen and Mathisen (1996) and Snell et al. (1999). In most of mooring 
reliability analyses, mooring line strength is modelled by considering the whole line as a 
series system and it is assumed to be time-invariant through the entire period of interest. In 
reality, mooring lines are subjected to various degrading mechanisms such as sea water 
corrosion for partially and fully submerged components, wear at the fairlead and friction at 
sea bottom. As a result, the strength decreases with respect to time. It is important to take this 
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effect into account by a time-variant reliability formulation especially for permanent 
moorings. Moreover, degrading mechanisms are normally subjected to large uncertainties. 
For example, many long-term tests on sea water corrosion show a significant variation of 
corrosion rate. Recently, the chain corrosion in the condition of continuous immersion has 
been discussed by Melchers et al. (2007). This uncertainty also needs to be considered in the 
strength estimation of degrading mooring lines. 
 
Paper 4 of this thesis deals with the time-variant reliability analysis of the mooring system 
due to corrosion deterioration. A probabilistic corrosion model proposed by Melchers (1995) 
is applied to represent the material loss of chain links and the strength distribution is obtained 
based on the corroded mooring line. Time-variant overload reliability has been calculated by 
a piece-wise constant formulation from year to year. The high corrosion rate for chain links in 
the splash zone has a significant effect on the increase of failure probability with time. 
 
 
 

4.4    Aspects of risk analysis 
 
Compared with the structural reliability analysis, a risk analysis is a more thorough way to 
assess the safety to persons, environment and assets. The basic idea of a risk analysis is to 
combine the probability of accidental events with the consequences of them (Vinnem 1999), 

*i iRisk = P C∑           (4.3) 

where iP   and iC  express the probability and the consequence of accident No. i , 

respectively. 
 
Risk assessment analyzes all causes of failure as well as all possible consequences. The 
causes of failure include accidental loads such as ship impacts or abnormal resistance such as 
fabrication defects and corrosion fatigue. These causes are mainly due to human errors which 
could be very difficult to analyze and quantify theoretically. Quantitative measures can only 
be achieved by collected data. The consequences are ultimately related to personnel, 
environmental damage and loss of assets. Normally, qualitative or quantitative methods are 
used for both cause and consequence analyses. 
 
For a mooring system, the failure consequences are those directly induced by loss of position 
of the floating structure due to mooring line failure, and include for instance oil leakage from 
broken risers, drilling blowouts and collision with other structures in the vicinity. Mooring 
risk analysis has been touched upon by e.g. Stiff et al. (2003), Mathisen and Larsen (2004) 
and Petruska et al. (2007). Moreover, after Hurricane Ivan, Katrina and Rita moved through 
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the Gulf of Mexico in 2004 and 2005, API issued an interim document (API RP 95F (API 
2007)) to provide some guidelines for the safety assessment of mobile offshore drilling unit 
(MODU) mooring systems, including the simplified risk assessment. 
 
As indicated above, the residual strength of a mooring system with one or more lines failed is 
very important to the safety of the floating structure. The most recent design codes require 
ALS checks of the residual strength after failure of one line. This is a practical system 
requirement for overall risk assessment with respect to free floating of the structure and 
possible riser failure. In service, it might take some time to have the failed line identified, 
repaired or replaced and meanwhile, the floating structure needs to be kept functioning in this 
damaged condition. Paper 5 of this thesis deals with analyses of steady-state responses of the 
mooring system of a semi-submersible when one mooring line is failed. The effect of 
mooring line failure on the predictions of extreme value and fatigue damage has been 
illustrated. Although the paper does not perform a complete risk analysis, the obtained 
information is useful for judging the safety of the whole system. 
 
Moreover, the safety of marine structures is very sensitive to the environmental condition 
they are exposed to, especially in partially damaged conditions. The variation of 
environmental conditions is significant e.g. from season to season and even from year to year, 
as reported in Paper 3 and Extension 1. Annual wave data of 29 years at a site in the Northern 
North Sea provided by Statoil ASA are applied in analyses of the linear responses of typical 
marine structures like FPSO and semi-submersible in Paper 3. Groups of 2-year and 4-year 
scatter diagrams have also been used to evaluate the effect of statistical uncertainty on the 
prediction of structural responses. Seasonal wave data are used for structural analysis of the 
mooring system as well as the FPSO and semi-submersible in Extension 1 and the sensitivity 
of the response to these environmental data has been analyzed. 
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Chapter 5 
 

Conclusions and Recommendations for Future 
Work 
 
 
 

5.1    Conclusions 
 
Many issues related to mooring analysis have been studied in this thesis, including fatigue 
damage induced by non-Gaussian mooring line tension, time-variant reliability analysis of 
corroded mooring lines, mooring analysis in damaged conditions and mooring line damping. 
 
Fatigue damage estimation of mooring lines due to bimodal non-Gaussian tension has been 
dealt with in Paper 1. Based on the Jiao and Moan’s theory, an efficient frequency-domain 
method has been proposed and verified by time-domain analysis of a simplified, but accurate 
mechanical model.  
 
A total of 16 sea states have been analyzed both in the frequency and time domains. The WF 
mooring line tension is found to be slightly non-Gaussian and have a skewness of zero for 
moderate sea states, while the LF tension typically has a positive skewness and a kurtosis of 
more than three. The statistical properties of both the WF and LF mooring line tension are 
numerically obtained by the frequency-domain method and agree very well with the time-
domain results. The estimated frequency-domain fatigue damage of the WF, LF and 
combined line tension has been compared with the rainflow counting results. The maximum 
relative error is about 11-13% in fatigue damage estimates. This implies that the accuracy of 
the proposed method is acceptable for estimating the bimodal non-Gaussian fatigue damage 
in practice. Moreover, the mooring line tension is mainly dominated by the WF component in 
the case studies. Although the non-Gaussian property of the short-term fatigue damage 
becomes more significant for more severe sea states, the long-term fatigue estimate is quite 
close to the Gaussian result because the moderate sea states contribute most to the total 
fatigue damage, see Paper 1. 
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Paper 4 deals with time-variant reliability analysis of mooring systems considering the ULS 
for degrading chain links by applying a probabilistic corrosion model.  
 
It is found that although the number of chain links in the splash zone is small, the corrosion 
rate in this area is quite high. This degradation is found to have a significant influence on the 
strength of the whole mooring line. Time-variant reliability analyses have been performed by 
approximating the mooring line strength as a constant for each year. The predicted annual 
failure probability increases significantly due to corrosion over years. In the worst case, the 
predicted safe service life, corresponding to an annual acceptable failure probability of 10-4, 
is about 12.5 years considering the ULS, while the original design life is about 20 years 
without the corrosion effect. 
 
As already mentioned, from a risk analysis perspective, it is interesting to know the 
performance of a mooring system after failure of one line. Extensive long-term mooring 
analyses of extreme values and fatigue damage with annual and seasonal scatter diagrams of 
thirty years of the Northern North Sea have been carried out and reported in Paper 5 and 
Extension 1 considering different mooring configurations. Response estimates are obtained 
for the intact and damaged conditions. 
 
Based on the 30-year data, the annual extreme line tension is found to increase by 80% and 
by 115% in the worst cases after failure of one line for the 16-line and 12-line systems, 
respectively, while the annual fatigue damage can increase by 225% and 350%. On the 
average, increases of 25% and 70% in the annual extreme tension and in the total fatigue 
damage due to failure of one line are obtained and the fatigue damage is found more sensitive 
to failure.  
 
Moreover, for the prediction of long-term extreme mooring tension, simplified analyses 
based on the contour line method have been compared with the full long-term analyses and a 
quantile of 70% of the short-term extreme value of dynamic tension is found to yield accurate 
the long-term (annual) extreme estimates. 
 
In Paper 7, a practical simple approach to estimate the damping of LF vessel motions from 
the mooring system has been proposed. The simplified dynamic model has been successfully 
applied to predict the line damping coefficients, including possible coupling between surge 
and sway. As compared with the coefficients obtained by the time-domain simulations, this 
frequency-domain method predicts a damping coefficient which is 30% smaller for each 
mooring line and about 20% smaller for the whole mooring system. These results imply a 
slightly conservative estimate of the LF vessel motions.  
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Case studies of mooring analysis in this thesis are carried out based on a limited set of 
catenary systems for a semi-submersible. The results obtained herein in terms of numbers 
might not be directly applicable to other mooring systems, like taut-line systems or other 
offshore structures, like FPSOs. It is certainly desirable to do more work in this connection. 
 
The effect of the variation of annual and seasonal sea conditions on other structural responses 
of e.g. an FPSO and a semi-submersible has also been illustrated in Paper 3 and Extension 1. 
 
The annual extreme value of the significant wave height is found to vary by a factor of 1.6. 
This factor is defined as the maximum value divided by the minimum value of the annual 
extremes based on the sea data of 30 individual years. The predicted 20-year extreme value 
varies by a factor of 1.7 for the mid-ship bending moment of the FPSO and 1.5 for the 
stresses on a brace-column joint of the semi-submersible, while the obtained annual fatigue 
damage varies by a factor of 4.3 and 1.9 for the FPSO and the semi-submersible, respectively. 
The corresponding factor for the mooring line tension is found to be 1.9 and 2.0 for the 
annual extreme mooring line tension of the 16-line and 12-line systems, respectively, while 
the factor for the annual fatigue damage is 4.4 and 4.5, respectively. The variation in annual 
loading has a correspondingly significant influence on the safety of marine structures. 
 
As shown in Extension 1, the winter data contribute most to the annual extreme value of 
significant wave height as well as to both the predictions of extreme structural responses and 
corresponding fatigue damage. 
 
Various aspects of frequency-domain methods for prediction of wide-band fatigue damage 
have been investigated, considering both single- and two-slope SN curves. 
 
Since fatigue analysis of wide-band load processes with frequency-domain methods 
previously have only considered single-slope SN curves, it is necessary to validate such 
methods for two-slope SN curves. In Paper 6, therefore, several methods for determining the 
bimodal Gaussian fatigue damage have been generalized to the calculation with two-slope SN 
curves. New formulae of fatigue damage have been derived and the accuracy has been 
examined by the rainflow counting method. 
 
In general, the frequency-domain methods predict conservative fatigue estimates in most 
cases. Among them, the fatigue damage obtained by Jiao and Moan’s method and by Huang 
and Moan’s formula with the bandwidth correction factor proposed by Benasciutti and Tovo, 
agree very well with the rainflow results. Huang and Moan’s formula with the regularity 
correction factor predicts conservative fatigue damage for ideal bimodal processes, while the 
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DNV formula always overestimates the damage and might only be suitable for processes with 
well-separated high and low frequencies. 
 
A novel method for trimodal Gaussian fatigue damage estimation has been proposed in Paper 
2. This method is developed based on the theory of Jiao and Moan for bimodal processes by 
use of the envelopes of the narrow-band frequency components. The generalization of the 
method for multi-modal processes has also been illustrated. Furthermore, the method has 
been developed to estimate fatigue damage for more general wide-band processes by using a 
trimodal (or even a multi-modal) spectral formulation. 
 
The accuracy of the proposed method and other general frequency-domain methods has been 
checked by comparison with the rainflow results. As long as the trimodal process is not 
dominated by the LF component and the three frequency components are well separated, the 
proposed method predicts the fatigue damage quite close to the rainflow results. Both the 
empirical formulae proposed by Dirlik and by Benasciutti and Tovo are also found to give 
accurate estimates of the trimodal fatigue damage. 
 
More general wide-band processes have been simulated by considering spectra relevant for 
typical responses in offshore structures induced by waves and wind and generally defined 
spectra. It is found that the bandwidth parameter gives quite important information for fatigue 
analysis. If the Vanmarcke’s bandwidth parameter is less than 0.5, the narrow-band 
assumption can very well be used to estimate the wide-band fatigue damage, since a 
maximum 30% overestimation is expected. If the bandwidth parameter is in the range of 0.5-
0.85, the proposed method predicts accurate fatigue damage compared with the rainflow 
results on average. For bandwidth parameters greater than 0.85, it might significantly 
overestimate the fatigue damage. However, such cases are not very relevant in practice. 
Moreover, it has been shown that more accurate estimates can be obtained by using a spectral 
formulation with more modes to cover the broad-band processes. The empirical formulae of 
Dirlik as well as Benasciutti and Tovo give quite accurate fatigue damage estimates for all of 
the spectral shapes and bandwidth parameters considered herein. 
 
 
 

5.2    Recommendations for future work 
 
Mooring analysis performed in this thesis is mainly based on separate analyses of WF and LF 
vessel motions and the assumption of independence has to be made for estimating the 
combined mooring line tension. In reality, both high values of the WF and LF tension are 
expected to occur not simultaneously but closely in time due to the same large wave groups. 
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Although the two fundamental WF and LF processes are not likely to be highly correlated 
because of the periodical effect, the amplitudes of both processes might be so. Further work 
is needed to determine such correlation coefficient. Alternatively, it is better to perform a 
coupled analysis normally applied in the time domain. However, considering the 
computational effort, an efficient coupled analysis applicable in the frequency domain is 
more desirable. More work needs to be done on such methods. 
 
The damping of LF vessel motions is crucial for the assessment of the safety of mooring 
systems. Mooring line damping has been discussed herein. Accurate and efficient methods 
for estimating the damping from other sources, like the viscous force acting on the vessel, is 
required, since the current procedure is still based on empirical estimates or model tests. 
 
Mooring chains are not only subjected to sea water corrosion, but also other types of 
deterioration like wear at the fairlead, friction on sea bottom and crack growth. Since the 
mooring line is formulated as a series system, it is important to study and consider all of the 
mechanisms of degradation to determine the line strength. Moreover, corrosion is a very 
complicated phenomenon itself and involves a number of uncertainties. More data of in situ 
measurements and tests are needed to estimate corrosion rates and to validate corrosion 
models.  
 
In order to make a thorough safety assessment of mooring systems, a full risk analysis should 
be aimed at where failures of mooring lines (or the whole system) due to abnormal loads or 
resistance should be carefully examined and possible consequences should be identified 
accordingly. Mooring risk analysis certainly needs more research. The information gained 
from the mooring analyses in the damaged conditions as obtained in this work can be 
combined with the uncertainties about failure of one or more lines due to abnormal causes 
towards the aim of obtaining an estimate of the risk. 
 
The mooring system of a semi-submersible is analyzed in this thesis. Mooring systems of 
other marine structures such as WECs, wind turbine platforms and fish farms, might be quite 
different from those of floating vessels used in the offshore oil and gas industries. Research 
work remains to be done regarding analysis and design of mooring for these structures. For 
instance, for an energy absorption device, the effect of the mooring system on the efficiency 
of energy capture should be assessed as well, while for a flexible floating structure, a fully 
coupled analysis would be more appropriate to apply in order to obtain the proper behavior of 
the whole system including mooring lines. 
 
Other station-keeping systems have been used as well in industry, e.g. DP systems and 
thruster-assisted mooring systems, and the corresponding safety issues need to be studied. For 
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mooring system with thrusters, a high level of uncertainty might be involved in the 
performance of thrusters in waves and it is of great significance to study these effects on the 
overall performance and safety of such system. 
 
A method based on the trimodal spectral formulation has been proposed to estimate wide-
band fatigue in this work with a main focus on Gaussian processes. It is expected that the 
proposed method can also be applicable to non-Gaussian processes, but the accuracy of the 
method needs to be investigated. 
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Abstract

Catenary mooring lines are typically subjected to bimodal loads, comprising of a wave frequency (WF) component due to the first-order wave
forces and a low frequency (LF) component induced by the second-order wave forces. For moored vessels, the LF forces due to current and wind
also play a role. Only dynamic wave loads are considered herein, while current and wind loads are modeled as constant forces. Because of the
nonlinearities of the mooring line characteristics, the dynamic line tension and the second-order responses, both the WF and LF line tensions
are in principle nonGaussian. These facts make it difficult to estimate the combined fatigue damage of mooring lines in the frequency domain.
A fatigue combination rule based on the Jiao and Moan’s theory has been extended to cover the nonGaussian case. The purpose of this paper
is to improve and validate the frequency-domain method by time-domain analysis based on a simplified, but accurate mechanical model of the
dynamic line tension. Improvements on the LF and combined fatigue damage estimation have been made by considering the nonsymmetrical
property of the LF line tension distribution. Both the WF and LF mooring line tensions due to wave loading have been simulated in the time
domain for different sea states and the combined fatigue damage has been estimated by using the rainflow cycle counting algorithm. The accuracy
of the frequency-domain method for estimating the bimodal nonGaussian fatigue damage of mooring lines has been verified by the time-domain
simulations and is considered to be acceptable.
c© 2007 Elsevier Ltd. All rights reserved.

Keywords: Fatigue damage; NonGaussian loading; Bimodal process; Frequency domain; Time domain; Rainflow cycle counting

1. Introduction

Catenary mooring lines are pre-tensioned and subjected
to dynamic loads caused by the wave frequency (WF)
vessel motions and the low frequency (LF) motions normally
occurring in the horizontal plane. The WF vessel motions in
all six degrees of freedom are Gaussian and can be very well
predicted by using linear transfer functions without accounting
for the effect of mooring system. However, the LF vessel
motions induced by waves are typically nonGaussian due to
the nonlinear second-order slowly-varying wave forces (as well
as the interactions with LF varying wind and current) and are
coupled with the mooring line dynamics.

Dynamic mooring line tension depends on the vessel
motions and the line characteristics. Usually, as the same as the
tension due to the mean forces of waves (mean wave drift), wind

∗ Corresponding author. Tel.: +47 73595736; fax: +47 73595528.
E-mail addresses: zhen.gao@marin.ntnu.no (Z. Gao),

torgeir.moan@marin.ntnu.no (T. Moan).

and current, the LF line tension can be quasistatically estimated
because of the relative large oscillation periods. Due to the
narrow-band property of the LF motion response, the LF line
tension is also narrow-banded. In order to accurately calculate
the tension induced by the WF vessel motion, a dynamic model
of mooring line must be applied, e.g. the simplified model
proposed by Larsen and Sandvik [1]. Due to the drag force
acting on the line and the geometrical nonlinearity, the WF line
tension is in principle nonGaussian as well. Moreover, the WF
line tension typically has a dominating central frequency equal
to that of the WF vessel motion. Therefore, the WF line tension
could also be assumed to be narrow-banded. As a consequence,
the combined WF and LF tension is a nonGaussian wide-band
process, although the individual components can both well be
assumed to be narrow-banded.

An appropriate estimation of the effective stress range
distribution of the total process is crucial for fatigue analysis
under wide-band loads. For bimodal Gaussian processes,
several frequency-domain combination rules are available
and Benasciutti and Tovo [2] discussed and compared these

0141-1187/$ - see front matter c© 2007 Elsevier Ltd. All rights reserved.
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methods. Furthermore, fatigue damage due to the nonGaussian
process is usually obtained by approximating the process with
a nonlinear transformation of a standard Gaussian process,
e.g. the Hermite moment model proposed by Winterstein [3].
However, for mooring system, nonlinearities of the WF and
LF line tensions can be explicitly expressed by using the
simplified model. Therefore, based on the theory of Jiao
and Moan [4], Gao and Moan [5] extended the combination
principle to estimate the mooring chain fatigue damage due to
the nonGaussian bimodal wave loading.

In the time domain, fatigue damage can be accurately
estimated from the total WF and LF time series of mooring
line tensions in a straightforward manner based on the rainflow
cycle counting method [6–8]. To obtain the tension time series,
various simulation methods can be applied. A commonly used
simulation method with deterministic amplitudes and random
phases assumes that a random Gaussian process can be obtained
by the addition of a finite number of only sine or cosine
components with phases randomly generated and amplitudes
fixed by the spectral values at the specified frequencies.
However, Tucker et al. [9] pointed out that this method results
in constrained simulations and does not simulate a random
Gaussian process correctly. Langley [10] also found that this
method does not give correct statistical properties, especially
higher moments, e.g. the skewness and the kurtosis. It is
even worse for nonGaussian processes. Therefore, in order to
generate the slowly-varying force and responses in a correct
way, one must use the simulations with random amplitudes of
both sine and cosine components.

The purpose of this paper is first to improve the frequency-
domain method for estimating the fatigue damage of
nonGaussian bimodal processes by considering the effect of
non-zero skewness, and then to validate the method by time-
domain analysis based on a simplified model of the mooring
line tension. The LF fatigue damage estimated by the previous
frequency-domain method [5] might be too conservative in
some cases because of the assumption of the symmetry of the
maxima and minima made in the tension range distribution.
Therefore, improvements on the LF and combined fatigue
damage calculations have been made by using the average value
of the probability density functions (PDFs) of the positive and
negative amplitudes instead of the positive one only. Time-
domain simulations of the WF and LF mooring line tensions
at the fairlead have been carried out and the resulting fatigue
damage has been estimated by the rainflow cycle counting
algorithm. Fatigue damage obtained by the frequency-domain
method has been compared with the simulation result. The
comparison shows that the accuracy of the frequency-domain
method is good and practically acceptable for fatigue damage
estimation.

2. Simplified model of mooring line tension

In general, the total mooring line tension at the fairlead
in a stationary and ergodic sea state can be expressed by the
following expression:

T (t) = TP + TM + TWF(t) + TLF(t) (1)

where the time-invariant variables TP and TM are the pre-
tension and the mean line tension due to the mean forces of
waves, wind and current acting on the vessel in a given short-
term period, the random processes TWF(t) and TLF(t) are the
tensions due to the WF and LF vessel motions, respectively,
and t is the time variable.

2.1. Pre-tension and mean line tension

Mooring line pre-tension is determined by the static line
configuration without considering any environmental force and
can be changed by adjusting the line length or the vessel draft
according to the operation requirements for the vessel.

Mean line tension results from the mean forces of waves
(mean wave drift), wind and current which are directly acting
on the vessel. In a realistic sea state of e.g. the North
Sea environment, the mean wave and wind forces are the
main contributions to the total mean line tension for a semi-
submersible, while the current force is typically small. However
in some other locations, like the Amazon mouth or the Angola
river mouth, very high current loads have been observed. For
an FPSO, the current force in sway direction could be very
large due to the large acting area. In this paper, only the wave
forces are dynamically considered and wind and current loads
are modeled as constant forces together with the mean wave
drift force.

2.2. Dynamic wave frequency line tension

Since the dynamic mooring line tension is mainly induced
by the motions at the fairlead, the vessel motions must be
estimated first. The WF vessel motions can be easily calculated
from the wave spectrum and the linear rigid-body motion
transfer functions in surge, sway, heave, roll, pitch and yaw
directions. Similarly, the LF vessel motions can be obtained by
the wave spectrum and the quadratic transfer functions only in
the horizontal plane, i.e. in surge, sway and yaw directions. If
low frequency wind and current spectra are defined (e.g. API,
NPD), the resulting LF motions can be calculated as well.

Typically, the effect of mooring system on the WF vessel
motion is quite small and is normally neglected. Moreover,
as Larsen and Fylling [11] stated, compared with the wave
forces directly acting on the line, the tension induced by the
vessel motion dominates. Therefore, the dynamic WF line
tension considered herein is just the tension induced by the WF
vessel motion. But this tension must be analysed dynamically,
especially when the WF vessel motion is relatively large.

A simplified model [1,12] which captures the main features
of the dynamic tension from the drag and inertia forces of the
mooring line can be applied. The WF tension at the fairlead of
a single mooring line is described as,

TWF(t) = c∗ |u̇(t)| u̇(t) + kGu(t) + ω2m∗xTUE
WF (t) (2)

where u(t) and u̇(t) are the generalized motion and velocity
of the assumed shape of mooring line deformation due to the
upper end motion of the line. This assumed shape is determined
by a quasistatic analysis when the upper end is displaced two
times the standard deviation of the dynamic vessel motion from
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the equilibrium position. Statistically this corresponds to the
significant motion. xTUE

WF (t) is the WF tangential motion of the
line upper end, ω is the wave frequency, c∗ and m∗ are the
generalized damping and mass coefficients, respectively. These
coefficients are obtained from the quasistatic line shape at the
equilibrium position. The drag and inertia forces are integrated
along the mooring line. The resulting system is a single degree-
of-freedom system. kG is the geometric stiffness coefficient,
which is taken as the secant stiffness when the line upper
end is moved from the equilibrium position to the position of
the significant motion. Eq. (2) expresses the dynamic WF line
tension with a specific wave frequency ω, while in irregular sea
states, one must combine Eq. (2) with the wave spectrum to get
the resulting WF line tension. Moreover, the WF vessel motion
is narrow-banded and therefore the WF line tension can also be
assumed to be narrow-banded.

The accuracy of the simplified model of WF line tension has
been verified by Larsen and Sandvik [1]. They compared the
mooring line tension obtained by the simplified model with the
time-domain simulations based on a finite element method of
the line, using the program RIFLEX [13]. The simplified model
results in very good estimates of the dynamic line tension.
The results are slightly conservative with respect to both the
standard deviation and the extreme value of the tension. The
extreme dynamic line tension is found to be 10% higher than
the estimate obtained by RIFLEX.

Basically, Eq. (2) is a Morison force expression with a drag
term and an equivalent inertia term. xTUE

WF (t) is Gaussian. By
linearizing the drag term, u(t) and u̇(t) could be solved and they
could both be assumed to be Gaussian as well. According to
Borgman [14], the PDF of the individual maximum of the WF
line tension is therefore composed of a Rayleigh distribution for
low cumulative probabilities and an exponential distribution for
high cumulative probabilities,

fTWF max(y)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(3k2 + 1)y exp
(

−(3k2 + 1)
y2

2

)
0 ≤ y ≤ y0

√
3k2 + 1

2k
exp

(
−

√
3k2 + 1

2k

(
y − y0

2

))
y > y0

(3)

where y0 = 1/(2k
√

3k2 + 1) and k is a measure of the relative
importance of the drag and inertia terms [12].

If only the drag term is considered, the distribution turns into
an exponential distribution. If on the other hand the inertia term
dominates, the distribution is close to a Rayleigh distribution.
Therefore, the drag/inertia ratio parameter determines the
shape of the distribution. The PDFs corresponding to k = 0.2,

0.5, 1 and 2 are plotted in Fig. 1. An increasing value of k
implies increasing importance of the drag term and a thicker
upper tail of the PDF. The WF mooring line tension is
dominated by the equivalent inertia contribution of the mass
and added-mass forces of the mooring line and the geometrical
restoring force which is varying due to the oscillating motion
of the line upper end at the fairlead. According to Madsen [15],
the resulting fatigue damage due to the WF line tension will
be slightly smaller than that based on the Gaussian assumption,

Fig. 1. Combined Rayleigh and exponential PDFs with different values of k.

Fig. 2. Ratio of the nonGaussian fatigue damage to the Gaussian one as a
function of k.

see Fig. 2. For instance, if k = 0.3, the ratio of the nonGaussian
fatigue damage to the Gaussian one is about 0.85.

2.3. Quasistatic low frequency line tension

Because of the nonlinearity of the second-order wave
forces, the resulting LF vessel motion response is typically
nonGaussian [16,17]. According to Stansberg [16], the
distribution of the maximum slow-drift response is between
Rayleigh and exponential distributions.

Based on the quadratic transfer function, Næss [17]
expressed the slowly-varying force as a second-order Volterra
series. The PDF of the force is expressed by a summation of a
series of exponential distributions as follows:

fZ (z) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

M∑
j=1

l j

2μ j
exp

(
− z

2μ j

)
z ≥ 0

N∑
j=M+1

l j

2|μ j | exp
(

z

2|μ j |
)

z < 0

(4)
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where l j = ∏N
k=1
k �= j

(1− μk
μ j

)−1, in the expression μ j ( j = 1, . . . ,

M) represents the positive eigenvalues and μ j ( j = M+1, . . . ,

N ) represents the negative eigenvalues of a reduced integral
equation defined by the quadratic transfer function and the
wave spectrum, see Næss [17] for details. Therefore the PDF
of the LF vessel motion response can also be obtained by
consideration of a linear system.

In general, the second-order LF force and response vary in
time with relative long periods, e.g. one or several minutes,
especially in deep water. The resulting LF mooring line tension
at the fairlead can be quasistatically determined by the mooring
line characteristics given by the catenary line equation and it is
typically a nonlinear function between the in-plane horizontal
motion and the tension at the upper end of the mooring line,
which can be expressed as

TLF(t) = g(xUE
LF (t)) (5)

where xUE
LF (t) represents the horizontal LF motion of the upper

end of the mooring line due to the LF vessel motion. Usually
a cubic polynomial function represents the line characteristics
very well and when the LF vessel motion is relatively small,
even a linear function with the tangential stiffness gives a good
approximation.

Finally, the LF line tension distribution can be determined
from the obtained distribution of the motion response. By
transformation, the distribution of the time-derivative of TLF(t),
i.e. ṪLF(t), can be obtained as well. Therefore, based on the
narrow-band assumption, the PDF of the maximum LF mooring
line tension can be obtained by the derivative of the mean up-
crossing rate of the LF tension process [18],

fTLF max(y) = − 1

ν+
TLF

(0)

dν+
TLF

(y)

dy
(6)

where ν+
TLF

(y) is the mean up-crossing rate of LF line tension
with level y, which can be determined by the Rice formula [19]
as follows:

ν+
TLF

(y) =
∫ +∞

0
ẏ fTLF,ṪLF

(y, ẏ)dẏ (7)

where fTLF,ṪLF
(y, ẏ) = fTLF(y) fṪLF

(ẏ) is the joint probability
density of the LF line tension TLF(t) and the corresponding
time-derivative ṪLF(t) under the assumption of independence.
For general nonGaussian processes, the PDF given by Eq. (6)
and the mean up-crossing rate given by Eq. (7) can only be
estimated numerically.

3. Frequency-domain fatigue damage

Based on a single-slope SN curve (N = K S−m) and
the effective stress range distribution, the accumulated fatigue
damage can be estimated from all individual stress cycles by
adopting the Miner–Palmgren rule [20],

D =
∑ ni

Ni
= N0

K
E[Sm] (8)

Fig. 3. Normalized PDFs of the LF line tension and amplitude at the fairlead
as obtained for a sea state of Hs = 4.75 m and T p = 11.5 s.

where N0 is the total number of cycles, S denotes the effective
stress range, E[Sm] means the expectation of Sm , K and m are
the material parameters. Typical value of m is 3 for the catenary
mooring chain [21–23].

By modifying Eq. (8), the short-term narrow-band fatigue
damage due to the WF or LF line tension can be written with
respect to the distribution of stress amplitudes and the mean
zero up-crossing rate as follows:

D = 2m T

K
ν0

∫ +∞

0
ym fmax(y)dy (9)

where T is the duration of the sea state, ν0 is the mean zero
up-crossing rate and fmax(y) is the PDF of the line tension
amplitude.

As done by Gao and Moan [5], only the positive amplitudes
are used for estimating the fatigue damage due to the WF or
LF components. As a consequence, the WF frequency-domain
fatigue damage is close to the correct result due to the symmetry
of the WF line tension, while the obtained LF fatigue damage
for this reason will always be larger than the true value because
of the positive skewness of the LF line tension. This effect
will then be present for the combined fatigue damage and
especially relevant if the LF component dominates. Therefore,
in this paper, improvements have been made in the effective
stress range distribution by using the average value of the
PDFs of the positive and negative amplitudes for the same
tension level instead of the positive one only, by which the
effect of skewness on the fatigue damage has been considered.
An example of the normalized PDFs of the LF line tension
and amplitude at the fairlead as obtained for a sea state of
Hs = 4.75 m and T p = 11.5 s is shown in Fig. 3. Compared
with the average amplitude PDF, the positive one predicts larger
probability density values for high responses and it could lead
to a significant overestimation of fatigue damage.

Fatigue damage due to the combined WF and LF line
tension is not just the sum of the WF and LF fatigue
damage components. When both the WF and LF processes
are Gaussian, Jiao and Moan [4] approximated the combined
fatigue damage as a sum of the WF fatigue damage and
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the damage due to a process which is the sum of the LF
process and the envelope of WF process. Compared with the
rainflow counting results in the time domain, this frequency-
domain method gives very accurate estimates of the total fatigue
damage. Gao and Moan [5] extended this theory to combine
the fatigue damage due to the nonGaussian WF and LF line
tensions, which is briefly described as follows:

Assume that P(t) is the sum process of the envelope of WF
process and the LF process of mooring line tensions

P(t) = RWF(t) + TLF(t) (10)

where RWF(t) is the envelope of the WF line tension process
TWF(t) as described by Eq. (2).

Because the WF and LF line tension processes are assumed
to be independent, the envelope of P(t) can be expressed as

Q(t) = RWF(t) + RLF(t) (11)

where RLF(t) is the envelope of the LF line tension process
TLF(t) as described by Eq. (5).

Therefore, the distribution of individual maxima of P(t)
is the distribution of Q(t), which can be estimated by the
convolution integral of the distributions of RLF(t) and RWF(t).
Similarly, the distribution of P(t) can also be estimated by the
convolution integral. This actually involves conservativeness,
but the effect on the total fatigue damage is not significant since
the number of cycles due to P(t) is relatively low.

The time-derivative of P(t) is,

Ṗ(t) = ṘWF(t) + ṪLF(t). (12)

Considering the nonGaussian WF mooring line tension, the
process RWF(t) is in principle not Rayleighian, ṘWF(t) is not
Gaussian [4,24] and the distribution of Ṗ(t) is difficult to
obtain. However, based on the narrow-band assumption, the
mean zero up-crossing rate of P(t) is close to that of the
corresponding process when the Gaussian assumption is made
and can be estimated by the Rice formula [19], see Eq. (7).

When the distribution of individual maxima and the mean
zero up-crossing rate of P(t) are available, fatigue damage due
to P(t) can be obtained by Eq. (9). According to Jiao and
Moan [4], the total fatigue damage of the combined WF and
LF tension is equal to the sum of the fatigue damages of P(t)
and TWF(t).

In this paper, the frequency-domain fatigue damage
calculation is carried out based on the above procedure for
the nonGaussian bimodal mooring line tension. NonGaussian
distribution functions of both the WF and LF line tensions
and their maxima are calculated numerically. However, the
Gaussian assumption is made for estimating the mean zero up-
crossing rates and it is reasonable because of the narrow-band
property of both the WF and LF components.

4. Time-domain simulation and fatigue damage

In order to obtain the WF and LF time series of the mooring
line tensions based on the simplified model described above,
the linear and the slowly-varying wave forces and the resulting
vessel motions have to be simulated.

Because the WF vessel motions are Gaussian and one can
simulate these time series very easily when the motion spectra
are available by using the following expression:

η(t) = Re
N∑

n=1

ân exp(iωnt); ân = an − ibn (13)

where η(t) represents the WF vessel motion at any point in any
degree of freedom, ωn is the nth frequency component, an and
bn are independent Gaussian random variables in the ensemble
sense with zero mean and E[a2

n] = E[b2
n] = Sηη(ωn)dω, in

which Sηη(ω) is the onesided motion spectrum and E[] denotes
the ensemble average, Re denotes the real part of a complex
number. According to the simplified dynamic model as shown
by Eq. (2), the WF mooring line tension series can be obtained
by combining the time series of the drag and inertia terms by
generating them independently using Eq. (13).

The LF second-order wave forces can be expressed as [10]

F(t) = Re
N∑

n=1

M∑
m=1

ânâ∗
m Hnm exp(i(ωn − ωm)t) (14)

where Hnm is the complex quadratic transfer function of wave
forces, â∗

m is the complex conjugate of âm . Sum frequency
components are neglected and only difference frequency
components, which are interesting for mooring analysis, remain
in Eq. (14). A double summation appears in Eq. (14) and it
usually takes extremely long time to generate even a single
sample because a large number of frequency components
must be included in order to represent the correct statistical
properties of the process. However, by using the Fast Fourier
Transform (FFT), the simulation time can be significantly
reduced. The LF vessel motion can also be generated by using
Eq. (14) if the quadratic transfer function of motion is available
and the resulting line tension can therefore be obtained based
on a quasistatic analysis.

Simulation with Eq. (13) or Eq. (14) uses the Gaussian
random variables multiplying the sine and cosine components
and as Tucker et al. [9] and Langley [10] pointed out, it gives
accurate statistical moments of the simulated process. In order
to reproduce the spectrum correctly, one must take the average
value over many simulations, about 20–30 simulations [10].

Finally, the total line tension series are obtained just by
summing up the WF and LF tension series independently.

Estimating the fatigue damage from the time series is
straightforward and the rainflow algorithm [6–8] for counting
the effective tension range cycles is applied in this paper.

5. Validation of the frequency-domain method by time-
domain analysis

The purpose of this paper is to validate the improved
frequency-domain method for bimodal nonGaussian fatigue
damage estimation of mooring line tension by extensive time-
domain simulations based on the simplified dynamic model.

Since the accuracy of the simplified model has already been
verified [1], no simulation of mooring line tension is directly
carried out based on the finite element analysis. The mechanical
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Table 1
Main particulars of the semisubmersible

Displacement (ton) 52 500
Length O.A. (m) 124
Breadth (m) 95
Draught (m) 21
Operational water depth (m) 340

models for the WF and LF mooring line tensions applied in
the frequency-domain analysis are identical to those in the
time-domain simulations, which are expressed by Eqs. (2) and
(5), respectively. It implies that the nonlinear properties are
also considered in the frequency-domain analysis, including
the drag force acting on the line and the nonlinear line
characteristics. The WF vessel motion is obtained by a linear
analysis, while the induced WF line tension at the fairlead is
nonlinear due to the effect of the drag force on the mooring line.
Moreover, the WF and LF vessel motions are generated in the
time domain by using the linear and quadratic motion transfer
functions, respectively, and these transfer functions are also
applied in the frequency-domain analysis. As a consequence,
the differences in the statistical properties of the WF and LF
tensions obtained by the frequency- and time-domain analyses
are mainly due to the precision of the numerical integration in
the frequency-domain approach and the spectrum discretization
involved in the simulations.

For fatigue analysis, the rainflow cycle counting algorithm
is applied in the time domain for all of the time series of the
WF, LF and combined line tensions. However, in the frequency
domain, the improved Jiao and Moan’s method for nonGaussian
processes is applied.

6. Case study

The same semisubmersible and mooring system as described
in [5] have been used for case study. The main dimensions of
the semisubmersible are listed in Table 1. A total of 16 identical
catenary mooring lines with chain-wire-chain configurations
have been applied. The pre-tension at the upper end of each
mooring line is about 1320 kN and the diameter of studless
chain links is 125 mm. The tension of the most-loaded mooring
line at the fairlead due to the WF and LF surge motions of the
vessel has been calculated and the induced fatigue damage has
been estimated.

6.1. Simulation results and accuracy

The Pierson–Moskowitz (P–M) wave spectrum is applied.
In order to get the correct statistical properties of the mooring
line tension, especially those of the LF process, the spectrum
is discretized with 5000 frequency components. It takes about
10 min to complete a single six-hour simulation on a PC with
1 GHz CPU. Sixteen different sea states have been simulated
with significant wave height Hs = 3.25 m, 4.75 m, 6.25 m
and 7.75 m and spectral peak period T p = 7.5 s, 9.5 s,
11.5 s and 13.5 s. According to Gao and Moan [5], these sea
states represent the most important area in a scatter diagram for
fatigue damage estimation.

Fig. 4. Variance of the WF line tension in each simulation and on ensemble
average as obtained for a sea state of Hs = 4.75 m and T p = 11.5 s. (In
Figs. 4–8, “Each simulation” corresponds to the result from Simulation No.
i with a duration of 6 hours; “Ensemble average” means the average over
Simulation No. 1 up to Simulation No. i.)

Fig. 5. Kurtosis of the WF line tension in each simulation and on ensemble
average as obtained for a sea state of Hs = 4.75 m and T p = 11.5 s.

Due to the randomness of an and bn in Eqs. (13) and (14), the
statistical properties of the simulated WF and LF mooring line
tensions at the fairlead show a significant variance for different
samples of an and bn . One must average over many simulations
to get stable values of the statistical moments. The statistical
properties of the WF and LF mooring line tensions as obtained
for a sea state with Hs = 4.75 m and T p = 11.5 s are shown
in Figs. 4–8. Thirty simulations, each with duration of 6 hours,
were carried out. The statistical properties of each simulation
together with the ensemble average over these simulations are
plotted. It is observed that a stable statistics is obtained by
running at least 15–20 simulations for the WF line tension
process and 20–30 simulations for the LF one. This fact implied
that 90–120 simulation hours are needed for the WF process
and 120–180 hours for the LF one.

The skewness of the WF line tension is quite close to zero
and is not presented herein. The kurtosis of the WF line tension
is found to be close to three and it indicates that the equivalent
inertia term dominates Eq. (2) and hence, implies a WF tension
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Fig. 6. Variance of the LF line tension in each simulation and on ensemble
average as obtained for a sea state of Hs = 4.75 m and T p = 11.5 s.

Fig. 7. Skewness of the LF line tension in each simulation and on ensemble
average as obtained for a sea state of Hs = 4.75 m and T p = 11.5 s.

which is approximately Gaussian. However the skewness of
the LF process is about 0.8 and the kurtosis is close to 4.5.
The positive skewness indicates that the process has a thicker
upper tail in the PDF and a larger maximum compared with the
Gaussian one. The kurtosis is larger than three, which indicates
higher values both in the upper and lower tails of the PDF.

The effect of kurtosis on the fatigue damage has been
demonstrated by Winterstein [3]. He approximated the ratio
between the nonGaussian fatigue damage with a kurtosis of α4
and the Gaussian fatigue damage by the following expression:

DN G

DG
= 1 + m(m − 1)(α4 − 3)/24 (15)

where m is the slope parameter of SN curve. If we take m = 3
and α4 = 4.5 for the LF line tension process, the calculated
nonGaussian fatigue damage is about 40% higher than that of
the Gaussian process. This indicates that the fatigue damage can
be significantly increased with a relatively large kurtosis.

However, in the present case, the variance of the WF line
tension is larger than the LF variance, see Figs. 4 and 6.
Considering the fact that the WF process implies more cycles,

Fig. 8. Kurtosis of the LF line tension in each simulation and on ensemble
average as obtained for a sea state of Hs = 4.75 m and T p = 11.5 s.

the WF fatigue damage dominates the total fatigue damage. As
a result, the total fatigue damage would be close to the fatigue
damage under the Gaussian assumption.

6.2. Comparison of statistical properties of mooring line
tension

As mentioned above, a total of 16 sea states were simulated.
All of the statistical properties have been obtained from the
simulations and have been compared with those calculated by
the frequency-domain method, see Figs. 9–13. In all figures,
the relative difference is presented, which is defined as the
difference between the frequency- and time-domain results
divided by the time-domain result.

For the WF line tension, the differences in the obtained
variance and kurtosis are very small in all sea states, within
+/−2.5% for the variance and +/−1.5% for the kurtosis.
However for the LF line tension, the relative difference is
slightly larger but still small, within +/−3% for the variance,
+/−6.5% for the skewness and +/−7% for the kurtosis.
Compared with the WF line tension, the LF line tension has
fewer cycles for the same duration due to the larger oscillation
period. This might be one reason why the relative differences
between the frequency and time-domain analyses are larger for
the LF line tension.

In general, the frequency-domain method accurately
captures the relevant statistical properties of both the WF and
LF line tensions. The discrepancies in the statistical properties
are practically acceptable. This is a basic requirement for
checking the accuracy of the frequency-domain method for
fatigue damage estimation.

6.3. Comparison of short-term fatigue damage

Fatigue damages estimated by the frequency-domain and
time-domain analyses are compared in Figs. 14–16 for the WF
and LF components as well as for the total line tension.

Although the frequency-domain fatigue damage is slightly
underestimated, the relative difference of the WF fatigue
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Fig. 9. Relative difference of variance of the WF line tension in different sea
states between the frequency-domain result and the ensemble average over
30 six-hour time-domain simulations. (“Relative difference” in Figs. 9–16
is defined as the difference between the frequency- and time-domain results
divided by the time-domain result.)

Fig. 10. Relative difference of kurtosis of the WF line tension in different sea
states between the frequency-domain result and the ensemble average over 30
six-hour time-domain simulations.

Fig. 11. Relative difference of variance of the LF line tension in different sea
states between the frequency-domain result and the ensemble average over 30
six-hour time-domain simulations.

Fig. 12. Relative difference of skewness of the LF line tension in different sea
states between the frequency-domain result and the ensemble average over 30
six-hour time-domain simulations.

Fig. 13. Relative difference of kurtosis of the LF line tension in different sea
states between the frequency-domain result and the ensemble average over 30
six-hour time-domain simulations.

damage is small, within +/−13%. Frequency-domain fatigue
damage due to the LF motions, obtained based on the improved
Jiao and Moan method with the average positive and negative
amplitude distribution, seems always larger than that estimated
by the rainflow counting method in the time domain. The
maximum relative difference of the LF fatigue damage is about
12.5% and the accuracy is on the same level as for the WF
fatigue damage. As already pointed out, the most important
contribution to the combined fatigue damage in the present
example comes from the WF component. Therefore, the total
fatigue damage obtained by the simulations and the frequency-
domain method is still close, within +/−11%, see Fig. 16.

In view of the significant uncertainties in the fatigue load
effects and resistance, the accuracy of the frequency-domain
method for estimating the WF, LF and combined fatigue
damage is therefore considered to be acceptable. It also
indicates that the frequency-domain combination rule is still
applicable for this nonGaussian case.
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Fig. 14. Relative difference of fatigue damage due to the WF line tension
in different sea states between the frequency-domain result and the ensemble
average over 30 six-hour time-domain simulations.

Fig. 15. Relative difference of fatigue damage due to the LF line tension in
different sea states between the frequency-domain result and the ensemble
average over 30 six-hour time-domain simulations.

6.4. Frequency-domain long-term fatigue damage

Long-term fatigue damage can be calculated by summing up
the short-term fatigue damage multiplied with the occurrence
probability of each sea state during the long-term period of
interest. It is very time-consuming to compute the long-term
fatigue damage in the time domain based on hundreds or
thousands of short-term simulations.

The relative contributions of the fatigue damage from
different sea states considering the Northern North Sea wave
conditions as obtained by the present frequency-domain method
are plotted in Fig. 17. For convenience, the total long-term
fatigue damage in Fig. 17 is normalized to be 1. In the figure,
we can clearly identify the sea states which contribute most to
the long-term fatigue damage, i.e. the sea states with Hs from
3 to 8 m and T p from 7 to 13 s. This information is quite useful
because one can refine or check the long-term fatigue damage
obtained by the frequency-domain method by just running the
time-domain simulations for the identified important sea states.
It saves significant computational time compared with a full
long-term analysis in the time domain. The comparisons of

Fig. 16. Relative difference of fatigue damage due to the combined WF and LF
line tension in different sea states between the frequency-domain result and the
ensemble average over 30 six-hour time-domain simulations.

Fig. 17. Relative contributions of fatigue damage from different sea states due
to the combined nonGaussian WF and LF mooring line tension considering the
Northern North Sea wave conditions.

frequency- and time-domain short-term fatigue damage in the
previous section are only made for these important sea states.

7. Conclusions

The purpose of this paper is to improve and validate the
frequency-domain method for bimodal nonGaussian fatigue
damage estimation of mooring line tension by time-domain
analysis based on a simplified, but accurate mechanical model.

The frequency-domain method, originally proposed by Jiao
and Moan for Gaussian processes, for the combined fatigue
damage estimation has been improved by considering the
skewness effect on the effective stress range distribution.

Simulation with Gaussian random variables of sine and
cosine components has been applied to generate the WF and
LF mooring line tension time series at the fairlead based on the
simplified model. A total of 16 sea states have been considered
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with 30 six-hour simulations for each. The statistical properties
of both the WF and LF tensions are estimated and the fatigue
damages of the WF, LF and combined tensions are obtained by
the rainflow cycle counting method.

Because the WF mooring line tension is slightly different
from Gaussian, the statistical properties of the time-domain
simulations agreed very well with those of the frequency-
domain estimates. The difference between the simulations and
the frequency-domain analyses for the LF tension statistics is
slightly larger, but the discrepancy is within +/−7% for all of
the cases considered.

The obtained frequency-domain fatigue damage of the WF
line tension agrees also well with those of the simulations.
The resulting LF fatigue estimation seems always conservative
and the accuracy level is similar as that for the WF line
tension. The total fatigue damage is obtained based on the same
theory of Jiao and Moan by which the nonGaussian amplitude
distributions of the WF and LF line tensions are applied
and the Gaussian assumption is made only for calculating
the mean zero up-crossing rates of narrow-band components.
The comparison of short-term fatigue damage with the time-
domain result shows a reasonable agreement with the maximum
relative error of 13%, 12.5% and 11% for the WF, LF and
combined fatigue damage estimates, respectively. Although
in the simulated sea states, the combined fatigue damage is
dominated by the WF line tension, the accuracy of the method
is expected to be acceptable as well for cases with the LF line
tension dominating.
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Abstract 

In this paper, a procedure for fatigue analysis of a general wide-band stationary 
Gaussian process is developed in the frequency domain using a trimodal spectral formulation, 
based on a generalization of the principle proposed by Jiao and Moan for predicting bimodal 
fatigue damage. The novel method approximates the rainflow cycles with large amplitudes as 
the sum of the envelopes of the process components. First, the method is derived and the 
corresponding accuracy is demonstrated for ideal trimodal Gaussian processes whose spectra 
exhibit peaks at three well separated modes, each assumed to be narrow-banded. Hermite 
numerical integration method is applied to evaluate the fatigue damage due to a Rayleigh sum 
distribution since there is no closed-form solution for a random variable which is the sum of 
more than two Rayleigh random variables. Then, the method is further developed and applied 
to general wide-band Gaussian processes by dividing the spectrum into three segments with 
the same variances and calculating the fatigue damage in the same way as for the ideal 
trimodal processes. Based on extensive time series simulated with spectra of wave- and wind-
induced linear structural responses and with generally defined wide-band spectra, the 
rainflow cycle counting method has been applied to estimate the fatigue damage in the time 
domain in order to check the accuracy of the proposed method and other frequency-domain 
methods. It is found that the narrow-band assumption can be very well made for a process 
with a Vanmarcke’s bandwidth parameter which is less than 0.5. For most of the simulated 
processes with bandwidth parameters between 0.5 and 0.85, the proposed method slightly 
overestimates the fatigue damage on average. If the bandwidth is greater than 0.85, the 
fatigue damage obtained by the trimodal formulation may be significantly overestimated in 
some cases, however spectra with very high bandwidth parameters might be unrealistic. 
Anyway, it has been shown that the overestimation can be alleviated by using a formulation 
with more modes for these cases. Moreover, two empirical formulae for wide-band fatigue 
damage estimation, one derived by Dirlik and the other proposed by Benasciutti and Tovo, 
have also been verified to be very accurate but slightly underestimate the fatigue damage for 
a wide range of the bandwidth parameters considered in this paper. 
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1. Introduction 

Prediction of fatigue life for structures subjected to wide-band stationary Gaussian 
processes has been widely studied by many researchers since the 1980s. Fatigue damage 
estimation generally involves two issues, i.e. cycle counting of equivalent stress ranges and 
accumulation of fatigue damage from each cycle. In fact, many studies contribute to the first 
one, i.e. estimating an equivalent stress range distribution either in the time domain or in the 
frequency domain. After the stress range distribution has been obtained, fatigue damage is 
usually evaluated by using, for example, the linear Palmgren-Miner rule [1]. 

In the time domain, it is straightforward to count the effective cycles based on the time 
series which can be obtained experimentally or numerically. Alternative cycle counting 
methods are envisaged, like peak counting, range counting, level-crossing counting, rainflow 
counting, etc. The rainflow cycle counting method was originally proposed by Matsuishi and 
Endo [2]. A new equivalent definition was given by Rychlik [3] and is more convenient for 
statistical analysis. The rainflow cycle counting algorithm is found to be the best method for 
fatigue damage estimation [4, 5] and is commonly applied as a reference to check the 
accuracy of frequency-domain methods. However, in order to reduce the statistical 
uncertainty and obtain stable fatigue damage estimates, a large number of time series with 
durations long enough have to be provided. This task could be extremely time-consuming. 
Alternatively, many frequency-domain methods have been proposed for estimating wide-
band Gaussian fatigue damage on the basis of spectral analysis, and they are computationally 
efficient. 

In the frequency domain, fatigue damage caused by general wide-band processes is 
usually obtained by a narrow-band approximation multiplied by a bandwidth correction factor, 
which could be empirically determined. Fatigue damage due to general wide-band stationary 
Gaussian processes can be evaluated by the methods proposed by Krenk [6], Wirsching and 
Light [7], Dirlik [8], Gall and Hancock [9], Zhao and Baker [10], Larsen and Lutes [11], 
Naboishikov [12], etc. Bouyssy et al. [13] compared various frequency-domain methods with 
the rainflow cycle counting algorithm using extensive simulations. It was concluded that the 
empirical formula proposed by Dirlik [8] is the best method for almost all of the assumed 
spectra. Recently, Benasciutti and Tovo [14] also proposed an empirical formula based on the 
extensive time-domain numerical simulations of five defined spectral types. When compared 
with the rainflow results, quite good fatigue damage approximations were obtained both by 
their formula and by Dirlik’s formula. 

Multi-modal processes are special wide-band processes whose spectra show multiple 
peaks at certain well separated modes. An ideal narrow-band process is the process which has 
only one peak in the power spectral density function. In marine technology and offshore 
engineering, linear structural responses due to waves can usually be assumed to be Gaussian 
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and narrow-banded with a spectral peak commonly corresponding to the peak frequency of 
wave input. Moreover, many other responses might show bimodal spectral properties, e.g. 
mooring system response, thruster response in waves, combined wave-induced and springing 
motions of TLP and large ships. In principle, methods for fatigue damage estimation of a 
general wide-band process can also be applied for a bimodal process. In addition, specific 
methods have been proposed by several researchers, such as Jiao and Moan [15], Sakai and 
Okamura [16] and Fu and Cebon [17], where different combination principles of the two 
frequency components have been applied. Benasciutti and Tovo [18] compared these methods 
and showed that quite accurate results were provided by Jiao and Moan’s method as well as 
by the general methods such as the single-moment technique [11] and Benasciutti and Tovo’s 
formula [14]. Moreover, bimodal fatigue damage could also be explicitly expressed by the 
individual fatigue damage components, such as DNV’s formula [19] and Huang and Moan’s 
formula [20]. 

Trimodal processes might also be involved in offshore engineering. For example, a riser 
system could be excited at both the wave frequency and low frequency under wave and wind 
loads when attached to a moored vessel. On the other hand, the riser system itself could 
experience vortex induced vibrations (VIV) with high frequencies under current action. As a 
result, the power spectrum of, for example, the riser bending moment could show at least 
three peaks. Traditionally, the fatigue damage due to VIV was separately calculated and was 
simply added to the wave and low frequency components to obtain the total fatigue damage. 
In principle, this results in an underestimation of the total fatigue damage. Therefore, a 
thorough procedure which simultaneously considers the interaction of all frequency 
components is certainly of interest. 

In this paper, a procedure for estimating trimodal fatigue damage is proposed by 
generalizing the theory of Jiao and Moan [15]. Jiao and Moan’s method accurately predicts 
the bimodal fatigue damage and has been widely used in many offshore codes, such as DNV-
OS-E301 [21], API RP 2SK [22] and ISO 19901-7 [23]. Based on a fundamental study on the 
rainflow cycle counting of the time series, it seems that global load cycles with long periods 
could be enlarged by local cycles with short periods. The novel method actually uses this 
information and estimates the total fatigue damage as the sum of the fatigue damage due to 
the following three processes, i.e. the high frequency (HF) process, the intermediate 
frequency (MF) process plus the HF envelope process and the low frequency (LF) process 
plus both the HF and MF envelope processes. The accuracy of the proposed method has been 
examined by the rainflow counting for a variety of trimodal processes with different 
combinations of the variances and central frequencies of the HF, MF and LF components.  

Furthermore, the method has also been generalized to general wide-band processes 
where the spectrum is equally divided into three segments with the same variances and the 
fatigue damage is calculated as done for the ideal trimodal processes. The proposed method 
together with several other frequency-domain methods are compared with the rainflow 
counting results considering a variety of time series of wave- and wind-induced structural 

Paper 2 71



 
 
 
 
responses and the responses defined by general wide-band spectra.  

In addition, two empirical formulae for wide-band fatigue damage estimation, one 
derived by Dirlik [8] and the other proposed by Benasciutti and Tovo [14], have also been 
verified to be very accurate but slightly underestimate the fatigue damage whatever the value 
of the bandwidth parameter is. 
 
2. The proposed method for trimodal fatigue analysis 

First, let us consider an ideal trimodal process, which is defined as the sum of three 
narrow-band random processes with well separated central frequencies, namely by: 

( ) ( ) ( ) ( )H M LY t X t X t X t= + +               (1) 

where ( )HX t , ( )MX t  and ( )LX t  represent the components with high, intermediate and 
low frequencies ( 0Hν , 0Mν  and 0Lν ) and variances ( 2

Hσ , 2
Mσ  and 2

Lσ ), respectively. 
These three components are assumed to be stationary, Gaussian and mutually independent. 
    Based on the narrow-band assumption, fatigue damage of each frequency component 
can be estimated by the Palmgren-Miner rule [1] as follows, if a single-slope SN curve 
( mN KS −= ) is adopted. 

0/ * * mD T K Sν=                 (2) 

where 0ν  is the mean zero up-crossing rate, mS  denotes the expected value of the stress 
range S  powered by m  and equals to (2 2 ) (1 / 2)m mσ Γ +  for a Gaussian process, where 
σ  is the standard deviation of the process and ()Γ  denotes the Gamma function, T  is the 
total duration and K  and m  are the material parameters of the SN curve. 

Fatigue damage of ( )Y t  is not just the sum of the fatigue damage of the three 
frequency components because of the mutual interaction. Jiao and Moan [15] estimated 
bimodal fatigue damage as the sum of the fatigue damage due to two processes, one is the HF 
process and the other is the LF process plus the HF envelope process. In this paper, based on 
the same principle, trimodal fatigue damage can be estimated from three equivalent processes, 
as shown in Eq. (3). 

Y H P QD D D D= + +                 (3) 

where HD  is the fatigue damage due to the HF process, PD  is the fatigue damage due to 
the process ( ) ( ) ( )H MP t R t X t= +  which is the MF process plus the HF envelope process 

( )HR t , while QD  is the fatigue damage due to the process ( ) ( ) ( ) ( )H M LQ t R t R t X t= + +  
which is the LF process plus the HF envelope process ( )HR t  and the MF envelope process 

( )MR t . It is implicitly assumed that the HF envelope process ( )HR t  has a similar oscillation 
period to ( )MX t . When ( )HR t  and ( )MR t  are used in conjunction with ( )LX t , they are 
also assumed to have similar oscillation periods. Both ( )P t  and ( )Q t  are narrow-banded 
under this assumption. 

Moreover, the amplitude processes of ( )P t  and ( )Q t  can be simply written as 
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( ) ( ) ( )P H MR t R t R t= +  and ( ) ( ) ( ) ( )H M LQR t R t R t R t= + + , respectively. Under the narrow-
band Gaussian assumption for each component, ( )HR t , ( )MR t  and ( )LR t  are all Rayleigh 
processes and ( )PR t  and ( )QR t  are Rayleigh sum processes with two and three 
components, respectively. All of these processes are listed in Table 1. As shown by the table, 
the procedure of fatigue analysis for bimodal and trimodal processes can be readily 
generalized to multi-modal processes. 
 

Table 1 Defined random processes for fatigue analysis 
Process 

component 
Equivalent process for fatigue 

analysis 
Amplitude of equivalent process 

(Rayleigh sum) 

( )HX t  ( )HX t  ( )HR t  

( )MX t  ( ) ( ) ( )H MP t R t X t= +  ( ) ( ) ( )P H MR t R t R t= +  

( )LX t  ( ) ( ) ( ) ( )H M LQ t R t R t X t= + +  ( ) ( ) ( ) ( )H M LQR t R t R t R t= + +  

··· ··· ··· 
 

In order to calculate the fatigue damage, the mean zero up-crossing rate and the 
equivalent stress range, which is obtained by the integral over the amplitude distribution of 
the process, should be calculated first. Analytical formulation of the fatigue damage due to 

( )P t  has been well established by Jiao and Moan [15]. Especially, the mean zero up-crossing 
rate of ( )P t  was obtained using the Rice formula [24] as shown in Eq. (4), 

2
0 2 2 2 20

1(0, ) (0) *
2 ( )2

M
P P H H MPP P

H M

pf p dp f σν σ λ δ λ
π σ σπ

∞
= = = +

+∫      (4) 

where 2
0(2 )i

iH H Hλ πν σ≈  and 2
0(2 )i

iM M Mλ πν σ≈  are the ith spectral moments of the HF 
and MF components, respectively. 2

1 0 21 / /H H H Hδ λ λ λ= −  denotes the Vanmarcke’s 
bandwidth parameter of the HF process. 

The fatigue damage of ( )Q t  is derived as follows. 
Although there does not exist an analytical expression for the distribution of ( )Q t  

which is evaluated by a double convolution integral, the mean zero up-crossing rate can still 
be analytically obtained by the Rice formula. 

2 2
0 2 2 20

2 2 2 2 2 2

2 2 2 3

1(0, ) (0)
2

(2 2 arctan( / / ))
*

4 ( )

Q Q H H M M LQQ Q

L H M L H M H M H M L H M L

H M L

qf q dq fν σ λ δ λ δ λ
π

σ σ σ σ πσ σ σ σ σ σ σ σ σ σ

π σ σ σ

∞
= = = + +

+ + − + + +

+ +

∫
   (5) 

where 2
0(2 )i

iL L Lλ πν σ≈  is the ith spectral moments of the LF component. 
2

1 0 21 / /M M M Mδ λ λ λ= −  denotes the Vanmarcke’s bandwidth parameter of the MF process. If 
the number of frequency components is greater than three, the mean zero up-crossing rate can 
not be obtained by an analytical formula and numerical estimation of a multiple convolution 
integral must be carried out. 

It should be noted that the Vanmarcke’s bandwidth parameters of the HF and MF 
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processes are used in Eqs. (4) and (5). They must be sufficiently small so that each process 
can be assumed to be narrow-banded. Asymptotically, they can be replaced by zeros. If the 
method is applied when the HF and MF processes are wide-banded, the result could be quite 
conservative. It is therefore recommended to use zeros for these bandwidth parameters as 
done in this paper. 

The distribution of ( )QR t  represents a weighted Rayleigh sum distribution where the 
values of the variances 2

Hσ , 2
Mσ  and 2

Lσ  could be different from each other. It can also be 
evaluated by a double convolution integral. However, unfortunately, an analytical formula 
does not exist for this distribution either. In this paper, the Hermite numerical integration 
method [25] is applied and a semi-analytical closed-form solution can be obtained for the 
distribution of ( )QR t  as follows, 

2 2 2
1 1 1 1( ) ( ) / exp( / 2 / )RH H H Hf x f x x xσ σ= = −           (6) 

2 2 2
1

( ) ( ) 2 ( 2 )
n

RP HM i i H M i
i

f x f x a z f x zσ
=

= = −∑           (7) 

3 3 3
1

( ) ( ) 2 ( 2 )
n

RQ HML j j HM L j
j

f x f x a z f x zσ
=

= = −∑          (8) 

where 2( )HMf x  is the sum distribution of the HF and MF components and 3( )HMLf x  is the 
sum distribution of the HF, MF and LF components. iz  and jz  are the identical abscissas 
(zeros of the nth-order Hermite polynomial) and ia  and ja  are the identical weight factors. 
It should be noted that only the positive abscissas are applied ( 0iz >  and 0jz > ) and only 
the positive values are allowed for 1x  ( 3 2 2 0L j M ix z zσ σ− − > ) because the Rayleigh 
distribution 1( )RHf x  is defined over the positive half axis. In fact, the amplitude distribution 
of ( )Q t , i.e. the distribution of ( )QR t , is now expressed as a double sum of the Rayleigh 
distributions with positive origins and the mth equivalent stress range can be semi-
analytically obtained when m is an integer. As an example, it is shown in Eq. (9) with m=3. 

3 2 2 3

1 1

2 2 (8 12 2 48 12 2 )
n n

m
Q j j i i ij H ij H ij H

j i

S a z a z b b bπσ σ πσ
= =

= + + +∑ ∑       (9) 

where 2 2ij L j M ib z zσ σ= + . 
Similarly, the mth equivalent stress range due to ( )P t  is 

3 2 2 3

1
2 (8 12 2 48 12 2 )

n
m
P i i i H i H i H

i
S a z b b bπσ σ πσ

=

= + + +∑          (10) 

where 2i M ib zσ= . 
    As long as the mean zero up-crossing rate 0ν  and the equivalent stress range mS  are 
obtained, Eq. (2) can be individually applied for the fatigue damage estimation of the 
processes ( )P t  and ( )Q t  under the narrow-band assumption. 

Finally, the total trimodal fatigue damage can be estimated by Eq. (3).  

74 Appendix A: Appended Papers



 
 
 
 

The above procedure for fatigue damage estimation is also applicable to bimodal 
processes, for which Jiao and Moan obtained the analytical formula [15], while the numerical 
method is adopted in this paper. Moreover, the proposed method can be readily extended 
from trimodal to multi-modal Gaussian processes. 

 
3. Generalization of the proposed method to general wide-band processes 

A general wide-band process could have a continuous spectral density function with any 
possible shape. Based on a given spectrum, we try to define three equivalent component 
processes according to a certain rule by which the proposed method for an ideal trimodal 
process could be applied to estimate the general wide-band fatigue damage. Various 
principles for discretizing the wide-band process into trimodal approximation might be 
applied. We used the probably simplest way to do this, i.e. the equal-variance rule, as shown 
in Fig. 1. In this way, a wide-band spectrum is divided into three segments with the same 
variances, i.e. the same areas under the spectral density function, e.g. 1 2 3var = var = var  in 
Fig. 1. This implies that three processes with the same energy could be extracted from a 
general wide-band process for fatigue damage estimation. 

A numerical discretization of the spectrum has to be applied probably based on an 
iterative procedure. The equal-variance rule has a big advantage in terms of numerical 
computation effort since it only uses the 0th-order moment of the spectrum. Other rules might 
be also applicable, e.g. the rules based on equal bandwidth parameter or equal fatigue damage 
for each component. However, higher-order spectral moments must be calculated and it could 
be very time-consuming especially based on an iterative numerical procedure.  

When the three segments are determined, the corresponding mean zero up-crossing rate 
of each process could be calculated based on the discretized spectrum, e.g. 1 2 3, ,ω ω ω in Fig. 1.  

 

 
Fig. 1 Discretization of the spectrum into three segments based on the equal-variance rule (where, vari 

and iω  represent the variances and central frequencies of the three components, respectively) 
 

In order to apply the proposed method, the narrow-band assumption is made for each 
segment. This might not be strictly true and could introduce certain overestimation in the 

var1 

1ω  

var2 var3

var1=var2=var3

2ω 3ω

Paper 2 75



 
 
 
 
fatigue damage estimates. 

In addition, the distribution of ( )QR t  is now simplified to an independent and 
identically distributed (IID) Rayleigh sum distribution, because the variances are equal for 
the three components. Under this condition, accurate closed-form approximations are 
available. For instance, the small argument approximation (SAA) was proposed by Schwartz 
et al. [26]. Hu and Beaulieu [27] discussed the accuracy of the SAA and proposed an 
empirical modified approximation based on the SAA. 

The mth equivalent stress range obtained based on the amplitude distribution is 
necessary for fatigue damage estimation. A closed-form solution of the mth equivalent stress 
range can only be obtained for the SAA and numerical integration must be involved in Hu 
and Beaulieu’s approximation. As an example, the accuracy of the mth (m=3) equivalent 
stress range is shown in Table 2. Results are shown as the ratios to the Monte Carlo 
simulations, which have been carried out for Rayleigh sum random variables with 3-5 
components and are believed to give the most accurate estimates since there is no theoretical 
solution. Unfortunately, the SAA always underestimates the equivalent stress range, while Hu 
and Beauliu’s approximation overestimates it for a small number of components. The 
Hermite numerical integration method has also been checked. It provides quite acceptable 
estimates and therefore in the following case studies, this method is still applied. 
 

Table 2 Comparison of the mth (m=3) equivalent stress range of an IID Rayleigh sum distribution 
obtained by different methods 

Number of 
components 

Monte Carlo 
simulation 

Hermite 
integration SAA Hu and Beauliu’s 

approximation 
3 1.000 1.014 0.935 1.433 
4 1.000 1.027 0.926 1.632 
5 1.000 1.045 0.922 1.087 

 
4. Verification of the proposed method for ideal trimodal processes 

In order to check the accuracy of the proposed method, extensive time series of ideal 
trimodal Gaussian processes have been simulated with different combinations of the central 
frequencies ( 0Hν , 0Mν  and 0Lν ) and variances ( 2

Hσ , 2
Mσ  and 2

Lσ ) of the HF, MF and LF 
components. Values of the frequency ratios ( 0 0/H Mν ν  and 0 0/M Lν ν ) have been selected as 2, 
4, 6, 8, 10 and 20, while values of the variance ratios ( 2 2/H Mσ σ  and 2 2/M Lσ σ ) have been 
selected as 1/9, 3/7, 1, 7/3 and 9. In total, there are 6*6*5*5=900 cases with 20 simulations 
for each. 

Frequency-domain methods, including the proposed method, Dirlik’s formula (DK), 
Benasciutti and Tovo’s formula (BT), the simple sum of the components (SS) and the narrow-
band assumption (NB), are compared with the rainflow counting results (RFC) obtained 
using the WAFO Matlab toolbox [28]. The obtained fatigue damage ratio to RFC is shown as 
a function of Vanmarcke’s bandwidth parameter in the following figures. 

In order to validate the numerical procedure, ideal bimodal processes have first been 
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simulated with the same frequency and variance ratios as for the trimodal processes. The 
results are shown in Fig. 1. For bimodal processes, the proposed method is basically the same 
as Jiao and Moan’s explicit formula and quite close estimates of fatigue damage are obtained 
by these two methods, therefore only the results obtained by the current numerical procedure 
are provided. It is seen in the figure that the proposed method and the DK and BT formulae 
quite accurately estimate the bimodal fatigue damage, except that the proposed method 
overestimates the fatigue damage in some cases with a Vanmarcke’s bandwidth parameter 
which is less than 0.35 where the narrow-band assumption can be very well made. As 
expected, the SS method always underestimates the fatigue damage and the NB method 
significantly overestimates the fatigue damage for higher bandwidth parameters. 
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Fig. 2 Ratio of fatigue damage of ideal bimodal spectra to RFC as a function of bandwidth parameter 

 
Figs. 3-4 show only the comparisons between the trimodal fatigue damage obtained by 

the proposed method and the RFC results as functions of frequency and variance ratios, 
respectively. Each data point in the figures corresponds to one case and a total of 900 cases 
are provided. It is shown that the fatigue damage ratio to RFC in most of the cases is close to 
1 (from 0.9 to 1.2) and, in general, the accuracy of the proposed method is quite acceptable. 
However, when the LF component dominates and the central frequencies of the three 
components are close, the fatigue damage ratio is large and could reach 1.5 in the extreme 
cases. In such cases, the conservative approximation of both the mean zero up-crossing rate 
and the amplitude distribution of ( )Q t  explains the overestimation of the proposed method. 
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Fig. 3 Ratio of fatigue damage of ideal trimodal spectra to RFC obtained by the proposed method as a 

function of frequency ratio 
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Fig. 4 Ratio of fatigue damage of ideal trimodal spectra to RFC obtained by the proposed method as a 

function of variance ratio 
 
Both the DK and BT methods are also applied by considering the trimodal processes as 

general wide-band processes, see Fig. 5. The SS and NB results are provided as well, but the 
NB estimates with a fatigue damage ratio greater than 2 are not shown in the figure. In 
general, the DK and BT empirical formulae give quite good fatigue damage estimates for all 
of the bandwidths considered herein, although they slightly underestimate the fatigue damage 
in most of the cases and slightly overestimate it for bandwidth parameters quite close to 1. 
When the bandwidth parameter is less than 0.5, the narrow-band approximation is reasonably 
good with a maximum overestimation of 30%. In some of such cases, when the central 
frequencies of the HF, MF and LF components are not well separated, i.e. the whole process 
is not wide-banded, this could lead to even more conservative results than the NB estimates 
by applying the proposed method, as explained in the above paragraph. For bandwidths 
greater than 0.5, the proposed method predicts the fatigue damage quite close to the rainflow 
method on average, especially when the bandwidth parameter is close to 1. The traditional 
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method to calculate the fatigue damage due to the combined VIV and wave and low 
frequency loads is also applied where the HF fatigue damage is simply added to the 
combined MF and LF fatigue damage. As shown in the figure, this method underestimates the 
total fatigue damage for almost all of the cases by 20% on average and by 40% in the worst 
cases and is just slightly better than the SS estimates. The SS method is believed to be the 
most underestimating method where no interaction between the frequency components is 
considered. 
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Fig. 5 Ratio of fatigue damage of ideal trimodal spectra to RFC as a function of bandwidth parameter 
 
5. Case studies of general wide-band processes 

Wide-band stationary Gaussian processes with a variety of spectral shapes have been 
simulated. They include spectra of wave- and wind-induced marine structural responses, 
spectra used in Dirlik’s thesis [8], spectra defined by Benasciutti and Tovo [14] and other 
generally defined spectra by the authors. The comparisons between the frequency-domain 
methods and the rainflow cycle counting results are shown in Figs. 6-11. 

Wave-induced responses are of main concern for fixed and floating marine structures. 
Four typical linear structural responses are applied in this paper, including the mudline shear 
force of a gravity platform [29], the vertical motion of a TLP [30], the vertical mid-ship 
bending moment of a FPSO [31] and stresses in a brace-column joint of a semi-submersible 
[31]. Response spectra are obtained by using a doubly peaked wave spectrum [32] with two 
parameters HS and TP which are varied from 1m in 1m increments to 15m and from 2s in 2s 
increments to 20s, respectively. A total of 15*10=150 spectra have been considered for each 
response type. Multiple peaks in the response spectra are expected with a doubly peaked 
wave input spectrum. The obtained fatigue damage is shown in Fig. 6 as a function of 
bandwidth parameter. Most values of the obtained bandwidth are less than 0.5 where the 
narrow-band approximation shows only a slight overestimation by a maximum of 20%. In 
such cases, the proposed method seems to significantly overestimate the fatigue damage, 
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while it works very well for bandwidths of 0.5-0.6 with an accuracy of 90-110%. The DK and 
BT methods yield fatigue damage slightly less than 1 and the underestimation increases with 
the bandwidth parameter. 
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Fig. 6 Ratio of fatigue damage of wave-induced response spectra to RFC as a function of bandwidth 

parameter 
 

The mudline bending stress of a wind turbine tower [33] has been considered as an 
example of wind-induced structural responses and an NPD wind spectrum [34] with a 
parameter UM from 2m/s in 2m/s increments to 60m/s has been applied. Only a few cases are 
analysed and results are shown in Fig. 7. According to the calculated bandwidth parameter, 
the wind-induced response is more wide-band than the wave-induced response because the 
wind input spectrum normally has a higher contribution from the low frequency part than the 
wave spectrum, which leads to a higher bandwidth parameter. The BT formula gives very 
accurate estimates, while the DK formula and the proposed method slightly underestimate the 
fatigue damage by 5% and 10%, respectively. Nevertheless, it should be noted that only one 
type of wind-induced responses is considered herein. It might be necessary to carry out more 
case studies before any conclusion can be made for general wind-induced responses. 
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Fig. 7 Ratio of fatigue damage of wind-induced response spectra to RFC as a function of bandwidth 

parameter 
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Benasciutti and Tovo [14] defined a series of spectral densities with simple geometry 
(e.g. uniform, linear and parabolic shapes) to obtain their empirical formula. These spectra 
are also used in this paper to check the accuracy of the proposed method for generally defined 
spectra. The fatigue damage obtained for 1800 cases is shown in Fig. 8. For these cases, the 
Vanmarcke’s bandwidth parameter almost covers the whole range from 0 to 1. The very 
conservative NB results for a high bandwidth parameter are not shown. Both the DK and BT 
methods estimate the fatigue damage accurately but underestimate it by 5% on average as in 
the previous examples. The BT method gives better results than the DK method. The narrow-
band approximation is again quite good for bandwidths less than 0.5 and a maximum 20% 
overestimation is obtained. The proposed method predicts the fatigue damage quite 
accurately in most of the cases for bandwidths of 0.5-0.85 where the overestimation of the 
narrow-band approximation increases significantly. For bandwidths greater than 0.85, the 
proposed method probably significantly overestimates the fatigue damage because it might 
not be adequate to divide the spectrum into only three segments. In such cases, even the SS 
method gives conservative results. In particular, it may be conservative to assume each of the 
three modes to be narrow-banded, especially for the HF component. In addition, spectra with 
the bandwidth parameter quite close to 1 might be unrealistic and at least the wave- or wind-
induced response spectra used in this paper have a maximum bandwidth parameter of only 
0.81. In this sense, the accuracy of the proposed method with the trimodal spectral 
formulation is practically acceptable for bandwidth parameters not greater than 0.85. Anyway, 
if desired, the accuracy of the proposed method may be improved by discretizing the spectra 
with more segments (e.g. 4 or 5 segments) of equal variances. The corresponding fatigue 
damage is obtained by the four-modal and five-modal formulations as shown in Fig. 9. It is 
clearly shown that the overestimation of the proposed method could be alleviated for large 
values of the bandwidth by increasing the number of segments.  
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Fig. 8 Ratio of fatigue damage of Benasciutti and Tovo’s spectra to RFC as a function of bandwidth 

parameter 
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Fig. 9 Ratio of fatigue damage of Benasciutti and Tovo’s spectra to RFC obtained by the multi-modal 

formulations as a function of bandwidth parameter 
 

Dirlik [8] applied two kinds of spectral types to obtain the empirical formula. One is a 
combination of two uniform spectra and the other is a mathematically defined continuous 
spectrum with two peaks. A total of 70 different spectra were used by Dirlik and they are also 
adopted in this paper. Fatigue damage results are shown in Fig. 10 and the obtained 
bandwidth parameter is from 0.1 to 0.85. The accuracy of the frequency-domain methods is 
similar to that for Benasciutti and Tovo’s spectra. 
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Fig. 10 Ratio of fatigue damage of Dirlik’s spectra to RFC as a function of bandwidth parameter 

 
Some other general wide-band spectra are also defined in this paper, where 

combinations of one, two or three sub-spectra with a uniform, linear or parabolic shape are 
used. Results are shown in Fig. 11. The obtained bandwidth parameters are all less than 0.65 
due to a certain restriction on the definition of these spectra. Anyway, similar conclusions can 
be made for these spectra as for the previous cases.  
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Fig. 11 Ratio of fatigue damage of generally defined wide-band spectra to RFC as a function of 

bandwidth parameter 
 
6. Conclusions 

A method for trimodal Gaussian fatigue damage estimation has been proposed based on 
the theory of Jiao and Moan for bimodal processes using the envelopes of narrow-band 
components. The accuracy of the proposed method and other general frequency-domain 
methods has been checked with the rainflow cycle counting results obtained based on 
extensive time-domain simulations of ideal trimodal processes. As long as the trimodal 
process has well separated frequency components and is not dominated by the LF component, 
the proposed method predicts the fatigue damage quite close to the rainflow results. Both the 
empirical formulae proposed by Dirlik and by Benasciutti and Tovo are also found to give 
quite accurate estimates of the trimodal fatigue damage. 

Fatigue damage with a more general wide-band spectrum has also been obtained by 
generalizing the proposed method with a trimodal (or even a multi-modal) spectral 
formulation where the spectrum is equally divided into three (or multiple) segments with the 
same variances. Other rules for the spectrum discretization might be applied as well, e.g. the 
equal-bandwidth parameter rule or the equal-fatigue damage rule. However, further work 
need to be carried out to check the efficiency and accuracy. 

Case studies have also been carried out considering various spectra relevant for typical 
offshore structural responses induced by waves and wind and generally defined spectra. In 
most of the cases with a Vanmarcke’s bandwidth parameter which is less than 0.5, it is found 
that the narrow-band assumption can very well be used to estimate the fatigue damage, since 
a maximum 30% overestimation is expected. Therefore, it is very important and necessary as 
a first step to calculate the bandwidth parameter for wide-band fatigue analysis. When the 
bandwidth parameter is in the range of 0.5-0.85, the proposed method predicts the fatigue 
damage close to that obtained by the rainflow counting method on average, while it might 
significantly overestimate the fatigue damage for bandwidth parameters greater than 0.85. 
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Such cases are however not practical for the type of responses investigated herein. If 
frequency-domain analyses are still applied in such cases, it is shown that more accurate 
estimates can be obtained by refining the proposed method by dividing the general wide-band 
spectrum equally into more segments. In this connection, further development of this method 
might be necessary. 

Although Dirlik’s and Benasciutti and Tovo’s formulae were empirically obtained based 
on simulations with assumed spectral shapes and the fatigue damages predicted by both 
formulae might be slightly underestimated in most of the cases, it is demonstrated that these 
two formulae give quite accurate fatigue damage estimates for all of the spectral shapes and 
bandwidth parameters considered herein. 
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Abstract

Wave conditions in extratropical regions have seasonal variations. The wave condition in a period

of one or more years exhibits variation, as displayed by samples of data for such a period. It is

important to have a measure of the variability in the wave-induced extreme response and fatigue

damage for marine structures due to this statistical uncertainty for sea states in various service

periods. For instance, this variability needs to be considered when assessing the safety of a structure

until next inspection or repair after damage. Moreover, this variability illustrates the uncertainty due

to limited data, say in connection with measuring service behaviour in periods of limited duration.

Scatter diagrams for the northern North Sea for 1-, 2- and 4-year periods as well as a 29-year period

are applied in this study to determine the typical wave-induced response of an FPSO and a semi-

submersible. The wave conditions are considered representative for extratropical climate. The

marginal distribution of the significant wave height is modelled with a hybrid lognormal-Weibull

model and the conditional distribution of peak period is fitted by a lognormal distribution. The long-

term response of fatigue stress ranges is fitted by a generalized gamma distribution, which includes

the frequently used two-parameter Weibull distribution as a special case. The extreme values are

described by a two-parameter Weibull tail model. Compared with the 29-year distribution, the

variation in the annual distributions is quite considerable as measured either by the distribution

parameters, or the predicted extreme value of significant wave height, or the long-term response for

extreme and fatigue loading. The correlation between the extreme and fatigue response and various

measures of the significant wave height, HS, is also studied. High correlation is for instance found
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between the extreme HS and extreme response, as well as between the HS which is exceeded by a

probability of 10% and fatigue damage.

r 2005 Elsevier Ltd. All rights reserved.

Keywords: Significant wave height; Peak period; Statistical variability; Extreme response; Fatigue damage;

Generalized gamma distribution

1. Introduction

Offshore structures and ships are commonly designed to withstand extreme climate
conditions during their service life corresponding to a certain return period, e.g. 100- and
20-year periods, respectively. Moreover, they are designed for a certain fatigue life which is
usually a multiple of the service life time.
Normally, a large amount of data is required in order to achieve an accurate prediction

of extreme conditions. Wave design parameters may be determined by extrapolation of
either actual measurements or hindcast values. The long-term variation of ocean waves is
often expressed in terms of significant wave height (HS) and peak period (TP), assuming
stationary conditions of sea states with a duration of, e.g. 3 h based on a 20-min time-
history record. The number of occurrences of each sea state is described by a frequency
table or scatter diagram that represents a discrete (long-term) joint distribution HS�TP of
the sea conditions in a certain location. Since the observations of the most extreme wave
events are subjected to particular uncertainty, it is important that the observed data are
smoothed by fitting a joint probability density function (pdf). Different pdf models have
been used to fit the data with a smoothed joint distribution. The lognormal and Weibull
models are often used to fit HS, e.g. Battjes [1], Nordenstrøm [2], Moan et al. [3]. Other
possibilities are the beta and gamma distributions, e.g. Ferreira et al. [4]. Herein the
marginal distribution of the significant wave height is modelled with a hybrid lognormal-
Weibull model, while the conditional distribution of the peak period is fitted by a
lognormal distribution (Haver [5]). This model gives a better fit of HS than a pure
lognormal or two-parameter Weibull model. To predict the extreme values with a return
period of 20, 100 years and more, other models than those above based on the whole data
set, can be adopted. This includes methods based on the annual extreme data as well as
fitting the tail by a Type II asymptotic extreme distribution, or the peak over threshold
(POT) method.
For the decision-making process in safety management of existing marine structures it is

important to have a proper description of the uncertainty level in the sea conditions and
responses during a limited period of time, e.g. 1 year or few years. For instance, assessing
the safety level of a vessel for a certain period, e.g. until a repair is carried out, depends
very much on a proper characterization of the sea conditions and responses for the period
of interest. Variability in fatigue loading during the period between consecutive
inspections, say 4–5 years, is of special interest. Another situation arises when in-service
behaviour is monitored to validate the safety of existing structures. For instance, if the
fatigue damage during a single year of operation is determined by monitoring, the
monitored variability of fatigue damage from year to year should be observed before
conclusions about the implied safety level are made. Obviously, even more caution needs
to be exercised when inferring information about extreme responses based on limited wave
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data. For instance, Nolte [6] shows that the significant wave height varies significantly
from year to year. In addition, there are seasonal variations as exemplified by Guedes
Soares et al. [7]. However, studies so far have only focused on the variation in wave data
and not responses. Moreover, previous studies have been based on limited data.

Hence, the aim of this paper is to estimate the variability in the distribution of the wave-
induced response resulting from the variability of wave conditions, by using the joint pdf of
significant wave height and peak period based on annual environmental data. Twenty-nine
annual scatter diagrams corresponding to a location in the northern North Sea are used
and are also organized into groups of every 2 and every 4 independent years. To illustrate
the effect of the statistical variability of wave conditions, the extreme response estimated
by a linear theory and fatigue damage due to vertical bending moment of an FPSO in the
head-on sea and stress on a brace-column joint of a semi-submersible in the beam sea are
analysed and the corresponding uncertainties are estimated. It is noted that the transfer
functions for these two response variables have peaks at wave periods of 14 and 7.5 s,
respectively. Hence, the emphasis will be on different parts of the scatter diagram in these
cases.

2. Wave data analysis

2.1. Wave data

The wave data used in this paper are provided by Statoil ASA (Haver [8]). These data
are recorded in 29 years (from 1974 to 2002) by wave buoys in the northern North Sea. The
scatter diagrams are the frequency tables of pairs of significant wave height (HS) and peak
period (TP). The range of HS is from 0.25 to 12.75m with an interval of 0.5m and the
range of TP is from 0.5 to 29.5 s with an interval of 1 s. The 29-year scatter diagram is
shown in Table 1.

2.2. Joint probability density function for waves

The long-term variation in wave climate consists of a joint density function of the
significant wave height (HS) and the peak period (TP), which is fitted to the observed sea-
states in a scatter diagram.

Alternative joint probability distributions for HS and TP are envisaged. The probability
model used here is developed by Haver [5] and his program PHT is also adopted. This
model is suitable for the northern North Sea and involves a combined lognormal and two-
parameter Weibull marginal distribution (the Lonowe model) for HS and a conditional
lognormal distribution for TP. In the fitting procedure, the significant wave height is
chosen to be the basic variable because of the importance of HS in characterizing the sea-
state. The marginal distribution of HS is described by the following pdf:

f HS
ðhSÞ ¼

1ffiffiffiffi
2p

p
sln HhS

exp � ðln ðhSÞ�mln H Þ2
2s2

ln H

� �
hSph�S

bH
h
bH�1

S

abH
H

exp � hS
aH

� �bH
� �

hSXh�S

8>><
>>:

, (1)

where h�S is the shifting point from the lognormal distribution to the Weibull distribution,
mln H and slnH are the mean value and the standard deviation of ln (HS) in the lognormal
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model, aH and bH are the scale parameter and shape parameter in the Weibull tail.
Parameters mlnH and slnH are estimated directly from the raw data using moment
estimation, in the same way as the parameters obtained by applying a lognormal
distribution only. Parameters aH and bH are obtained by imposing the continuity
conditions on two pdfs and two cumulative distribution functions (cdfs) at h�S. The
procedure for choosing of h�S is made to determine a proper location of the Weibull tail,
which is quite important to get a good fit of the marginal distribution for HS and will
significantly affect the extreme value prediction. A simple iterative procedure based on chi-
square (w2) testing is therefore applied in this study to obtain a reasonable estimate of the
shifting point. This is done by estimating the w2 factor by

w2 ¼ n
X
i

ðf HS0
ðhSiÞ � f HS

ðhSiÞÞ2
f HS

ðhSiÞ
, (2)

where n is the effective number of observations, f HS0
ðhSiÞ and f HS

ðhSiÞ are the empirical
and the estimated probability density for interval No. i in the scatter diagram, respectively.

The mean value ðmH Þ and the standard deviation ðsH Þ of HS are transformed from the
lognormal parameters mlnH and slnH according to the formula

mH ¼ exp
s2lnH

2
þ mlnH

� �
,

sH ¼ exp
s2lnH

2
þ mlnH

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp ðs2lnH Þ � 1

q
. ð3Þ

Conditional distribution of the peak period is assumed to follow a pure lognormal
distribution:

f TPjHS
ðtPjhSÞ ¼

1ffiffiffiffiffiffi
2p

p
sln TtP

exp � ðln ðtPÞ � mln T Þ2
2s2ln T

� �
, (4)

where the lower bound for TP is assumed to be zero. Physically, the wave breaks when the
steepness of wave ðSP ¼ ð2p=gÞðHS=T

2
PÞÞ is larger than 0.1. However, it has a small effect

on the overall fitting of TP for practical purpose. The conditionality of TP on HS is
described in such a way that the mean value ðmln T Þ of ln (TP) and the variance ðs2ln T Þ of
ln (TP) are smooth functions of HS, applying the following forms:

mln T ¼ a1 þ a2h
a3
S , (5)

s2ln T ¼ b1 þ b2 exp ðb3hSÞ, (6)

where a1; a2; a3 and b1; b2; b3 are coefficients estimated from the raw data by nonlinear
least-square method, and moreover in order to avoid the unphysical meaning when b1 is
smaller than 0, b1 is chosen to be a small constant 0.001.

The long-term joint pdf for HS and TP is just the product of the marginal pdf for HS and
the conditional pdf for TP:

f HS ;TP
ðhS; tPÞ ¼ f HS

ðhSÞ � f TPjHS
ðtPjhSÞ. (7)

The prediction of extreme value, e.g. annual extreme HS and extreme HS with a return
period of 100 years, can be determined directly from the Weibull tail. Extreme value
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with an exceedance probability PE is calculated by

HSE ¼ aH ð�ln ðPEÞÞ1=bH . (8)

A contour line could be defined as an iso-probability density curve. The contour line
corresponding to a given return period can then be constructed by first identifying the iso-
pdf curve that corresponds to HS with a given return period based on the marginal
distribution of HS, see e.g. NORSOK N-003 [9]. The concept of contour line is later
defined in a more refined manner [9] to provide a basis for determining the long-term
response with a certain return period based on a few sea states with HS and TP on the
relevant contour line [9]. Hence, it is useful to compare various scatter diagrams by
comparing contour lines for, say, 1, 20 or 100 years mean return periods.
Fig. 1 shows the fitted marginal distribution of significant wave height on a Weibull

paper by the Lonowe model using the 29-year scatter diagram. In this case, the fit is quite
good and from the figure it is observed that the lower part of HS distribution follows a
lognormal model while the tail of the distribution is close to a straight line on the Weibull
paper which indicates that it follows a Weibull model. Fig. 2 shows the mean value of
ln (TP) increases with the increasing HS while Fig. 3 shows that a decreasing trend for the
variance. The curves fitted by the models represented by Eqs. (5) and (6) are also shown
and a quite good fit is obtained both for the mean value and the variance. Based on these
functions and the marginal distribution of HS, the joint density of HS and TP can be
obtained by Eq. (7). For example, Fig. 4 shows the contour plot of pdf using the 29-year
data.

2.3. Variations in the wave data

In order to study the variation in the environmental pdf models in different years, the
joint model and fitting procedure described above, are applied for all of the 29 individual
scatter diagrams and groups of every 2 and every 4 independent years together with the 29-
year scatter diagram as a whole. This includes 14 2-year scatter diagrams and 7 4-year
scatter diagrams with the scatter diagram in 1974 excluded. Based on the raw data, the
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empirical pdf of HS is first calculated and the upper tail of 29-year data is shown in Fig. 5
together with the lower and upper bounds of annual, 2- and 4-year data. Significant
difference of tail distribution indicates a significant difference in the extreme value
prediction of HS. Observed maximum of HS in each scatter diagram for a 1-, 2- and 4-year
period is collected into the histogram shown in Fig. 6. The histogram based on the annual
data shows larger scatter than that of 2- and 4-year data. As shown later, the expected
annual maximum HS obtained by the 29 years of data and by proper smoothing of the
data, are both about 10.5m.

The estimated parameters in the distributions are compared, such as the mean value and
standard deviation of HS, the scale and shape parameters in the Weibull tail, the
parameters in Eqs. (5) and (6). Due to lack of space, only the mean value of HS is shown in
Fig. 7. The mean value ofHS based on the 29-year scatter diagram is about 2.7m, while the
mean values are from 2.3 to 3.2m using the annual scatter diagrams, from 2.5 to 2.9m
using the 2-year scatter diagrams, from 2.6 to 2.8m using the 4-year scatter diagrams. A
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large annual variation of the mean value of HS is obtained with a coefficient of variance
(COV) of 0.26. When more data are used, the variation is reduced. COV is equal to 0.096
between every 2 years and 0.077 between every 4 years. Similar phenomena are observed
for other parameters.
Figs. 8 and 9 show the predicted annual and 100-year extreme values of HS by using the

Lonowe model. These two figures show also the large variations in the predicted extreme
values based on the data in different years. The annual extreme values vary between a
maximum of 12.9m in Case No. 13 (corresponding to 1986) and a minimum of 8.1m in
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Case No. 6 (corresponding to 1979), while it is 10.5m for the 29-year data. The predicted
annual extreme values obtained by the 2-year scatter diagrams are from 9.0 to 12.1m and
from 9.3 to 11.3m by the 4-year scatter diagrams. The 100-year extreme value varies
almost by a factor of 2. The largest value is 19.2m (in Case No. 13) and the smallest one is
10.3m (in Case No. 6), while the extreme value based on the 29-year scatter diagram is
14.2m. The predicted 100-year extreme values based on the 2-year scatter diagrams vary
between 11.8 and 16.8m, while the range of variation of the 100-year values based on the
4-year scatter diagrams is from 12.2 to 15.4m. It is also indicated in the figures that using
the whole database will underestimate the extreme value for some specific years while
overestimate it for other years.

ARTICLE IN PRESS

29-year Scatter Diagram
Annual Scatter Diagram
2-year Scatter Diagram
4-year Scatter Diagram

Case No.
0 5 10 15 20 25 30

E
xt

re
m

e 
V

al
ue

 (
m

)

8

10

12

14

16

18

20

Fig. 9. Variations in the predicted 100-year extreme value of HS.

Case No.
0 5 10 15 20 25 30

C
om

m
on

 L
og

ar
ith

m
 o

f R
at

io
 o

f
E

xc
ee

da
nc

e 
P

ro
ba

bi
lit

y

-5

-4

-3

-2

-1

0

1

2

Fig. 10. Common logarithm of the ratio of the probability of exceeding HS ¼ 10, 12, 14m, using annual, 2- and

4-year data, respectively, to the probability of exceeding the same HS using 29-year data.

T. Moan et al. / Marine Structures 18 (2005) 359–382368

98 Appendix A: Appended Papers



Fig. 10 illustrates the large scatter in the tail distribution of HS by the ratio of the
probability of exceeding larger HS, e.g. 10, 12 or 14m, using annual, 2- and 4-year data to
the probability of exceeding the same HS using 29-year data. The difference in exceedance
probability between the annual data and the 29-year data is quite significant for some
cases. In order to reduce the scatter, at least a data set with 2 years duration is needed.

The 1- and the 100-year return period contour lines of significant wave height and peak
period are shown in Figs. 11–14, respectively. It is seen that the contour lines for HS and
TP vary significantly due to the variation in wave data. It indicates that the structural
responses in these design sea states will be quite different.
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3. Load effect statistics of an FPSO and a semi-submersible

3.1. General

In order to estimate the effect of statistical uncertainties in wave conditions on the linear
load effect, long-term response analyses are carried out for the whole 29-year data as well
as for groups of 1-, 2- and 4-year period, using the smoothed scatter diagrams generated by
the above model. Both extreme load effects for ultimate strength and fatigue design checks
are considered.
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The response statistics are carried out on an FPSO as well as on a semi-submersible by
using program SESAM Profast [10]. The main particulars of the FPSO are LPP ¼ 320m,
Cb of 0.77, total displacement of 186,942 tons, breadth of 58m, height of 20m, and
draught in laden condition is 13m. Only unidirectional, head-on waves are considered in
the long-term statistics. The relevant transfer function for the vertical bending moment is
shown in Fig. 15.

The semi-submersible is a twin hull configuration with a total of eight stability columns,
sixteen braces and a main deck supported by these columns and braces. The overall
dimensions are LOA ¼ 90:5m, total weight of 22,100 tons, breath moulded of 67.4m,
upper deck height of 39.6m, draft in operation is 21.3m, and pontoon height of 6.7m and
width of 11m. Beam sea is assumed for the response analysis of the semi-submersible. The
transfer function of waved-induced stress on a brace-column joint is shown in Fig. 16.

In principle the long-term response of ship structures may be obtained as the summation
of short-term probabilities of exceedance in all possible combinations of significant wave
heights, peak periods, wave headings and spectral shapes. Herein, the Pierson–Moskowitz
(P–M) spectrum is utilized.
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3.2. Extreme load effects

A two-parameter Weibull (e.g. Nordenstrøm [2]) distribution is frequently used to fit the
long-term response amplitude in marine structures. This distribution reads

FX ðxÞ ¼ 1� exp ð�ðx=aÞbÞ, (9)

where the scale and shape parameters a and b are determined by means of the least-square
method (e.g. Guedes Soares and Moan [11]).
In this paper, a two-paramenter Weibull distribution is only fitted to a probability of

exceedance level corresponding to the upper tail namely from 10�5 to 10�10. It is found this
distribution gives an adequate accuracy in defining the extreme values based on the
smoothed scatter diagram wave data.
Fig. 17 shows the calculated raw data of the vertical bending moment of the FPSO and

the fitted data by the Weibull model on a Weibull paper when the smoothed 29-year scatter
diagram is used. The accuracy of the fit is high.
Figs. 18 and 19 are the scatter plots of the distribution parameters for the FPSO and for

the semi-submersible, respectively. From these figures it is observed that the shape
parameter for the FPSO is 0.86 whereas for the semi-submersible it is equal to 1.16 when
the smoothed 29-year scatter diagram is used with a focus on the upper tail response. The
correlation coefficient between the logarithm of scale parameter and the reciprocal of
shape parameter is also calculated. It is found to be �0.81 for the FPSO and �0.80 for the
semi-submersible using the annual data sets.
Figs. 20 and 21 show the variability in extreme values with 10�8 probability of

exceedance (corresponding to 108 response cycles, approximately a period of 20 years)
using different data sets. In these two figures it is also shown that the largest variability in
the estimates is obtained from the individual annual scatter diagrams. In the figures, the
largest extreme value of vertical bending moment of the FPSO is (1.1� 1010Nm) almost as
twice as the smallest one (6.6� 109Nm). However for the semi-submersible, the largest
predicted extreme value is (1.5� 108N/m2) 1.5 times the smallest one (1.1� 108N/m2). It is
reasonable that the scatter in the results for the semi-submersible is less than that for the
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FPSO. This may be explained with reference to the difference in the transfer functions. It is
seen that the peak in the transfer functions are at 7.5 and 14 s for the semi-submersible and
FPSO, respectively. Since the scatter in moderate waves (with a period of 7.5 s) is less than
in more extreme waves (with a period of 14 s), see Table 1, the corresponding scatter in
load effects is less.

3.3. Fatigue load effects

Nolte et al. [12] derived a closed-form expression for the fatigue damage under the
assumption of two-parameter Weibull distributed long-term stress ranges and SN-data
given by N ¼ KS�m:

D ¼
X ni

Ni

¼ N

K
E½Sm� ¼ N

K

Z 1

0

smf SðsÞds ¼
N

K
amGðm=bþ 1Þ ¼ N

K
Sm
equ, (10)
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where N is the number of cycles, K and m ¼ 3 are the material parameters, S repre-
sents the long-term stress range with pdf f SðsÞ, Gð Þ is the gamma function, and Sequ

is the equivalent stress range. Expression (10) may be generalized for two segment
SN-curves.
It is convenient to define the fatigue loading intensity as a function of stress range s by

FLIðsÞ ¼ smf SðsÞ, (11)

where FLIðsÞ appears as the integrand in Eq. (10). However, this issue is not physical
herein.
Instead of using a Weibull distribution it is interesting to apply a generalized gamma

distribution, which also makes it possible to express the fatigue damage in a closed-form
solution, as discussed below.

ARTICLE IN PRESS

E
xt

re
m

e 
V

al
ue

 (
N

/m
2 )

1.0e+8

1.1e+8

1.2e+8

1.3e+8

1.4e+8

1.5e+8

1.6e+8
29-year Scatter Diagram
Annual Scatter Diagram
2-year Scatter Diagram
4-year Scatter Diagram

Case No.
0 5 10 15 20 25 30

Fig. 21. Predicted most probable maximum value of stress on a brace-column joint of the semi-submersible in 108

cycles (approximately a period of 20 years) by the Weibull model.
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The pdf and cdf of the generalized gamma distribution with a zero lower bound read,
respectively:

f SðsÞ ¼
b

aGðcÞ ðs=aÞ
cb�1 exp ð�ðs=aÞbÞ (12)

and

FSðsÞ ¼
gðc; ðs=aÞbÞ

GðcÞ , (13)

where Gð Þ and gð; Þ are the gamma and incomplete gamma functions, respectively. a,b,c are
the parameters of the distribution. The generalized gamma distribution is equivalent to the
two-parameter Weibull distribution if c ¼ 1.

Substituting Eq. (12) into Eq. (10), the equivalent m-th moment of stress range is

E½Sm� ¼ b

aGðcÞ
Z 1

0

smðs=aÞcb�1 exp ð�ðs=aÞbÞds ¼ am

GðcÞ Gðm=bþ cÞ. (14)

It is seen that this equation specializes into Eq. (10) when c ¼ 1 (two-parameter Weibull
distribution).

Fig. 22 shows the distribution of fatigue loading intensity ðFLIðsÞÞ for the FPSO using a
two-parameter Weibull distribution, a three-parameter Weibull distribution and a
generalized gamma distribution. These distributions are compared to the numerically
calculated raw data obtained by using the smoothed scatter diagram. In this case it was
found that in order to include most of the contributions (about 99%) to fatigue damage an
exceedance probability of 0.3–10–6 needs to be included. From the figure, it is observed
that both the generalized gamma distribution and the three-parameter Weibull distribution
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Fig. 22. Fatigue loading intensity due to the vertical bending moment of the FPSO.
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fit the raw data better than the two-parameter Weibull model. In the following, only the
results from the generalized gamma distribution will be given.
The scatter plots of three parameters in the generalized gamma distribution for the FPSO

and the semi-submersible relating to fatigue analysis are shown in Figs. 23–26, respectively.
The correlation coefficients between every two of the logarithm of parameter a, the reciprocal
of parameter b and the parameter c are calculated to be �0.96, �0.92, 0.89 for the FPSO and
�0.98, �0.98, 0.95 for the semi-submersible based on the 29 annual data sets.
Figs. 27 and 28 show the predicted fatigue damage for the FPSO and the semi-

submersible, respectively. The fatigue damage based on 29-year data is calibrated to be 1.
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The ratio of the largest and smallest value for the FPSO is 4.3 when the smoothed annual
scatter diagram is used, while for the semi-submersible this ratio is 1.9.

When setting the derivative of FLIðsÞ equal to zero, the stress range corresponding to the
maximum contribution to fatigue damage can be determined. The solution is

smax ¼ aðm=bþ c� 1=bÞ1=b. (15)

The corresponding probability of exceedance is

1� FSðsmaxÞ ¼ 1� gðc;m=bþ c� 1=bÞ
GðcÞ . (16)
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The probability of exceedance does not depend upon the distribution parameter a. For
example, when the 29-year scatter diagram is used, the estimated generalized gamma
distribution parameters for the FPSO are b ¼ 0:87, c ¼ 0:56 with a fatigue resistance
parameter m equal to 3, and the probability of exceedance of the peak stress range is 0.02.
This indicates that a major contribution to fatigue damage also comes from the tail of the
stress range distribution. Moreover, the ratio of smax to the mean value of stress range is
about 5.8.

3.4. Correlation between wave condition and extreme and fatigue responses

It is also interesting to explore the correlation between various measures of the intensity
of the sea state and response, say, annual or 100-year maximum value and the fatigue
damage (or Sequ) as obtained by using data for periods of 1, 2 or 4 years. This information
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Fig. 27. Predicted fatigue damage of the FPSO by the generalized gamma model.
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is useful in generalizing e.g. full-scale observation of fatigue for a single year only based
upon knowledge about the extreme wave height (HS) for that period. Using the annual
data sets, the correlation coefficients between the mean value ofHS,HS with an exceedance
probability of 10%, the annual extreme HS or the 100-year extreme HS and the 20-year
extreme response or the fatigue damage are calculated and shown in Table 2 both for the
FPSO and the semi-submersible. The extreme response is more correlated with the extreme
HS, while the fatigue damage is more correlated with the characteristic HS with larger
probability of exceedance, e.g. the mean value of HS or HS with an exceedance probability
of 10%.

The contributions to extreme response from different sea states can be numerically
estimated. Instead of using the cumulative probabilities, the exceedance probabilities are
used, see e.g. Videiro and Moan [13]. Figs. 29 and 30 show the contour plots of relative
probabilities of exceeding 20-year extreme response of the FPSO and the semi-submersible
from all sea states, which are normalized by the total exceedance probability of 10�8. Main
contributions to the extreme response are due to the extreme sea states.

Moreover, based on the short-term stress range distributions and Eq. (10), the fatigue
damage can also be obtained directly from each sea state without fitting a distribution to
the long-term stress range. The contour plots of fatigue damage of the FPSO and of the
semi-submersible in all sea states are shown in Figs. 31 and 32, respectively, using only the
29-year scatter diagram. The sea state corresponding to the maximum contribution to
fatigue damage is identified to have HS equal to 6m and TP equal to 12.5 s for the FPSO
and HS of 4.5m and TP of 10 s for the semi-submersible. It is again indicated that the total
fatigue damage comes more from relatively moderate sea states.

4. Conclusions

(1) Time variability of wave climate in the northern North Sea is examined by considering
the long-term variation of the scatter diagrams with periods of 1, 2, 4 and 29 years.
Significant variations in the estimated distribution parameters and the predicted
extreme values of HS are observed.

(2) Extreme values of typical linear response of an FPSO and a semi-submersible are
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Table 2

Correlation coefficients between the characteristic HS and response

Twenty-year

extreme response

of the FPSO

Fatigue damage of

the FPSO

Twenty-year

extreme response

of the semi-

submersible

Fatigue damage of

the semi-

submersible

Mean value of HS 0.027 0.784 0.134 0.867

HS with an

exceedance

probability of 10%

0.310 0.874 0.346 0.953

Annual extreme HS 0.987 0.617 0.662 0.470

One hundred-year

extreme HS

0.985 0.474 0.628 0.296
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estimated by a two-parameter Weibull model using the smoothed scatter diagrams. The
statistical uncertainty in the predicted extreme values for the FPSO is larger than that
for the semi-submersible, because the former response depends upon (more rare) waves
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with larger periods. The 20-year maximum varies by a factor 1.7 for the FPSO and 1.5
for the semi-submersible based on annual wave data.

(3) Typical fatigue damages are also calculated by a closed form with a generalized gamma
distribution for the long-term stress range. The generalized gamma model gives more

ARTICLE IN PRESS

TP (sec)
4 6 8 10 12 14 16 18 20

0.005

0.005

0.005

0.010

0.010

0.015

0.015

0.0200.025
0.020

0.010

H
S
 (

m
)

0

2

4

6

8

10

12

14

16
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accurate estimates than the two-parameter Weibull model. The calculated fatigue
damage varies by a factor of 4.3 from year to year for the FPSO and 1.9 for the semi-
submersible, based upon data for 29 years. The maximum contribution to the fatigue
damage is due to stress range corresponding to a probability of exceedance of about
10�2.

(4) Both for the FPSO and the semi-submersible, the extreme response is more correlated
with the extreme sea states, while the fatigue damage depends more upon the moderate
sea states.

The present study deals with the variability of extreme and fatigue responses due to the
variability of HS and TP in consecutive 1, 2 and 4-year periods, using a semi-submersible
platform in beam seas and a turret moored FPSO in head seas as examples. For structures
which are sensitive to wave heading, the wave direction would also contribute to the
variability of the response within the mentioned periods.
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ABSTRACT 
This paper deals with time variant overload reliability 

analysis of a mooring system due to corrosion deterioration. A 
probabilistic model for uniform corrosion is adopted to predict 
the strength degradation. A simplified method and nonlinear 
finite element analysis are used to calculate the breaking 
strength of the chain link and comparison is made. The strength 
of one mooring line is modeled by a weakest link system. The 
effect of correlation in corrosion models for different chain 
links in one mooring line and the effect of higher corrosion rate 
in the splash zone are discussed. The annual failure probability 
of the most loaded mooring line of a semi-submersible is 
calculated. The first and second order motions of the semi-
submersible and the corresponding line tensions are found by a 
simplified analysis. The time variant reliability analysis is 
performed by approximating the degraded strength by a piece-
wise constant model. The annual failure probability is obtained 
for different years. It is found that the annual failure probability 
increases significantly as the chain is corroded. 

INTRODUCTION 
In the traditional time invariant reliability analysis of 

mooring systems, the failure probability is obtained by 
considering the uncertainties in the mooring chain strength to 
be the same in the reference period, e.g. one year or the service 
life. In reality, mooring chains are subjected to various 
deteriorating conditions, such as seawater corrosion, crack 
growth and wear at the fairlead or at the sea bottom. As a result, 

the mooring line strength will degrade with a decreasing mean 
value and an increasing variance. Hence, a time invariant 
reliability model using the initial strength distribution for the 
whole reference period will underestimate the failure 
probability. Similarly, a time invariant model using the strength 
at the end of the service life will overestimate the failure 
probability. In this paper, the effect of corrosion on the 
reliability of a mooring system is studied using a time variant 
reliability model. 

CORROSION MODEL 
Seawater corrosion of steel structures is a quite 

complicated phenomenon. It is dependent on the material 
properties of the structure and on the properties of the marine 
environment into which it is placed.  Important environmental 
properties are seawater composition, dissolved oxygen, 
temperature, velocity of water particles, salinity, etc. The effect 
of corrosion can be expressed in terms of material loss from the 
steel surface. Most corrosion models are simplified models 
based on a constant corrosion rate. In offshore standards for 
mooring chains, such as DNV-OS-E301 [1] and API RP 2SK 
[2], it is required that a corrosion allowance of 0.4 mm/year in 
chain diameter should be considered in design. However, due to 
the large number of factors influencing the corrosion rate, these 
models are uncertain. Many long term tests on seawater 
corrosion also show a significant variation of corrosion rate. A 
probabilistic model for corrosion of steel plates is proposed by 
Melchers [3]. In this model, the time dependency of both the 
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mean value and the standard deviation of the uniform corrosion 
depth are considered. A log-normal model was found to fit very 
well to the corrosion data. 

However, there is no particular corrosion database for 
mooring chains in cold and harsh conditions. A linear 
probabilistic model is used for the Northern North Sea 
environmental conditions 

0.4 ( )

0.2 ( )
d

d

t mm

t mm
        (1) 

where d and d denote the mean value and the standard 
deviation of the corrosion depth d in chain diameter and t is the 
time in years. Basically, the model in Eq. (1) means a mean 
corrosion rate of 0.4 mm/year with a COV equal to 0.5. 
According to the limited experiences of Statoil, the mean 
corrosion rate might be slightly smaller [4]. In this paper, the 
mean corrosion of 0.4 mm/year is used as required in [1]. 
Moreover, this value is applied for the submerged parts of the 
line while the mean corrosion rate in the splash zone is taken to 
be twice this value [1]. 

Fig. 1 shows the log-normal distributions of the corrosion 
depth at 5 different time instants by the model in Eq. (1). 

Fig. 1  Distributions of corrosion depth in chain diameter in 5 
different years 

STRENGTH DETERIORATION DUE TO CORROSION 
The breaking strength of one single chain link 

In order to get an accurate prediction of the breaking 
strength of a corroded chain, non-linear FE-analyses [5] for 
studless chain links are performed. It is assumed that the 
corrosion is uniform. Hence, the time dependency of the 
breaking strength can be found by studying chains with 
different diameters. The geometry of a studless chain with 
diameter, D, width, A = 3.35 D, and length, B = 6 D is shown in 
Fig. 2. 

Fig. 2  Geometry of a studless chain link 

The non-linear FE-analyses are performed using the 
computer program ABAQUS [6]. An FE-model of two chain 
links with D = 125 mm is made. The FE-model is shown in Fig. 
3 together with boundary conditions at one end and the applied 
tension load at the other. In order to reduce the computation 
time, symmetry boundary conditions are applied. 

Fig. 3  FE-model of two 1/8 studless chain links 

Grade NV R4 material specified in [1] is selected for the 
chain material model. The mechanical properties are shown in 
Table 1. These values represent the engineering properties and 
they are transformed into true stress and true strain in 
ABAQUS. Elongation with 6% other than 12% is assumed 
when the stress reaches the tensile strength. The elastic 
modulus and Poisson’s coefficient are E = 207 GPa and =
0.29. 

Table 1  Mechanical properties for chain links 

Grade 
Minimum 

yield strength 
(MPa) 

Minimum 
tensile strength 

(MPa) 

Minimum 
elongation 

(%)
NV R4 580 860 12 

The load level in the FE-calculation is based on the 
breaking test load for chain links defined in [1], which is 
considered to be the Minimum Breaking Strength (MBS). The 
formula for R4 material is 

20.0274 (44 0.08 )( )MBS D D kN       (2) 
where D(mm) is the diameter of chain link. 

The distribution of von Mises equivalent stress for a 125 
mm chain link at a load level of 70% of MBS is shown in Fig. 
4. The chain link that is subjected to the applied force is 
excluded from the figure. High stresses are observed at the 
bend and the crown of the chain link, while the stress level at 
the weld is relatively low. The equivalent plastic strain at the 
MBS load level is shown in Fig. 5. 

Fig. 4  Von Mises equivalent stress distribution 
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Fig.5  Equivalent plastic strain distribution 

In order to determine the breaking strength of the chain 
link, a proper failure criterion is needed. In this paper, the 
breaking strength as predicted by several failure criteria are 
compared. The simplest way is to assume that the breaking 
strength is proportional to the square of the chain diameter 
without considering the geometry effect [7]. A more accurate 
criterion is based on the critical plastic strain. Failure is defined 
when the maximum plastic strain in the chain link reaches the 
critical plastic strain. Another way is to use the critical volume 
criterion, which is associated with a predefined plastic strain 
limit. Moreover, the stress state should also be considered in 
the failure criterion. However, FE-analyses for different chain 
diameters show that the stress and the strain distributions and 
histories are quite similar to each other when the corrosion 
depth is not very large. This indicates that the plastic strain 
criterion is sufficiently accurate to determine the chain breaking 
strength.

Table 2 and Fig. 6 show the MBS calculated by the above 
criteria in different years in a deterministic sense. A mean 
corrosion rate of 0.8 mm/year is selected here, which is applied 
for the links in the splash zone. Comparison is made at the 
MBS load level. 

Table 2  Predicted MBS for chain links in 6 different years, with 
a mean corrosion rate of 0.8 mm/year (relevant for the splash 

zone)
Year 0 4 8 12 16 20 

Mean corrosion depth 
in chain diameter (mm) 0 3.2 6.4 9.6 12.8 16 

Chain diameter (mm) 125 121.8 118.6 115.4 112.2 109 
DNV formula 
(Eq. (2)) (kN) 14556 13925 13301 12687 12081 11485 

Simplified method (kN) 14556 13820 13104 12406 11728 11068 

FEA_CV (kN) 14556 13551 12567 11583 10596 9697 

FEA_MPS (kN) 14556 13692 12857 12000 11398 10629 
(CV-the critical volume criterion; MPS-the critical plastic strain criterion) 

The above analyses are performed in a relative sense with 
D = 125 mm as a basic case without corrosion deterioration. 
The simplified method and the FE-analyses are calibrated with 
the DNV formula (Eq. (2)) in the basic case and they all give 
the MBS of 14556 kN for the chain link. By this case, the 
critical volume criterion and the critical plastic strain criterion 
are obtained, i.e. the value of the critical volume is 14% with a 
plastic strain limit of 0.113 and the critical plastic strain is 0.3. 
Compared with the critical volume criterion (FEA_CV), the 
critical plastic strain criterion (FEA_MPS) seems to be more 
reasonable. Moreover, in order to verify the accuracy of the 

FEA_MPS, the FE-analysis with the critical plastic strain 
criterion is also performed for the green chain link in Fig. 7, 
which is a chain link of 109 mm diameter with the geometric 
form in Fig. 2. The result gives the MBS of 11059 kN, which is 
only a difference of 3.7% from the DNV formula. 
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Fig. 6  Predicted MBS for chain links as a function of time, with 
a mean corrosion rate of 0.8 mm/year (relevant for the splash 
zone) (CV-the critical volume criterion; MPS-the critical plastic 

strain criterion) 

In Table 2 and Fig. 6, the MBS of corroded chain links 
predicted by FE-analyses differ from that of the DNV formula. 
This is probably because the DNV formula is only associated 
with the chain diameter, see Eq. (2). It seems that the formula is 
based on the similar geometry of chains, see Fig. 2, and can not 
be directly applied for the corroded chain. In reality, when the 
corrosion occurs, the central line of the chain link is not 
changed as the red chain link in Fig. 7. The FE-calculations are 
performed for these exact corroded chains. 

In the following, calculations and comparisons are made 
only for the simplified method and the FE-analysis with the 
critical plastic strain criterion (FEA_MPS). 

Fig. 7  Difference in the chain geometry (1/4 of chain link is 
shown) 

The breaking strength of a single chain link is a little 
higher than MBS. DEEPMOOR [8] suggested a mean value of 
1.2 times the MBS and a COV of 0.05 for the breaking strength 
of a single chain link based on the experience from the test 
data. A log-normal distribution with a lower threshold 
corresponding to the proof load level can be applied. When the 
uncertainties in both the initial chain link strength and the 
corrosion model are considered, the chain link breaking 
strength R at time t can be expressed as follows 

0( ) ( ( ))R t R f d t         (3) 
where R0 and d(t) are the initial chain link strength and the 
corrosion depth in chain diameter respectively and they are 
both random variables as well as R(t). f(d(t)) accounts for a 
reduction in strength as a function of corrosion depth, d(t) and 
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it is a deterministic function fitted to the data in Table 2. It is 
found that even a linear model gives quite a good fitting. 
Therefore, Eq. (3) is simplified as 

0 1 2( ) ( * ( ) )R t R a d t a               (4) 
The fitted coefficients a1 and a2 are listed in Table 3. 

Table 3  Fitted coefficients in Eq. (4) 
Method a1 a2

Simplified method 261.58 38.171 
FEA_MPS 293.29 94.457 
(MPS-the critical plastic strain criterion) 

The mean value and the standard deviation of R(t) can be 
easily derived from Eq. (4). The distribution of R(t) is slightly 
different from a log-normal distribution as long as the corrosion 
depth is not too large and this distribution type is used in this 
paper. Fig. 8 shows the strength distributions at 6 different time 
instants using the corrosion model Eq. (1) with a mean 
corrosion rate of 0.4 mm/year. The following analyses are 
based on this model. 

Fig. 8  Breaking strength distributions of one single chain link in 
6 different years 

The breaking strength of one mooring line 
The breaking strength of one whole mooring line is 

derived from a weakest link system by assuming independence 
between the initial strength of each chain link. This gives a 
conservative result. In reality, the initial strength in different 
chain links are correlated, but it is very difficult to determine 
the correlation coefficient precisely due to the uncertainties in 
the fabrication. In this paper, only the effect of correlation 
between corrosion models in different chain links is examined. 

Fig. 9  Breaking strength distributions of one mooring line in 6 
different years, under the full dependence assumption in 

corrosion models 

Fig. 10  Breaking strength distributions of one mooring line in 6 
different years, under the independence assumption in 

corrosion models 

Fig. 9 and Fig. 10 show the distributions of breaking 
strength of one mooring line under the full dependence 
assumption and the independence assumption, respectively. 
The normal distribution is applied. The results are given by FE-
analyses. A chain-wire-chain mooring line is assumed and no 
corrosion effect is considered for steel wire part of the mooring 
line. The length of chain part is 824 m corresponding to 1648 
links and the length of steel wire is 312 m. 

The mean value and the COV of the breaking strength of a 
single chain link and one whole mooring line are compared in 
Fig. 11 and Fig. 12 for 20 years. Both results from the 
simplified method and from FEA are shown. Under the full 
dependence assumption, reduction in the mean value of the 
breaking strength for the whole mooring line is the same as that 
for the single chain link, while under the independence 
assumption, a lower strength is predicted. The increase of COV 
under the independence assumption is limited due to the 
weakest link system formulation, while under the full 
dependence assumption it is significant. Moreover, the 
simplified method gives a higher mean value and a lower COV 
than the FEA. In fact, the corrosion effect on chain links in the 
submerged parts of one mooring line or in the splash zone is 
very much correlated due to the similar environmental 
condition. Hence the full dependence assumption seems to be 
more reasonable. 
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Fig. 12  COV of the breaking strength of one single chain link 
and one mooring line as a function of time 

Splash zone effect on the mooring line breaking strength 
The corrosion rate is higher in the splash zone than in the 

catenary part or at the bottom. In [1], a corrosion rate of 0.8 
mm/year in the splash zone should be considered at design 
stage. For the catenary part and at bottom, only half the value is 
required. The reduction in the whole mooring line strength is 
significant when the splash zone is considered, see Fig. 13 and 
Fig. 14. This is mainly because the whole mooring line is 
modeled as a series system and the lowest strength in chain 
links gives a significant effect on the whole line strength. The 
total length of chain links in splash zone is selected as 9 m 
corresponding to 18 links. 
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Fig. 13  Mean value of the breaking strength of one mooring 
line as a function of time, when the splash zone is considered 

(SZ-splash zone) 
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Fig. 14  COV of the breaking strength of one mooring line as a 
function of time, when the splash zone is considered 

RESPONSE ANALYSIS 
Mooring line tension depends on the wave, wind and 

current forces, including the steady force due to current, wind 
and wave, the first order wave force, and the slowly varying 
forces from wave and wind gust. In an ultimate limit state 
reliability problem, it is important that the extreme value of line 
tension is reasonably well modeled by combining wave 
frequency (WF) and low frequency (LF) response components. 

In this paper, the formulation of overload reliability 
basically follows the method applied in [8]. Some 
simplifications have been made to reduce the computation 
effort. The analysis of mooring system response is carried out 
by the frequency domain program MIMOSA [9]. For extreme 
line tension due to WF motion, the model proposed by Lie [10] 
is selected even if this model probably overpredicts the extreme 
line tension. The line tension due to LF vessel motion is based 
on the model by Stansberg [11]. The WF and LF components 
of line tension are combined by the rule taking the maximum of 
two sums, i.e. the extreme WF (or LF) plus the significant LF 
(or WF) component. A model uncertainty of the predicted short 
term (3 hours) extreme line tension is included with the mean 
value 1.0 and the COV 0.1. A quadratic polynomial response 
surface is directly applied for the predicted extreme line tension 
within a short term with respect to the environmental variables, 
e.g. significant wave height, mean peak wave period, mean 
wind speed and environmental direction. The long term 
extreme response is determined by both the environmental 
model and the response surface. The safety of the mooring 
system is expressed by the annual failure probability and the 
nested FORM analysis [12] is adopted to calculate the failure 
probability by program SESAM Proban [13]. 

TIME VARIANT RELIABILITY 
In the time variant reliability problem both the resistance 

and the load effect are considered to change with time. In 
general, this problem can be solved by applying the stochastic 
process theory and estimating the out-crossing rate, e.g. Hagen 
and Tvedt [14], Marley and Moan [15]. The stochastic process 
method can be applied easily when both the resistance process 
and the load process are well defined. For the purpose of 
efficient computation, simplifications might be made to 
formulate the problem in a time invariant sense [15]. 

The corrosion effect on the mooring line strength is 
usually a long term effect, which means the strength 
degradation within a short term, e.g. 3 hours, or even within a 
longer period, e.g. 1 month, can be neglected. It indicates that a 
piece-wise constant model and a series system formulation [16] 
can be adopted in a time variant reliability analysis of a 
mooring system. By this model, within each selected short time 
interval, the failure probability is calculated based on the 
extreme value prediction of the load and the constant 
assumption for the strength. The total failure probability in the 
whole period of interest is then calculated by a series system 
formulation assuming independence between all individual 
time intervals when considering the degradation of strength 
from one interval to the next. This model is applied in this 
paper to calculate the failure probability in the first year. The 
results are compared with the time invariant formulation. The 
failure probabilities in different years with strength degradation 
are computed in the time invariant sense. 
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CASE STUDY 
The mooring system of a semi-submersible in the 

Northern North Sea is selected for the case study. The main 
particulars of the vessel are listed in Table 4. 

Table 4  Main particulars of the semi-submersible 
Displacement (ton) 52500 

Length o.a. (m) 124 
Breadth (m) 95.3 
Draught (m) 21 

Operational water depth (m) 340 

The configuration of the mooring system is shown in Fig. 
15. Mooring line No.10 is selected to be the target mooring line 
in the analysis. 

Fig. 15  Mooring system orientation 

The joint environmental model proposed by Bitner-
Gregersen and Haver [17] and the data from Haltenbanken (off 
central Norway) are adopted in this calculation. A 3-parameter 
Weibull distribution is applied for the significant wave height. 
For the mean peak period, a conditional log-normal is applied. 
The 1-hour mean wind speed is represented by a conditional 2-
parameter Weibull distribution. The current velocity is assumed 
to be constant 1 m/sec. Collinear environmental direction for 
wave, wind and current is assumed and only the propagation 
direction section from 0o to 90o (relative to North, clockwise) is 
chosen for reliability analysis because most of the contributions 
on failure in line No.10 come from this direction section. 

The annual failure probability is found by the reliability 
analysis. An acceptable level of 10-4 is selected for comparison. 

Annual failure probability with the initial chain diameter 
and sensitivity study 

A chain link with D = 125 mm in the initial stage is used 
giving a mean line strength of 15008 kN with a COV of 0.0128. 
The annual failure probability of mooring line No.10 is 
predicted to be 3.976 10-6 (-log(Pf)=5.401) without considering 
the effect of corrosion. The sensitivity of the annual failure 
probability Pf to the mean value and COV of line strength is 
shown in Fig. 16 and Fig. 17. The mean line strength 
corresponding to the acceptable level of 10-4 is 11500 kN and 
the COV is about 0.185. Fig. 17 also shows that the COV has 
little influence on the annual failure probability of the line 

strength when the COV is relatively small because the 
uncertainty in the load dominates. 
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Fig. 16  Sensitivity of the annual failure probability Pf to the 

mean value of line strength, with the COV=0.0128 
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Fig. 17  Sensitivity of the annual failure probability Pf to the 
COV of line strength, with the mean value=15008kN 

Failure probability in the first year 
The piece-wise constant model is applied for calculating 

the annual failure probability in the first year considering the 
strength deterioration due to corrosion. 12 time intervals are 
selected for this year and the calculated failure probability is 
listed in Table 5 together with those computed by the initial line 
strength and the line strength after one-year corrosion. 

Table 5  Failure probability of line No.10 in the first year 
Line strength condition Pf -log(Pf)

Initial condition 3.976 10-6 5.401 
Time variant formulation by the 

piece-wise constant model 4.334 10-6 5.363 

After one-year corrosion 4.732 10-6 5.325 

Table 5 gives only the results from FEA_MPS under the 
full dependence assumption in the corrosion model and shows 
that the difference between these three conditions is quite 
limited. In reality, it means that the time invariant formulation 
for annual failure probability calculation can also give quite a 
good accuracy. Failure probability calculations for the 
following years and by other analyses give the same 
conclusion. Basically, the variation in the line strength over one 
year is quite limited. 

Target mooring line 
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Annual failure probability in different years 
The annual failure probabilities in 20 years are calculated 

based on the time invariant formulation within one year but 
considering corrosion deterioration from one year to the 
following, see Fig.18. The increased annual failure probability 
due to corrosion is observed. The simplified method predicts a 
lower failure probability than the FE-analysis. Under the 
independence assumption in the corrosion model, the computed 
annual failure probability will reach the acceptable level of 10-4

within a period lower than 20 years. This is a quite conservative 
result as compared with the results under the full dependence 
assumption. 
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Fig. 18  Annual failure probability of line No.10 as a function of 
time, by simplified method and by FEA 

Fig. 19 shows that a significant increase in the annual 
failure probability is predicted when the higher corrosion rate in 
the splash zone is also considered. The results are all obtained 
by FE-analysis. Under the full dependence assumption, the safe 
period corresponding to the annual acceptable Pf of 10-4 is 
about 14 years when the splash zone is considered. 
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Fig. 19  Annual failure probability of line No.10 as a function of 
time, when the splash zone is considered and not considered 

DISCUSSION AND CONCLUSION 
The probabilistic corrosion model with constant corrosion 

rate and COV is adopted to predict the degradation of the 
ultimate chain strength. The line strength is significantly 
influenced by the corrosion rate and the correlation between the 

corrosion models in different chain links. The number of chain 
links in the splash zone is small, but these links are subjected to 
more severe corrosion deterioration and dominate the strength 
of the whole corroded mooring line. More long term corrosion 
data on marine chains are needed to validate the corrosion 
model. 

The breaking strength of the chain links is calculated by a 
simplified method and by nonlinear FEA. The critical plastic 
strain criterion has been applied to define the failure and seems 
to be a simple and relatively reasonable failure criterion. A 
more accurate and complicated way to determine the chain link 
strength might be based on fracture mechanics assessment. 

A time variant reliability analysis has been performed to 
assess the safety of a mooring system of a semi-submersible. It 
is found that the degradation can be well approximated by a 
time invariant model with constant strength over one year. The 
annual failure probability in different years is given considering 
corrosion deterioration. The annual failure probability could be 
significantly reduced due to corrosion over a period of 20 years. 
In the worst case, the safe service life predicted is about 12.5 
years corresponding to an annual acceptable Pf of 10-4. This 
indicates that an inspection of the mooring lines is needed and a 
reassessment of the safety of the mooring system should be 
carried out based on the measured corrosion data. 

Future work is needed to study the combined effect of 
corrosion and fatigue degradation as well as the inspection to 
arrange the safety management of degrading mooring lines. 
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Sensitivity Study of Extreme Value and Fatigue Damage of Line Tension in Mooring System with One 
Line Failure under Varying Annual Environmental Conditions 

Z. Gao and T. Moan 
Centre for Ships and Ocean Structures, Norwegian University of Science and Technology 

Trondheim, Norway 

ABSTRACT 

Mooring systems are usually designed against ultimate and fatigue 
failure of individual lines as well as to survive a certain environmental 
condition with one line failed. Depending on the system configuration, 
failure in one mooring line could obviously increase the loads in the 
remaining lines, especially in the adjacent lines. Increasing extreme line 
tension and induced fatigue damage will also depend on the 
environmental conditions that the mooring system could experience 
after damage. The annual variation of sea wave conditions also leads to 
a significant variation of the predicted line tension. In this paper, annual 
extreme values of mooring line tension have been estimated both by 
full long-term analyses and by the contour line method for an intact 
mooring system and for a damaged one, respectively. On the average, 
an increase of 20% and 30% in extreme tension are obtained in the 
adjacent line due to a single line failure in a 16-line system and in a 12-
line system, respectively. Long-term fatigue damage induced by line 
tension has also been summed up from the short-term contributions 
which are estimated by a bi-model fatigue formulation and an average 
increase of the annual damage by 50% and 90% are obtained due to 
failure for the 16-line and 12-line systems. 

KEYWORDS: mooring system; line failure; extreme tension; 
fatigue damage

INTRODUCTION 

Mooring system of floating structures is usually designed against ULS 
(Ultimate Limit State), FLS (Fatigue Limit State) and ALS (Accidental 
Limit State) by using the LRFD (Load and Resistance Factor Design) 
method. Partial safety factors are calibrated by detailed structural 
reliability analyses and specified by many design codes, e.g. API RP 
2SK (1997), DNV-OS-E301 (2004), ISO 19901-7 (2005), etc. 

Design checks both for ULS and for ALS are made by comparing line 
capacity and extreme line tension under a design environmental 
condition for an intact system and for a damaged system with one line 
failure, respectively. Compared with an intact system, it is obvious that 
both static and dynamic tensions in the remaining lines of a damaged 

system, especially in the adjacent lines, increase under the same 
environmental condition. Moreover, the failure rate of one mooring line 
due to abnormal reasons (e.g. abnormal strength due to abnormal 
fabrication defects/lack of quality assurance or abnormal loads, e.g. by 
erroneous winching operation, etc.) is shown by experience high, 
around 1% annually (Haver et al., 1999). This problem can not be dealt 
with by structural reliability analysis. In a risk analysis perspective, it is 
useful to know the performance of a damaged mooring system and the 
corresponding safety level, i.e. conditional failure probability. 

At the same time, the increased dynamic line tension in a damaged 
system will of course induce more fatigue damage. When the failed 
mooring line has not been identified or has been identified but not 
repaired or replaced for a long time, e.g. one winter season, the 
increased fatigue damage could be considerable. However, the design 
code gives no guidance on this consideration. Safety level implied by 
the ultimate strength check could be recovered from a damaged system 
to an initial intact system when the failed line is repaired or replaced, 
although it is also influenced by many degrading mechanisms in sea 
water, like corrosion, wear, cracking, etc. On the other hand, the 
accumulated fatigue damage under a damaged condition becomes 
permanently a part of the total damage the line could experience during 
a service life. The effect of increased fatigue damage does not 
disappear after line repair. 

It is interesting to see how a mooring system behaves after one line 
failure and what effect is on the safety level in terms of extreme line 
tension and induced fatigue damage. It is believed that a steady state 
response of a damaged system over the next few hours, days or months 
gives the most critical situation for the remaining lines and a transient 
analysis of the first few minutes might not be necessary for ALS 
(DNV-OS-E301, 2004). Moreover, the safety level of a damaged 
mooring system is quite sensitive to the relevant environmental 
condition and the duration when the system is kept damaged. 
Environmental condition is varying even for a relative large time scale, 
e.g. one year, and variation in the averaged statistics can be significant. 
Response of a damaged mooring system under these varying conditions 
could also be of interest. 

Therefore, in this paper, steady state analyses of a mooring system of a 
semi-submersible with one line failed have been performed in the 
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frequency domain and compared with the intact system using different 
annual environmental conditions. Annual extreme values of the mostly 
loaded line have been predicted by full long-term analyses and by the 
contour line method. In this way, some light is shed on the accuracy of 
the contour line method. Annual fatigue damages have also been 
estimated by a bi-modal fatigue formulation. 

EXTREME MOORING LINE TENSION 

Extreme value of marine structural response with a certain return period, 
e.g. 1 year or 100 years, is useful for design purpose and is typically 
determined by the long-term distribution of response maxima, which is 
obtained by a weighted sum of the short-term distributions (see e.g. 
Nordenstrom, 1971), as shown in Eq. (1) when a short-term sea state is 
characterized by significant wave height (HS) and spectral peak period 
(TP),

0

0

1
( ) ( , ) * ( , ) * ( , )

S PLT ST S P H T S P ST S P S P

LT

F x h t f h t F x h t dh dt

       (1) 
where ( , )

S PH T S Pf h t  is the joint distribution of HS and TP,

( , )ST S PF x h t  is the short-term distribution of response maxima with a 

given sea state of (hS, tP),  0 ( , )ST S Ph t  is the short-term mean zero up-

crossing rate and 0 LT  is the long-term mean zero up-crossing rate 

0 0 ( , ) * ( , )
S PLT ST S P H T S P S Ph t f h t dh dt    (2) 

For a narrow-banded Gaussian response, ( , )ST S PF x h t  becomes a 
Rayleigh distribution. However, mooring line tension comprises non-
Gaussian wave and low frequency components and the corresponding 
short-term maximum distribution is hard to obtain analytically. 

Alternatively, instead of using the distribution of each peak, an extreme 
value distribution of the short-term response can be applied to predict 
the long-term response distribution (Kleiven et al., 2003) and Eq. (1) 
can be modified as 

( ) ( , ) * ( , )
S PLTE H T S P STE S P S PF x f h t F x h t dh dt   (3) 

where ( , )STE S PF x h t  and ( )LTEF x  are defined as the short-term and 
long-term extreme response distributions corresponding to the duration 
of a sea state, e.g. 3 hours, respectively. In this paper, mooring line 
tension response is considered and ( , )STE S PF x h t  can be very well 
modelled as a Gumbel distribution. 

Long-term extreme value can be therefore determined by iteration 
based on Eq. (1) or Eq. (3) and it is called a full long-term response 
analysis. This method requires that the short-term response variability 
should be available for all relevant sea states and it will be quite time-
consuming for complex responses, especially when time-domain 
simulations have to be performed to get correct response characteristics. 
In such cases, contour line method can be used to predict the extreme 
response based on limited short-term analyses along a well-defined 
environmental contour line (or surface) with a given return period. 

Contour line method has been applied to marine structural responses by 
many researchers, e.g. Haver et al. (1998), Meling et al. (2000), 
Baarholm & Moan (2001), etc. When the short-term response 
variability is not considered, a reliability problem can be explicitly 

established based on the long-term variation of environmental 
conditions and the extreme response can be predicted iteratively by 
FORM (First Order Reliability Method) (Madsen et al., 1986) or 
directly by the IFORM (Inverse First Order Reliability Method) 
technique (Winterstein et al., 1993). However, it is non-conservative to 
neglect the short-term variability of response and corrections which are 
quite response-dependent must be given, such as artificial inflation of 
environmental contour lines, introduction of a correction factor on the 
predicted median value or use of a quantile higher than the median 
(Kleiven et al., 2003). According to Haver et al. (1998), a quantile of 
85%~90% could be adopted in the contour line method when predicting 
extreme responses of both fixed and floating structures with a long 
return period of 100 years. Moreover, for mooring line tension, 
according to Meling et al. (2000), quantiles of 80% and 85% could be 
used to predict the 10-year and 100-year extreme values of quasi-static 
mooring line tension, respectively. 

In this paper, dynamic mooring line tension has been analyzed by the 
frequency-domain code MIMOSA (2003) and full long-term analyses 
using a short-term extreme value distribution have been performed to 
predict annual extreme line tension under varying environmental 
conditions. Moreover, in order to find a suitable quantile when applying 
the contour line method, sensitivity study has been carried out and a 
quantile of 70% has been determined. The accuracy of the method has 
been verified by full long-term analyses. 

FATIGUE DUE TO MOORING LINE TENSION 

In a stationary sea state, both wave and low frequency mooring line 
tensions show slightly non-Gaussian properties and according to Gao & 
Moan (2006), it is quite acceptable to compute the resulting fatigue 
damage under a Gaussian assumption. Therefore, a formula for 
calculating bi-modal fatigue damage developed by Jiao & Moan (1990) 
has been applied in this paper to estimate short-term fatigue damage as 
shown in Eq. (4). 

*JM NBD D       (4) 
where DNB is the fatigue damage under narrow-band assumption and 

2
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[

]
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L W m m m
 is a correction factor 

in which 2 2 2( )W W W L  and 2 2 2( )L L W L  are the 
normalized variances of the wave and low frequency parts, respectively, 

2 2

Y L L W W  and 2 2 2 2

P L L L W W W , W  and L

are the mean zero up-crossing rates of the wave and low frequency 
parts, respectively, W =0.1 is the bandwidth parameter of the wave 
frequency part, () represents the Gamma function and m is the 
material parameter. 

This formula is quite accurate for responses with well-separated high 
and low central frequencies and is adopted in API RP 2SK (1997), 
DNV-OS-E301 (2004) and ISO 19901-7 (2005) for estimating fatigue 
damage induced by bi-modal mooring line tension. 

Long-term fatigue damage of line tension is just a weighted sum of 
contributions from all sea states considering the occurrence probability 
of each one. 
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CASE STUDY 
Description of Vessel and Mooring Lines

A semi-submersible, located in the Northern North Sea (NNS), has 
been used for case study. Main particulars of the vessel are listed in 
Table 1.  

Table 1 Main particulars of the semi-submersible 
Displacement 52500 (ton) 
Length O.A. 124 (m) 
Breadth 95.3 (m) 
Draught 21 (m) 
Operational water depth 340 (m) 

Identical mooring lines have been considered and each one has a chain-
wire-chain pattern with a length of the first segment 725m, the second 
312m and the third 99m from bottom to top. Each mooring line has 
therefore a total length of 1136m with 550m lying on bottom in the 
initial stage and is under a pre-tension around 1200kN. Chain link with 
a diameter of 125mm and wire rope with a diameter of 136mm have 
been used. 

Mooring System Configuration 

Two configurations of mooring system of the semi-submersible have 
been applied to study the sensitivity of line tension due to failure, see 
Figs. 1~2. One system has 16 identical mooring lines with 4 at each 
corner and the other has 12 lines with 3 at each corner. Mooring 
analyses have also been performed for damaged conditions when Line 
No. 6 in the 16-line system and Line No. 5 in the 12-line system failed, 
respectively. 

Fig. 1 Horizontal project of the 16-line mooring system 

Fig. 2 Horizontal project of the 12-line mooring system 

Environmental Data

Statoil ASA has measurements of short-term sea states of waves from 
buoys in the NNS for many years. In this paper, 30 annual scatter 
diagrams (from 1976 to 2005), provided by Dr. Sverre Haver, Statoil 
ASA, have been used to study the annual variation of mooring line 
tension. The dataset used herein is quite similar as those in the paper of 
Moan et al. (2005). Therefore, only the predicted annual extreme value 
of HS has been plotted in Fig. 3 to show the long-term environmental 
variation.
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Fig. 3 Variation of annual extreme value of HS

In mooring analyses, the 1-hour mean wind speed UW is assumed to be 
a deterministic function of HS as Eq. (5) (Bitner-Gregersen & Haver, 
1991),

* (1 1 )WU      (5) 

where 4.4 1.94 * SH , 1.1202.424 0.233* SH  and () is 
the Gamma function. Current speed is selected to 0.9m/sec. Collinear 
environmental direction of wave, wind and current is assumed and is 
shown in Figs. 1~2. 

Environmental direction 

Failed mooring line 

Environmental direction 

Failed mooring line
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Short-term Time-domain Simulations

Linear and nonlinear time-domain mooring analyses of the intact 16-
line system have been carried out with a sea state of HS =11.25m and TP
=14.5sec by use of program RIFLEX (2003). A Quantile-quantile plot 
of three 1-hour simulations of linear and nonlinear tensions in Line No. 
7 is shown in Fig. 4. On the average, nonlinear effect on mooring line 
tension is not significant for this system. Therefore, linear analyses by 
frequency-domain program MIMOSA have been applied in the 
following calculations. 
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Fig. 4 Quantile-Quantile plot of linear and nonlinear line tensions with 
three 1-hour simulations 

Moreover, in order to identify the distribution of short-term extreme 
line tension, 30 linear mooring simulations with the same short-term 
characteristics have been performed with RIFLEX. A Gumbel 
distribution is fitted to the obtained 1-hour extreme values as shown in 
Fig. 5, which gives a coefficient of variance (COV) about 0.05. 
Similarly, it is assumed in the following analyses that the short-term 
extreme line tension follows a Gumbel distribution with mean value 
given by MIMOSA and COV fixed as 0.05 in any sea state. 

X (kN)
2000 2200 2400 2600 2800 3000

-lo
g(

-lo
g(

F X
))

-3

-2

-1

0

1

2

3

4

5
30 simulations
Fitted curve

Fig. 5 Gumbel fitting of 1-hour extreme line tension of 30 simulations 

Sensitivity Study of Annual Extreme Value

Thirty-year wave data in NNS have been applied for mooring analyses 
of each year by a full long-term analysis together with those when the 

30-year data are used as a whole. Analyses are performed for the whole 
systems and results are shown only for the Line No. 7 and Line No. 6 in 
the 16-line and 12-line systems, respectively, which are the mostly 
loaded lines when a damage shown in Figs. 1~2 occurs. 

Predicted annual extreme line tensions under intact and damaged 
conditions are shown in Figs. 6~7, which are normalized by the result 
of the intact condition with all environmental data. As shown, the 
predicted annual extreme values are quite sensitive to the 
environmental data used. Ratios between the largest one and the lowest 
one could reach 1.8 and 2.0 for the 16-line system under an intact 
condition and a damaged condition, respectively, and 2.0 and 2.3 for 
the 12-line system. On the average, increases of 20% and 30% of line 
tension have been observed due to failure for the 16-line and the 12-line 
systems, respectively. As expected, the 12-line system shows more 
increase in the predicted line tension when a failure occurs. Moreover, 
by comparing the results in Figs. 6~7 with Fig. 3, the annual extreme 
line tension is seen to be highly correlated with the annual extreme 
value of significant wave height. 
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Fig. 6 Variation of annual extreme tension of Line No. 7 in the 16-line 
system 
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Fig. 7 Variation of annual extreme tension of Line No. 6 in the 12-line 
system 

The contour line method for extreme value prediction has also been 
applied for all of the cases. Sensitivity study has been carried out with 
different quantiles and a quantile of 70% was found to yield accurate 
estimates of annual extreme line tension. Relative errors of the annual 
extreme tensions predicted by the full long-term analysis and the 
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contour line method have been plotted in Figs. 8~9 for the 16-line and 
12-line systems, respectively. The absolute errors are within 4%, which 
indicates that the contour line method is quite accurate and a quantile of 
70% could be consistently chosen as a reference for dynamic mooring 
analysis when applying the contour line method. 

Case No.
0 5 10 15 20 25 30

R
el

at
iv

e 
er

ro
r

-0.04

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

0.04
Annual, Intact system
Annual, Damaged system
All 30-year, Intact system
All 30-year, Damaged system

Fig. 8 Relative error of predicted annual extreme tension of Line No. 7 
in the 16-line system by the contour line method 
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Fig. 9 Relative error of predicted annual extreme tension of Line No. 6 
in the 12-line system by the contour line method 

Sensitivity Study of Annual Fatigue Damage

Annual fatigue damage has also been predicted for each year by a bi-
modal fatigue formulation, see Figs. 10~11. Compared with the 
extreme line tension, the predicted fatigue damage is more sensitive to 
the environmental data. Ratios of 4.4 and 4.6 between the maximum 
annual fatigue damage and the minimum one are obtained for the 16-
line system under an intact condition and a damaged condition, 
respectively, and ratios of 4.5 and 6.0 for the 12-line system. Due to 
mooring line failure, increases of 50% and 90% in total fatigue damage 
have been obtained on average, which indicates that the fatigue damage 
is also more sensitive to failure when compared with the extreme line 
tension, especially for the 12-line system with less mooring lines at 
each corner. 
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Fig. 10 Variation of annual fatigue damage of Line No. 7 in the 16-line 
system 
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Fig. 11 Variation of annual fatigue damage of Line No. 6 in the 12-line 
system 

It is noted that for extreme value prediction, only Case No. 22, which 
corresponds to the year 1997, shows a significant increase after line 
failure, while for fatigue damage estimation, both Case No. 20 (the year 
1995) and 22 show significant increases and Case No. 20 has even 
large value than Case No. 22. This is because the extreme response is 
closely connected to the extreme sea state, while the long-term fatigue 
damage has contributions from a large number of sea states, as 
discussed below. 

Short-term Contributions to Annual Extreme Value and 
Fatigue Damage

As indicated before, both the long-term extreme value and fatigue 
damage are predicted from short-term contributions. For each sea state, 
the relative contributions to these two variables are quite different. 

For example, considering the 16-line system under the environment 
condition with all 30 years of wave data, relative short-term 
contributions of probability of exceeding the annual extreme value are 
plotted as contour lines in Figs. 12~13 for intact and damaged 
conditions, respectively. Fatigue damage contributions are plotted in 
Figs. 14~15.  
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Fig. 12 Relative short-term contributions of probability of exceeding 
the annual extreme tension of Line No. 7 in the 16-line system under 
intact condition 
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Fig. 13 Relative short-term contributions of probability of exceeding 
the annual extreme tension of Line No. 7 in the 16-line system under 
damaged condition 
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Fig. 14 Relative short-term contributions of annual fatigue damage of 
Line No. 7 in the 16-line system under intact condition 
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Fig. 15 Relative short-term contributions of annual fatigue damage of 
Line No. 7 in the 16-line system under damaged condition 

For extreme line tension, centre of the main short-term contributions 
are similar for intact and damaged conditions, located in a sea state of 
HS =11m and TP =14sec, while for annual fatigue damage, the central 
sea state is identified as HS =6m and TP =11sec and the main 
contributions cover a larger part of the scatter diagram. In other words, 
extreme response depends strongly on the extreme sea state, while 
fatigue damage is mainly evaluated from the moderate sea states. 

Moreover, there is quite little difference between the relative 
contributions for intact condition and for damaged condition. This 
means that the dynamic characteristics of the mooring system are not 
changed significantly after one line failure. 

CONCLUSIONS 

From a risk analysis perspective, it is interesting to know the 
performance of a mooring system under failure. Increases both in 
extreme line tension and in total fatigue damage suggest design checks 
under ALS both for ultimate and fatigue strength of mooring lines. In 
this paper, the sensitivity study of a mooring system has been carried 
out for steady-state responses after a failure of one line. 

Time-domain simulations of mooring line tension have been performed 
to verify a linearized model of the mooring system considered and to 
identify the distribution for the short-term extreme value. 

The annual environmental data used in this paper show a significant 
variation from year to year and as a result the predicted extreme line 
tension and the corresponding fatigue damage are also varying from 
year to year. Compared with the 30-year environmental data, the 
extreme line tension could increase by 80% and by 115% in the worst 
cases after damage for the 16-line and 12-line systems, respectively, 
when applying the annual environmental data, while the annual fatigue 
damage could increase by 225% and 350%. It indicates that the safety 
level of the mooring system is strongly dependent on the environmental 
condition that could be experienced after damage. 

Full long-term analyses and simplified analyses based on the contour 
line method have been carried out to predict the annual extreme tension. 
When applying the contour line method, a quantile of 70% on the short-
term extreme value of the dynamic mooring line tension was found to 
yield an accurate prediction. 
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On the average, increases of 25% and 70% in the annual extreme 
tension and in the total fatigue damage due to mooring line failure have 
been obtained and the fatigue damage is more sensitive to failure. In the 
paper, it is assumed that the mooring system is kept under the damaged 
condition for the following year. In reality, the failed mooring line 
could be identified and replaced within several months. 

As expected, mooring configuration could also affect the load increase 
in the remaining lines after damage, especially when they are grouped 
at corners. 
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Fatigue damage under combined high and low frequency Gaussian
load processes considering a two-slope SN curve

Z. Gao & T. Moan
Centre for Ships and Ocean Structures, Norwegian University of Science and Technology

ABSTRACT: Dynamic loads due to waves, wind and other sources of excitation often consist of combined
high and low frequency components. This bimodal loading would then be a wide-band process and the fatigue
cycles should be taken into account by rainflow counting. It is often computationally efficient to determine the
fatigue damage under such a combined loading by separately considering high and low frequency load histories
for a linear structural system. In the frequency domain different bimodal fatigue combination rules have been
proposed and the accuracy of these methods has also been examined. Previous studies have, however, been
limited to using a single-slope SN curve. In this paper, some of combination rules, e.g. those of Jiao and Moan,
DNV and Huang and Moan, have been generalized to the case with a two-slope SN curve. New combination
formulae have been derived for the two-slope case and the corresponding accuracy has been checked with the
rainflow cycle counting algorithm.

1 INTRODUCTION

Structural components are often subjected to loads
with combined high frequency (HF) and low fre-
quency (LF) contributions. This combined effect
would then be a wide-band process and the fatigue
cycles should be taken into account by rainflow count-
ing (Matsuishi & Endo 1968). The rainflow cycle
counting is believed to be the best method to estimate
the effective stress range for fatigue calculation (see
e.g. Watson & Dabell 1975). But the exact frequency
domain solution of rainflow stress range cycles for a
general wide-band process can not be derived analyt-
ically. However, for a bimodal Gaussian process, the
corresponding fatigue damage can be approximated
theoretically as done by Jiao & Moan (1990). They
expressed analytically the combined fatigue damage
of two narrow-band Gaussian processes with well-
separated spectra as a sum of the fatigue due to the
HF process and the combined process of the envelope
HF process plus the LF process. This method is found
to quite accurate when compared with the time domain
rainflow result. Gao & Moan (2006) extended Jiao and
Moan’s method to deal with fatigue damage due to
combined non-Gaussian narrow-band wave frequency
and low frequency mooring line dynamic tensions of
a semi-submersible.

Moreover, it is often computationally efficient to
determine the fatigue damage under such a combined
load by separately considering high and low frequency

load histories for a linear structural system. The com-
bined fatigue damage is not just equal to the sum
of individual damages because the fatigue damage is
a nonlinear function of the stress range. The simple
sum will generally be nonconservative and could be a
lower bound. Moreover, the fatigue damage based on
a narrow-band assumption of the total process will be
too conservative, especially for a bimodal process with
well separated high and low frequencies. But it could
be considered as an upper bound.Therefore, an explicit
and rational formula by which the combined damage
can be expressed in terms of individual damages would
be more practical and desirable.

Lotsberg (2005) derived a simple explicit formula
for evaluating the bimodal fatigue damage, which
is taken as DNV’s rule formula. He obtained the
combination by considering of the HF and LF damage-
equivalent constant amplitude stress histories. How-
ever, the DNV formula may overestimate the total
damage and in some cases it is even more conservative
than the narrow-band approach as shown by Huang &
Moan (2006). But its format is convenient for practical
application because the combined fatigue damage is
expressed explicitly by the individual damages. Huang
& Moan (2006) developed a more accurate explicit for-
mula by using the combined spectrum together with a
bandwidth correction factor. They showed that in gen-
eral their formula together with the correction factor
proposed by Benasciutti & Tovo (2005) gives fatigue
damage close to the rainflow prediction.
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Alternatively, by considering the combined high and
low frequency load as a general wide-band Gaussian
process, the combined fatigue damage can be evalu-
ated by following Wirsching & Light (1980), Dirlik
(1985), Gall & Hancock (1985), Bouyssy et al. (1993)
and Benasciutti & Tovo (2005). These methods are
based on the empirical estimation of the bandwidth
correction factor for the total process.

However, the accuracy of most of the above men-
tioned methods has only been checked for a single-
slope SN curve. With the slope parameter of a SN
curve m increasing, the sensitivity of these methods’
accuracy will also increase because of the nonlinear
relation between the fatigue damage and the response
variance. This effect will also occur for the fatigue
prediction with a two-slope SN curve. In this paper,
the frequency domain methods of Jiao and Moan, the
DNV formula and Huang and Moan’s formula, are
generalized to two-slope curves. New damage formu-
lae have been derived which can easily be extended to a
multi-slope SN curve and the corresponding accuracy
has been illustrated.

2 FATIGUE DAMAGE FOR A
NARROW-BAND GAUSSIAN PROCESS

Based on a narrow-band Gaussian stress process and
a single-slope SN curve (N = KS−m), the following
general formula is usually applied to estimate the accu-
mulated fatigue damage from individual stress cycles
using the Miner-Palmgren rule (Miner 1945)

where N0 is the total number of cycles, N0 = v0T .
v0 and T are the mean zero up-crossing rate of the
response and the total duration. E[Sm] denotes the
expectation of the response or stress range S pow-
ered by m, which leads to a complete gamma func-
tion �(1 + m/2) multiplied with (23/2σ)m when the
response range distribution is a Rayleigh distribution.
σ is the standard deviation of the response process. m
and K are the material parameters of the SN curve.

If a two-slope SN curve is applied, the narrow-band
fatigue damage can still be explicitly computed by two
incomplete gamma functions when the response range
distribution is still assumed to be Rayleighian

where Sq is the separation point along the stress
range axis of the two-slope SN curve. An example

Cycles to failure, N
1e+4           1e+5           1e+6            1e+7           1e+8           1e+9

S
tr

es
s 

ra
ng

e,
 S

 (
M

P
a)

10

100

1000

m2 = 5
K2 = 3.82E15 MPa

m1 = 3
K1 = 1.41E12 MPa

Nq = 107

Sq=

52MPa

Figure 1. Example of two-slope SN curve specified by the
UK Department of Energy.

of a two-slope SN curve is plotted in Figure 1 and
the parameters are specified by the UK Department
of Energy (1981). m2, K2 and m1, K1 are the mate-
rial parameters corresponding to the lower segment
(S < Sq) and the upper segment (S ≥ Sq) of the SN
curve, respectively. Clearly, the two segments coin-
cide at S = Sq with a relation of K1S−m1

q = K2S−m2
q .

γ(a; b) and �(a; b) are the incomplete gamma func-
tions with integration limit from zero to b and from
b to infinity, respectively. Fatigue damage due to a
multi-slope SN curve can easily be obtained by gen-
eralizing Equation 2 with multiple incomplete gamma
functions. Herein, we focus on a two-slope SN curve.

In offshore engineering, m = 3 is the typical value
for a single-slope SN curve, while m1 = 3 and m2 = 5
are normally applied to a two-slope SN curve. The
separation stress range Sq is chosen at a high value of
cycles to failure, e.g. Nq = 107. A two-slope SN curve
with m2 = 5 assumes that more cycles would be expe-
rienced until failure for stress ranges lower than Sq,
which agrees much better with the experimental data.
Hence, a lower fatigue damage is predicted by using a
two-slope SN curve as compared with a single-slope
one. Based on Equations 1 and 2, a reduction fac-
tor of fatigue damage due to a two-slope SN curve
can be computed easily. According to Wirsching &
Chen (1988), the reduction factor has been obtained
with a Weibull distribution of the effective stress range
depending on the relative comparison of the mean
stress range and the separation stress range.The reduc-
tion factor obtained by Equations 1 and 2 with a
Rayleighian assumption is a special case. However,
for a general wide-band Gaussian process, the ana-
lytical stress range distribution is usually unknown.
Effective stress cycles are typically counted by the
rainflow algorithm in the time domain and the dis-
tribution are then numerically determined. Therefore,
in the frequency domain fatigue combination methods

2
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are usually applied to wide-band random processes,
e.g. a bimodal Gaussian process.

3 FATIGUE DAMAGE COMBINATION FOR
A BIMODAL GAUSSIAN PROCESS

For a general wide-band Gaussian process, when the
time series of the response is available, rainflow cycle
counting algorithm can be applied and gives a best
estimation of the fatigue damage. However, the exact
expression of fatigue damage based on the rainflow
counting of effective stress range is very hard to
obtain in the frequency domain. Herein, we consider
a special wide-band Gaussian process, which is often
applied in offshore engineering, i.e. a bimodal process.
A bimodal process has well-separated high frequency
and low frequency in spectral density and both the
HF and LF processes are assumed to be narrow-
banded and independent of the other. Fatigue damage
due to a bimodal Gaussian process has been widely
studied. Among them, the combination rule proposed
by Jiao and Moan, the DNV combination formula
and the formula proposed by Huang and Moan are
briefly described in the following and are extended to
a two-slope SN curve.

3.1 Combination rule proposed by Jiao and Moan

Jiao & Moan (1990) combined an envelope HF pro-
cess and an LF process which have similar oscillation
periods and expressed the bimodal fatigue as a sum
of fatigue damages due to the HF process and the
combined process. They assumed a bimodal process,

and the corresponding fatigue damage is estimated by

where P(t) = RHF (t) + XLF (t) with RHF (t) as the enve-
lope process of XHF (t).

HF fatigue damage DHF can easily be computed
with Equation 1 or Equation 2, while in order to calcu-
late DP , one need to know the amplitude distribution
of P(t). Based on an assumption of Gaussianity, the
amplitude process of P(t), denoted by Q(t), has a dis-
tribution as follows when the LF process becomes
relatively important as compared with the HF process,

where λHF = σ2
HF/(σ2

HF + σ2
LF ) and λLF = σ2

LF/(σ2
HF +

σ2
LF ) are the relative variances of the HF and LF

processes, respectively. Herein, the bimodal process
is normalized with σ2

Y = σ2
HF + σ2

LF = 1.
By applying a single-slope SN curve, Jiao & Moan

(1990) then derived a formula for the fatigue dam-
age due to P(t). In this paper, a two-slope SN curve
is applied and the corresponding fatigue damage of
P(t) is

where v0P is the mean zero up-crossing rate of P(t),

and is calculated from the mean zero up-crossing
rates of the HF and LF processes, v0HF and v0LF ,
and the Vanmarcke’s bandwidth parameter of the HF
process, δHF .

The total bimodal fatigue damage is then easily esti-
mated by adding the fatigue damages due to XHF (t)
and P(t).

3.2 DNV combination formula

Instead of computing the fatigue damage based on
theoretical analysis of a bimodal process itself, some
simple formulae have been proposed to estimate the
total fatigue damage directly from the HF and LF com-
ponents, e.g. the DNV formula and Huang and Moan’s
formula, etc.

By using a concept of damage-equivalent constant
stress range defined as

with a single-slope SN curve, Lotsberg (2005) approx-
imated the combined fatigue damage as

where nHF = v0HF T and nLF = v0LF T are the number
of cycles counted from the HF and LF processes,
respectively.

When a two-slope SN curve (e.g. with m1 = 3 and
m2 = 5) is applied to both the HF and LF processes,

3
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Lotsberg (2005) suggested to compute the fatigue
damage from Equation 9 with m = 5. This is a con-
servative procedure. In fact the value of m in Equation
9 depends on the comparison of the equivalent con-
stant stress range and the separation stress range of
the two-slope SN curve. We can rewrite Equation 9 as

where D′
LF is the fatigue damage due to the LF

process with an equivalent constant stress range
�σ ′

LF = �σHF + �σLF .
In order to calculate D′

LF , when the individual
fatigue damages DHF and DLF are known, the equiv-
alent number of cycles to failure are first obtained as
NHF = v0HF T /DHF and NLF = v0LF T /DLF .

Then the equivalent constant stress range of the HF
and LF processes is computed as

where i = HF or LF , and Nq is the separation point
of cycles to failure of the two-slope SN curve, e.g.
Nq = 107.

Therefore, D′
LF is determined as

where �σ ′
LF = �σHF + �σLF .

Finally Equation 10 is used to estimate the total
fatigue damage.

3.3 Combination formula proposed by Huang
and Moan

Huang & Moan (2006) proposed a formula suitable for
a bimodal fatigue combination.The basis of Huang and
Moan’s formula is the summation of HF and LF spec-
tra, i.e. σ2

Y = σ2
HF + σ2

LF . For a Gaussian process and a
single-slope SN curve, the combined fatigue damage
is estimated by

where v0Y is the mean zero up-crossing rate of the
combined process,

and bi(i = HF , LF or Y ) is the bandwidth correction
factor. For a bimodal process, bHF = bLF ≈1 because
both the HF and LF processes are assumed to be
narrow-banded. Huang & Moan (2006) suggested that
bY can be taken as the regularity factor α2,Y , defined as

where mi,Y (i = 0, 2 or 4) is the spectrum moment of the
combined process. According to Benasciutti & Tovo
(2005), based on extensive simulations, the bandwidth
correction factor can also empirically be established as

where α1,Y is another frequently used bandwidth
parameter,

When a single-slope SN curve is applied, according to
Equation 1, the variance of a narrow-band process can
explicitly be expressed in terms of the corresponding
fatigue damage as

Therefore, the total fatigue damage can be
expressed by the individual damages through the vari-
ance of combined process. Obviously, the damage
obtained in this way is the narrow-band fatigue dam-
age if no bandwidth correction factor is considered.
However a bimodal process is a wide-band process
and a correction factor should be multiplied as shown
in Equation 13. If a two-slope SN curve is applied, one
can not obtain the explicit expression of the variance
in terms of fatigue damage from Equation 2. However,
we can write the relation between the variance and the
corresponding narrow-band fatigue in a more general
way as

where f () is a monotonic function. Two examples of
f () can be seen from Equation 1 for a single-slope
SN curve and Equation 2 for a two-slope SN curve,
respectively.

Then the variance is implicitly expressed as

4
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where f −1() is the inverse function of f ().
Therefore, as similar as Equation 13, the combined

bimodal fatigue damage can in general be expressed as

In principle the bandwidth correction factor bY and
the mean zero up-crossing rate v0,Y of the combined
process, expressed by the individual HF and LF vari-
ances as shown in Equations 14 and 15 or 16, can be
expressed purely by the individual damages through
Equation 20. Therefore, the combination formula is
still applicable when only the HF and LF fatigue
damages, not the variances, are known.

4 CASE STUDY

In order to demonstrate the accuracy of these fatigue
combination formulae, a series of bimodal Gaussian
processes have been simulated in the time domain
with different central frequencies and different vari-
ances of HF and LF processes. The simulated HF and
LF processes are assumed to be independent to each
other. A narrow-band and uniform spectrum has been
assumed for each of the HF and LF components with
a ratio of 5% between the range of effective frequen-
cies and the central frequency, i.e. the Vanmarcke’s
bandwidth parameter for each of the HF and LF spec-
tra is about 0.015. For each case, 50 time series with
each of 6-hour duration have been simulated by using
a simulation technique where both Gaussian random
coefficients of sine and cosine components are used. It
results in about 108000 HF cycles and 5400 LF cycles
for each simulation case.

Based on these simulated time series of the bimodal
Gaussian processes, the rainflow cycle counting algo-
rithm is used together with a two-slope SN curve to
compute the fatigue damage.The average fatigue dam-
age over 50 time series is considered as a reference to
check the accuracy of the frequency domain fatigue
combination methods, i.e. Jiao and Moan’s rule, the
DNV formula and Huang and Moan’s formula, which
are described above. A two-slope SN curve specified
by the UK Department of Energy is adopted in this
paper, see Figure 1.

Fatigue damages obtained by the frequency domain
combination methods are plotted in Figures 2–10 for
different cases. Fatigue damage is shown as a ratio
to the rainflow counting result. All symbols in these
figures are defined in Table 1.

In the figures, the symbol Rfre is the ratio of cen-
tral frequencies of the LF and HF processes, chosen
as 0.05, 0.1, 0.125, 0.167, 0.25 and 0.5 with a high
frequency of 0.1 Hz which is frequently used in off-
shore engineering. Rs, selected to 0.5, 1, and 1.5, is
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Figure 2. Ratio of the combined fatigue to the RFC result
when Rs = 0.5, Rvar = 0.5.
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Figure 3. Ratio of the combined fatigue to the RFC result
when Rs = 0.5, Rvar = 1.
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Figure 5. Ratio of the combined fatigue to the RFC result
when Rs = 1, Rvar = 0.5.
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Figure 6. Ratio of the combined fatigue to the RFC result
when Rs = 1, Rvar = 1.
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Figure 7. Ratio of the combined fatigue to the RFC result
when Rs = 1, Rvar = 2.
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Figure 8. Ratio of the combined fatigue to the RFC result
when Rs = 1.5, Rvar = 0.5.
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Figure 9. Ratio of the combined fatigue to the RFC result
when Rs = 1.5, Rvar = 1.
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Figure 10. Ratio of the combined fatigue to the RFC result
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Table 1. Definition of symbols in Figures 2–10.

Symbols Definition

NB Narrow-band fatigue damage
JM Fatigue damage obtained by Jiao and Moan’s

combination rule
DNV Fatigue damage of the DNV formula
HM Fatigue damage of Huang and Moan’s formula

with a bandwidth correction factor chosen as the
regularity factor, i.e. Equation 15

HMBT Fatigue damage of Huang and Moan’s formula
with a bandwidth correction factor chosen by
Benasciutti and Tovo’s suggestion, i.e.
Equation 16

SS Simple sum of the HF and LF fatigue damage
components

Rfre Ratio of central frequencies of the LF and HF
components

Rs Ratio of the equivalent stress range Se to the
separation stress range Sq

Rvar Ratio of variances of the LF and HF processes

the ratio of the equivalent stress range Se to the sep-
aration stress range Sq when a two-slope SN curve is
used, where the equivalent stress range is defined as
Se = (E[Sm])1/m = 23/2σ(�(1 + m/2))1/m with m = 3.
This ratio is a measure of the relative fatigue con-
tributions from large and small stress ranges. If the
ratio is close to zero, it indicates that the small stress
ranges are the main part of stress range distribution
and the contribution from a SN curve segment with
m2 = 5 will dominate the total fatigue damage. Other-
wise, if the ratio is much larger than zero, the two-slope
fatigue will be close to the fatigue damage based on a
single-slope SN curve with m = 3. Rvar is the ratio of
variances of the LF and HF components with values
of 0.5, 1 and 2.

All these figures show that the frequency domain
methods, based on a two-slope SN curve, in general
have the same level of accuracy for different values
of Rs. The accuracy is also as similar as those of
Huang and Moan’s results (see Huang & Moan 2006)
of a single-slope SN curve with m = 3. It indicates
that these methods can very well be extended to a
two-slope SN curve, even to a multi-slope SN curve,
and quite good fatigue damage approximations can be
obtained especially by e.g. JM, HM and HMBT for-
mulae, although the computation will become a little
complicated.

In most of the cases, JM and HMBT formulae pre-
dict the bimodal fatigue damage quite close to the
rainflow estimate. JM method is slightly conserva-
tive for the bimodal process with close high and low
central frequencies. For example, with Rfre = 0.5, the
ratio of the JM fatigue to the rainflow one is about
1.2 for most of the cases. Moreover, the parameter
Rs has little effect on the relative accuracy of JM

method, especially for the bimodal process with very
well separated high and low frequencies, and in such
case JM method always gives a very good approxima-
tion of the fatigue damage as compared with the time
domain result. HMBT formula gives also a conserva-
tive fatigue estimate when Rss is not close to zero and
is not vary large. Compared with the rainflow result,
the factor in such cases can reach 1.3. This is because
the empirical coefficients in Benasciutti and Tovo’s
bandwidth correction factor as shown in Equation 16
are obtained based on a fatigue formulation with a
single-slope SN curve. If Rs is close to one, both of the
segments with m1 = 3 and m2 = 5 will contribute to the
total fatigue damage, and this correction factor might
not be very suitable for estimating the total fatigue. On
the other hand, Benasciutti and Tovo’s bandwidth cor-
rection factor is obtained from a series of time domain
simulations with many spectrum types and therefore
the fatigue by HMBT formula is not sensitive to Rfre
and Rvar and in general this formula gives quite good
results.

As the same as the results for a single-slope SN
curve (see Huang & Moan 2006), Huang and Moan’s
formula with a regularity correction factor results in
a conservative estimate of fatigue damage for small
values of Rfre and gives a relative good approximation
for large values of Rfre. Moreover, as similar as JM
method, this formula’s precision is almost not affected
by the parameter Rs.

The narrow-band fatigue and the simple sum of
the HF and LF fatigues are still too conservative and
nonconservative for all of the cases, respectively. Sim-
ilarly, the DNV formula still predicts larger fatigue
damage as compared with the time domain result, as
already shown by Huang & Moan (2006) for a single-
slope SN curve. It is noted that the DNV formula
even gives more conservative fatigue damage than the
narrow-band one when the central frequencies of the
HF and LF processes are close. In other words, the
DNV formula might be only suitable for the bimodal
process with well separated high and low frequencies.

5 CONCLUSIONS

Some methods for determining the fatigue damage
due to a bimodal Gaussian load process, e.g. Jiao
and Moan’s rule (Jiao & Moan 1990), the DNV for-
mula (Lotsberg 2005) and Huang and Moan’s formula
(Huang & Moan 2006), have been generalized to
damage calculation with a two-slope SN curve. The
corresponding new fatigue damage formulae have
been derived and the accuracy has been examined by
the rainflow cycle counting.

Compared with the fatigue damages obtained by
time domain simulations and rainflow cycle counting,
the predicted fatigue damages are on the safe side in
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most of the cases. The total fatigue damage obtained
by Jiao and Moan’s method agrees very well with the
rainflow result when the bimodal process has the high
central frequency far away from the low one, and the
accuracy is quite consistent whenever the upper part of
the two-slope SN curve contributes to the most fatigue
or the lower part. When expressing the bimodal fatigue
explicitly by the individual ones, Huang and Moan’s
formula with Benasciutti and Tovo’s bandwidth cor-
rection factor gives a very good prediction for almost
all of the cases, except the cases when both segments
of the two-slope SN curve contribute equally to the
total fatigue. This is because the correction factor is
empirically determined with a single-slope SN curve.
Huang and Moan’s formula with a regularity correc-
tion factor predicts the fatigue conservatively for the
ideal bimodal process. Moreover, the DNV formula
always overestimates the fatigue damage and might
only be suitable for the bimodal process with well
separated high and low frequencies.

The approaches presented in this paper deal with
fatigue damage due to combined HF and LF loading
using a two-slope SN curve and can easily be extended
to a multi-slope SN curve.
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ABSTRACT 
When predicting slowly varying resonant vessel motions, 

a realistic estimate of the motion damping is crucial. Mooring 
line damping, which is mainly induced by the drag force on 
line, can dominate the total damping of catenary moored 
systems and methods for predicting mooring line damping are 
therefore required. Based on a simplified dynamic model of 
mooring line tension, an approach to estimate the 
corresponding damping is presented in this paper. Short-term 
time domain simulations of dynamic line tension are carried out 
to verify the accuracy of the simplified frequency domain 
approach. Compared with the simulation results, the practical 
simplified method proposed herein gives a maximum 30% 
lower prediction of the damping coefficient of each mooring 
line and an about 20% smaller estimate of the total line 
damping and therefore yields conservative estimates of the low 
frequency vessel motions. 

INTRODUCTION 
For a moored offshore structure, damping is crucial to 

estimate the low frequency (LF) vessel motions. Main sources 
of the LF damping are wave drift, viscous hull and mooring 
line damping. Relative importance of these damping sources to 
the LF vessel motions have been discussed by Wichers and 
Huijsmans [1], Molin [2], Triantafyllou et al. [3], etc. 

A catenary mooring system produces restoring force as 
well as damping due to the lateral motion of the line when it is 
tensioned. Mooring line damping might result from the drag 
force on line, the line friction on seabed and the internal 
deformation of the line. Influence of mooring line damping on 
the vessel motions have been shown by many researchers, e.g. 
Huse [4], Matsumoto [5], Le Boulluec et al. [6] and Brown et 
al. [7]. Mooring line damping can be a main damping source 
for the LF motions of moored systems. For instance, damping 
from the mooring system can contribute 80% of the total LF 
surge motion damping of a moored tanker in water depth of 
200m, including other damping from e.g. viscous force on hull, 

wave drift damping, etc [8]. For a semi-submersible viscous 
force on the columns and pontoons is the main source of 
damping, however the mooring line damping can still 
contribute 30%-40% of the total damping. Therefore, 
accurately predicting the mooring line damping is necessary for 
obtaining a realistic level of the total motion damping and a 
realistic estimate of the LF vessel motions. 

In order to estimate mooring line damping, model tests, 
fully dynamic finite element analyses and simple analytical 
models are usually applied. 

Model tests of barge and TLP were carried out to validate 
analytical methods reported by Le Boulluec et al. [6]. Wichers 
and Huijsmans [1] also performed model tests to show the 
considerable increase of the overall mooring line damping due 
to the WF vessel motions. Raaijmakers and Battjes [9] 
presented an experimental verification of the simple quasi-static 
model of mooring line proposed by Huse [10] with harmonic 
surge excitations. Lin et al. [11] described model testing at 
approximately 1/3 scale on chain segments oscillated at drift 
frequencies with combined in-line and transverse wave motion. 

By using rigorous nonlinear finite element approach in 
time domain, the dynamic effects in the mooring line can be 
accounted for when estimating the damping. Based on constant 
added mass coefficients, Nakamura et al. [12] proposed a 
numerical scheme for time domain simulations of moored 
floating structures when the dynamics of the lines are also 
considered and it is assumed that the slow drift motion occurs 
predominantly at the surge natural frequency. Coupled 
dynamics of a floating body and its mooring lines are 
numerically presented by Dercksen and Wichers [13], Ormberg 
et al. [14], Hwang [15], etc. Webster [16] used a time domain 
finite element approach to perform a parametric study of the 
influence on line damping of pre-tension, fairlead oscillation 
frequency and amplitude, line stiffness, line length/water depth, 
current and drag coefficients. More recently, Brown and 
Mavrakos [17] presented a comparative study on mooring line 
dynamics and damping based on both time domain and 
frequency domain methods. 
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However, model tests are expensive and time domain 
simulations are quite time consuming since the time step must 
be small enough to resolve the wave frequency (WF) dynamic 
effects, while at the same time the total duration of a simulation 
must include enough LF cycles. A number of contributions 
outline simple analytical models with a view to obtaining linear 
mooring line damping coefficients. Based on the linearization 
of the catenary line equation, Bompais et al. [18] proposed a 
simple method to calculate the slow-drift damping induced by 
mooring lines when considering both LF surge and WF heave 
motions of the fairlead. More recently, Liu and Bergdahl [19] 
and Bauduin and Naciri [20] proposed improvements on Huse’s 
quasi-static model for mooring line-induced damping by 
approximating the deformation of the line shape and the 
transverse velocity of the line in more accurate ways, 
respectively.

Most of the above mentioned methods for mooring line 
damping estimation are derived from the harmonic excitation of 
the line fairlead. However, irregular sea states are practically 
applied in design of mooring system. A simplified frequency 
domain dynamic model of a single mooring line has been 
proposed by Larsen and Sandvik [21] and Lie and Sødahl [22] 
to compute the dynamic mooring line tension and to estimate 
the extreme value of the tension during a short-term sea state. 
The purpose of this paper is to extend the simplified model to 
predict the drag force induced mooring line damping and 
investigate the accuracy of the model by comparison with time 
domain simulations. Estimation of the damping coefficients 
from each mooring line and from the whole mooring system are 
performed and are available in the mooring analysis program 
Mimosa [23]. By using the time domain program Riflex [24], 
simulations of the WF and LF mooring line tensions in a 
stationary sea state are also carried out and the damping 
coefficients for the LF vessel motions are estimated based on 
the tension time series. 

MOORING LINE DAMPING OBTAINED BY THE 
SIMPLIFIED DYNAMIC MODEL 

According to References [21] and [22], the simplified 
model of mooring line can be idealized in terms of a 
spring/damper system, confer Fig. 1. The crucial point is that 
the hydrodynamic damping and the geometric stiffness are both 
related to change in the geometry and are represented by a 
viscous damper and a linear elastic spring coupled in parallel. 
This system is further coupled in series to a linear elastic spring 
representing the elastic stiffness of the mooring line. Therefore, 
the dynamic tension T can be found as 

*( ( ) ( )) ( ) ( ) ( )E GT k x t u t c u t u t k u t       (1) 
where x(t) is the forced upper end displacement in tangential 
line direction, u(t) and  are the unknown amplitude of the 
assumed shape function (i.e. the generalized displacement) and 
its time derivative (i.e. the generalized velocity), c

( )u t

* is the 
generalized damping, kE and kG are the elastic stiffness and the 
geometric stiffness, respectively. 

It is the first term in the right hand side of Eq. (1), which is 
the drag term, that contributes to the damping effect on the 
vessel motions, while the second term provides the varying 
restoring force. In general, T has both WF and LF components 
and therefore has damping effects on both of the WF and LF 
vessel motions. However, the WF mooring line damping is very 

small compared with the hydrodynamic damping of the vessel 
itself. Herein, we consider only the LF line tension and the 
induced LF motion damping, which are also coupled with and 
hence have the contribution from the WF vessel motion. 

KE - elastic stiffness 

KG - geometric stiffness 

C - linearlized damping 

C
KE

KG

u

x

T

b) Simplified dynamic model

drag forces

a) Physical system quasistatic 
displacement tangential 

motion

/8c
     

Fig.1. Idealized view of the simplified dynamic line model 

Tangential fairlead motion x is the sum of WF motion xWF and 
LF motion xLF, i.e. x=xWF+xLF. The corresponding generalized 
displacement is also the sum of WF motion and LF motion 
u=uWF+uLF. The corresponding velocity component LFu  is 
assumed to vary slowly compared with the variation of the WF 
velocity  and is therefore regarded as constant in the 
following expression. Provided that the WF motion u

WFu
WF is 

described by a Gaussian stochastic process, which is usually 
assumed when doing a short term sea state analysis, the WF 
velocity  can also be described by a Gaussian process with 

zero mean value and variance
WFu

2

WFu . The probability distribution 
density of the normal total velocity component  for a given 
value of 

u

LFu  is described by 

21 1
( ) exp( ( ) )

22
WFWF

WF
U

uu

u
f u        (2) 

where .WF LFu u u
Provided that the drag force can be expressed as 

*

D

*F c u u c z          (3) 
the mean value of the drag force is 

*[ ] [ ]DE F c E z          (4) 
This value is evaluated in [25] and can be expressed as 

2 2 22 1
[ ] ( exp( ) (1 )erf ( ))

22 2WFuE z  (5) 

where
WFLF uu  and erf() is the Error function. Fig. 2 

shows a graph of the function 2[ ] ( )
WFuE z . For small 

values of  Eq. (5) approaches 8
WFu LFu  and for large 

values of  it approaches 2

LFu .
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Fig.2. Mean value of drag force factor 2[ ] ( )
WFd uE F

Moreover, compared with the WF motion, the LF motion 
is relatively slow due to the large oscillation period. Therefore 
we can approximate the slowly varying motion to be quasi-
static and we obtain the following approximation of the 
generalized displacement 1 (1 )LF G Eu k k LFx .

For small values of  the average drag force can now be 
expressed as 

* 8 1
[ ]

1WFD u L

G E

E F c x
k k F        (6) 

This can also be regarded as a linear slowly varying 
damping force including the contribution from the wave 
frequency tension. Moreover, Eq. (6) expresses the drag force 
as a function of the line upper end tangential velocity, which 
gives a direct way to estimate the damping coefficient. 

Neglecting the yaw motion, the total diagonal mooring 
line damping in surge and in sway can now be found as the sum 
from each mooring line, 

* 2

1

8 1
( cos

1WF

NLIN
2cos )XXtot u il

il G E

C c
k k

     (7) 

* 2

1

8 1
( cos

1WF

NLIN

YYtot u il
il G E

C c
k k

2sin )       (8) 

where CXXtot and CYYtot represent the total damping coefficients in 
surge and sway directions due to the surge and sway motions, 
respectively,  is the mooring line angle from the horizontal 
plane, and  is the line angle in the horizontal plane from the 
surge direction. 

Moreover, the vessel surge (or sway) motion can also 
induce the mooring line dynamic force in the sway (or surge) 
direction when the mooring line is not coincident with the 
motion direction. Therefore, we have the identical cross 
damping coefficients as follows, 

* 2

1

8 1
( cos sin cos )

1WF

NLIN

XYtot YXtot u il
il G E

C C c
k k

(9) 

where CXYtot and CYXtot represent the total damping coefficients in 
surge and sway directions due to the sway and surge motions, 
respectively.

It is possible to compute the LF mooring line damping 
coefficients in the mooring analysis program Mimosa [23]. The 
simplified dynamic mooring line model is applied with wave 

frequency vessel motions as input. The coefficients are to be 
calculated in static equilibrium position when the vessel is 
exposed to mean environmental forces. However, in the present 
version of the program, the estimated coefficients must be 
given manually to the vessel description file in order to include 
the estimated mooring line damping in the low frequency 
motion calculation (i.e. no automatic mooring line damping is 
calculated in the LF motion analysis). 

TIME DOMAIN SIMULATIONS OF MOORING LINE 
DYNAMICS AND DAMPING ESTIMATION 

In order to verify the mooring line damping coefficients 
obtained by the simplified dynamic model in frequency 
domain, the computer program Riflex [24] is selected and finite 
element method (FEM) is applied to simulate the mooring line 
dynamics for the whole mooring system. This program has 
been used in several studies of moored vessel where the riser 
and mooring system has been model by use of the FE 
memthod, confer e.g. [14]. Results as vessel motion and 
dynamic mooring line tension have been compared and found 
to agree well to results from model tests undertaken in the 
Ocean Basin at MARINTEK [27]. In the present study the WF 
and LF vessel motions are assumed to be uncoupled with the 
mooring analysis and are independently imposed on the centre 
of gravity of the vessel to accurately describe the fairlead 
motions. Linearized mooring system is assumed in the same 
way as in the frequency domain approach, while the 
nonlinearity due to the drag force on the line is completely 
included in the time domain simulations. The effect on line 
dynamics of the nonlinearity of the mooring line stiffness and 
the sea bottom contact and the wave and current forces on lines 
have been also checked. 

A method based on the energy dissipation is used to 
estimate the line damping coefficient from the time series of the 
upper end line tension and the upper end tangential velocity as 
shown in Eq. (10), 

0 0

( ) * ( ) ( ) * ( )
e eT T

il il LFil LFil LFilC T t x t dt x t x t dt      (10) 

where Cil  is the ilth mooring line damping coefficient in 
tangential direction, Til(t) is the upper end dynamic line tension 
which includes both the WF and LF tension components and 

( )LFilx t  is the LF upper end tangential velocity, Te is the 
duration of the simulation. In order to minimize the uncertainty 
induced by the simulation with a limited sample, the 
coefficients are obtained by averaging three one-hour 
simulations. The diagonal and cross damping coefficients in 
surge and sway directions from each mooring line can be easily 
obtained by decomposing the tangential damping coefficient 
and the total coefficients are described as follows, 

2 2

1

(cos cos )
NLIN

XXtot il il
il

C C       (11) 

2 2

1

(cos sin )
NLIN

YYtot il il
il

C C        (12) 

2

1

(cos sin cos )
NLIN

XYtot YXtot il il
il

C C C      (13) 
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CASE STUDY 
Vessel description 

A semi-submersible and its catenary mooring system are 
used in case study. The semi-submersible is assumed to operate 
in the North Sea environment. The main particulars of the semi-
submersible are listed in Table 1. 

Table 1 Main particulars of the semi-submersible 
Displacement (ton) 52500
Length O.A. (m) 124 

Breadth (m) 95.3 
Draft (m) 21

Mooring system 
The mooring system consists of sixteen identical mooring 

lines distributed at four corners of the vessel with four lines 
each and each mooring line has an identical chain-wire-chain 
configuration. The horizontal projection of the mooring system 
with water depth of 340m is plotted in Fig. 3. In the figure, 
North denotes the surge direction and East denotes the sway 
direction. 

Fig.3. Horizontal projection of the mooring system with 340m 
water depth 

The characteristics of the chain and wire components of 
each mooring line are listed in Table 2. 

Table 2 Characteristics of chain and wire components 
Characteristics Chain Wire 

Nominal diameter (mm) 125 136 
Weight in water (kN/m) 2.67 0.80 
Axial stiffness, EA (kN) 1.03E6 1.64E6 
Non-dimensional normal 

drag coefficient 2.73 2.33 

Non-dimensional longitudinal 
drag coefficient 0.30 0.17 

Breaking strength (kN) 14556 15000 

Three different water depths, 70m, 340m and 1000m, 
were selected to check the accuracy of the frequency domain 
approach in relatively shallow, moderate and deep water. The 
corresponding mooring systems are adjusted and the lengths of 
the chain and wire parts are listed in Table 3. 

Table 3 Mooring line components and lengths 
Component length (m) Water

depth 
(m) 

Chain 
(lower) 

Wire 
(middle) 

Chain 
(upper) 

Total 
length 

(m) 
70 310 100 20 430 
340 725 312 99 1136 

1000 1000 2400 150 3550 

Mooring line characteristics 
The environmental direction is assumed to be 45o west 

from the North direction defined in Fig. 3 and is also marked on 
the same figure. First, we quasi-statically move the vessel along 
the environmental direction and the obtained offset-tension 
curves of mooring line No. 4, 8, 12 and 16 from Mimosa and 
Riflex are plotted in Figs. 4-7 for the three mooring systems 
with water depth of 70m, 340m and 1000m, respectively. 

In these four figures, we observed that there are some 
differences in pre-tensions and in the tensions obtained by 
Mimosa and Riflex when the vessel has the same offset. It is 
related to the different methods applied in these two programs. 
The method used in Mimosa is the catenary equation, while 
Riflex uses the FEM. However, the errors are within 5% for all 
of the three mooring systems and when the slopes of these 
curves are considered, which are believed to be more relevant 
to the dynamic analysis, the errors become even smaller. 
Therefore, the quasi-static analyses by Mimosa and Riflex are 
quite consistent. 
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Mooring line damping coefficients 
A moderate sea state of wave with significant wave height 

Hs=6.25m and mean wave period Tz=8.878s and a high sea 
state with Hs=14m and Tz=12.074s have been selected for 
dynamic analyses. Both sea states are applied for the 340m 
mooring system and only the high sea state is applied for the 
70m and 1000m mooring systems. Pierson-Moskowitz 
spectrum has been applied. The environmental direction is 
defined in Fig. 3. According to the previous sections, the 
mooring line damping coefficients were obtained both from 
Mimosa and Riflex by linear analyses without considering the 
current force on line. The diagonal damping coefficients of 
each line (CXX and CYY) and the cross term (CXY or CYX) are 
plotted and compared in Figs. 8-15. In the figures, shaded area 
denotes the damping coefficients calculated by the simplified 
frequency domain approach and error bar corresponds to the 
coefficients obtained from the time domain simulations. The 
errors of the diagonal and cross damping coefficients of each 
mooring line between the Mimosa and the Riflex results are the 
same because they are all derived from the tangential line 
damping. The coefficient errors are also plotted in Fig. 16. 

In these figures, there are some discrepancies between the 
frequency domain results and the simulation results, but the 
relative errors of the surge and sway damping coefficients are 
in general from 5% to 30%. The diagonal damping coefficients 
(see Figs. 8, 10, 12 and 14) are all positive and Mimosa always 
gives lower values than Riflex. This fact indicates that the 
larger LF motions will be predicted when the Mimosa damping 

coefficients are applied and it is conservative. The standard 
deviation of a slow-drift motion x for cases with small damping 
can be approximated [25] to 

KC
S nFx 2

)(      (14) 

Where SF is slow drift excitation force at resonance, n =

natural frequency MK / , K is mooring stiffness, M is 
vessel mass and C is the damping. As seen from the equation 
the standard deviation of the slow drift motion is inverse 
proportional with the square root of the damping coefficient. 
This information is useful to estimate how the discrepancies of 
the damping estimates will influence the slow drift motion. E.g. 
if simplified method estimated damping coefficient that is say 
15% too low, the corresponding standard deviation of the slow 
drift motion will be over predicted by 7%. 

The cross damping coefficients of mooring line No. 5-8 
and No. 13-16 (see Figs. 9, 11, 13 and 15) are positive, while 
those of No. 1-4 and No. 9-12 are negative. It leads to a total 
cross surge (or sway) damping coefficient to be slightly 
positive. 

It is also important to note that for the 340m mooring 
system the relative errors of the coefficients in the high sea 
state, about 10%, are smaller than those in the moderate sea 
state, about 25%. This is because in the high sea state the WF 
vessel motions are dominant compared with the LF motions, 
which is consistent with the assumption made in the simplified 
dynamic model of the mooring line tension. 

In Fig. 16, we can also see that the relative coefficient 
errors are quite close for different systems with different water 
depth of 340m, 70m and 1000m and it indicates that the 
simplified method is not sensitive to the mooring systems. In 
general, the accuracy of the simplified method is acceptable 
and conservative. 

The total damping coefficients of the whole mooring 
system, both the diagonal and cross terms in surge and sway 
directions, are listed in Table 4. The simplified method shows 
an overall conservative result. The diagonal coefficients in 
surge and in sway are very close due to the symmetric 
configuration of the mooring system. However, the cross term 
is only about 10% of the diagonal term because of the 
cancellation of the cross terms from different mooring lines. 
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Fig.9. Cross mooring line damping coefficients of 340m mooring 
system with Hs=6.25m and Tz=8.878s 
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Fig.10. Diagonal mooring line damping coefficients of 340m 
mooring system with Hs=14m and Tz=12.074s 
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Fig.11. Cross mooring line damping coefficients of 340m 
mooring system with Hs=14m and Tz=12.074s 
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Fig.12. Diagonal mooring line damping coefficients of 70m 
mooring system with Hs=14m and Tz=12.074s 
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Fig.13. Cross mooring line damping coefficients of 70m mooring 
system with Hs=14m and Tz=12.074s 
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Fig.14. Diagonal mooring line damping coefficients of 1000m 
mooring system with Hs=14m and Tz=12.074s 
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Fig.15. Cross mooring line damping coefficients of 1000m 
mooring system with Hs=14m and Tz=12.074s 
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Table 4 Total mooring line damping coefficients (kN*s/m) 

Case Component of the 
damping coefficient 

Coefficients obtained by 
the simplified method 

Coefficients calculated 
from the simulations 

Error 
percentage 

Diagonal surge term 2.25E5 3.01E5 -25% 
Diagonal sway term 2.23E5 3.00E5 -26% 340m mooring system with 

Hs=6.25m and Tz=8.878s Cross term 2.59E4 2.72E4 -5%
Diagonal surge term 5.45E5 6.10E5 -11% 
Diagonal sway term 5.43E5 6.09E5 -11% 340m mooring system with 

Hs=14m and Tz=12.074s Cross term 3.07E4 3.83E4 -20% 
Diagonal surge term 2.35E6 3.07E6 -23% 
Diagonal sway term 2.27E6 2.98E6 -24% 70m mooring system with 

Hs=14m and Tz=12.074s Cross term 6.79E5 8.71E5 -22% 
Diagonal surge term 2.80E5 3.55E5 -21% 
Diagonal sway term 2.80E5 3.53E5 -21% 1000m mooring system with 

Hs=14m and Tz=12.074s Cross term 1.86E4 1.87E4 -1%

Wave, current and nonlinear effect on the damping 
estimation

So far, a linearization of the mooring system has been 
assumed and current forces have not been considered. 
Moreover, the results by Mimosa do not include wave forces 
directly acting on the line, while they are considered in the 
analyses by Riflex. We also checked the effects of considering 
the nonlinear stiffness of mooring line, the sea bottom contact 
and the wave and current forces by a single Riflex time domain 
simulation of 340m mooring system with the high sea state. A 
uniform current profile with a speed of 0.5m/s is applied in the 
same direction as the wave. The obtained diagonal surge 
damping coefficients of line No. 8 are plotted in Fig. 17. 

In Fig. 17, we can see that there is almost no effect of the 
direct wave force on mooring line. This is because it is the 
excitation of the fairlead motion that induces the most drag 
force on mooring line which results in the main contribution to 
the damping coefficient [26]. Moreover, there is also a quite 
limited effect of the nonlinear analysis. It is because the drag 
force on the part of mooring line near sea bottom is small 
compared with those on the whole line. When the current force 
is considered, the damping coefficient of this mooring line 
increases but within 15%. 
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CONCLUSIONS 
Drag force on mooring lines contributes to the LF vessel 

motion damping. An approach for predicting the mooring line 
damping coefficients by a simplified method has been proposed 
and verified by time domain simulations. For the cases 
considered the differences in the coefficients obtained by the 
frequency domain method and the time domain simulations are 
less than 30% for moderate sea states and less than 15% for high 
sea states. Moreover, the simplified method always gives 
smaller damping coefficients which leads to a conservative 
assessment of mooring system safety. Moreover, the simplified 
method is obviously much more computationally efficient. 

Depending on the mooring system configuration, the 
damping coefficients in surge and in sway are in general 
coupled. The cross coefficients can also be easily obtained by 
the simplified method. 

Wave force and nonlinear mooring line stiffness have little 
effects on the line damping coefficients. There is an effect due 
to the presence of current, but the difference is also limited. 
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Variability of structural responses of marine structures due to 
seasonal and yearly wave data 

 
Zhen Gao, Torgeir Moan 

 
Abstract 

This work briefly describes typical structural responses of marine structures, i.e. midship 
vertical bending moment of an FPSO, stresses on a brace-column joint of a semi-submersible 
and mooring line tension response, in terms of annual extreme value and fatigue damage, by 
using seasonal wave data. Wave data of thirty years at a site of the Northern North Sea have 
been used and analyzed for each spring/autumn, summer, winter and year as well as for all 
seasons and years. It is shown that the winter data contribute significantly to extreme value 
prediction of the significant wave height and to both extreme value and fatigue damage of 
structural responses as well. In addition, the accuracy of the contour line method for 
prediction of the extreme mooring line tension has been verified and a quantile of about 70% 
of the short-term extreme value distribution is found to give a good estimate of the annual 
extreme value. 
 
1.  Seasonal wave data of the Northern North Sea 

Thirty-year (from 1976 to 2005) wave data at a site in the Northern North Sea have been 
collected by Statoil ASA [1] and are presented as seasonal scatter diagrams of the significant 
wave height (HS) and the spectral peak period (TP). Data for three periods have been defined 
for each year, namely SprAut (from March to May and from September to October, 5 
months), Summer (from June to August, 3 months) and Winter (from November to next 
February, 4 months). The data are also combined to give annual scatter diagrams and 30-year 
scatter diagram as a whole. 

Wave data analysis, i.e. fitting of the scatter diagram, has been performed by using the 
program PHT, developed by Haver [2], where the joint probability density of HS and TP is 
obtained by the combined log-normal and Weibull distribution for HS and the conditional log-
normal distribution for TP. Details of the distribution model was given in Haver [2] and Moan 
et al. [3], and is therefore not repeated herein. 

The obtained mean value and standard deviation of HS are plotted in Figs. 1 and 2, 
respectively. It is shown that the mean values of HS in winter are quite large and vary 
significantly from year to year, while the values in summer are small and only show a slight 
variation. The yearly mean value of HS is close to that of the SprAut data since it is basically 
the average value of all the SprAut, Summer and Winter data and the data of all seasons 
almost equally contribute to the yearly mean value. However, it varies more significantly 
from year to year than the SprAut result due to the contribution of the Winter data.  
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The standard deviations of HS of the SprAut, Winter and Year data are close and it 
implies that the variation of wave conditions within one year is quite significant except 
during the summer time. 

The predicted annual and 100-year extreme values of HS have also been provided and are 
plotted in Figs. 3 and 4, respectively. In the extreme value prediction, when only the seasonal 
data are used, it is assumed that the contribution of other months is zero. In most cases, the 
predicted extreme value based on the Year data is close to but slightly larger than that based 
on the Winter data. It indicates that this extreme value is obtained by the main contribution 
from the Winter data. The SprAut data predict smaller extreme values compared with the 
Winter and Year data. The ratio of the predicted annual or 100-year extreme value based on 
the Year and Summer data is about 2, while the ratio of the mean value is about 1.7. It 
implies that the Summer data contribute less for the extreme values. 
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Fig. 1 Mean value of HS 
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Fig. 2 Standard deviation of HS 
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Fig. 3 Predicted annual extreme value of HS 
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Fig. 4 Predicted 100-year extreme value of HS 

 
In general, no obvious increasing or decreasing trend in either seasonal or yearly data has 

been observed. Wave conditions vary quite randomly even at a scale of 30 years. 
In order to study the contribution of the seasonal data to the annual prediction, the scatter 

plots of the SprAut, Summer and Winter data against the Year data are provided in Figs. 5 
and 6 for the mean HS and the annual extreme HS, respectively. The obtained correlation 
coefficients of the mean HS are similar for all three data groups, i.e. 0.55, 0.67 and 0.86, 
while a large correlation coefficient (i.e. 0.72) of the annual extreme HS is obtained for the 
Winter data and very small correlation coefficients are calculated based on the SprAut and 
Summer data. It implies again that the Winter data contribute quite significantly to the 
extreme value prediction for the whole year. 
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Fig. 5 Scatter plot of the seasonal and yearly mean values of HS 
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Fig. 6 Scatter plot of the predicted annual extreme values of HS based on the seasonal and yearly data 
 
2.  Annual extreme values of structural responses 

Typical structural responses of marine structures have been considered, i.e. midship 
vertical bending moment of an FPSO and stresses on a brace-column joint of a semi-
submersible as shown in Moan et al. [3] and a 16-line mooring system of a semi-submersible 
as shown in Gao and Moan [4]. Both intact and damaged condition with one line failure have 
been assumed for mooring analysis, while responses of FPSO and semi-submersible are only 
analyzed for intact condition. Smoothed scatter diagrams of the seasonal and yearly wave 
data are used for prediction of extreme value and fatigue damage. 

It is important to note that annual quantities, i.e. annual extreme value and annual fatigue 
damage, are used for comparison and when only the seasonal data are applied, it is assumed 
that the contribution of other months within one year is zero. 
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The predicted annual extreme responses are plotted in Figs. 7-10, which are normalized 
by the prediction when all 30-year data are used. The results are obtained by a full long-term 
analysis.  

Similar as the extreme HS, the extreme responses based on the Winter and Year data are 
close and the SprAut prediction is slightly smaller. Mooring response seems to vary more 
significantly from year to year than the other two responses, while the stress response of the 
semi-submersible has a smallest variation due to the varying environmental conditions. 

Due to failure, mooring line tension increases 20% on average and presents more 
variations. 
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Fig. 7 Predicted annual extreme value of midship vertical bending moment of the FPSO, normalized 

by the result of all 30 years 
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Fig. 8 Predicted annual extreme value of stresses on a brace-column joint of the semi-submersible, 

normalized by the result of all 30 years 
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Fig. 9 Predicted annual extreme value of mooring line tension under the intact condition, normalized 

by the result of all 30 years 
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Fig. 10 Predicted annual extreme value of mooring line tension under the damaged condition, 

normalized by the result of all 30 years under the intact condition 
 
3.  Accuracy of the contour line method for predicting annual extreme mooring 
response 

The contour line method has been applied to determine structural responses by many 
researchers, e.g. Haver et al. [5], Meling et al. [6] and Baarholm & Moan [7]. Herein, this 
method is applied to predict the annual extreme value of mooring line tension. 

Since the contour line method actually uses an environmental contour line and does not 
depend on the response, it is crucial to establish the relevant quantile that corresponds to the 
particular response considered. 

A sensitivity study has been carried out with quantiles of 0.6-0.8 of short-term extreme 
value distribution of mooring line tension. Mean values of absolute relative errors of 
predictions based on the seasonal and yearly wave data of 30 years as a function of quantile 
are plotted in Fig. 11. The relative error is defined as the difference between the predictions 
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by the contour line method and by the full long-term analysis divided by the full long-term 
estimate. 
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Fig. 11 Mean value of absolute relative errors of the contour line method for predicting the annual 

extreme mooring line tension using SprAut, Summer, Winter and Year data, compared with the full 
long-term analysis, as a function of quantile 

 
As shown in the figure, the quantiles which give minimum errors of the contour line 

method when applying the SprAut, Winter and Year data are 0.75, 0.73 and 0.7, respectively. 
On average, the minimum error is quite small and is not sensitive to the value of the quantile. 
For instance, if the Year data are used, quantiles of 65-75% will give the relative errors less 
than 1%. In addition, if only the Summer data are applied, a higher value of quantile should 
be used for the contour line method. However, most of the sea states in summer are moderate 
sea states and do not contribute significantly to the annual extreme mooring line tension. It 
also implies that the mooring system behaves similarly under the annual extreme conditions 
of the SprAut, Winter and Year data, while different responses could be obtained by applying 
the Summer data. 

 
4.  Annual fatigue damage induced by structural responses 

The annual fatigue damage associated with the structural responses mentioned above, is 
plotted in Figs. 12-15. The Winter data has the most important contribution to the fatigue 
damage of a whole year and accounts for about 70% of the total fatigue damage, while the 
SprAut fatigue damage contributes only 30%.  Moreover, the fatigue damage in summer is 
negligible. More significant variation from year to year is observed for the fatigue damage. 
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Fig. 12 Predicted annual fatigue damage induced by midship vertical bending moment of the FPSO, 

normalized by the result of all 30 years 
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Fig. 13 Predicted annual fatigue damage induced by stresses on a brace-column joint of the semi-

submersible, normalized by the result of all 30 years 
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Fig. 14 Predicted annual fatigue damage induced by mooring line tension under the intact condition, 

normalized by the result of all 30 years 
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Fig. 15 Predicted annual fatigue damage induced by mooring line tension under the intact condition, 

normalized by the result of all 30 years under the intact condition 
 
5.  Conclusions 

Thirty years of wave data typical for a Northern North Sea site have been analyzed 
seasonally and yearly. Similar to the yearly wave data, the seasonal data show variations from 
year to year. Wave data for the winter have a strong influence on the annual extreme value of 
the significant wave height.  

The sensitivity of various structural responses to variations of the wave data has been 
studied. Both the extreme response and the induced fatigue damage of a whole year are 
governed by the winter data. Compared with the extreme values of the significant wave 
height and the structural responses, the predicted fatigue damage presents much more 
variations from year to year. 

The contour line method for annual extreme line tension prediction has been applied. 
Based on a sensitivity study on the comparison with the results of the full long-term analysis, 
this method with a quantile of about 70% gives quite accurate estimates when applying the 
yearly wave data. 
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