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Nomenclature
closs = loss coef� cient
F = objective function
f = base function
g = constraint function
J = number of constraints
K = numbers of design variables
Pm = inlet mass � ow rate
P0 = total pressure
s = percent chord
T0 = total temperature
X = design variable
1n = geometry perturbationnormal to blade

section’s chord line
´ = adiabatic ef� ciency
! p = Jacobian of variation of adiabatic ef� ciency

with respect to total pressure
!T = Jacobian of variation of adiabatic ef� ciency

with respect to total temperature

Subscripts

e = � ow variables at exit
i = � ow variables at inlet

Superscripts

L = lower limit of side constraint on design variable
U = upper limit of side constraint on design variable

Introduction

T HE tremendousgrowth in computer technologyin recent years
has made three-dimensional designs of compressor blades

feasible.1 The cost of such designs, however, is still considered
expensive even with today’s computing power because most
computational-�uid-dynamics-baseddesignmethodsrequirea large
number of � ow evaluations. An alternative way to design a
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compressor blade is to � rst optimize its sections at multiple span
stationsand then stack them up in the spanwisedirectionto generate
a new blade.2 The performanceof this designedblade must be com-
pared with that of the baseline blade at design inlet mass � ow rate.
Because inlet mass � ow rate changes with a modi� cation of blade
geometry,the backpressurehas to be adjustedfor the designedblade
until its inlet mass � ow rate reaches the design inlet mass � ow rate.
In sectionaldesigns,however, it is not meaningfulto adjust the back
pressure separatelyfor each of the designedsections to ascertain the
gain in performance;the back pressureof a three-dimensionalblade
cannot be arbitrarily tuned for each section because it has to satisfy
the radial equilibrium condition.This implies that the change in in-
let mass � ow rate after the design must be kept at a minimum for
each blade section. In designswith numerical optimization, an easy
way to accomplish this might be to impose a constraint on the inlet
mass � ow rate, but the constraintrestrictsmodi� cations of blade ge-
ometry at the same time, leaving little room for optimization.In the
present study, the constraint is incorporatedinto the objective func-
tion to conserve the design space and yet achieve an effect similar
to having a constraint on inlet mass � ow rate. The details of this are
shown in the followingsection,which brie� y describesa designpro-
cess developed for axial transonic compressor blade sections using
quasi-three-dimensional � ow physics. The results and discussions
follow as the design method is demonstrated with NASA rotor 37
compressor blade.

Design Process and Tools
Step 1: Grid Generation of Initial Blade Section

A C-type grid is generated around an initial blade section using
GRAPE,3 developedby Sorenson and modi� ed by Chima. The code
generates � eld grid points as a solution to the Poisson equation,and
the source terms in the Poisson equation are chosen to improve the
grid quality near the outer boundaries and the wake lines behind the
blade trailing edge.

Step 2: Quasi-Three-Dimensional Navier–Stokes Flow Analysis
Flow solutions are obtained using RVCQ3D,4 a quasi-three-

dimensional Navier–Stokes � ow solver developed by Chima. An
explicit, four-stage Runge–Kutta scheme is employed along with
local time stepping and implicit residual smoothing to accelerate
convergence. Wilcox’s k–! model5 is chosen for the turbulence
modeling. As boundary conditions, the total pressure, total temper-
ature, and absolute� ow angle are speci� ed at the inlet, as well as the
static pressureat the exit. The convergencecriteria for � ow solution
are a three orders of magnitude reduction in average residual from
its initial value and the convergences of inlet mass � ow rate, exit
total temperature, and exit total pressure up to the fourth signi� cant
digit. The radius change and thickness variation of the streamtube
geometryareobtainedwith the Katsanis and McNally axisymmetric
through�ow code.6

Step 3: Evaluation of Objective and Constraint Functions
In general, a constrained optimization problem is formulated as

follows:
Minimize:

F.X/ (1)

Subject to:

g j .X/ · 0; j D 1; J

X L
k · Xk · XU

k ; k D 1; K
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In thisstudy,theadiabaticef� ciencyof a compressorbladesection
is chosen to be optimized. Thus, from the de� nition of adiabatic
ef� ciency for a single rotor, two objective functions are formulated.
The � rst is given as

F1 D ¡´=.´/0 D ¡.1 C ! p1p0e C !T 1T0e/ (2)

where

1p0e D p0e ¡ .p0e/0; 1T0e D T0e ¡ .T0e/0

and where subscript 0 denotes the values for the initial geometry.
The weighting factors !p and !T are obtained by linearizing the
variational form of the adiabatic ef� ciency. In the second formula-
tion, an additional term is added to Eq. (2) to take into account the
effect of changes in the inlet mass � ow rate due to changes in the
geometry of blade sectionsduring the optimizationprocess.That is,

F2 D ¡´=.´/0 D ¡.1 C !p1p0e C !T 1T0e C ! Pm 1 Pm/ (3)

where the weighting factor ! Pm is estimated from the correlation
between the adiabatic ef� ciency and the inlet mass � ow rate for
the initial blade section. For the initial optimization attempt, no
constraintsare usedbecausethey are computationallyexpensiveand
thenecessityfor theirpresenceis notknownbeforehand.Constraints
are, thus, added only when the optimization results in a degradation
of some performance characteristics.

When the objective function is found to have reached its min-
imum, the design process is terminated. Otherwise, the design
proceeds to step 4.

Step 4: Sensitivity Analysis and Numerical Optimization
The sensitivitiesof the objectiveand constraintfunctionsfor each

design variable are evaluated by � nite differencing. For example,
the gradient of an objective function with respect to the kth design
variable is found from

@ F

@ X k
D

F.X C 1X k / ¡ F.X /

1X k

(4)

The sensitivities are fed into the optimization process driven
by DOT, a commercial optimization package built by VMA
Engineering,7 which determines a step size for the vector of design
variables through one-dimensional search. The optimum values of
design variables are obtained when the Kuhn–Tucker condition is
satis� ed.

Step 5: Modi� cation of Blade Geometry and Grid Generation
The geometry of a blade section is modi� ed by adding a linear

combination of base functions in the direction normal to the chord
line of the blade. The geometry perturbation is de� ned as

Table 1 Optimization results

Design with objective Design with objective
Parameter Initial function 1 Change, % function 2 Change, %

Blade section of rotor 37 at 70% span
Pm= Pm initial 1.00 1.00104 0.10405 0.99994 ¡0.00543
´ 0.88939 0.89811 0.98045 0.89933 1.11762
p0e=p0i 2.19158 2.18223 ¡0.42663 2.17559 ¡0.72961
pe=pi 1.62568 1.62666 0.06028 1.62592 0.01476
closs 0.16373 0.14939 ¡8.75832 0.14707 ¡10.17529

Blade section of rotor 37 at 50% span
Pm= Pm initial 1.00 0.99780 ¡0.22022 0.99999 ¡0.00106
´ 0.88700 0.88944 0.27508 0.89361 0.74521
p0e=p0i 2.13531 2.12156 ¡0.64393 2.11788 ¡0.81627
pe=pi 1.58637 1.58464 ¡0.10905 1.58649 0.00756
closs 0.19177 0.18642 ¡2.78980 0.17852 ¡6.90932

Blade section of rotor 37 at 30% span
Pm= Pm initial 1.00 1.03203 3.20281 1.02310 2.31045
´ 0.85167 0.87788 3.07748 0.87121 2.29432
p0e=p0i 2.00279 2.02664 1.19084 2.01853 0.78590
pe=pi 1.50056 1.51997 1.29352 1.51697 1.09359
closs 0.27879 0.22851 ¡18.03508 0.24131 ¡13.44381

1n D
KX

k D 1

X k fk .s/ (5)

The base functions used in this study were the Hicks–Henne shape
functions8 without the function specialized for the leading edge.

The grid is regenerated for a modi� ed blade section as described
in step 1 to maintain the grid quality during the design. The design
process jumps back to step 2 and iteratesuntil the design criteria are
met.

Demonstrations
The design method is demonstrated with NASA rotor 37, a core

compressor blade developed in the 1970s at the NASA John H.
Glenn Research Center at Lewis Field. The blade sections at 70, 50,
and 30% span stations were chosen as initial geometry, and the two
objective functions in Eqs. (2) and (3) were employed to maximize
their adiabatic ef� ciencies at the design operating condition. The
grid for each section had 257 grid points in the streamwise direction
with 177 points on blade surfaces and 33 in the blade-to-blade di-
rection.Four design variableswere locatedon each blade surface,at
55, 57, 59, and 61% chord on the suction surface and at 50, 55, 60,
and 65% chord on the pressure surface. They were clustered near
the midchord to minimize the perturbationof blade geometry near
the leading- and trailing-edgeregions.

All designs took 3–7 cycles to converge, consuming about
70 CPU minutes per cycle on a single processor of SGI Origin
2000 with 300-MHz clock speed. The design results are summa-
rized in Table 1, which shows that, for all cases, the addition of
the inlet mass � ow rate term to F1 signi� cantly reduced the change
in the inlet mass � ow rate during the optimization. Higher gains
in the ef� ciency were also obtained with F2 except for the blade
section at 30% span station. The design results at 30% span station
indicate that, although the gain in ef� ciency is the greatest among
the three optimized sections, it may cause an adverse effect as part
of a three-dimensional blade due to the large change in inlet mass
� ow rate. This implies that the blade sections near the hub region
may not be suitable for quasi-three-dimensional design due to the
presence of strong three-dimensional effects near the hub region.
Figure 1 compares the blade geometry of the initial and designed
blade sections at 50% span station, which were rotated to show the
changes in geometry more clearly. The inspection on the geometry
of the designed blade sections and their performances indicated no
additional optimization with constraints were necessary.

In all cases, the improvements in ef� ciency were found to come
from a combination of weakened shock strength and reduction in
� owseparationregion.Figure2, whichshows isentropicMach num-
ber on blade surfaces at 50% span station, shows a reduction in
shock strength along with a slight delay in shock impingement
point on the suction surface. From velocity vector plots near the
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Fig. 1 Geometry of initial and designed blade sections at 50% span.

Fig. 2 Isentropic Mach numbers on blade surfaces for blade sections
at 50% span.

shock impingement point, it was observed that a reduction in � ow
separation behind the shock ensued as a result of weakened shock
strength.

Conclusions
The � ow� eld inside transonic compressors involves high-level

� ow physics and is very sensitive to changes in blade geometry.
Therefore, the design of an axial compressor blade requires careful
maneuvering through complex nonlinear design space. Numerical
optimization is attractive in that constraints can be imposed to pre-
vent ill effectsof a design.Constraints,however, limits designspace,
and in the case of an axial compressor blade design, a constraint on
inletmass � ow rate takes too muchspaceaway,makingoptimization
extremely dif� cult to perform. This Note shows that incorporating
the constraint into an objective function can improve the design
results. Also if needed constraints are related to the objective func-
tion in some ways, it would be possiblethat they all becomea part of
the objective function while discouraging the design process from
moving into certain directions.

The study also shows that the developed design method can im-
prove the adiabatic ef� ciency of a blade section signi� cantly by
reducing the losses from the passage shock and the � ow separation.
The design method, however, cannot handle three-dimensional ef-
fects because it employs quasi-three-dimensional � ow physics and
did not produce desired design results for the blade section near
the hub region. To ascertain the signi� cance of the quasi-three-
dimensional design results, constructing and evaluating the perfor-
mance of three-dimensionalblades based on the designed sections
will be conducted in the future.

References
1Damle, S., Dang, T., Stringham, J., and Razinsky, E., “Practical Use of

3D Inverse Method for Compressor Blade Design,” American Society of
Mechanical Engineers, ASME Paper 98-GT-115, June 1998.

2Wang, Z., Cai, R., Chen, H., and Zhang,D., “A FullyThree-Dimensional
Inverse Method for Turbomachinery Blading with Navier–Stokes Equa-
tions,” American Society of Mechanical Engineers, ASME Paper 98-GT-
126, June 1998.

3Sorenson, R. L., “A Computer Program to Generate Two-Dimensional
Grids About Airfoils and Other Shapes by Use of Poisson’s Equation,”
NASA TM-81198, 1980.

4Chima, R. V., “Explicit Multigrid Algorithm for Quasi-Three-
Dimensional Viscous Flows in Turbomachinery,”Journalof Propulsion and
Power, Vol. 3, No. 5, 1987, pp. 397–405.

5Wilcox, D. C., “Comparison of Two-Equation Turbulence Models for
Boundary Layers with Pressure Gradient,” AIAA Journal, Vol. 31, No. 8,
1993, pp. 1414–1421.

6Katsanis, T., and McNally, W. D., “Revised FORTRAN ProgramforCal-
culating Velocities and Streamlines on the Hub-Shroud Midchannel Stream
Surface of an Axial-, Radial-, and Mixed-Flow Turbomachine or Annular
Duct, Part I—User’s Manual,” NASA TN D-8430, 1977.

7“DOT User’s Manual,” Ver. 3.00, VMA Engineering,Goleta, CA, 1992.
8Hicks, R. M., and Henne, P. A., “Wing Design by Numerical Optimiza-

tion,” Journal of Aircraft, Vol. 15, No. 7, 1978, pp. 407–412.

R. M. C. So
Associate Editor

Semistructured Grid Generation
in Three Dimensions Using

a Parabolic Marching Scheme

David S. Thompson¤ and Bharat K. Soni†

Mississippi State University,
Mississippi State, Mississippi 39762-9627

Introduction

S TRUCTURED grids and unstructured meshes have been used
successfully to solve a wide range of problems in computa-

tional mechanics.1 Each of these mesh types has advantages and
disadvantages that have been well documented in the literature. It
seems apparent that meshes consistingof a single-elementtype can-
not simultaneouslyaddress the sometimes con� icting requirements
of solution accuracy, computational ef� ciency, and automation of
the grid-generationprocess.

Hybrid grids2;3 are an attempt to address these requirements
by combining elements of both structured grids and unstructured
meshes and are attractive because of their � exibility with respect
to automation as well as feature resolution through the use of
anisotropic elements. Additionally, hybrid grids require signi� -
cantly fewer elements than unstructuredmeshes to achieve the same
resolution.2 In a typical hybrid grid, anisotropic prismatic or hex-
ahedral cells are used in regions of the domain near boundaries
dominatedby large gradients in the � eld variables.These near-body
cells are generatedby extrusionof the surface mesh into the domain.
Once the mesh is extruded suf� ciently far into the domain, tetrahe-
dra are employed to � ll the remaining voids. If the extruded mesh
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