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ABSTRACT

In this thesis we are considering finite dimensional algebras. We
prove that any basic and indecomposable finite dimensional al-
gebra A over an algebraically closed field k is isomorphic to a
bound quiver algebra. Furthermore, if A is hereditary we prove
that it is isomorphic to a path algebra. Finally, we prove that a
path algebra is of finite representation type if and only if the un-
derlying graph of the quiver is a Dynkin diagram. This is done
using reflection functors, which were first introduced by Bern-

stein, Gel’fand, Ponomarev in [4].






SAMMENDRAG

I denne oppgaven studerer vi endelig-dimensjonale algebraer.
Vi beviser at enhver basisk og ikke-dekomponerbar endelig-
dimensjonal algebra A over en algebraisk lukket kropp k er iso-
morf med en bundet quiver-algebra. Videre, hvis A er herediteer
beviser vi at den er isomorf med en veialgebra. Til slutt beviser
vi at en veialgebra er av endelig representasjonstype hvis og
bare hvis den underliggende grafen til quiveret er et Dynkin di-
agram. Vi bruker refleksjonsfunktorer, forst introdusert av Bern-

stein, Gel’fand, Ponomarev (cf. [4]), til & bevise dette.
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INTRODUCTION

The main goal of this thesis is to prove Gabriel’s theorem, which
states that the path algebra of a quiver Q is of finite representa-
tion type if and only if the underlying graph of Q is a Dynkin
diagram.

The proofs of some well-known and basic results are skipped
to avoid writing a textbook in abstract algebra. The reader is
supposed to be familiar with some general concepts and results
from basic abstract algebra, but we will start by recalling some
important notions and results from the module theory in Chap-
ter 1. We next introduce the concepts of quivers, path algebras
and representations of quivers in Chapter 2. These concepts are
important tools when studying algebras and modules. We will
see that the representations of a quiver Q can be used to visu-
alise modules of the path algebra of Q. In Chapter 3 we will see
that different algebras are isomorphic to path algebras, or path
algebras modulo some ideal. In Chapter 4 we will introduce re-
flection functors and a quadratic form of a quiver, which will be
important in proving Gabriel’s theorem.

Throughout this thesis k will denote an algebraically closed
field, and an algebra A will denote a finite dimensional k-algebra

with an identity.






PRELIMINARIES

In this chapter we will build a basis to be used throughout the
thesis. We will recall some important notions, and create a solid

foundation of useful results.

1.1 MODULES

Definition 1.1.1. Let A be an algebra, and M # (0) a left A-
module. The module M is indecomposable it M = M; @ M, im-
plies M; = (0) or M, = (0). The module M is called a simple
A-module if M # (0) and for any submodule N C M either
N = Mor N = (0). The module M is called semisimple if it is a

direct sum of simple A-modules.

Our first result is a well-known result stating that a module
satisfying some finiteness condition on its chain of submodules
can be uniquely written as a direct sum of submodules. This
result is called the Krull-Remak-Schmidt theorem, and stresses the
importance of indecomposable submodules. We will not prove

this theorem here (cf. [3]).

Theorem 1.1.2 (Krull-Remak-Schmidt). Let M # (0) be a noethe-
rian and artinian module, that is there is no strictly ascending or de-
scending infinite chain of submodules of M. Then M can be written
uniquely (up to permutations and isomorphisms) as a direct sum of

indecomposable submodules of M.
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Now, let us introduce some special class of algebras called ba-
sic algebras. Let A be an algebra. By Theorem 1.1.2 the algebra A

can be decomposed uniquely as a left A-module as follows:

AAﬁpl@pz@---@Pn,

where P; is some indecomposable submodule of 4 A.

Definition 1.1.3. Analgebra A is called basic if P; 7 P; whenever
i #j.
Definition 1.1.4. Let A be an algebra. Then A is of finite repre-

sentation type if there exist only a finite number of isomorphism

classes of indecomposable finitely generated left A-modules.

Our next two notions are free modules and projective modules.
As we will see later a projective module is a generalization of a

free module.

Definition 1.1.5. Let A be an algebra, and let F be an A-module.
The module F is a free module if F is isomorphic to a direct sum

of copies of A.

Definition 1.1.6. Let A be an algebra, and let P be an A-module.
The module P is said to be projective if for every A-epimorphism
g : X — Y and every A-homomorphism f : P — Y, there exists
an A-homomorphism 4 : P — X such that gh = f. That is, the

following diagram commutes:

P
. f
x2 8 Y 0

It is easily observed that a direct sum of projective modules is

again a projective module.
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Lemma 1.1.7. Let A be an algebra, and let F be a free A-module. Then

F is a projective A-module.

Proof. Consider the following diagram:

0

where j; is the natural inclusion of A into coordinate i of F and
pi is the projection of coordinate i of F onto A. Since A is clearly
projective as an A-module such a map k! must exist. Then h =
Gnal hi, where h; = I o p;, so F is projective. O
i=

Lemma 1.1.8. Let A be an algebra, and let P be an A-module. Then
P is a projective module if and only if there exists a free module F such

that F ~ P @ Q for some A-module Q.

Proof. Suppose P is a projective A-module. Let g : F — P be an
epimorphism, where F is a free A-module. Let f : P — P be the
identity map, denoted by 1p. Since P is projective there exists a

homomorphism / : P — F such that gh = 1p.

P
7
/
/
3, ”
s
%/ g
F P 0

Then we get F = Im h @ ker g, and h must be a monomorphism.
That implies Imh ~ P, and hence F ~ P @ ker g.
Suppose there exists a free A-module F such that F ~ P@ Q.

Thatis, thereexistsa¢ : F — P @ Q, where ¢ is an isomorphism.
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Let g : X — Y be an epimorphism and f : P — Y be a homomor-
phism of A-modules. By Lemma 1.1.7 the module F is projective
since F is free. Hence, there exists a homomorphism i : F — X
such that ¢gh = (f,0)¢. Since ¢ is an isomorphism we obtain
gh¢~ = (f,0). Consider the natural inclusioni : P — P @ Q.
We get that ¢h¢p~1i = (f,0)i = f. Hence, P is a projective A-

module.

F ;7 P®Q——— P
|
I 3h (f.0)

|
\
X 8 Y

]

Before we continue we need to establish some notation on
idempotent elements. Let ¢1,e; € A be idempotents. Then ey, 2
are called orthogonal if eje; = epe; = 0, and an idempotente € A
is said to be primitive if e # e; + ey for any nonzero, orthog-
onal idempotents e1,e; € A. It is clear that the left A-module
Ae; is indecomposable if and only if ¢; is a primitive idempo-
tent. If a set of primitive, orthogonal idempotents in an alge-
bra A is such that they sum up to the identity of A we say that
this set is complete. If {ey,...,e,} is a complete set of primitive

orthogonal idempotents in 4A we get that it is isomorphic to

Ae1 P --- P Aey,.

Lemma 1.1.9. Let A be an algebra, {ey,...,e,} a complete set of
primitive orthogonal idempotents in A, and A = Ae1 @ - - - P Aey,
be a decomposition of oA into indecomposable submodules. Then ev-
ery projective left A-module P can be decomposed in the following
way: P = Py @ - - - @ Pr, where P; is indecomposable and isomorphic

to some Aes for every j € {1,...,t}.



1.1 MODULES

Proof. Let P be a projective module. Then by Lemma 1.1.8
there exists some free module F such that F = P& Q, for
some A-module Q. By our assumption and the definition of

n

a free module we must have F = @ (A¢)" ~ PHQ =
i=1

PO PPPOL P P Qs for some m and some s. Since

each Ae; and each P; is indecomposable the result follows from

Theorem 1.1.2. ]

Definition 1.1.10. Let A be an algebra, and let L, M, N be A-

modules. Consider the short exact sequence:

7

0—L-M-3N—0

The above short exact sequence is said to split if there exists a

homomorphism v : N — M such that rv = 1y.

Note that a short exact sequence splits if and only if there ex-
ists a homomorphism s : M — L such that su = 1, or equiva-

lently M = Imu @ kers =Imv P kerr.

Lemma 1.1.11. Let A be an algebra. Let L, M, P be A-modules such

that the following is a short exact sequence

0—L-M2P—o0. (1)
If P is a projective A-module, then the short exact sequence splits.

Proof. Suppose P is projective. Consider the identity map
1p : P — P. By the definition of a projective module there exists
a homomorphism & : P — M such that gh = 1p. Hence, the

short exact sequence (1) splits. [
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1.2 RADICALS

Definition 1.2.1. Let A be an algebra. The radical of A is the in-
tersection of all maximal left ideals in A. We denote it by rad A,

or simply r.

The radical of an algebra A is a left ideal as an intersection of
left ideals. We will see later that r is actually a two-sided ideal

in A.

Proposition 1.2.2. Let A be an algebra. For any a € A the following

are equivalent:

(i) acrad A

(ii) 1 — xa is left invertible for all x € A
(iii) aS = (0) for any simple A-module S.

Proof. (i) = (ii): Leta € rad A, and suppose by contradiction
that there exists some x € A such that 1 — xa is not left invertible.
Now, consider the ideal A(1 — xa). Since 1 — xa is not invertible
we get A(1 —xa) C A, thatis, A(1 — xa) is a proper ideal in
A. Then there must exist some maximal ideal M in A such that
A(1—xa) C M. Thisimplies 1 — xa € M. Sincea € rad A we get
by the definition of a radical that 2 € M, which implies xa € M.
But this would imply that 1 = (1 — xa) + xa € M, which is a
contradiction since M is maximal. Hence, 1 — xa is left invertible
forall x € A.

(ii) = (iii): Suppose there exists a simple A-module S such
that aS # (0). Then there must exist some nonzero s € S such
that as # 0. Now, consider the left A-module Aas, and note that
(0) C Aas C S. Since S is simple we get Aas = S. Hence, there

exists an x € A such that xas = s, which implies (1 — xa)s = 0.
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Now, since 1 — xa is left invertible, we get that s = 0. This is a
contradiction, so 1 — xa is non-invertible.

(iii) = (i): Suppose aS = (0) for any simple A-module S. Let
M be amaximalidealin A. Then A/ M s a simple left A-module,
so a(A/M) = (0) by the assumption. Denote by 14 + M the
identity element of A/M. In particular, a(14 + M) = 0, which
implies that 2 + M = 0. Then we get that 2 € M, and hence
a € rad A, since M was a randomly chosen maximal ideal in

A. ]

The next few notions and results will help us see that r =

rad A is actually a two-sided ideal in A.

Definition 1.2.3. Let A be an algebra, and M an A-module. Then
the annihilator of M is the set Ann(M) = {a € A | am =
0 forall m € M}.

Note that Ann(M) is a two-sided ideal in A.

Corollary 1.2.4. Let A be an algebra. Then r = rad A = (| Ann(S),

S
where the intersection is taken over all the simple A-modules.
Proof. Follows directly from Proposition 1.2.2. O

Hence, r = rad A is a two-sided ideal in A as an intersection

of two-sided ideals.

Lemma 1.2.5 (Nakayama’s lemma). Let A be an algebra, M a
finitely generated A-module, and I C rad A be an ideal in A. If
IM = M, then M = (0).

Proof. Let M be a finitely generated A-module and let I C rad A
be an ideal such that IM = M. Let {my,...,m;} be a minimal
set of generators of M. Then for m; € M = IM we can write

t
my = Y, Aym;, where A; € I. Hence, my — Aymy = (1 — A)my =
i=1
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t
Y. Ajm;. Since A1 € I C rad A we have by Proposition 1.2.2 that
i=2

— Aq is left invertible. Let u € A be such that u(1 — A1) = 14.

t
Then my = Y (uA;)m;. If t > 1 this implies that {my,..., m;}

=2
generates M, which is a contradiction. Hence t = 1 and m; = 0,

which implies M = (0). O
Note that any algebra is an artinian ring.

Lemma 1.2.6. Let A be an algebra. Then r = rad A is nilpotent.

Proof. Consider the following descending chain of ideals in A:

Since A is artinian, there exists an m € IN such that r = r"*+1 =

r-1r™.Since ris an A-module, and ™ C ris anidealin A Lemma

1.2.5 implies that r'" = (0), so r is nilpotent. O

Our next result is a well-known result called the Wedderburn-

Artin theorem. We state it here without proof (cf. [5]).

Theorem 1.2.7 (Wedderburn-Artin Theorem). For any algebra A

the following are equivalent:
(i) The right A-module A 4 is semisimple.
(ii) Every right A-module is semisimple.
(iii) The left A-module 4 A is semisimple.
(iv) Every left A-module is semisimple.
(v) rad A = 0.

(vi) The algebra A is isomorphic to a finite direct sum of matrix rings

over k.

An algebra A satisfying one of the equivalent statements of

Theorem 1.2.7 is called a semisimple algebra.
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Corollary 1.2.8. Let rad A be the radical of an algebra A.
(i) If I is a two-sided nilpotent ideal in A, then I C rad A.
(ii) If A/Iis semisimple, then I = rad A.

Proof. (i): Let I be a two-sided nilpotent ideal in A, thatis, I =
0 forsomem > 0. Letx €  and a € A. Then ax € I, and
(ax)" = 0 for some 0 < r < m. Hence, (1 + ax + (ax)> +--- +
(ax)""1)(1 — ax) = 1. Then by Proposition 1.2.2 we get x €
rad A since I C A. This implies I C rad A, since x was some
random element in I.

(ii): Suppose A/I is semisimple. Then rad(A/I) = (0) by
Theorem 1.2.7. We know from (i) that I C rad A, we are going
to show that our assumption implies rad A C I. Consider the
canonical homomorphism ¢ : A — A/I. The homomorphism
¢ sends rad A to rad(A/I), which is zero. Let a € rad A. Then
¢$(a) =0,s0a+1= (0). Hencea € I,sorad A C I. O

Next we define the radical of a module.

Definition 1.2.9. Let A be an algebra, and let M be a left A-
module. The radical of M is the intersection of all maximal sub-

modules of M. We denote it by rad M.
Our next result is a collection of basic properties of a radical.

Proposition 1.2.10. Let A be an algebra. Suppose L, M and N are

finite dimensional left A-modules.

(i) An element m € M belongs to rad M if and only if f(m) =
0 for every f € Homa (M, S), where S is any simple left A-

module.

(ii) rad(M@ N) = rad M@ rad N.

11
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(iii) If f € Homu (M, N) we get f(rad M) C rad N.

Proof. (i): Let f € Homu (M, S), where S is any simple left A-
module. If f = 0 it is clear that f(m) = 0 for any m € M, so
suppose f # 0. Since Im f # (0) is a submodule of S we must
have Im f = S since S is simple. Hence, f is an epimorphism.
Let K = ker f. Then M/K =~ S since f is an epimorphism. In
particular, M /K is simple, so K is a maximal submodule of M.
Suppose m € rad M. Then we must have m € K, and we get
f(m) = 0. Conversely, suppose m € M such that f(m) = 0 for
every f € Homyu (M, S). Then we have m € (;ker f, where the

intersection is taken over all f € Hom4 (M, S). For a submodule
L of M we have that L is a maximal submodule of M if and only
if M/L is a simple module. So for a maximal submodule L of
M we have M/L ~ S ~ M/ ker f for some f € Homy(M,S).
Hence, L = ker f for some f, and m € rad M.

(ii): Follows from (i) since for an f € Homuy(M@N,S)
we have f = (f1, f2), where fi € Homu(M,S), and f, €
Hom4 (N, S).

(iii): Let m € rad M. Consider a map ¢ € Homyu(N,S),
where S is a simple left A-module. Then by (i) we have that
f(m) € rad N if and only if gf (m) = 0. Since ¢f € Homy (M, S)
we get by (i) that gf(m) = 0. Then f(m) € rad N, and hence
f(rad M) C rad N. O

Lemma 1.2.11. Let A be an algebra, and rad A = r. Let M be a
finitely generated left A-module. Then rad M = rM.

Proof. Our approach here is to prove that both rM C rad M and
rad M C rM.

Letm € M, a € A and consider the homomorphism f,;, : A —
M defined by f,,(a) = am. Suppose a € rad A. Then it follows
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from Proposition 1.2.10 (iii) that f,,(a) = am € fy(rad A) C
rad M, and hence rM C rad M.

Observe that r(M/rM) = (0), and then one easily verifies
that M/rM is a left module of A/r. Consider the mapping from
(A/r,M/rM) into M /rM given by

(a+r)im+rM) =am+rM,

fora € A,m € M. Since A/r is semisimple Theorem 1.2.7 im-

plies that M /rM is semisimple. That is,

M/TM ~ S - P S,

where S; is a simple left A-module for i € {1,...,n}. The rad-
ical of any simple module is zero, and therefore Proposition
1.2.10 (ii) implies rad(M/rM) = (0). Consider the canonical
homomorphism 7 : M — M/rM. By Proposition 1.2.10 we
get m(rad M) C rad(M/rM) = (0). Thatis, rad M C kerm =
rM. O

1.3 LOCAL ALGEBRAS

Definition 1.3.1. An algebra A is called local if the set of all non-

invertible elements in A is a two-sided ideal.

Lemma 1.3.2. Let A be an algebra and r = rad A. Consider the alge-
bra B = A/r. Then for any idempotent 1 = ¢+ r in B there exists
an idempotent e € A such that e +r = g + r. We say that the idem-
potents of B are lifted modulo r.

Proof. Cf.[1] H

Proposition 1.3.3. An algebra A is local if and only if 0 and 1 are the
only idempotents of A.

13
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Proof. Suppose A islocal. Lete € A be anidempotent. Then ¢? =

e, and hence e¢(e — 1) = 0. Now we get three possible situations.

Either
(i) eisinvertible, and hencee =1,
(ii) e —11isinvertible, and then e = 0, or

(iii) both e and e — 1 are non-invertible. Now, since A is local,
this implies that e — (e — 1) = 1 is non-invertible, which is

a contradiction.

Hence, 0 and 1 are the only idempotents of A.

Conversely, suppose 0 and 1 are the only idempotents of A.
Consider the algebra A/r, which is semisimple. Then by Theo-
rem 1.2.7 there exist nq,...,1n; € N such that A/r = EtB My, (k),
where My, (k) is the matrix ring of n; X n;-matrices (;\:/l:r k. Let
I, denote the identity element in M,,(k), and consider the el-
ement ¢ = (Inl,O, ...,0) € A/r which is clearly idempotent.
Then by Lemma 1.3.2 we get that e = a + r for some idempotent
a € A. By our assumption we get possibilities: either e = 0 +r
or e = 1+ r. That is, e is either the zero element or the identity
element of A/r. Butif t > 2 the element e is neither the zero ele-
ment nor the identity element. Hence we must have ¢t = 1. Then
set n; = n. This implies A/r = My(k). Suppose n > 2. Then

consider the element

10 ...0
oo ..o
e —

00 ... 0

in A/r. The element ¢’ is an idempotent in A/r. Then again, by

Lemma 1.3.2 we must have that eithere’ = 0+rore’ =1+,
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that is either the zero element or the identity element of A/r.
But ¢’ is neither the zero element or the identity element of A/r,
and hence we must have n = 1. This implies A/r =~ k. Then, as
a left A-module A/r is simple, because dimy A/r = 1. Hence, r
is a maximal left ideal in A. Similarly, r is a maximal right ideal
in A. Then r is the only maximal left ideal and the only maximal
right ideal of A by the definition of the radical of an algebra.
Let a € A be a non-invertible element. That is, there exists no
two-sided inverse of a. However, suppose there exist by, by € A
such that byja = 1 and ab, = 1. Then by, = 1-b, = (bja)b, =
bi(aby) = by -1 = by. Hence a is invertible, which is a contra-
diction. That is, either there exists no b € A such that ba = 1
or there exists no b € A such that ab = 1. Suppose there ex-
ists no b € A such that ba = 1. Then consider the left ideal
I = (a) = {da | a € A}. Observe that | = A would imply
1 € I, which is a contradiction. Hence I C A. Thus I C r, which
implies 2 € r. Similarly, one can show that if there exists no
b € A such thatab = 1, then a € r. Hence, every non-invertible
element in A is in r. Now, what remains is to show that r is con-
tained in the set of all non-invertible elements in A. Letc € A
be an invertible element. Suppose ¢ € r. Now, this causes 1 € r,
which is a contradiction. Hence the set of all non-invertible ele-

ments in A form a two-sided ideal, and A is local. l

Lemma 1.3.4. Let A be an algebra, and let e € A be a nonzero idem-

potent. Then

(i) for a left A-module M we have Hom 4 (Ae, M) ~ eM as left

e Ae-modules.

(ii) End4(Ae) ~ eAe as algebras.

15
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Proof. (i): Let f € Homyu(Ae, M). Consider the k-linear map
¢ : Homy (Ae, M) — eM

defined by f — f(e) = f(e?) = ef(e). It is easily verified that
¢ is a homomorphism of left eAe-modules. Now consider the k-
linear map ¢’ : eM — Homy (Ae, M) defined by (¢’ (em))(ae) =
aem for a € A and m € M. This map can easily be shown to be a

well-defined homomorphism of e Ae-modules. Observe that

¢(¢'(em)) = (¢'(em))(e) = em,

so ¢’ is an inverse of ¢.

(ii): Follows directly from (i) by setting M = Ae. O

Lemma 1.3.5. Let A be an algebra and M an A-module. Then M is
indecomposable if and only if its endomorphism ring End 4 (M) is a

local ring.

Proof. Suppose M ~ N @ K, where N, K # (0) are A-modules.
Then End4 (M) contains the projection of N € K onto the first
direct summand. This projection is an idempotent, it is nonzero,
as N # (0) by assumption, and it is not 1 since K # (0). Hence,
End 4 (M) is not local by Proposition 1.3.3.

Conversely, suppose End 4 (M) is not local. Then by Proposi-
tion 1.3.3 it contains a non-trivial idempotent f : M — M. We
then claim that M = ker f@Im f. Let m € M. Observe that
Flm— F(m)) = f(m) — f2(m) = F(m) — f(m) = 0, 50 that m —
f(m) € ker f. Then we have that m = (m — f(m)) + f(m), so
M = ker f +Im f. Now we need to show thatker f NIm f = (0).
Letm € ker f NIm f. This implies f(m) = 0 and that there exists
an m’ € M such that f(m') = m. Thenm = f(m') = f?(m’) =
f(m) =0.Henceker fNIm f = (0),and M =ker f@Im f. U
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Lemma 1.3.6. Let A be an algebra. An idempotent e € A is a primi-

tive idempotent if and only if e Ae is a local algebra.

Proof. Let e be a primitive idempotent in A. It is clear that e
is primitive if and only if the module Ae is indecomposable.
Then by Lemma 1.3.5 we have that End4(Ae) is local. Hence,
by Lemma 1.3.4 we get that eAe is local.

Suppose the idempotent e is not primitive in A. Then we want
to show that eAe is not local. Since e is not primitive e = e; + e
for some nonzero, orthogonal idempotents e1,ex € A. It is clear

that eeje € eAe. Observe that
(ee1e)? = (eere)(eere) = ee(ey +ex)eje = eere = eeqre,

so eeje is an idempotent in eAe. Then we need to check if eeje

equals either 0 or e. Observe that
eere = (e1 +ep)er(e1 +e2) = ¢ = e #0,

and e; # e since ey # 0. So eAe is not local by Proposition 1.3.3.
[

The next result classifies all the indecomposable, projective A-

modules of an algebra A.

Lemma 1.3.7. Let A be an algebra, {ey,...,e,} be a complete set of
primitive, orthogonal idempotents in A, and let P be an A-module.
Then P is an indecomposable, projective A-module if and only if P ~
Ae; for somei € {1,...,n}.

Proof. Suppose P ~ Ael forsomei € {1,...,n}.Consider the de-
composition 4A = 69 Ae; of A as a left A-module. The module
AA is clearly free, and hence by Lemma 1.1.8 the module Ae; is
a projective A-module for every i. By Lemma 1.3.4 we have that

End4(Ae;) ~ e;Ae;. Since e; is a primitive idempotent Lemma

17
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1.3.6 implies that End 4 (Ae;) is local. Then, by Lemma 1.3.5 the
module Ae; is an indecomposable A-module. So, P ~ Ag; is an
indecomposable, projective A-module.

Now, let P be an indecomposable projective A-module. Then
by Lemma 1.1.9 wehave P = P; @ - - - @ P, where P; ~ Aes for
some s forevery j € {1,...,t}. Since P is indecomposable t = 1,

and P ~ Aes for some s. O



REPRESENTATION THEORY

2.1 QUIVERS AND PATH ALGEBRAS

In this section we will introduce some geometrical elements
called quivers, and based on these quivers we will construct
some special algebras called path algebras. As we will see in
Chapter 3 quivers and path algebras provide a convenient way

to visualize more general algebras.

Definition 2.1.1. A quiver Q = (Qop, Q1) is an oriented graph
where Qg denotes the set of vertices and Q; denotes the set of
arrows. We always assume both Qp and Q; finite sets. That is,

we are only considering finite quivers.

We often denote a quiver Q = (Qo, Q1) simply by Q. To each
arrow « of Q1 we associate a pair of numbers (s, t), where s(«)
denotes the source of &, which is the vertex where « starts, while
t(a) denotes the target of a, which is the vertex where « ends. A
subquiver Q' of Q is a quiver having Q) € Qp and Q] C Q4, and
forany a : i — j € Qq such that « € Q| we have that s'(«x) = i
and t'(a) = j.

Let i be a vertex in Qp. We say that i is a sink in Q if every
arrow « directly connected to i has #(«) = i. Similarly, i is called
a source in Q if s(a) = i for every arrow a directly connected to

i

Definition 2.1.2. A pathin Q = (Qop, Q1) is either

19
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(i) an oriented sequence of arrows p = a,a,_1 - - - a1, where
t(am) = s(apy1), m = 1,...,n — 1. These paths are called

the non-trivial paths.

(ii) e; for each i € Qp. These are called the trivial paths. We
define s(e;) =i = t(e;).

A path p is called a cycle if s(p) = t(p). A quiver with cycles
is called cyclic, while a quiver which contains no cycles is called
acyclic. The underlying graph Q of a quiver is obtained from the
quiver by forgetting about the direction of the arrows. A quiver
Q is said to be connected if Q is connected, that is, if there is a

path from any point to any other point of the graph.

Definition 2.1.3. Let Q be a quiver. The path algebra kQ is the
algebra having as its underlying vector space the vector space
with basis all the paths of Q. The elements of kQ are finite sums
of the form )_a;pi, where a; € k and p; is a path in Q.

i

In order to define the product of two basis elements of the
path algebra kQ, we first need to define the function Kronecker

delta.

Definition 2.1.4. The Kronecker delta is a function of two vari-

ables, defined as follows:
0 ifi#j
1 ifi=j

Now we are ready to define the product of two basis elements
of a path algebra kQ. Given two paths p; = aya, 1...a1,p; =
BmPBm—1---P1of kQ. Then the product is

PiPj = 5t(Pj)S(pi)“n“n—1 ce “I,Bm,Bm—l ... ﬁl-
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That is, the product of p; and p; is the concatenation of the two
paths if t(B,;) = s(a1) and zero otherwise. Hence, the trivial
paths e; of kQ are orthogonal idempotents of kQ for every i € Qp.
We will now see that the set of all trivial paths of a path algebra

is in fact a complete set of primitive orthogonal idempotents.

Theorem 2.1.5. Let Q be a finite quiver having n vertices. Then the

set {e; | i € Qo} is a complete set of primitive orthogonal idempotents

of kQ.

Proof. We have already seen that the ¢;’s are orthogonal idem-
potents. We need to show that ¢; is also a primitive idempotent.
Let e be an idempotent of e;kQe;. Now, study the form e must
take. We know that e must be a linear combination of trivial and
non-trivial paths starting and ending at i. That is, e = w + be;,
where w is some linear combination of cycles of length > 1 go-

ing through i, b € k. Since e is an idempotent we get
0=e’—e=w?+ (2b —Dw+ (b*> —b)e;.

For this to be true we must have w = 0 and b? = b. Thatis, b = 0
or b = 1. In the case of b = 0 we get e = 0, and in the case of
b =1 we get e = ¢;. Hence, 0 and e; are the only idempotents
of e;kQe;. Then by Proposition 1.3.3 the algebra e;kQe; is local,
which by Lemma 1.3.6 implies that e; is a primitive idempotent.

Let p be a pathin Q. Let s(p) = i, t(p) = j, where i,j € Qo.
We must show that (e; +---+e,)p=p=pler+ - +en):

(e1+--+e)p=¢ej-p=p,

pler+--+en) =p-ei=p.

n
Hence, ) e; = 1y, so {ey, ..., ey} is a complete set of primitive,
i=1

orthogoﬁal idempotents of kQ. O
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In general, we say that an algebra A is indecomposable if A can
not be written as a direct sum of two non-zero algebras. We will
now see that the decomposition of an algebra is closely related
to its idempotents. An idempotent e satisfying ae = ea for every

a € A is called central.

Lemma 2.1.6. An algebra A is indecomposable if and only if A does

not contain any non-trivial central idempotents.

Proof. 1f there exists such a non-trivial central idempotent e in
A, then the A-modules Ae and A(1 — e) can be shown to be
algebras, and A ~ Ae @ A(1 — e) is a non-trivial decomposition
as algebras.

Suppose A = A1 @ Ay, where Aj, Ay are non-zero algebras.
Consider the elements e; = (1,0) and e; = (0,1) in A. Then
e1 +ex = 14, s0 e, ey are non-trivial orthogonal idempotents in
A. Moreover, for any a = (a1,a2) € A we have ae; = (a1,0) =
era and ae; = (0,a2) = epa, SO eq, e are non-trivial central idem-

potents of A. O

Lemma 2.1.7. Let A be an algebra, and let {eq, ..., e, } be a complete
set of primitive orthogonal idempotents. Then A is indecomposable if
and only if {1,...,n} # I U] for some non-empty, disjoint sets I, |
such that fori € 1, j € | we have e;Aej = (0) = e;Ae;.

Proof. Suppose two such sets I, ] exist. Let ¢ = } e;. Since both
I, ] are non-empty we have that ¢ # 0,1. It is cjlee]ar that c is an

idempotentin A, since the ¢;’s are orthogonal idempotents. Also,
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observe that ce; = 0 = ¢;c for every i € [ and ce; = ¢; = ejc for

every j € J. Now, leta € A. Then,

ca= Zej a= Ze]-a 1= Zeja Zej-l—Zei

i<l i<t i<l e i
=Y ejaee=|) e | | ) ae
jke] IS ke
= Ye+) e | | Yae ]| =a|) e| =ac
icl i€l ke] keJ

using our assumption. So, c¢ is a non-trivial central idempotent
in A, and A is decomposable by Lemma 2.1.6.
Suppose A is decomposable. Then there exists a central, non-

trivial idempotent c € A by Lemma 2.1.6. Observe that

n n n n
c:l-c-1:<Zei>c Y ei| =) eicej =) ejce;.
i=1 i=1

j=1 ij=1

Let ¢; = ejce;. The element c; is an idempotent in e; Ae;. Since e;
is a primitive idempotent we have that e; Ae; is local by Lemma
1.3.6. Then by Proposition 1.3.3 the elements 0 and e; are the only
idempotents of e;Ae;. Hence, ¢; = ¢; or ¢c; = 0. Now, let [ = {i |
ci =0} and ] = {j | ¢; = ¢;}. Since ¢ # 0,1 we have that both
I, ] are non-empty sets, and the sets are clearly disjoint. Observe
that fori € I,j € ] we have ¢;c = 0 = ce; and ejc = ¢; = ce;.
Then, since c is central we have e;Ae; = ¢;Ace; = eicAe; = (0)

and ejAe; = ejcAe; = ejAce; = (0). O

We will now see what requirements that need to be fulfilled

in order for a path algebra to be indecomposable.

Theorem 2.1.8. Let Q be a finite quiver. The path algebra kQ is inde-

composable if and only if Q is a connected quiver.
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Proof. Suppose Q is not connected. Then there exists some con-
nected subquiver Q' of Q. Let Q" denote the subquiver of Q hav-
ing Qf = Qo \ Qp- Then neither Q' nor Q" is empty. Let p € kQ.
Then either p € kQ' or p € kQ". Leti € Q) and j € Q(. Suppose
p € kQ', then e;p = 0, and clearly e;pe; = 0. That is, there are no
paths from i to j in kQ’. Now, suppose p € kQ". Then pe; = 0,
and ejpe; = 0. Hence, there are no paths from i to j in kQ". This
implies ejkQe; = (0). Similarly, one can show that ¢;kQe; = (0).
By Lemma 2.1.7 the path algebra kQ is decomposable.

Now, let Q be a connected quiver. Suppose by contradic-
tion that kQ is decomposable. Then by Lemma 2.1.7 the set of
vertices of Q splits into two non-empty, disjoint sets Q;, Qf
such that Qy = Q[ U Qf. Also, for i € Q[, j € Qf we have
eikQe; = (0) = ejkQe;. Since Q is connected and Qp, Qy are non-
empty we can find i, j such that there exists an arrow « : i — j
(orw : j — i). Then & = ejue; is a non-zero element in e;kQe;,

which is a contradiction. Hence, kQ is indecomposable. [

Theorem 2.1.9. Let Q be a finite quiver and A be an algebra. Let
o : Qo — Aand ¢1 : Q1 — A be two maps satisfying the following

conditions:

(i) 14 = 'e% (i), ¢5(i) = ¢o(i) and ¢o(i)¢o(j) = 0 for all
1 7é j/ Z/] S QO/
(ii) for a = i — j, a« € Qq,1i,j] € Qo we have ¢1(a) =

Po ()1 (a)o(i)-
Let {e; | i € Qo} be the set of trivial paths of kQ. Then there exists a
unique algebra homomorphism ¢ : kQ — A such that ¢(e;) = ¢po(i)
forany i € Qo and ¢p(a) = ¢1(a) for any a € Q;.
Proof. Let ¢, ¢1 be two maps satisfying (i) and (ii), and let
|Qo| = n. Since {e,...,e,} U Q1 generates kQ, the maps ¢y and
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¢1 induce a map ¢ : kQ — A. We need to show that ¢ is in fact
a unique algebra homomorphism. We then need to check that
¢ preserves the identity of kQ and that it preserves the prod-
ucts in kQ, and we need to show that ¢ is actually unique. Let

&y . ..xp0q be a path in kQ. Since ¢ is respecting ¢1 we get that

P(an .. aon1) = Pp(an) - P(a)P(ar)
= ¢1(an) - P1(az) (1)

Hence, ¢ preserves the products of kQ. Equation (2) also

(2)

shows uniqueness of ¢, since for any homomorphism @ and
any path ay,...a01 € kQ we would have P(ay...a00n1) =
P1(an) - - pr(a)Pp1(a1) = ¢(ay ... apn1). Now we need to show
that ¢ preserves the identity.
P(leo) = ¢( ) ) = ), ¢lea) = ) (@) = 1a.
aeQo a€Qo a€Qo
So, ¢ preserves the identity, and hence ¢ is a unique algebra

homomorphism. O
We will now define an important ideal in the path algebra kQ.

Definition 2.1.10. Let Q be a finite quiver. Let ¢ = {all linear

combinations of non-trivial paths}.

Lemma 2.1.11. Let Q be a finite and connected quiver, and |Qg| = n.
The set ¢ isan ideal in kQ, and kQ/ 7 ~ k™.

Proof. First we need to prove that ¢ is an ideal in kQ. Let
a' =ajay+ - - +a,u, € ¢ forsomem, b’ = biey + - -+ bye,+
lin.comb. of non-trivial paths € kQ. Recall that the concatena-
tion of two non-trivial paths is either zero or a non-trivial path.

Hence,

a'b' = (ajby + - +atbl)ay + -+ (al,by + - - +al,b))am

+ lin.comb. of non-trivial paths € ¢

25
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Hence, ¢ is a right ideal of kQ. Proving that ¢ is also a left
ideal is done similarly.

Consider the map ¢ : kQ — k" such that

¢(areq + azer + - - - + aye, + lin. comb. of non-trivial paths)
- (all az,... /an)/

where g; € kfori = 1,...,n. We need to show that ¢ is a ring
homomorphism, that ¢ is an epimorphism and that ker¢ = 7.

Consider a,b € kQ, where a = ajeq + - - - + aye,+linear com-
bination of non-trivial paths,b = bye; + - - - 4 bye,+linear com-

bination of non-trivial paths.

¢(a+0b) = Pp((a1 +br)er + - -+ (an + bn)en
+ lin.comb. of non-trivial paths)
=(a+by, ..., a0+ by)
= (ay,...,an) + (b1,...,bn)
= ¢(a) +o(b)

¢(ab) = ¢p(arbreg + - - - + anbyen
+ lin.comb. of non-trivial paths)
= (a1by, ..., anby)
= (ay,...,an) (b1, ..., bn)
— p(a)p(b)
So, ¢ is a ring homomorphism. Now we need to check that ¢ is
actually an epimorphism.

Consider an element (x1,...,x,) € k. Now we need to look
for an element x in kQ such that ¢(x) = (x1,...,x,). Consider
the element x = x1e1 + - - - + xue, in kQ. Observe that ¢(x) =
(x1,...,%,), 80 ¢ is an epimorphism.

The last thing we need to do is to show that ker¢p = ¢. Let

a = aje; + - - - + aye,+linear combination of non-trivial paths be



2.2 ADMISSIBLE IDEALS AND BOUND QUIVER ALGEBRAS

an element in kQ. Suppose ¢(a) = (0, ...,0). This would imply
ay = -+ = a, = 0, which impliesa € _¢. Hence, ker¢ = 7,
and kQ/ 7 ~ k" O

The ideal ¢ is called the arrow ideal of kQ.

2.2 ADMISSIBLE IDEALS AND BOUND QUIVER ALGE-

BRAS

In this chapter we are going to study bound quiver algebras, which
are path algebras modulo some ideal. In general, we do not re-
quire for the path algebra to be finite dimensional when study-
ing these types of algebras, but in order for the bound quiver
algebra to be finite dimensional we need the quotient to satisfy
some requirements. In particular, the quotient needs to be an

admissible ideal.

Definition 2.2.1. Let Q be a finite quiver and _# be the arrow
ideal of the path algebra kQ. A two-sided ideal I in kQ is called

admissible if

for some m > 2.

If I is an admissible ideal of kQ then (Q, I is said to be a bound
quiver and the quotient algebra kQ/ I is said to be a bound quiver

algebra.

Theorem 2.2.2. Let Q be a finite quiver, and let I be an admissible
ideal of kQ. The set {e; = e;+ 1 | i € Qo} is a complete set of
primitive orthogonal idempotents of the bound quiver algebra kQ/ I.

Proof. Consider the canonical homomorphism ¢ : kQ — kQ/I.
Since ¢(e;) = e; we know by Theorem 2.1.5 that {e; = ¢; + 1| i €

27
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Qo} is a complete set of orthogonal idempotents. What remains
is to show that ¢; is a primitive idempotent for every i € Q.
By Lemma 1.3.6 we need to show that 0 and e¢; are the only
idempotents of the algebra ¢;(kQ/I)e;. Let e be an idempotent in
¢;(kQ/I)e;. We know that e must take the form e = be; + w + I,
where b € k and w is some linear combination of cycles of length

> 1 through i. Since, by assumption, e is an idempotent we get
2 _ L, .2 2 —
ec—e=w+2b—1)w+ (b —Db)e; € 1. (3)

Since [ is an admissible ideal we know by definition that I C
7%, where ¢ is the arrow ideal of kQ. Hence, we must have
b> — b = 0in (3). This implies either b = 0 or b = 1.

Suppose b = 0. Then ¢ = w + I, and hence w is an idempotent
in kQ /1. We also know that _#" C I for some m > 2, since I is
an admissible ideal. This implies w™ € I, that is, w is nilpotent
in kQ/I. Since w is both an idempotent and nilpotent we must
have that w € I, and hencee = 0in kQ/I.

Suppose b = 1. Thene = eg+w+ I, ore;—e = —w+ L.
Now, both ¢; and e are idempotents in €;(kQ/I)e;, and since ¢; is
the identity of ¢;(kQ/I)e; we get that ¢; — e is an idempotent in
¢;(kQ/I)e;. Hence, w is an idempotent in kQ/I. By the same ar-
guing as in the previous case, w is also nilpotent in kQ/I. Hence,

w € I, and consequently e = ¢;. O

Theorem 2.2.3. Let Q be a finite quiver, and let I be an admissible
ideal in kQ. Then the bound quiver algebra kQ/ I is indecomposable if

and only if Q is a connected quiver.

Proof. If Q is not connected, then the path algebra kQ is de-
composable by Theorem 2.1.8. Then we have a non-trivial cen-
tral idempotent ¢ € kQ by Lemma 2.1.6, and by the proof of

Lemma 2.1.7 the idempotent c is a sum of trivial paths in Q. Let
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v =c+ 1 € kQ/I. Then v is a central idempotent in kQ/I, and
we need to check if it is trivial. Since I C _#? we must have
c ¢ I, because otherwise I would contain a path of length zero.
Hence, - is not the zero element in kQ/I. Suppose v = 1+ I.
Then 1 — o € I. But this again implies that I contains a path
of length zero, which is contradicts I C _# 2 Hence, 7 is a non-
trivial central idempotent in kQ/I, and kQ/I is decomposable
by Lemma 2.1.6.

Let Q be connected, and suppose by contradiction that kQ/I
is decomposable. Then the proof is similar to the proof of Theo-

rem 2.1.8. O]

Next we will see how the radical of a bound quiver algebra is

connected to the arrow ideal.

Lemma 2.2.4. Let Q be a finite quiver, let ¢ be the arrow ideal of kQ
and I an admissible ideal of kQ. Then rad(kQ/I) = # /L

Proof. By the definition of an admissible ideal we have #" C I.
Hence, (_#/I)™ = (0), so # /I is a nilpotent ideal in kQ/I.
Then by Corollary 1.2.8 ¢ /I C rad(kQ/I). By Lemma 2.1.11
we have that (kQ/I)/( 7 /I) ~ kQ/ # ~ k@ ---@k. Then,
again by Corollary 1.2.8 we get # /I =rad(kQ/I). O
Corollary 2.2.5. For each | > 1, we have rad’ (kQ/1) = (_# /I)".

Corollary 2.2.6. The k-vector space rad(kQ/I)/ radz(kQ/ I =
(I/D)/(F/1)}?~ 7/ 72

2.3 REPRESENTATIONS OF QUIVERS
Definition 2.3.1. A representation (V, f) of a quiver Q = (Qop, Q1)

over a field k is a collection of k-vector spaces {V;}ico, and k-

linear maps fy : V; — V; for each arrow a : i — j. We always
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assume that dimy V; < oo for all i € Q. That is, we are only

considering finite dimensional representations.

Definition 2.3.2. Let Q be a finite quiver and V =
(Vi, fa)icQoacq, be a representation of Q. Let p = ;... a7 be
a non-trivial path from i to j in kQ. Then we have a k-linear map

from V; to V; defined as follows:

fo = fu o fua-

Let Q be a quiver, and V' = (V, fa)icQ,nc, denote its rep-
resentation. We will now see what the corresponding represen-
tation of the bound quiver (Q, I) looks like, where I is an ad-
missible ideal in the path algebra kQ. Let W = (W, §a)icQyac0;
denote the representation of (Q,I). Then W; = V; for all i € Qy,
while the linear maps are bound by I. Thatis,if p = a;... a7 € I
we have that

8 =8 8y =0
Definition 2.3.3. Let V= (V; fa)icguueo, and V' =
(V) fa)icQoncq, be two representations of a quiver Q. A homo-
morphism h : V. — V' is a collection of linear maps h; : V; — V/
for every i € Qq, such that foralla : i — j € Q; the following

diagram commutes:

Vi——V
i I

3 /

Vi— VY

Thatis, hjo fy = fy o h;.

Definition 2.3.4. Let V be a representation of some quiver Q.
Then the representation V' is called an indecomposable representa-
tion of Qif V.= V'@ V" implies V' = (0) or V' = (0) for any

representations V’/, V" of Q.
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If Q is a finite and connected quiver, there exists a connection
between the isomorphism classes of representations of a bound
quiver (Q, I) and the isomorphism classes of finite dimensional
left kQ/I-modules. We will describe the connection here, how-

ever we will get a deeper understanding of it in section 2.4.

Lemma 2.3.5. Let Q be a finite and connected quiver. Then there ex-
ists a one-to-one correspondence between the isomorphism classes of
representations of a bound quiver (Q, I) and the isomorphism classes

of finite dimensional left kQ/ I-modules.

Proof. Let A =kQ/I, n =|Qp| and let {ey, ..., e, } be a complete
set of primitive orthogonal idempotents in A. For & € Qq, let
& = « + I be the corresponding element in A.

First, we will see that every representation corresponds to a
unique finite dimensional A-module. Given a representation of
(Q,1),say V = (Vj, fa)icQyucq,, the corresponding A-module
is M = @ Vi. Now we need to check that M actually has an
A—modullingcructure, and we need to show that M is annihilated

by I. Let m = (vy,...,v,) be an element of M. The action of the

basis elements ¢; and & of A on m is defined as follows:

em=(0,...,0;,...,0) foralli € Qy
am = (0,..., fu(vi),...,0),

where the nonzero element in am is placed in the j-th coordinate
(¢ : i — j), and f, is the linear map from V; to V; in the rep-
resentation V. Hence it is easy to see that M has an A-module
structure. Let p € I.Itis clear that pm = (0) by the way the basis
elements of A act on m.

Conversely, let M be a finite dimensional left A-module. Then
the corresponding representation V = (V;, fx)icQ,aco, has V; =

e;M as its vector space at vertex i. Consider a : i — j € Qy. Then
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fa : Vi = Vjis given by left multiplication with @ = a + I. That

is, fu(ejm) = we;m for any element m € M. Since M is an A-
n

module, f, is a k-linear map. Letp = )} bywy € I, where by € k
=1

xX=
and wy = Ky - - - Ay o0y 1 is @ path from a to b in Q. Then
n
m) = Z bxfwx(eam
x=1
n
- Z bxf"‘x,s o 'fl"x,l (eﬂm)

n
Xy [Xx 1€aM

Z

( x“x s° T,l) e,m
= peq

=0

It can easily be shown that this correspondence is one-to-one.

]

We will see in Chapter 3 that every basic and indecomposable
algebra can be represented as a bound quiver algebra. Therefore
this connection makes representations of quivers an important
tool in studying modules of algebras.

By Lemma 2.3.5 it is clear that the simple kQ/ I-modules must
correspond uniquely to some representation of (Q,I). It can
be shown that the representations corresponding to the simple
kQ/I-modules are the following. For each i,j € Qp let S(i) de-

note the representation (5(7);, ¢x), where

0 ifj#i

koifj=i

S(i); =

and

¢o =0foralla € Q.
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Throughout the thesis, we choose to let S(i) denote the sim-
ple representation, having vector spaces and linear maps as de-
scribed, of all quivers Q having Q as its underlying graph. We

are aware that this is a small abuse of notation.

2.4 CATEGORIES AND FUNCTORS

Definition 2.4.1. A category € consists of

(i) a collection of objects, Obj(%),

(ii) for each pair B,C € ODbj(¢) a set of morphisms
Homg (B, C) such that for each B, C, D € Obj(%’) thereis a

composition map
Homy (C, D) x Homy (B, C) — Homy (B, D)
(8 f)—8of

(4)

satisfying the following;:

(a) for each object B € Obj(%’) there exists a morphism
1p € Homy (B, B) such that

1lpo f = fforall f € Homy (D, B) )
golp=gforall g € Homy(B,C)

(b) the associative law is satisfied, thatis (fog)oh =
fo(goh) for every triple h € Homy(B,C), § €
Hom¢ (C, D), f € Homy (D, E) of morphisms.

Example 2.4.2. Here we present some examples of categories.

Let A be an algebra, Q a finite and connected quiver and I an

admissible ideal in kQ.

(i) The category of left A-modules, denoted Mod A. The ob-
jects of this category are left A-modules, while the mor-

phisms are A-homomorphisms.
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(ii) The category of finitely generated left A-modules, de-
noted mod A. The objects of this category are finitely
generated left A-modules, while the morphisms are A-

homomorphismes.

(iii) The category of representations of the bound quiver (Q, I),
denoted rep, (Q, I). The objects of this category are repre-
sentations of (Q, I) over k, and the morphisms are homo-

morphisms of representations.

(iv) The category of representations of the quiver Q, denoted
rep, Q. The objects of this category are representations of
Q over k, and the morphisms are homomorphisms of rep-

resentations.

Definition 2.4.3. Let € be a category. A category ¥ is a subcate-
gory of € if Obj(Z) C Obj(%¥'), and for every pair B, C € Obj(2)
we have Homy(B,C) € Homy(B,C), and the composition in
2 1is the restriction of the composition in ¢. The category ¥ is
a full subcategory of € if Homg(B,C) = Homy (B, C) for every
pair B, C € Obj(2).

Definition 2.4.4. Let ¢’ and Z be two categories. A covariant func-
tor (or simply functor) F : € — 2 associates to each B € Obj(%)
an object F(B) € Obj(Z), and to each morphism f : B — Cin ¢
a morphism F(f) : F(B) — F(C) in Z such that

(i) F(go f) = F(g) o F(f) for all composable f,g € €,

Definition 2.4.5. A category ¥ is preadditive if Hom¢ (B, C) is an
abelian group for all B,C € Obj(%) and the composition map
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Homg (C, D) x Homy(B,C) — Homg (B, D) is bilinear. That is,
for f, f1, f» € Homy(C, D) and g, g1, 3> € Homy (B, C) we have

(fitfa)og=(frcg) +(f208)
folg1+82) = (fog)+(fog)
If A is a commutative algebra and Homg¢(B,C) is an A-

module for all B,C € Obj(%) and the composition map is A-
bilinear, then the category ¢ is called an A-category.

Definition 2.4.6. Let 4 and % be two preadditive (A-)categories.
Then a functor F : € — & is an additive (A-)functor if the map
F : Homy(B,C) — Homgy(F(B),F(C)) is a homomorphism of
groups (A-modules) for all pairs B, C € Obj(%).

Definition 2.4.7. Let ¢ and % be two k-categories, and F : € —
2 be a functor. Then F is called k-linear if F is additive, and
for all objects A,B € Obj(%¢) the map F : Homy(A,B) —
Homgy (F(A),F(B)) is a k-linear map.

Definition 2.4.8. Let ¢ and  be two categoriesand F : ¢ — &
be a functor. Then F is an equivalence of categories if there exists a

functor H: 9 — ¢ suchthat Ho F ~ idy and F o H ~ id 4.

The one-to-one correspondence from Lemma 2.3.5 can now be

expressed as an equivalence of categories.

Theorem 2.4.9. Let A = kQ/ I, where Q is a finite and connected
quiver, and 1 is an admissible ideal in kQ. Then there exists a k-linear

equivalence of categories
F:mod A — rep,(Q,I).

Proof. In Lemma 2.3.5 we described a one-to-one correspon-
dence between the isomorphism classes of finitely generated

A-modules and the isomorphism classes of representations of
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the bound quiver (Q,I). Now we need to define the functors
F:mod A — rep,(Q,I) and H : rep;(Q, ) — mod A such that
we get an equivalence of categories.

The action of F and H on the objects of mod A and rep,(Q, I),
respectively, are as in Lemma 2.3.5. We only need to define their
actions on the morphisms of the respective categories.

Let B,C € mod A, and ¢ : B — C be an A-homomorphism.
We now want to define a morphism F(¢) : F(B) — F(C) of

rep, (Q, I).
¢

B————C

F F
F(B)----=F(C)
Let i € Qp, and consider the element x = xe; € Be;. Then

we have ¢(x) = ¢(xe;) = ¢(xef) = ¢p(xei)e; = Pp(x)e; € Cey.
Hence the restriction of ¢ to Be;, let us call it ¢;, is a k-linear
map from Be; to Ce;. We then define F(¢) = (¢i)icq,- Let
F(B) = (Vi fa)icquueq, and F(C) = (V/, fa)ieqyacq,- Consider
a2 i — j € Qo We then need to check that fi¢; = ¢;fu. Let
x € Be;. Then

ifu(x) = ¢j(ax) = wp(x) = api(x) = fagpi(x).
Now, it is not too hard to verify that the functor F is k-linear.
Let V.= (V;, fu)iegpacay, V' = (Vi) fa)icqyueq, be two objects
in rep, (Q, I), and let (¢;)ico, be a homomorphism of represen-
tations. We now want to define an A-homomorphism
H(¢): H(V) — H(V").

(¢i)icq,

V %4

H(V)- - - - =H(V)
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We know that H(V) = @ Viand H(V') = @ V/ as k-vector
i€Qo i€Qo
spaces, and hence there exists a k-linear map

¢ = (¢i)icg, : H(V) = H(V').

To complete the proof we need to show that ¢ is an A-
homomorphism. It is trivially checked that for any x,y € H(V)
we have ¢(x +v) = ¢(x) + ¢(y). To finish the proof we only
need to check if ¢(wx) = w¢(x) for every w = w+1 € A,
x € H(V). Itis enough to consider one coordinate of x, say x;

for some i € Qp. We have that

P(@x;) = Pfw(xi) = Pifw(xi) = fopi(xi) = TP(x).

Hence ¢ is an A-homomorphism. One can easily verify that the
functor H is k-linear.

Using the definition of the functors, observe that FH =~
idrepk(Q, 1y and that HF =~ idpoq 4, and hence F is an equivalence

of categories. O

Corollary 2.4.10. Let A = kQ, where Q is a finite, connected and

acyclic quiver. Then there exists a k-linear equivalence of categories
F :mod A — rep, Q.

Proof. Since Q is acyclic, the path algebra A = kQ is finite di-
mensional. Hence the result follows from setting I = (0) in The-

orem 2.4.9. O]

Let A be an algebra. The next result describes the indecom-
posable projective left A-modules in terms of its corresponding

representations.

Lemma 2.4.11. Let (Q, I) be a bound quiver and let A = kQ/ I. For
ani € Qy, let P(i) = Ae; denote the corresponding indecomposable

projective left A-module.
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Let (P(i);, ¢u) denote the corresponding representation of the
left module P(i). Then P(i); is the k-vector space with basis
ejAe; for every i,j € Qo, that is the set of all paths from i to
j. Consider an arrow & : j — | € Qq, where j,1 € Qo. Then the
k-linear map ¢y : P(i); — P(i); is given by left multiplication
withw = o + L.

Let (P'(i);, ¢y) denote the representation corresponding to
rad P(i). Then P'(i); = P(i); for j # i, P'(i); is the k-vector
space with basis all cylces through i. The k-linear map ¢}, = P
for any arrow w starting in j # i and ¢, = P . for any

arrow starting in i.

Proof. Follows from the functor defined in Theorem 2.4.9. O



PRESENTING ALGEBRAS AS PATH ALGEBRAS

In the previous chapter we saw that representations of quivers
are useful tools for visualising modules. In this chapter we will

see that quivers can also be used for visualising algebras.

3.1 BASIC ALGEBRAS AND PATH ALGEBRAS

The main purpose of this section is to show that any basic and
indecomposable algebra A is isomorphic to a bound quiver al-
gebra.

We start by associating to each basic and indecomposable al-
gebra A a quiver Q 4. We call this quiver the ordinary quiver of A,

and it is defined as follows:

(i) The vertices of Q 4 are defined by considering a set of prim-
itive orthogonal idempotents of A, say {e1, €2, ...,e,}. The
vertices are in one-to-one correspondence to the idempo-

tents of A, so that (Q4)o = {1,...,n}.

(ii) Given two vertices i,j € (Qa)o. The arrows & : i — |
of Q4 are in one-to-one correspondence to the vectors in

some basis of the k-vector space ej(rad A/ rad® A)e;.

Note that since A is a finite dimensional algebra, Q4 is a fi-
nite quiver. The quiver Q4 does not depend on the chosen set
of primitive orthogonal idempotents. We will see later why we
chose to define the vertices and arrows of Q 4 in this way. It will

turn out to be quite convenient.
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Lemma 3.1.1. Let A be a basic and indecomposable algebra. Then the

ordinary quiver Q 4 of A is connected.

Proof. Suppose Q4 is not connected. Then (Q 4)o splits into two
non-empty disjoint sets I, | such that for i € I, j € | there is no
arrow & : i — jora : j — i. It can be shown that e;Ae; = (0) =
ejAe; (cf. [1]). Hence A is decomposable by Lemma 2.1.7, which

is a contradiction. It follows that Q 4 must be connected. [

We will now see that if a basic and indecomposable algebra A
is isomorphic to kQ/I for some quiver Q and some admissible

ideal I, then Q = Q4.

Lemma 3.1.2. Let Q be a finite and connected quiver, I an admissible

ideal of the path algebra kQ and A ~ kQ/I. Then Q = Q4.

Proof. By Theorem 2.2.2 the set {¢; = ¢;+ 1 | i € Qp} is a com-
plete set of primitive orthogonal idempotents of kQ/I. That is,
by the way the vertices of Q4 were defined, the vertices of Q4
are in a one-to-one correspondence with the vertices of Q. Con-
sider the way we defined the arrows of Q 4. These arrows are in
a one-to-one correspondence with the arrows of Q by Corollary
2.2.6. Since a quiver is uniquely defined by its sets of vertices

and arrows we conclude that Q = Q4. Il

Lemma 3.1.2 explains why we chose to define the vertices and
the arrows of Q 4 the way we did. The next theorem is the main

theorem of this section.

Theorem 3.1.3. Let A be a basic and indecomposable algebra. Then
there exists an admissible ideal I in kQ 4 such that A ~ kQ /1.

Proof. Our approach here will be to construct a homomorphism
¢ : kQuq — A, to show that ¢ is onto, and that ker ¢ is an admis-
sible ideal I in kQ 4.
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By Theorem 2.1.9 we know that there exists a unique algebra
homomorphism ¢ : kQ4 — A if we can find two maps
$o : (Qa)o — A, ¢1 : (Qa)1 — A satisfying some condi-
tions. So we first need to construct such maps ¢y, ¢;. For each
arrow « : i — jin (Qa)1, choose x, € rad A such that the
set {x, +rad’A | & € (Qa)1} forms a basis of the algebra
ej(rad A/ rad> A)e;. Let ¢y be defined by ¢o(i) = e; for all
i € (Qa)o, and let ¢ be defined by ¢p(a) = x, forall e € (Qu)1.
Now we need to check that ¢, ¢; satisfies condition (i) and
(ii) of Theorem 2.1.9. By the way ¢y was defined and by The-
orem 2.1.5, the elements ¢ (i) form a complete set of primitive
orthogonal idempotents in A, hence condition (i) of Theorem
2.1.9 is satisfied. If « : i — j we have ¢o(j)¢p1(a)do(i) = ejxqe; =
Xo = ¢1(a), so condition (ii) of Theorem 2.1.9 is satisfied. Then
by Theorem 2.1.9 there exists a unique algebra homomorphism
¢ 1 kQ4 — A that respects ¢p and ¢.

Now we need to show that the homomorphism ¢ just con-
structed is a surjective homomorphism. Since the image of ¢,
Im ¢, is generated by the set {¢;, x4 | i € (Qa)o, & € (Qa)1}, it
follows from the classical Wedderburn-Malcev Theorem (cf. [5])
that ¢ is surjective.

Lastly, we need to show that ker ¢ is an admissible ideal in
kQa.Let ¢ be the arrow ideal in kQ 4. Because of the way ¢ was
constructed we know that ¢(_#) C rad A, and hence ¢(_#') C
rad’ A for every | > 1. Since rad A is nilpotent rad” A = (0)
for some m > 1, and hence #" C ker¢. Next we claim that
kerp C _#2. Let x € ker ¢. Now, study the form x takes.

X = Z bie; + Z bax + 7§, (6)
i€(Qa)o x€(Qa1

where b;, b, € k, {e; | i € (Qa)o} is the set of trivial paths in kQ 4

and j € _#2. In order for our claim to hold we must show that
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bj = by =0foranyi € (Qa)o, « € (Qa)1. Since x € ker ¢ we

must have

0=¢(x)= Y bigo()+ Y baxa+¢()).
i€(Qa)o a€(Qa

We know that x, € rad A for all « € (Qg)1 by the definition of
¢, so we get that

Y. bigi=— Y buxe—¢(j) €rad A
i€(Qa)o a€(Qa

Since rad A is nilpotent by Lemma 1.2.6, and since {¢; = ¢; +
I]i€ (Qa)o}is a set of primitive orthogonal idempotents by
Theorem 2.2.2, we get that b; = 0 for every i € (Q4)o. Hence,

Y bexe = —¢(j) € rad® A.
a€(Qa1

and,

Y ba(xg+rad®A) =0
w€(Qa

inrad A/ rad? A. But, by construction, the set {x, + rad® A | a €
(Qa)1} is a basis of e;(rad A/ rad? A)e;. Hence, we must have
by = 0. Now, since b, = b, = 0 we see from equation (6) that
x = j € #? and since x was some arbitrary element in ker ¢,
we get that #™ C ker¢ C _#2. Hence, the ideal I = ker ¢ is an
admissible ideal in kQ 4. H

3.2 HEREDITARY ALGEBRAS

In section 3.1 we saw that any basic, indecomposable algebra
A is isomorphic to a bound quiver algebra. We will here study
which requirements that need to be fulfilled for a basic and inde-
composable algebra A to be isomorphic to a path algebra. That

is, under which circumstances is A isomorphic to kQ for some
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tinite, connected, acyclic quiver Q? We will here see that A is of

this form if and only if it is hereditary.

Definition 3.2.1. An algebra A is called left hereditary if every left

ideal of A is projective as an A-module.

A right hereditary algebra is defined similarly. A well-known
result from homological algebra states that in the case of a left
and right noetherian algebra, an algebra is left hereditary if and
only if it is right hereditary. In particular, this applies to all the
algebras we will consider, and therefore we will just call them

hereditary.

Lemma 3.2.2. Let A be a hereditary algebra. Then every submodule

of a free A-module is isomorphic to a direct sum of left ideals in A.

Proof. Let L be a free A-module, and let {¢) | A € A} be its basis.
Consider a submodule M of L. We then need to show that M is
isomorphic to a direct sum of left ideals in A. We may assume,

without loss of generality, that the index set A is a well-ordered

set. Then foreach A € A, let L), = EB Aey. Observe that Ly = 0
u<A
and Ly, = Aey @ Ly. Letx € MN Lyyq1. Then x is of the form

x = aey, +y, wherea € A,y € L, and this representation is

unique. Thus, we may define an A-homomorphism
farMNLyyy — A
given by x — a. Hence, we can construct a short exact sequence
0— MALy — MN Ly 25 Tmfy — 0 %)

Because Im f) is a left ideal in A, it is projective since A is hered-
itary. Then by Lemma 1.1.11 the short exact sequence (7) splits.

Hence, there exists an f} : Im fy — M N L, such that

MN L)y = ker f) @Imf)’\.
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Then there exists a submodule N, of M N L)1 such that N, ~

Im f} and

MN Ly :kerfA@NA:MﬁL;\@NA.

We start by proving that M = )5 N, = N, and then we will
complete the proof by proving th/;%/t\his sum is direct. Since L =
U L) we have for each x € Laleast A € Asuchthatx € L) ;.
)]\DGelilote this index by px. Suppose by contradiction that N C M,
that is, N is a proper subset of M. Then there exists an element
x € M such that x ¢ N. Let p denote the least p, such that
x € M, but x ¢ N. Choose an element y such that 3, = u. Then
y € M,buty ¢ N.Hence,y € MM L, 1, and y takes the form
y=u+v,whereu € MNLy, v €& Ny Thereforeu =y —v e M.
Since y was chosen such that y ¢ N we must have u ¢ N to
avoid a contradiction. But since u € M N L, we get that i, < pu,
sou € N. This is a contradiction,so M = N,or M = Y N,.
Now, what remains is proving that M = ) N, )E/zi direct
sum. Suppose x1 +---+x, = 0 for x; € N Ajt.e\//\\/e can assume,
without loss of generality, that Ay < --- < A,. We must show
that then x; = 0 for every i. We getthat x; + - - - +x,_1 = —x, €
(MNLy,)NN,, = (0),s0x, = 0.Continue similarly to see that

x; = 0 for every i. Hence, M = @ N,. ]
AEA
Proposition 3.2.3. Let A be an algebra. The following are equivalent:
(i) The algebra A is hereditary.
(ii) Every submodule of a projective left A-module is projective.

(iii) The radical r = rad A is a projective left A-module.

Proof. Here we will only prove (i) = (ii) and (ii) = (iii). For
the proof of (iii) = (i), see [2].
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(i) = (ii): Suppose A hereditary. Let P be a projective left A-
module, and let Q C P be a submodule of P. We want to show
that Q is a projective module. By Lemma 1.1.8 there exists a free
module F and some A-module R such that F = P& R. Hence,
P is a submodule of the free module F. Since Q is a submodule
of P we must have that Q is a submodule of F as well. Then by
Lemma 3.2.2 we have Q ~ I} @ - - - @ I, where [; is a left ideal
in A for j = 1,...,n. The ideals I; are all projective modules
since A is hereditary. Hence, Q is a projective module.

(ii) = (iii): Suppose every submodule of a projective left A-
module is projective. Then we need to find a projective left mod-
ule P such that r C P is a submodule. The radical r C A is an
ideal in A, and hence r is an A-module. Consider 4 A, that is
A considered as a left A-module. Then r is a submodule of 4 A.
Since 4A is a projective left A-module, r is a projective left A-

module. O

Lemma 3.2.4. Let A be an basic, indecomposable and hereditary alge-

bra. Then the ordinary quiver Q 4 of A is acyclic.

Proof. By Lemma 3.1.1 we have that Q4 is connected, so we can
find i,j € (Qa)o such that there exists an arrow « : i — j. Then
by definition we get that e;(r/r?)e; # (0). Let & be a nonzero

element in ¢;re;. Then we have a nonzero A-homomorphism
fa : Ae; — Ae]-

defined by left multiplication with @.

Since Ae; is an indecomposable projective module Proposi-
tion 3.2.3 implies that Im f, is projective. Hence the short exact
sequence

0 — ker fy = Ae; =+ Im f, — 0
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splits by Lemma 1.1.11, and Ae; ~ ker f, @Im f,. Since Ae; is
indecomposable and Im f, # (0) we must have ker f, = (0).
Hence, f, is a monomorphism. Since A is basic we know that f,
is not an isomorphism.

Now suppose there exists a cycle in Q4 going through i.
Then clearly f = fu, - fs, is a monomorphism since f,, is a
monomorphism for every s € {1,...,t}. Thatis, f : Ae; — Ae;
is a monomorphism, but not an isomorphism, which is a contra-

diction. Therefore, Q 4 is acyclic. O

Lemma 3.2.5. Let Q be a finite, connected and acyclic quiver. Then

the path algebra kQ is hereditary.

Proof. By Proposition 3.2.3 it is enough to show thatr = rad(kQ)
is a projective kQ-module.

Itisclear thatr =7 -1xo =r(e1 +--- +ey) =re1 P - - - Prey.
Now, if we can show that re; is projective foreveryi € {1,...,n}
we get that r is projective. The set of all non-trivial paths start-
ingini, = {p | s(p) = i}, is a basis of re;. Let ay,...,a; be
the arrows in Q; such that s(a;) = i forj = 1,...,t. Then any
element p € #is of form p = quj, j € {1,...,t}, where g is any

path satisfying s(q) = t(«;). Hence we have
t t
re; = @ert(aj)“j ~ @ert(aj)‘
j=1 j=1

Since kQ = kQ - 1o = kQ(e1 + - +en) = kQe1 P - - - P kQey
as a kQ-module, we get from Lemma 1.1.8 that kQe; is a projec-
tive module fori = 1,...,n. Hence, re; is a projective module for
every i as a direct sum of projective modules. So, r is projective,

and hence kQ is hereditary by Proposition 3.2.3. O

Lemma 3.2.6. Let Q be a finite, connected and acyclic quiver and

I C kQ an admissible ideal. Then kQ/I is not hereditary if I # (0).
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Proof. Let A = kQ/I. We identify with each of the idempotents
e; € A the residue class of the trivial path ati,e; = ¢; + I. In
Lemma 2.4.11 we saw that the indecomposable projective mod-
ules P(i) = Ag; can be described in terms of its corresponding
representation in the following way: P(i) = (P(i);, ¢a). The k-
vector space P(i); is the k-vector space having as its basis all
paths w = w + I where w € kQ is a path from i to j. Let
a :j — I € Q1. Then the k-linear map ¢, : P(i); — P(i); is given
by left multiplication with @ = a + I. The dimension of e;jkQe;,
dimy (ejkQe;), equals the number of paths from i to j in Q, denote
this number by w(i, j). Hence dimy ¢;P(i) = w(i, ) — dimy ¢;le;.
We are going to use this equation to prove that if A is hereditary
we must have I = (0).

If A is hereditary, suppose by contradiction that I # (0). Since
Q is acyclic we can number the vertices of Q in such a way that
if there exists an arrow from x to y we have x > y. (Such a num-
bering is called an admissible numbering.) Then there is a least
number i such that there exists some j € Qo with ejle; # (0).
By Lemma 2.4.11 we get that rad P(i) # (0). Since A is heredi-
tary rad A is projective by Proposition 3.2.3. Hence rad P(i) is
projective, and then by Lemma 1.1.9 we get that rad P(i) ~
P(jh)"&@---PP(j:)™ for some t > 1, where jy, ..., j; € Qo and
ni,...,ne € N. It can be shown that {jy,...,ji} is the set of all
successors of i, that is, all vertices which is such that there exists
an arrow « : i — js, s € {1,...,t}. This implies that i > j;, and
by the minimality of i we know that e;le;, = (0). It is also possi-
ble to show that n; is the number of arrows from i to js in Q; for

s=1,...,t. We have that

dimy ¢;P(js) = dimy ejAej, = w(jfs, f),
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for every j and every s. It follows that

t t
dimy ej(rad P(i)) = Y ny dimg e;P(ju) = Y 1 (jim, f)
m=1 m=1

= w(i,j) > w(i,j) — dimge;le; = dimy e;P(i)

which is a contradiction since rad P(i) C P(i). Hence, I = (0).

O

Theorem 3.2.7. Let A be a basic and indecomposable algebra. Then
A ~ kQ if and only if A is hereditary.

Proof. Suppose A is hereditary. By Theorem 3.1.3 we get A ~
kQa/1 for some admissible ideal I in kQ 4. Since A is heredi-
tary, basic and indecomposable Lemma 3.1.1 and Lemma 3.2.4
implies that Q 4 is finite, connected and acyclic. Then I = (0) by
Lemma 3.2.6, and thus A ~ kQ 4.

Conversely, suppose A ~ kQ4. Then A is hereditary by
Lemma 3.2.5. [



ALGEBRAS OF FINITE REPRESENTATION TYPE

4.1 DYNKIN DIAGRAMS

In this thesis certain quivers will be of particular interest. We
will be particularly interested in the quivers whose underlying
graph is a Dynkin diagram. As we will see in section 4.4 a
path algebra is of finite representation type if and only if its
underlying graph is a Dynkin diagram. We will present the

Dynkin diagrams here.

Ay ° e ... o . ° n>1
1 2 3 n—2 n-—1 n
1
°
D, \o e .- o ° ° n>4
.///3 4 n—2 n-—1 n
3
°
Eq ° ° ° °
1 2 4 5 6
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3
°
E, ° ° ° ° °
1 2 4 5 6 7
3
°
Eg ° ° ° ° ° °
1 2 4 5 6 7 8

We shall see in Theorem 4.2.8 that the requirements for a path
algebra to be of finite representation type only depends on the
underlying graph of the path algebra. It follows that the orienta-
tion of the underlying quiver is insignificant. Motivated by this
fact we will now describe a way to express different quivers hav-

ing the same underlying graph.

Definition 4.1.1. Let Q = (Qp, Q1) be a finite and connected
quiver having n vertices. For every vertex i € Qo, let ;Q =
Q" = (Qp, Q}) be the quiver having Q; = Qo, but all arrows in
Q1 having i either as its source or target are reversed in Q}. De-
note the set of vertices having i either as its source or target by
&;. There exists a bijection Q1 — Q] such that each « € Q; corre-
sponds to some &’ € Q}, where a’ is described in the following
way:

(i) ifs(a) #iand t(a) # i, thent(a’) = t(a) and s(a’) = s(a),

(ii) ifs(a) =iort(a) =i, thens(a’) = t(a) and t(a’) = s(a).

We call the quiver Q' = 0;Q the reversed quiver of Q with respect

to vertex i.
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In the proof of Lemma 3.2.6 we defined an admissible num-
bering of the vertices of a quiver. We will now study a further
property of the admissible numbering. Let a4, ...,a, be an ad-
missible numbering of the vertices of an acyclic quiver Q, hav-

ing a; < aj fori < j. Then we have that
(i) apisasinkin Q, and
(ii) ajisasinkin oy, , ...0, Q forevery 2 <i < n.

The set {ay,...,a,} is called an admissible sequence of sinks in Q.
Note that {ay,...,a,} is an admissible sequence of sinks in Q if
and only if a4, ..., a, is an admissible numbering. Similarly, we

have that
(i) ay is asource in Q, and
(ii) a; is a source in Oajpq - .05,Q foreveryl1 <i<mn-—1.

The set {ay, ..., a1} is then called an admissible sequence of sources

in Q.
4.2 REFLECTION FUNCTORS

Motivated by the previous section we now define some functors,
called right reflection functors and left reflection functors, between
the category of representations of a quiver Q and the category
of representations of the reversed quiver with respect to some

sink/source of Q.

Definition 4.2.1. Let Q be a finite and connected quiver, let a
be a sink in Q and Q' = 0,Q. Let & = {ay,...,an}. The left
reflection functor S : rep, Q — rep, Q' is a functor defined as
follows. Let V' = (V}, fa)icQ,ncQ, Pe an object in rep; Q. Then
S (V) =W = (Wi, 8u)icqyacq, Where



52 ALGEBRAS OF FINITE REPRESENTATION TYPE

(i) W; = V; for all i # a. To define W,, first consider the
mapping i : @ Vi, — Vi defined by h(vy,...,0,) =

IXZ‘E&;

fay (v1) + -+ - + fa,(vy). Then W, = ker h.

VS(M)
%
Va
f“n
VS("‘n)

(ii) go = faforalla ¢ &,.If a € &, then g, = 7 01, where 7T is
the projection and : the embedding defined by the follow-
ing sequence:

Wo — B Vi) = Vetw)

L

Let ¢ = {¢i}icq, : V — V' be a morphism in rep, Q, where
V = (Vi fa)icquueq, and V' = (V}, fi)icqyacq,- Then S (¢) is
defined to be p = {pi}ticq, : Si (V) = W = SS (V') = W/,
where p; = ¢; for all i # a, and p, is the unique k-linear map

such that the following diagram commutes:

0 Wa - @ VS(“) Va
| lxega
|
|

Pa, agaff’s(a) b

|

0 W LV, " V]
“ aes, s(@) “

In a similar way we define the right reflection function S, :

Definition 4.2.2. Let Q’ be a finite and connected quiver, let a be
a source in Q" and Q = 0,Q". Let & = {ay,...,an}. The right
reflection functor S; : rep, Q" — rep, Q is a functor defined as
follows. Let W = (Wj, §u)icqy aeq; be an object in rep, Q'. Then
Sa (W) =V = (Vj, fa)ieQyueq,, where
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(i) V; = W for all i # a. Consider the mapping /1 : W, —

Dusce, Wiie,) defined by h(w) = (gu,(w),.., g, (w)).

ThenV, = @ W,/ Im /1 = coker h.
€€,

(ii) fo = guforalla ¢ &, If a € &, then f, = Tov, where
T is the projection and v the embedding defined by the
following sequence:

Wiw) = B Wiwy) — Va
aieé’g
Let ¢’ = {¢i}icq, : W — W' be a morphism in rep; Q', where
W = (W, ga) and W = (W], g}). Then S; (¢) is defined to be
o' =Apiticq, : Sa (W) =V = S (W) = V', where p; = ¢;
for all i # a, and p), is the unique k-linear map such that the

following diagram commutes:

h h
Wa @ Wt(ﬂ() Va O
aeé, |
|
¢, & iy o
|
W W !
W, ® W, 7/ 0
aes,

Note that 8;/_(V1 DW= SJ/_(Vl) GBS;/_(VZ). Since the
definitions of the reflection functors S, and S, are quite tech-

nical we will illustrate them with a small example.

Example 4.2.3. Consider the quiver Q : 1 4 2 2 3. Observe

that vertex 3 is a sink in Q and vertex 1is a sourcein Q. Let Q' =
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03Q, Q" = 1Q. Let S : rep; Q — rep, Q' be the left reflection
functor at the sink 3 and S; : rep, Q — rep, Q" be the right

reflection functor at the source 1. Consider the representation

Then

and

ST(v)y: 0k Bk

We will now study some further properties of the functors S,
and S, . Before stating the first result regarding the properties of
these functors we will make an important observation.

Let a be a sink in a finite and connected quiver Q. Then a is
clearly a source in the reversed quiver 0, Q. Hence there exists a
functor S; S;" : rep;, Q — rep; Q. To study how this functor acts
on the objects of rep, Q we construct for each object V in rep, Q

a morphism of functors
iy = ()1 ({)n) : 87 S (V) =V,

where n =|Qp|. We shall now describe how to construct i{,, and
later we will use some properties of this morphism to gain infor-
mation about our functors S, and S;".

Let S (V) = W, and S; (W) = U. For a vertex i # a we
get by the definition of S;” and S; that U; = S, (W;) = W; =
S;(V;) = V;, and therefore we set

()i = 1y,

In the case of i = a we first observe from Definition 4.2.1 and

Definition 4.2.2 that Im /i = W, = ker h.

h h
Wo — P Vi) — Va
aes,
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Hence S; S (V,) = S, (W,) = cokerh = ag Vi /Imh =
@ Vi) / ker h. We then take (if,), to be the natural mapping

066811

(i5)a: P Vi(w)/ kerh — V.

o

Now, one should verify that i* is actually a natural transforma-

tion. Some properties of i* are collected in the next result.

Proposition 4.2.4. Let Q be a finite and connected quiver and
V = (Vi fa)icQuucq, an object in rep;, Q. Consider the morphism
i, : Sy S (V) — V just defined. Then

(i) 15, is a monomorphism.

(ii) if i{, is an isomorphism, then the dimensions of the vector space

Wi = S;_(Vl) is

—dimV, + ) dimV,) fori=a,
dim Wi = aeé, (8)

dim V; fori # a.

(iii) the object cokeri{, is concentrated at vertex a, that is

(cokeri{,); = 0 for i # a, while (cokeri{,), = Va/ Im(if,),.
(iv) V >~ S; S, (V) coker if, as representations.

(v) if the object V has the form S, (X) for some X € Obj(rep, Q'),

;L . . .
where Q" = 0,Q, then if, is an isomorphism.

Proof. (i): We examine if keri{, = (0). In order for an element
V € rep, Q to be in the kernel of i{, we must have V; = (0) for
every i # a. It is easy to see that ker(i{,), = (0), and hence 7, is

a monomorphism.
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(ii): Suppose if, is an isomorphism. This implies that

dimV, = dim S, S, (V,) = dim (@ Vy( /kerh)

aes,

= dim Z Vi(a) — dimkerh
neé,

=dim ) V() — dim W,.

Oéegg

Since it is obvious that dim W; = dim V; for i # a from the defi-
nition the result follows.

(iii): We have that (cokeri{,); = V;/ Im(i{,);. Hence for i # a
we have that (cokeri{,); = (0) since (i{,); = 1y, for i # a. Yet for
i = a we have (cokeri{,), = V,/ Im(if,),.

(iv): Observe that we have a short exact sequence
0— S, SF(V) Dy cokerif, — 0.

The above short exact sequence splits, and hence V ~
S, S (V) @ coker if,.

(v): Let V = S, (X). We need to show that in this case if, is
an epimorphism. It can be shown that V and S; S, (V) have the
same dimension when considered modules by Corollary 2.4.10.
Then, since i{, is a monomorphism by (i) we get that i{, is an

epimorphism, and hence an isomorphism. O

Similarly, for a source 4 we can construct a morphism of func-

tors

pl V — S8 (V).

Let S, (V) = Wand S, (W) = U. We set
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for i # a. When i = a we have that S;S; (V,) = S (W,) =

kerh = Imh = @ Vi(a;)/ ker h. Then we take (p%), to be the
wEE,

mapping
(PV)a: Vo — @ Vt(,xl.)/kerfz.

aie&z
Then, considering the proof of Proposition 4.2.4 it is not difficult

to show that the following result holds.

Proposition 4.2.5. Let Q be a finite and connected quiver and V =
(Vi, fa)icQoacq, be an object in rep, Q. Consider the morphism pf, :
V — 88, (V) just defined. Then

(i) pY, is an epimorphism.
(ii) if p{, is an isomorphism, then the dimension of the vector space

W; =8, (Vi) is

—dimV, + Y. dimVy,) fori=a,
dim Wl' = xEE,

dim V; fori # a.
iii) the object ker p%, is concentrated at vertex a.
(iif) ] Pv
(iv) V ~ 878, (V) @ ker p}, as representations.

(v) if the object V has the form S;7 (X) for some object X € rep, Q',

where Q" = 0,Q, then pf, is an isomorphism.

We are now going to use Proposition 4.2.4 and Propostion
4.2.5 to prove the next result regarding the properties of S;” and
S, .

Theorem 4.2.6. Let Q be a finte and connected quiver and let V. =

(Vi, ¢u) € rep, Q be an indecomposable representation.

(i) Ifais asink in Q we have to possible cases:
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(a) S (V) =0ifand only if V ~ S(a).

(b) S,F(V) is an indecomposable representation in rep, Q’,
where Q' = 0,Q, S; S; (V) = V and the dimension of
the vector space W; = S5 (V;) is

—dimV, + ) dimV,,) fori=a,
dim W; = aeéy

dim V; fori # a.
©)
(ii) If ais a source in Q we have two possible cases:
(a) S, (V) =0ifand only if V ~ S(a).
(b) S; (V) is an indecomposable representation in rep;, Q’,

where Q' = 0,Q, S S, (V) = V and the dimension of
the vector space W; = S; (V;) is

— dim Va + Z dim Vt(a) fOI” i=a
dimW; = we&,

dim V; fori # a.
(10)

Proof. (i): Let V € rep, Q be an indecomposable object, and
let a be a sink in Q. By Proposition 4.2.4 (iv) we have V =~
S, S, (V) @ coker if,, but V is indecomposable by assumption,
which implies that either

(a) V = cokerif,. Then by Proposition 4.2.4 (iii) we get V; =
(0) for every i # a, and since V is indecomposable we

must have V; >~ k. Thatis V ~ S(a). It is also clear by the
definition of S, thatif V ~ S(a) then S; (V) = (0).

Or,

(b) V = 8§78, (V). It is then clear that since cokeri{, = (0)

the morphism i, is an epimorphism, and by Proposition
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4.2.4 (i) the morphism if, is a monomorphism, so i{, is an
isomorphism. Hence, by Proposition 4.2.4 (ii) the dimen-
sion of S;(V;) = W; is as given in (9). Let W = S} (V),
we want to show that W is indecomposable. By Propo-
sition 4.2.5 (v) the morphism pf, : W — SfS; (W) is
an isomorphism. Suppose W = W; @ W,. Then V =
S;, (W) =8, (W) &S, (W,). Since V is indecomposable
we must have that one of the terms is (0), suppose without
loss of generality that S, (W) = (0). Then we have that
pl,(Wy) C S;5S, (W) = S;7(0) = (0), which implies that
W, = (0), and W is indecomposable.

(ii): Proven the same way as (i). O

Corollary 4.2.7. Let Q be a finite and connected quiver, and let

{a1,...,a,} be an admissible sequence of sinks.

(i) Forany1 < i < n,let S(a;) € rep, (04, , - 04,04,Q). Then

the representation S, --- S, (S(a;)) is either (0) or an inde-

composable object in rep; Q.

(ii) Let V. € rep,Q be an indecomposable object, and
Si - SESH(V) = (0). Then for some i we have

VeSS, Sy (S(a))

T
as representations.

Proof. Follows directly from consecutive use of Theorem 4.2.6.

]

Our next result states that once we have classified the inde-
composable objects of rep, Q, for a finite, connected and acyclic
quiver Q, we have a way to classify the indecomposable objects
of all categories rep, Q', where Q' is some quiver having the

same underlying graph as Q.

59



60

ALGEBRAS OF FINITE REPRESENTATION TYPE

Theorem 4.2.8. Let Q and Q' be two finite, connected and acyclic

quivers with no multiple arrows having the same underlying graph

Q.

(i) There exists an admissible sequence of sinks {ay,...,a,} in Q

such that o, - - - 04,05,Q = Q'

(ii) Let ind Q and ind Q' be complete sets of indecomposable ob-
jects in respectively rep, Q and rep, Q'. Let M C indQ
be the set of objects of the form S, S, ---S,  (S(a;)) for
1 <i < nand M'" C ind Q' be the set of objects of the
form S ---SF (S(a;)) for 1 < i < n. Then the func-

tor St - -+ S S, sets up a one-to-one correspondence between

ind Q\ M and ind Q" \ M'.

Proof. (i): It is sufficient to consider two quivers Q and Q'
that differ at only one arrow, say «. Since, in particular, Q
is connected and contains no multiple arrows it is clear that
Q/(«) splits into two connected quivers. Let Q be the compo-
nent of Q/(«a) containing the vertex t(«) with respect to Q. Let
{a1,...,a,} be an admissible sequence of sinks in Q, and there-
fore also in Q. Observe thatin oy, - - - 05, Q we have changed the
direction of each arrow in Q twice, except from the direction of
« which has been changed only once. Hence 0, - - - 0,Q = Q.
(ii): Let {ay,...,a,} be an admissible sequence of sinks in
Q such that 0,, - - - 05,Q = Q' (which we know exists by (i)).
Then {ay, ...,a1} is an admissible sequence of sources in Q'. Let
¢ =St SES and ¢ = S, S, (S, fori=1,...,n

To prove (b) we now want to show that
¢, :indQ\ M — ind Q" \ M’

is both injective and surjective.
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Suppose V1,V € ind Q \ M such that ¢; (V1) = ¢,5 (V). We
want to show that this implies V; = V,. By Corollary 4.2.7 (ii)
we get that ¢;" (V) # (0) for any 1 < i < n. Hence, by repeated
use of Theorem 4.2.6 (i)(b) we get S ¢, (V1) = S, ¢ (Va),
which implies ¢ (V1) = ¢ |(V2). By proceeding similarly
we get S, S, (V1) = S, S, (V2), which implies V; = V;, by The-
orem 4.2.6. Hence ¢; is injective.

Now, let W € ind Q' \ M’. Then again, by repeated use of The-
orem 4.2.6, we have that ¢; (W) is an indecomposable object in
rep, 0y, - - 04,Q" for 1 < i < n. In particular, ¢; (W) € rep; Q.
Consecutive use of Theorem 4.2.6 gives ¢, (¢; (W)) = W.

Hence ¢, is onto. O

The proof can be extended to quivers with multiple arrows.
In particular, Theorem 4.2.8 implies that if kQ is of finite repre-
sentation type, then kQ' is of finite representation type for every
Q' having Q as its underlying graph.

Next we will introduce some combination of reflection func-
tors that takes the category rep, Q into itself. These functors are

called Coxeter functors.

Definition 4.2.9. Let Q be an finite, connected and acyclic quiver
and let {ay,...,a,} be an admissible sequence of sinks in Q. Let
C*,C™ :rep, Q — rep; Q denote the functors S,/ - - - S, S,/ and
Sz -+ S, Sy, respectively. The functors C*,C™ are called the

Coxeter functors of rep, Q.

Let us check that C™,C~ are well-defined. That is, we need
to check that they do not depend on the choice of admissible
numbering. First, observe that if both vertices 4; and 4; are sinks
in some quiver Q, then there is no arrow joining 4; and 4;, and

thus the functors S, and S,;]f commute. That is, S S;]T = S;]T Sy
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Now, let {a3,...,a,} and {a},...,a,} be two admissible se-
quences of sinks in a quiver Q. Suppose a; = a;,. Then a;, is
a sink in Q. Hence, there is no arrow adjoining a;, and a; for
a; < ay, by the definition of an admissible numbering. This im-
plies that there is also no arrow adjoining a; and 4! for a} < aj,,
which by consecutive use of the observation in the previous
paragraph implies that 8;4; e SZ = S; X ~SZS,;;, and more

m—1
generally S* .- St ...8T =87...8" St ...87S}. The
ay Ay aj ay a; 4

Am+1" Am—-1

same argument can be applied to the vertices ay,...,a, to ob-

tain 8; e S: = S, --- S This shows that C* is well-defined.
n 1

The same type of argument can be used to prove that C™ is well-

defined.

4.3 QUADRATIC FORM OF A QUIVER

In this section we introduce some notions and prove some re-
sults needed for the proof of Gabriel’s Theorem. Throughout
this section, let Q denote a finite, connected and acyclic quiver,
and x = (x;) denote a vector in Q", where n = |Qq| and i € Q,,
unless stated otherwise. We start by introducing some notation

on vectors.
Definition 4.3.1. A vector x is called
(i) integral if x; € Z for alli € Qy.

(ii) positive if x is not the zero vector, and x; > 0 for all i € Qy.
If a vector x is positive we write x > 0. We write x < 0 if x

is non-positive.

Definition 4.3.2. The quadratic form qg of a quiver Q is defined by

go(x) = Y X — Y Xo()Xia):

i€eQo aeQq
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Let (, ) : Q" x Q" — Q be the corresponding symmetric bilin-
ear form given by
1
(xy) =) xiyi— 5 Y (Xs(a)Ye(w) + Xe(a)Ys(a))-
i€Qo a€Q
In this thesis we will only apply the quadratic form g¢ to in-

tegral vectors, in particular dimension vectors, which are to be

defined later. So in our case, qq is an integral quadratic form.

Remark 4.3.3. (i) Observe thatqg(x) = (x,x). This is also clear

by the definition of a bilinear form.

(ii) The bilinear form (, ) is called symmetric because (x,y) =
(y,%).
The next definition collects some classifications of the

quadratic form qq.
Definition 4.3.4. The quadratic form g is called
(i) positive definite if go(x) > 0 for every x # 0.
(ii) positive semidefinite if go(x) > 0 for every x € Z".
(iii) weakly positive if go(x) > 0 for all x > 0.
Definition 4.3.5. A vector x is called a root of g if go(x) = 1.

The quadratic form go will be very important in the proof
of Gabriel’s Theorem. In fact, if q¢ is positive definite, there is a
one-to-one correspondence between the positive roots of go and
the isomorphism classes of indecomposable objects of rep, Q.

We will study this one-to-one correspondence later.

Lemma 4.3.6. If q¢ is a weakly positive integral quadratic form on

Z", then it has only finitely many positive roots.

Proof. Cf.[1]. H
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Definition 4.3.7. Let {, : Q" — Q" be the linear transformation

defined for each a € Qg by

X; fori # a,

—Xa+ L X, fori=a,
lxega

where e(«) is the vertex connected to a that is not a. The linear

transformation , is called a reflection at a.

For every a € Qg denote by e, the vector in Q" such that

0 fori#a
(ea)l = .
1 fori=a

Observe that {,(e;) = —e, for every a € Qp.

Corollary 4.3.8. The reflection at a can be expressed in the following
way: {a(x) = x —2(x,e4)e,.

Proof. Can be easily verified from the definition of (, ). O
Proposition 4.3.9. Let {, be a reflection. Then

(i) Cais a group homomorphism.

(i1) (Galx),Caly)) = (x,9) forall x,y € 27
(iii) 2 =1, and thus {, is an automorphism of Q".
Proof. (i): Simply verify.

(ii): We use Corollary 4.3.8:
(Ca(x),Caly)) = (x = 2(x, es)es,y — 2(y, €q)ea)

= (x,y) — 2(y, ea) (X, €1) — 2(x, €5)(€a, y)
+4(x, e1)(y, eq) - 1

= (x,y).
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(iii): We use Corollary 4.3.8:

02 (x) = Zalx — 2(x, es)eq) = Ca(x) — 2(x, &4)a(ea)
=x—2(x,e5)e; +2(x,e;)e,
]

Definition 4.3.10. The subgroup W of the automorphism group
on Q" generated by the reflections (, for every a € Qy is called
the Weyl group of qg. A root x of qq is called a Weyl root if there

exists an w € W such that x = w(e;) for some a € Q.

The next result shows that the quivers Q having g positive

definite is of special interest for us.

Theorem 4.3.11. Let Q be a quiver, not necessarily acyclic. Then qg
is positive definite if and only if Q is a Dynkin diagram.

Proof. The proof is divided into four parts. In the first part we
investigate the shape of Q, then in part two we establish a new
quadratic form, which we will use in part three and four to in-

vestigate the size of Q.

(i) Let Q be a quiver, such that Q has one of the following
graphs as a subgraph.

Gy, e—e—9o ... eo—90o—0o
1 1 1 1 1 1
[ J [ ]
NS
G 171
79\
[ ] 2 [ J
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1N 1
Gy o — o e — o

2 2 2 2,

1 1

The numberings of the vertices of Gy, Gy, G3, G4 are cho-
sen such that we can construct a vector y € Q9! having
do(y) < 0. The vector y is constructed in the following
way: let the number on each vertex be the element in the
corresponding coordinate of y, and let the remaining coor-
dinate be filled with zeroes. Then, as predicted, go(y) < 0,
and gg is neither positive definite nor positive semidefi-
nite. Since we are searching for the cases where g is pos-
itive definite this tells us quite a lot about the shape of Q.
We can conclude by considering G; and G, that Q must
be acyclic, from G3 we find that each vertex can not have
more than three edges, and from G4 we see that there can
not be more than one vertex having three edges. Hence Q

must be of form

Zy  Zy—1 Zr-2 Z2  Z7

e — o —0o .- [ p—

e —eo ... o — 90— —0—o0 ... e — o
X1 X2 Xp—1 Xp a Ys VYs—1 Y2 N
(11)

where p,s,r € ZT UO.



(if)

(iii)

(iv)
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For each t > 0 consider the quadratic form in ¢ 4 1 vari-

ables x1,...,Xx¢11:

Ct(xl,. . .,xt+1) = —X1X2 — - — XtXp41

t
+X%+"'+x?+mxt2+1

i (il Y
=2+ Y )

From the above formula it can be observed that C; is posi-

tive semidefinite, that the dimension of the null space of C;
is 1 and that for any nonzero vector v such that C;(v) =0

we have that all coordinates of v are nonzero.

Let x1,...,Xp,Y1,-..,Ys,21,- - .,Zr, a be the vertices of Q, as
in the graph (11). Let x = (x1,...,%p),y = (y1,--.,¥s) and
z = (z1,...,2zr). Then, by part (i),

qo(x,y,z,a) = Cp(x1,...,xp,a) +Cq(y1,...,ys,a)
+Cp(z1,...,2,0)

p s r
* (1_2(p+1) T 2(5+1) _2(r+1)>”2'

We now want to investigate what requirements the inte-
gers p,s,r need to fulfill in order for the quadratic form
g0 to be positive definite. Since C; is positive semidefinite

it is clear that g¢ is positive semidefinite if and only if

p
2+ 2(511) + 2(71” < 1. From part two of the proof

we know that if C¢(v) = 0 all coordinates of v is nonzero.

Hence, g is positive definite if and only if 5 (plil) +5 (sil) +

Z(rz—l)

< 1, which is equivalent to ﬁ + 5%1 + 74%1 > 1.

Suppose without loss of generality that p < s < r, and
let 6 = 517 + 17 + 77- Suppose § > 1, we then want to

study the possible values of p, s, . We can see immediately

67



68

ALGEBRAS OF FINITE REPRESENTATION TYPE

that we must have p < 2 for § > 1. Hence we have the

following cases:

(a) p =0,s and r arbitrary positive integers. Then graph
(11) coincides with the Dynkin diagram A, forn > 1.

(b) p=1,s =1and r > 1. Then the graph (11) coincides
with the Dynkin diagram D,, for n > 4.

(¢c) p =15 = 2and r = 2,3,4. Then the graph (11)
coincides respectively with the Dynkin diagrams Eg,

E7 and Eg.
O]

Corollary 4.3.12. Let Q be a quiver whose underlying graph is a
Dynkin diagram. Then the integral quadratic form qg has only finitely

many positive roots.

Proof. By Theorem 4.3.11 we get that g is positive definite. It is
clear that if q( is positive definite, then it is in particular weakly
positive. Then by Lemma 4.3.6 we get that g has only finitely

many positive roots. [

Lemma 4.3.13. If the quadratic form qq is positive definite, then the
Weyl group W is finite.

Proof. Let S; denote the set of all positive roots of g, and con-
sider the map f : W — S} defined by w — (wes)acq,- The
map f can be shown to be well-defined. Observe that f(w) = 0
implies that column a of w must be (0) for every a, that is
ker f = (0). Hence, f is injective. Since g, is positive definite the
set Sy is finite by Corollary 4.3.12, and hence WV is finite since f

is injective. O
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Lemma 4.3.14. Let Q be a quiver whose underlying graph is a
Dynkin diagram, let x be a positive root of qg, and let a be a vertex

of Qo. Then either {,(x) is positive or x = e,.

Proof. Since x is a root of go we have that go(x) =
(x,x) = 1. Then by Proposition 4.3.9 (ii) we get qo(la(x)) =
(Ca(x),Ca(x)) = (x,x) = 1, and hence {,(x) is also a root of
go- By Theorem 4.3.11 the quadratic form g is positive definite,

and hence:

go(xEte;) = (xte,xEe;) =q0(x)+g0o(eqs) £2(x,eq)

2(1+(x,e;)) > 0.

=1+4+1+2(x,e)

This implies —1 < (x,e,) < 1. Since (x,e;) € Z we only have
three possibilities; (x,e,) = 1, (x,e;) = 0 or (x,e,) = —1. If
(x,e;) = 1 we get that go(x — e;) = 0, which implies x = e,.
Now, if (x,e;) < 0 we have that {,(x) = x — 2(x,e;) > 0 since
x > 0. [

In particular, the previous lemma shows that if Q is a quiver
whose underlying graph is a Dynkin diagram, the reflection {,
sends roots of g onto roots of g¢.

Let Q be a quiver, and let ay,...,a, be some numbering of
its vertices. An element ¢ = (,, - - - {4, of the Weyl group W is

called a Coxeter transformation. Since {2 = 1 we have that ¢~ =

gﬂl o 'gﬂn'

Lemma 4.3.15. Let Q be a quiver whose underlying graph is a

Dynkin diagram, and let c be its Coxeter transformation. Then
(i) there exists no nonzero vector x € Q" such that c(x) = x.

(ii) if x # O, then there exists some integer s > 0 such that the
vector ¢*~1(x) > 0, but c*(x) < 0. Also, there exists some

integer t > 0 such that c='=1(x) > 0, but c~*(x) < 0.
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Proof. (i): Suppose by contradiction that x # 0 is such that
c(x) = x. By the definition of the reflections ¢, for a € Qy, the
reflections (g, . . ., {4, do not change the a;th coordinate of x, so
we have that ({4, (x))s, = (c(X))a, = Xq,- Hence, {4, (x) = x. The
same argument holds for 1 < i < n, thatis ,,(x) = x. Then by
Corollary 4.3.8 we get {,.(x) = x —2(e;, x)e;, = x. Hence, we
must have (e;,x) = O foralli € {1,...,n}. Since e,, # 0itis
clear by the definition of (, ) that x = 0, which is a contradic-
tion.

(ii): By Theorem 4.3.11 the quadratic form g is positive def-
inite. Then by Lemma 4.3.13 the Weyl group WV is finite. Hence
there must exist some integer h such that ¢ = 1. Suppose all
the vectors x,c(x),...,c""1(x) are positive. Then clearly y =
X+ c(x) + - -+ + "~1(x) is positive, and in particular nonzero.
Then observe that c(y) = y, which contradicts (i). Hence there
exists a least integer s such that ¢>"1(x) > 0 and ¢(x) < 0,

0 <s < h — 1. Similarly, find the integer ¢ as required. O

Lemma 4.3.16. Let Q be a quiver whose underlying graph is a
Dynkin diagram, and let c be its Coxeter transformation. Let x denote

a positive root of the quadratic form qq. Then

(i) c(x) < Oifand only if x = {1 --- C;j—_1(e;) for some 1 < i < n.
We denote p; = (1 -+ - i—1(e;).

(ii) c Y (x) < Oifand only ifx = ;- - - Cip1(e;) for some 1 < i <
n. We denote q; = (- - - Ciy1(e;).

Proof. (i): Suppose ¢(x) = (n---{1(x) is not a positive vector.
Then there must exist a least integer 1 < i < n such that
Ci—1---C1(x) > 0, but {;---1(x) < 0. By the remark follow-
ing Lemma 4.3.14 we have that {;(x) is a root of qq. Preceding

similarly we get that {;_1 - - - {1(x) is a root. Since, by assump-



4.3 QUADRATIC FORM OF A QUIVER

tion, ;- - - {1(x) < Owemusthave ; 1 ---{1(x) = e; by Lemma
4.3.14. Hence

x=(Gic1---C1) " (e) = 01+~ Gima(e).

Now suppose x = (1---i—1(e;). Then c(x) =
Cn---CiCi—1---C1i—1---C1(e;). The reflection {; is the only
reflection affecting the element in coordinate i, and ; appears
only once. Hence c¢(x) = —e; < 0.

(ii): The proof is the similar to the proof of (). O

We can use the last two results to collect all positive roots
of the quadratic form of a quiver whose underlying graph is
a Dynkin diagram. This will become important because of the
predicted one-to-one correspondence between these roots and

the isomorphism classes of indecomposable objects of rep, Q.

Proposition 4.3.17. Let Q be a quiver whose underlying graph is a

Dynkin diagram, and let c be its Coxeter transformation.

(i) Let m; denote the least integer such that ¢~ (p,) < 0, where
p; is as in Lemma 4.3.16. Then the set

{cp) |1<i<n0<s <m}
equals the set of all positive roots of q¢.

(ii) Let n; denote the least integer such that c"t1(g;) < 0, where q;

is as in Lemma 4.3.16. Then the set
{c(g) | 1<i<n0<t<n}
equals the set of all positive roots of gq.

Proof. (i):  Observe  that  since ¢ *(p;) =

(Cn---C1)°C1---Ci—1(e;) > 0 we must have ¢ 5(p;,) = e;.
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Hence it is clear that c~*(p;) is a positive root of gq. Then it
remains to show that all positive roots of qg is of this form.
Let x be a positive root of go. By Lemma 4.3.15 there exists
some integer s such that ¢*~!(x) > 0, but ¢*(x) < 0. Hence,
recalling the remark following Lemma 4.3.14, it is clear that
¢*~1(x) is also a positive root of go. Then by Lemma 4.3.16 we
get c(c*"1(x)) = ¢*(x) < 0if and only if ¢*~!(x) = p; for some
1 < i < n. Hence we must have x = C’SH(pi), ands —1 < m;.

(ii): The proof is similar to the proof of (7). O

4.4 GABRIEL’'S THEOREM

Now we are almost ready to state and prove Gabriel’s theorem.

We only need one last definition, and a few more results.

Definition 4.4.1. Let V = (V}, fa)icq,nc0, be a representation
of a finite, connected and acyclic quiver Q. The dimension vector

dim V is defined to be
dim V1
dimV = : eZ",

dim V,

where n = |Qp].

Using the above definition and the notation established in the
previous section, we will now reformulate Theorem 4.2.6. This
reformulation connects the reflection functors and S, /=~ and the

reflections {, for a sink/source a.

Theorem 4.4.2. Let Q be a finite, connected and acyclic quiver, and let

V = (Vi, fu)icQync, be an indecomposable representation in rep, Q.

(i) If ais a sink in Q we have two possible cases:
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(a) S (V) = 0ifand only if V ~ S(a) and dim S, (V) #
Ca(dim V) < 0.

(b) S, (V) is indecomposable and dim S (V) = {,(dim V).

(ii) If a is a source in Q we have two possible cases:

(a) S;(V) = 0 ifand only if V ~ S(a) and dimV #
Ca(dim V) < 0.

(b) S, (V) isindecomposable and dim S, (V) = (,(dim V).

Corollary 4.4.3. Let Q be a finite, connected and acyclic quiver, let
{ay,...,a,} be an admissible sequence of sinks and let V be an in-
decomposable object in rep; Q. Let m; = (q. -+ (o) (dim V) and
W; = S;JT - SH(V).

(i) If b <i < nand m; > 0, then my > 0, Wy, is an indecompos-

able object in rep;, Q and dim Wy, = my,.

(ii) If c(dim V) > 0, then C* (V) is an indecomposable object in
rep, Q and dim (C*(V)) = c¢(dim V).

Proof. (i): Let b < i < n and suppose m; = (, ---{s > 0.
Suppose my, < 0. This would imply m; < 0 since (g, -~ (g,
leave the coordinates a4y, ...,a; unchanged. This is a contradic-
tion, and it is clear that we must have my, > 0. The fact that
W, is indecomposable in rep, Q and that dim W, = my, follows
from consecutive use of Theorem 4.4.2.

(ii): Follows from (i) by setting i = n. O

A similar statement holds for {ay,...,a,} an admissible se-
quence of sources.
The next two results will be indispensable in our proof of

Gabriel’s Theorem.
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Lemma 4.4.4. Let Q be a quiver such that the path algebra kQ is

of finite representation type. Then the quadratic form qq is positive
definite.

Tit's proof. Consider the representations V' = (V}, fa)icQyacQ, €
rep, Q having dim V = x = (x;);cq, and let|Qg| = n. Then
Vi >~ k¥ for all i € Q. If we fix a basis on each vector space
V; the representation V' is completely determined by the set of
matrices { My }ncq, Where M, is the matrix corresponding to
the linear map fy : Vi(4) — Vj(4)- Let g denote any non-singular
x; X x;-matrix over k and let %; be the fixed basis of V;. Then
gi takes the basis %; to some other basis 4/ of V;. Consider the
diagram

My
V) = Vi(a) (12)

Lgs(zx) lgt(tx)
s(a) Vi)

Let M be the manifold of all sets of matrices M, over k for a €
Q1, and let G be the group of all sets of non-singular matrices g;
over k for i € Qp. By diagram (12) it is clear that the action of
G on M must be M;, = g(,)Ma g;(i). The group G permutes the
elements of M. Let M, be an element of M. Then G makes M,
move in a fixed path, this path is called the orbit of M,, or M,’s
orbit in G.

We next claim that two objects of rep, Q with the given dimen-
sion vector x are isomorphic if and only if the sets of matrices
{My}ucq, corresponding to them lie in the same orbit in G. Let

V, V' be objects in rep, Q such that dimV = x = dim V'. Then
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Vi >~ V! ~ k¥ for all i € Q. Itis clear that V ~ V" if and only if

the following diagram commutes for every a € Q.

M,
Vi) — Vi) (13)

lgs(ac) jgt(a)
My,

Vsw) — Vi)

Thatis, V ~ V' if and only if M}, = Si(a)Mag, (i), which means
M, and M,, are in the same orbit of G. Since this holds for every
« € Qg that proves the claim.

By assumption the path algebra kQ is of finite representa-
tion type, which implies by Corollary 2.4.10 that there are only
finitely many isomorphism classes of indecomposable represen-
tations in rep, Q. In particular there are only finitely many iso-
morphism classes of indecomposable representations V having
dimension vector dim V = x. Hence we get by the above claim
that the elements of M are divided into only a finite number of
orbits in G.

Consider Gy C G, where Gy = {Aly,,..., ALy, | A € k*}. Ob-
serve that for ¢ € Gy we get M), = gt(a)M,xgs’(i) =AM, =
M, for all « € Q1. Hence, Gy acts on M as the identity.

We get an onto morphism from G to each of the M,’s orbits
in G, so dim M < dim G. Since Gy acts on M as the identity we
actually get dimM < dim G — 1. This argument requires the
representations to be over an infinite field. The argument holds
anyway, but requires further arguments. We have that dim G <

Y x2,whiledimM = Y. X5(w)X¢(a)- Hence, by the above,
acQo a€Qq

Z xs(a)xt(a) S dimG —1 S Z x% —1.
aeQq a€Qo
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This shows go(x) > 1 > 0 for x # 0. Now, what remains is to
show that go(x) > qo(/x|) to conclude that q¢ is positive defi-
nite. Observe that

’xtw)

(%) > qo(x)) & Y Xe(Xi@w) < Y,

aeQq aeq

s(a)
The latter clearly holds, so q¢ is positive definite. O

Lemma 4.4.5. Let Q be a quiver whose underlying graph is a Dynkin
diagram. Then the mapping V. — dim V is a one-to-one correspon-
dence between the set of isomorphism classes of indecomposable objects

in rep, Q and the positive roots of qq.

Proof. Let Q be a Dynkin diagram, {4y, ..., a,} be an admissible
numbering of the vertices of Q and let V be an indecomposable
object in rep, Q such that dim V' = x. We start by showing that x
is a positive root of g, before we show that the mapping is both
injective and surjective.

By Theorem 4.3.11 the quadratic form qg is positive defi-
nite. Hence there exists a least integer s such that c¢*~1(x) =
(Cay ++Cay)* H(x) > 0, but ¢’(x) < 0by Lemma 4.3.15 (ii). This
implies that there must exist some least 0 < t < n — 1 such
that (o, -+ (o 1(x) > 0, but gy, -+ Cac® 1(x) < 0. Now,
by consecutive use of Corollary 4.4.3 (ii) we get that C*(V),
(CH2(V),...,(CT)*"1(V) are indecomposable objects in rep;, Q
and that

dim (CT)/(V) = d/(x)

for every j < s — 1. Observe that g - pc 1(x) =
Cay*  + Caydim (CT)s71(V) > 0. Hence V' =
St SH(CH) (V) is an  indecomposable object of

rep; (0, - - - 04, Q) and

dim V' = dim (S S{(CH)THV)) = G G ()



4.4 GABRIEL'S THEOREM

by Corollary 4.4.3 (7). By the way t was chosen it is clear that
a1 (dim V') < 0, and hence V' ~ S(a;11) by Theorem 4.4.2
(i)(a). Then clearly dim V' = 4 -+ o 1(x) = e,,, and
x = ¢ - Laleq,,) = ¢ *Fp,, . Then by Proposition
4.3.17 the vector x = dim V is a positive root of q5. Hence the
mapping V — dim V sends an indecomposable object of rep;, Q
to a positive root of gq.

Next, let us show that the mapping is injective. We know
that V! = S ---SH(CT)s1(V) is indecomposable, and in
particular V' ~ S(a;41). Then Theorem 4.2.6 implies V =~
(C7) 518, - -+ S, (S(ar41)). Observe that the integers s, t only
depend on the vector x = dim V. Then if V, W are two non-
simple indecomposable representations having dim V' = x =

dim W we get that
S S (CTPTHV) = S(ap) = S -+ SH(CH)THW),
and hence
Vo (CT) M8, - 8, (S(ap1)) ~ W.

If V,W are two simple representations having dimV = x =
dim W it is obvious that V ~ W. Thus the map is injective.

The last step is to show that the mapping is surjective. Let
x be a positive root of qo. We then need to show that x is the
dimension vector of some indecomposable representation V. By
Proposition 4.3.17 the vector x = ¢™°p, = ¢*Ca; -+ - L, (e141)
for some integers s,i. Then the indecomposable representation

V= (CT)S, -+ S, (S(aiy1)) satisfies dim V = x. O

The proof of Gabriel’s Theorem will be closely connected to

the previous results.
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Theorem 4.4.6 (Gabriel’s Theorem). Let Q be a quiver. The path
algebra kQ is of finite representation type if and only if the underlying
graph Q of Q is a Dynkin diagram.

Proof. Let Q be a quiver whose underlying graph is a Dynkin
diagram. Then g has only finitely many roots by Corollary
4.3.12, which implies that there are only finitely many isomor-
phism classes of indecomposable objects in rep, Q by Lemma
4.4.5. By Corollary 2.4.10 this implies that the path algebra kQ
has only finitely many indecomposable finitely generated left
kQ-modules, so kQ is of finite representation type.

Suppose kQ is of finite representation type. Then by Lemma
4.4.4 the quadratic form qg is positive definite. This implies by
Theorem 4.3.11 that the underlying graph Q of Q is a Dynkin
diagram. O
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