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Problem description 

 
Background and objective 

 

It is recognized that the fuel burn of the aircraft (with powerplants) has to be incorporated in 

the flight trajectory analysis. In addition, the simplified cruise description should include an 

increase of the flight Mach number with altitude for a beneficial interaction of kinetic and 

potential energy. 

Hence, the ultimate goal is to reduce the fuel cost and emission particles by an analysis and 

convert this into a computer code for a parametric study of the appropriate trajectory and 

aircraft variables. 

 The purpose of the present simulation study is twofold, i.e. 

- Give a simple analytical basis for a parametric variation of selected parameters 

defining the climb or descent of a representative flight of an airliner. 

- Give a focus on a positive flight trajectory (for a greener sky) 
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Abstract 

 

The diminution of the fuel consumption during the flight trajectory has an impact on the cost 

of the travel and answers to the ecologic challenge “Green Sky”.  The analysis has for 

objective to optimize the flight trajectory of the aircraft in order to reduce the fuel 

consumption. The flight trajectory is defined by a simplified description and depends on some 

parameters which affect the different phases of the trajectory. The flight description is 

introduced in a computer code and the different parameters vary in order to define their 

influence on the fuel consumption. The results which are obtained show the influence of the 

times of climb and descent and the cruise altitude on the fuel consumption. The variation 

according to the defined configuration is in the order of few percent. Today, all the few 

kilograms of fuel which are saved are important. The different phases of the flight trajectory 

have to be optimized to reduce the fuel consumption. 
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Flight path optimization for an airplane 
By Dorothée Merle 

Introduction 
 

During the last 20 years, the price of the barrel has risen sharply and this augmentation 

does not seem to stop. The fuel increase accelerates the process of fleet replacement to less 

polluting models. Today the aircraft self life is 20 years instead of 30 years.  

For many years, airlines around the world have seen their fuel bills rise, as the price of crude 

oil has continued to rise steadily. For the flight companies, the fuel cost represents 30% of the 

operating costs. The flight companies want to reduce the flight costs, consequently they look 

for aircrafts more economics and eco-responsible. The demand of the flight companies to 

reduce the fuel consumption and the difficult in this economically critical period to go into a 

new aircraft actuate the aircraft constructors to modernize the engine range.   

The engine builders propose new engines, like the group CFM international which present the 

LEAP-X engine, lighter, durability, temperatures extremely high.  Pratt&Whitney developed 

the geared turbofan technique (GTF) which is endowed with speed reducer between the fan 

and the low pressure compressor, each component running at its optimal speed and improve 

the reactor performances: reduction of the fuel consumption. 

 

Methods are developed to reduce the fuel consumption, like the control of the extern 

surfaces of the aircraft to reduce the aerodynamic drag or the cleaning water of the reactor or 

the reduction of the fuel capacity at takeoff.  

The flight trajectory operations are modified. The takeoff phase of flight is the most fuel 

consuming per unit time and the operation is realised at maximum power for the aircraft 

engine until the cruise altitude. The maximum power is not necessary; consequently the fuel 

consumption decreases if the engine power is reduced. For the takeoff phase, the angle of the 

flaps setting is reduced, the acceleration and the flap retraction are made at lower altitude than 

the typically 3000 feet. The drag decreases and the aircraft efficiency augments.  

During the climb phase, after the flap retraction, the aircraft accelerates to the climb speed the 

most economic. In general, the aircraft turn around the airport before to land. The flight 

companies look for reduce the landing phase and to have a straight down landing.  

 

The objective of the optimization of the fuel consumption is double. The reduction of 

the fuel consumption makes it possible to improve the environmental reputation of aviation. 

The contribution of the aviation to the production of the main greenhouse gas CO2 is 

moderate but the augmentation of airline traffic encourages the airline companies to reduce 

the fuel consumption.  
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Symbols 
 

a  Acceleration [m/s²] 

α  Parameter defining the dimensional velocity [s/m] 

β  The velocity/altitude parameter [-] 

c  Speed of sound [m/s] 

     Drag coefficient [-] 

       Drag coefficient at zero lift [-] 

      Induced drag coefficient [-] 

CI  Cost Index [kg/min] 

      Lift coefficient [-] 

D  Aerodynamic drag [N] 

     Horizontal distance [m] 

ε  Constant in the density function [1/m] 

F  Acceleration force [N] 

g  Acceleration of gravity [m/s²] 

G  Gravity force [N] 

γ  Parameter for the climb/descent time determination [-] 

L  Lift [N] 

     Fuel capacity [l] 

M  Mach number [-] 

m  Weight of the aircraft [kg] 

     Fuel weight [kg] 

     Fuel burn mass [kg] 

      Fuel mass flow [kg/h] 

n  Number of increment [-] 

ρ  Air density [kg/m
3
] 

     Air density at sea level [kg/m
3
] 

     Fuel density [kg/m
3
] 

S  Wing area [m²] 

SFC  Specific fuel consumption [(kg/h)/N] 

T  Required thrust [N] 

t  Increment time [h] 

θ  Climb/descent angle [rad] 

τ  Time [h] 

v  Vertical speed [m/s] 

V  Velocity along the flight path [m/s] 

z  Geometric altitude [m] 

Z  Dimensionless altitude [-] 

     Cruise altitude [m] 
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Subscripts : 

 

cl  refers to the climb phase 

c  refers to the cruise phase 

d  refers to the descent phase 

mean  refers to the mean value 

D  refers to the drag  

L  refers to the lift 
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1. Analytical analysis 

 

1.1. Fuel consumption 

 
The previous years, the Boeing and the Airbus companies competed to find the 

optimal aircraft. One of the last technologies found is the winglets. The intended effect is to 

reduce the aircraft’s drag by altering the airflow near the wingtips and decreases the vortex 

(figure 1.1). The winglets increase the effective aspect ratio of a wing without materially 

increasing the wingspan. This system makes it possible to reduce the fuel consumption. 

 

 
 

Figure 1.1: Effect of the winglet on the vortex 

 

Today, the companies do not plan to replace the range of the short and medium haul 

airliners, but predict a modernisation with new range of motors. This choice is guided by a 

demand in economic and eco-responsible aircrafts and the need of the flight companies to 

reduce the fuel burn.  

 

In the first part, the strategies of Boeing of fuel conservation are set forth [4], [5], [6]. The 

company introduced the cost index (CI) to find a compromise between the time cost and the 

fuel cost of the travel to reduce the flight cost. 

 

In the second part, some benchmarks of the fuel consumption from the Airbus documentation 

[2] and the PhD of Paul Arentzen [1] are collected to compare with the values from the 

simulation part [Appendix C].  

 

In the last part, the calculation of the fuel consumption is explained [3]. The equation is used 

in the computer code [Appendix B] and depends on the time of trajectory and the required 

thrust which applies on the aircraft. 
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1.1.1. Strategies of fuel conservation 

 

The fuel conservation strategies by Boeing  

 

The Boeing Company and other flight companies use the cost index. It is a function of 

fuel and nonfuel costs and has for objective to help airlines to reduce the operating costs. 

 

The cost index (CI) is the ratio of the time-related cost of an airplane operation and the cost of 

fuel (Equation 1). This value reflects the relative effects of fuel cost on overall trip cost as 

compared to time-related direct operating costs.  

 

 

   
                

                    
                                                                                                                     

 

 

During the travel, the flight crew enters the company calculated CI into the control display 

unit (CDU) of the flight management computer (FMC). The FMC uses this number and other 

performance parameters to calculate economy climb, cruise and descent speeds. The airspeed 

which is used during descent tends to be the most restricted of the three flight phases. The 

cost index range is 0-500 for the aircraft 737 Boeing Next generation and 0-9999 for the 

aircraft 777. 

 

For all the aircraft models, if the cost index entering in the FMC is equal to zero, the 

configuration gives the maximum range airspeed and the fuel consumption is minimal, but 

this configuration ignores the cost time. If the cost index is maximal, the time flight is 

minimal, the velocity and the Mach number are maximal, but the speed schedule ignores the 

cost fuel. In practice, neither of the extreme CI values is used.  

 

In the figures 1.2 and 1.3 are represented the cost index, the influence of the CI on the time 

and the fuel consumption for different profiles of climb-cruise and descent. During the climb, 

when the cost index augments, the fuel consumption increases and the time of climb to reach 

the point B at cruise altitude decreases. For CI=0, the gradient of climb is maximal and the 

fuel consumption is minimal. During the descent, the cost index is maximal for the maximum 

gradient. The fuel consumption increases and the time of descent decreases when the cost 

index augments.  

 

The cost index depends on the fuel cost and the time cost. The latter is based on the flight 

crew wages, the engines, the auxiliary power units, the airplanes and the maintenance costs. 

Some costs can be direct and the others are fixe. In the case of high direct time costs, the CI is 

large to minimize the time. In the case where most costs are fixed, the CI is very low to 

minimize the fuel cost. The cost index allows finding a compromise between the fuel burn 

and the time according to the costs of both, to reduce the flight cost.   



1. ANALYTICAL ANALYSIS  17 
 

 

 

 

  

 
Figure 1.2: The effect of cost index when climbing to cruise altitude [4] 

 

 

Figure 1.3: The effect of cost index when descending [4] 

 

The strategies of Boeing are to conserve the fuel and minimize the flight cost. They concern 

all the phases of the flight trajectory.  Their study is directed to the takeoff-climb and the 

cruise.  
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Takeoff and climb 

 

The fuel consumption per hour is maximal during the takeoff and the climb phases, 

hence the importance for Boeing to find the best profile of takeoff and climb in order to 

reduce the fuel burn. 

 

During the takeoff and the climb phases, the takeoff flap setting is important for saving the 

fuel. According to the flap setting configuration, the fuel consumption varies. For a 

configuration with an angle smaller, the fuel burn is less important because the drag 

decreases. The difference is small for the different configurations of flap setting possible, but 

today it is important to save the fuel and to reduce the cost of the travel. 

 

 

Table 1.1: Impact of takeoff flaps selection on fuel burn, altitude z=3048m [5] 

 

Airplane model Takeoff 

Flap setting [°] 

Takeoff 

Gross weight [kg] 

Fuel used 

[kg] 

Fuel differential 

[kg] 

737-800 Winglets 

5  

72 575 

578 - 

10 586 8 

15 588 10 

777-200 

Extended range 

5  

249 476 

1 635 - 

10 1 668 33 

20 1 692 57 

 

 

During the climb phase, the aircraft can reduce the fuel burn if the flight crew performs 

acceleration and flap retraction at lower altitude than the typical 3 000 feet (914 m). The fuel 

consumption decreases because the drag which is being reduced earlier in the climb-out 

phase. 

 

The table 1.2 shows two standard climb profiles. The profile 1 is a climb with acceleration 

and flap retraction beginning at 3 000 feet and the profile 2 is a climb with acceleration to flap 

retraction beginning at 1000 feet (305 m). 

 

 

Table 1.2: Fuel saving potential of two climb profiles, cruise altitude [5] 

 

Airplane 

model 

Takeoff 

Gross weight [kg] 

Profile 

Type 

Takeoff 

Flap setting [°] 

Fuel used 

[kg] 

Fuel differential 

[kg] 

737-800  

Winglets 
72 575 

1 
10 

2 374 - 

2 2 307 - 67 

777-200 

Extended range 
249 476 

1 
15 

6 583 - 

2 6 386 -197 

 

With the profile 2, the aircrafts use 3 to 4 percent less fuel than the profile 1. 
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The table 1.3 shows the combined effects of using lower takeoff flap setting and flying with 

the profile 2, compared to using higher takeoff flap setting and flying with the profile 1. The 

first configuration gives 4 to 5 percent less fuel burn than the second. 

 

 

Table 1.3: Fuel saving potential of two climb profiles, cruise altitude [5] 

 

Airplane 

Model 

Takeoff 

Gross weight 

[kg] 

Profile 

Type 

Takeoff 

Flap setting 

[°] 

Fuel used 

[kg] 

Fuel 

differential 

[kg] 

737-800 

Winglets 
72 575 

2 5 2 299 -93 

1 15 2 392 - 

777-200 

Extended range 
249 476 

2 5 6 358 -314 

1 20 6 672 - 

 

 

The reduction of the angle of the takeoff flap setting and the transition between the takeoff 

and the climb at less altitude can reduce the fuel consumption. The difference of the fuel burn 

is few kilograms, but each phases of the flight trajectory is important for the fuel 

conservation. 

 

 

 

Cruise 

 

In general, except for the short flight trajectory, the cruise is the largest percentages of 

the trip time and the trip fuel is consumed typically in this phase of flight, hence the 

importance to have the best cruise conditions to reduce the fuel consumption. The parameters 

which affect the travel time and the fuel burn are the cruise speed, the altitude and the centre 

of gravity of the aircraft. The speed selection depends on the perspective of the pilot, 

dispatcher, performance engineer, or operations planner.  

 

The objectives can be to minimize the fuel used, the total trip time, the total operating cost for 

the trip or to maintain the flight schedule.  When the flight’s strategic objectives are 

understood, the cruise speed can be selected.  

The problem is that sometimes the pilot has to change the cruise strategy because of some 

constraints he can meet during the flight. 

 

There are two theoretical speed selections for the cruise phase of flight: 

- LCR: Long Range Cruise (the traditional speed) 

- MCR: Maximum Range Cruise, has for objective to reduce the fuel burn for a given 

cruise distance. 
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The cost index for the two different theoretical speeds is different. The fuel consumption will 

be more important with the LRC speed, because the cost index is higher than for the MCR 

speed. 

 

Table 1.4: Entered cost index (CI) [6] 

 

Airplane model MRC Typical airline CI 

values 

Approximate LRC 

equivalent 

737-6/7/800 0 10 to 30 35 

777 0 90 to 150 180 

 

The objective of Boeing is to help the flight companies to save their money in reducing the 

operating costs. A compromise has to be finding between the fuel consumption and the time 

of flight. The company want to reduce the fuel burn and the time of flight. 

 

 

1.1.2. Benchmarks 

 

With the strategies of each company, the information about the fuel consumption is 

difficult to obtain. This information is confidential. The Airbus documentation [2] and the 

PhD of Paul Arentzen [1] give some values about the fuel consumption for different aircrafts 

and trajectories. 

 

 The Airbus estimations for the climb phase  

 

This part relates the different profiles of climb possible according to the cost index.  

The distance, the time and the fuel consumption vary according to the trajectory profiles.  

 

 
Figure 1.4: Climb profiles 

The CI increases when the gradient decreases and the climb distance is longer until the cruise 

altitude. 
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The following table 1.5 shows the different climb parameters such as the time, speed, fuel, 

distance, computed by in-flight performance software for the A320 and the A340. The results 

of the both aircrafts are interesting to compare with the results from the simulation part for the 

climb phase. The A320 is used for medium haul flights and the A340 for long haul flights. 

 

 

Table 1.5: Climb parameters to FL330 (z=10058 m) 

 ISA conditions, no wind, 250kt (128,6m/s) up to FL 100 (z=30.48 m) [2] 

 

Aircraft type 

(T/OFF weight) 

COST 

INDEX 

(kg/min) 

Only climb segment 
Climb with cruise 

segment 

Fuel  

(kg) 

Time  

(min) 

Distance 

(km) 

Fuel  

(kg) 

Time  

(min) 

 

A 320 

(CFM 56) 

(75000 kg) 

0 1757 22,4 227,8 1984 27,5 

20 1838 23,1 294,5 2009 26,9 

40 1897 23,7 305,6 2030 26,6 

60 1980 24,7 324,1 2056 26,3 

80 2044 25,6 338,9 2072 26,2 

100 2080 26,1 346,3 2080 26,1 

 

A 340 

(CFM 56) 

(250000 kg) 

0 5363 25,4 311,1 5532 26,8 

50 5450 26 318,5 5551 26,7 

80 5492 26,2 322,2 5560 26,7 

100 5510 26,3 324,1 5563 26,7 

150 5547 26,5 327,8 5570 26,7 

200 5574 26,7 329,6 5574 26,7 

 

 

In the case of CI max, the climb trajectory corresponds to the distance of climb between the 

sea level and the cruise altitude (oblique trajectory).  

In the other cases, the climb trajectory is divided in two parts: the climb distance between the 

sea level and the cruise altitude (oblique trajectory) and the cruise segment until the point of 

cruise for CI max (horizontal trajectory). 

 

For the climb segment, when the cost index diminishes, the time decreases because the 

distance of climb is shorter to reach the cruise altitude and the fuel consumption decreases, 

but the aircrafts are not in the same position in each case.  

The cruise segment is introduced to define the fuel consumption for the different profiles at 

the same point. With the cruise segment, the fuel consumption increases, but stays smaller 

when the cost index is low. In the case of the Airbus A320, the fuel consumption decreases 

when the cost index diminishes, but the time varies and is a bit longer. For the A340, the time 

is the same for each profile and the fuel consumption decreases when the cost index 

diminishes. 

 

The histograms represent the fuel consumption and the curves the time, both depend on the 

cost index (figure 1.5). 
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Figure 1.5:Fuel consumption and time, climb with cruise segment 

 

 

In the computer code, the aircraft A320 can be used for the flight between Trondheim – Nice. 

The A340 is long-haul airline and can be used for the flight Paris – New York. The 

information about the fuel consumption during the climb from the Airbus documentation [2] 

of these two aircrafts is necessary to have some benchmarks for the simulation part. 

 

 

 

The fuel consumption for the flight Oslo-Trondheim 

 

The information in this part comes from the PhD of Paul Arentzen [1]. In this study, 

the range aircraft considered is the Boeing 737 models -3/4/5/800. The type of engine on 

these aircrafts is the CFM56-3C1. The aircraft area considered is 202,85 m² and the weight at 

takeoff is 48 000kg. The trajectory profile for Oslo-Trondheim is defined in the table 1.6. 
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Table 1.6: Flight and weight data for the modelled flight Oslo-Trondheim [1] 

 

Segment 
Altitude [m] 

Start        End 

Speed [m/s] 

Start      End 

Distance 

[km] 

Climb 

[°] 

Time 

[s] 
Fuel [kg] 

A/C Mass 

[kg] Start 

I 12 12 10,3 79 1,5 0 31 58 48000 

II 12 457 79 107 4,3 5,9 45 101 47942 

IIIA 457 2071 107 185 28,3 3,3 170 379 47841 

IIIB 2071 11278 185 208 161,7 3,3 734 1092 47462 

Total climb 457 11278 107 208 190  904 1471 47462 

IVA 11278 11278 208 220 5,5 0 26 22 46370 

IVB 11278 11278 220 220 83,5 0 380 187 46348 

Total cruise 11278 11278 208 220 89 0 406 209 46348 

VA 11278 5628 220 202 105,5 -3,1 484 102 46161 

VB 5628 457 203 138 94,6 -3,1 630 193 46059 

Total descent 11278 457 220 138 200,1 -3,1 1114 295 46059 

VI 457 6 82 87 9,3 -2,8 110 38 45866 

Sum     494,2  2 610 2172 45828 

 

I: taxi-out   IIIA and IIIB: climb   VA and VB: descent 

II: takeoff   IVA and IVB: cruise   VI: landing 

 

 

In the table 1.6 is represented the altitude, speed, distance, time and fuel consumption for the 

different phases of the flight Oslo-Trondheim. The results can be used to compare with the 

results from the simulation part for the flight Trondheim-Oslo. The principal interesting 

values are the time, the distance and the fuel burn after the 3 phases: climb, cruise and descent 

and at the end of the flight. The profile of the flight trajectory which uses in the PhD is 

different of the profile which is defined in the part 1.2 Flight trajectory and computer code 

presentation. 

 

The table 1.7 compares the estimates of the aircraft and the engine manufacturer with the 

Turbomatch/Braathens (model above in the PHD). The principal differences with the three 

cases are the weight of the aircraft at takeoff, the cruise altitude and the cruise speed. This 

table gives more benchmark for the simulation part. 

 

 

Table 1.7: Fuel consumption, different estimates for a 500 km Boeing 737-400 flight two engines [1] 

 

 
Boeing 

estimates 

CFM 

estimates 

Turbomach/ 

Braathens 

Takeoff weight [kg] 62800 56700 48000 

Cruise altitude [m] 9450/10670 7620 11278 

Cruise Mach no./ speed [m/s] 0,74/223 0,72/223 0,745/220 

Climb fuel consumption [kg] 1242 829 1228 

Fuel flow in cruise, both engines [kg/s] 0,682 0,761 0,525 

Total fuel consumption, 500 km flight [kg] 2212 2021 1948 
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For the short-haul flight, the highest fuel consumption occurs at take-off. After the climb 

angle and the drag coefficient decrease and the fuel burn falls accordingly. During the first 

phase of climb, the fuel consumption increases because the speed is more than doubled and 

the air density decreases. During the climb, the speed and the climb angle are considered 

constant and the air density decreases, so the thrust and consequently the fuel consumption 

decrease. The fuel burn is constant during the cruise phase because the speed is constant. For 

the descent, the fuel consumption decreases, but in the approach phase and the landing the 

thrust augments and consequently the fuel consumption too. The variation of fuel during the 

trajectory is represented in the figure 1.6. 

 

 

 

 

Figure 1.6: Time specific fuel consumption during the complete flight cycle Oslo-Trondheim 

 (Turbomach model) [1] 

 

 

1.1.3. Calculation of the fuel consumption (SFC)  

 

The objective is to define the fuel consumption during the different phases of the flight 

trajectory. The engines of the aircraft are defined by the type, the engine characteristics 

(length, fan diameter, weight), the maximum thrust for the different phases, the overall 

pressure ratio at maximum power and the specific fuel consumption at maximum power.   

 

 

The thrust specific fuel consumption (TSFC) or specific fuel consumption (SFC) is an 

engineering term that is used to describe the fuel efficiency of an engine design with respect 

to thrust output. The unit is [(lbm/h)/(lbs)] or [(kg/h)/(N)]. TSFC or SFC for thrust engines is 

the mass of fuel needed to provide the net thrust for a given period. The SFC depends on the 

engine design and provides important information about the performance of a given engine. 
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Mathematically, SFC is a ratio of the engine fuel mass flow rate to the amount of thrust 

produced by burning the fuel [3], i.e. 

 

    
    

 
                                                                                                                                                  

 

where:         is the fuel mass flow rate [kg/h] 

              T is the thrust force [N] 

 

 

The equation to determine the fuel consumption is: 

 

                                                                                                                                               

 

where:   τ is the time [h] 

            SFC is the specific fuel consumption [(kg/h)/(N)] 

       is the fuel burn mass [kg] 

 

 

The values of the SFC are given in the table 1.8 for the different engines used by the chosen 

aircraft. 

 

Table 1.8: SFC for the different engines [7] 

 

Aircraft Engine SFC [(lbm/h)/(lbs)] SFC [(kg/h)/N] 

737-300 CFM 56-3C1 0,39 0,03977 

737-800 CFM 56-7B24 0,38 0,03875 

A320 CFM 56-5B4 0,34 0,03467 

A340 CFM 56-5C2 0,32 0,03263 

777-200 PW 4077 0,33 0,03365 

 

 

The equation (3) gives the fuel consumption according to the thrust force, the time and the 

specific fuel consumption (SFC) which depends of the type of engine. This equation is used in 

the computer code for the simulation part of the project. 

 

In the computer code, the climb and the descent are divided by increment. At each increment 

the fuel consumption is calculated and the sum of these consumptions gives the fuel burn for 

the climb and the descent phases.  After each increment, the weight of the aircraft decreases. 

For the cruise, the fuel consumption is constant because the trajectory is straight, the altitude 

and the cruise speed are constant for the short and medium haul flights. For the long haul 

flights, the aircraft flies between the cruise altitudes            . The required thrust and the 

cruise speed are considered constant (1.2.2. Cruise description) consequently the fuel 

consumption varies linearly according to the air density. 
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1.2. Flight trajectory and computer code presentation 

 

1.2.1. Climb and descent descriptions 

 

The profiles of the climb and the descent have been defined in the previous analysis 

[Appendix A]. This analysis is the simplified model of the flight trajectory of an aircraft. 

 

 

The velocity of the aircraft during the climb and the descent phases is defined by two 

components: the velocity along the flight path V [m/s] and the vertical speed v [m/s]. The 

angle between these two components is the climb or descent angle θ [rad]. The equations 

are given by (4), (5), (6) with the dimensionless altitude         and    is the altitude at the 

specific cruise height [m]. The curve of the velocity along the flight path [Appendix A, figure 

1] indicates two horizontal asymptotes in     and     . 

 

      
 

 
   

 

 
 
  
 

                                                                                                                         

 

                                                                                                                                                   

 

The vertical speed is equal to zero at     and   . 

 

     
 

 
                                                                                                                                                      

 

where α is the parameter defining the dimensional velocity [s/m], β is the velocity/altitude 

parameter, γ is the parameter for climb/descent time determination. 

 

In the previous analysis [Appendix A], the value of the parameter α is 0,07 s/m. The velocity 

along the flight path and the Mach number depend on the parameter α. In the computer code, 

the aircrafts are different according to the trajectory. Each aircraft is defined by the cruise 

Mach number. To respect the cruise Mach number theoretical, the value of parameter α has to 

be defined for each aircraft.  

 

 

Table 1.9: Values of the parameter α for each aircraft 

 

Aircraft Cruise Mach number [-] α [s/m] 

737-300 0,74 0,0735 

737-800 0,78 0,0697 

A320 0,78 0,0697 

A340 0,82 0,0663 

777-200 0,84 0,0648 
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The parameter β has an effect on the velocity along the flight path and the Mach number, but 

it is minimal in comparison with the parameter α. In the previous analysis, the value of the 

parameter β is 60000. This value is retained for this analysis. 

 

 

The mean vertical speed       [m/s] has to be calculated to evaluate the time τ [s] needed 

to climb up to the cruise altitude   . The vertical speed is integrated between Z=0 and Z=1 

and the solution of the mean vertical velocity is given by the equation (7). 

 

                                                                                                                                                     

 

 

The time τ [s] of the climb and the descent is a function of the cruise altitude and the mean 

vertical speed      , i.e. 

 

  
  

     
                                                                                                                                                     

 

 

The vertical speed can be represented by a parabola. The mean vertical speed depends on the 

parameter γ and the vertical speed is equal to 0 in             . These values give the 

equation of the parabola i.e. 

 

          
                                                                                                                             

 

 

In the simulation analysis, the influence of the vertical speed profile on the fuel consumption 

is determined. 

 

The air density and the speed of sound have different values during the trajectory because 

they depend on the geometric altitude z. For an isothermal atmosphere, the air density 

        is given by the equation (10), i.e. 

 

                                                                                                                           

 

where the air density at sea level is                ,              is a factor in order 

to satisfy an approximation in the range       .  

 

 

The speed of sound c [m/s] in the troposphere is a linear decay function of the dimensionless 

altitude Z. 
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The flight Mach number [-] has an asymptotic behaviour in     and     , to eliminate 

this behaviour the range will be            , i.e. 

 

  
 

 
                                                                                                                                                          

 

 

 

Climb 

 

During the climb phase, the forces which apply to the aircraft are the acceleration 

force F, the gravity G, the lift L, the aerodynamic drag D and the required thrust T. The latter 

depends on the forces along the flight path; the forces are given by the equations (13), (14), 

(19), (20) and are represented in the Appendix A, figure 2. 

 

The acceleration force F [N] is a function of the weight of the aircraft m [kg] and the 

acceleration along the flight path a [m/s²]. The latter depends on the dimensionless altitude. In 

the previous analysis [Appendix A], the weight of the aircraft is considered constant and equal 

to the takeoff mass of the aircraft, but in this analysis, the calculation of the forces is realised 

by increment in the computer code and the weight of the aircraft decreases after each 

increment because of the fuel consumption. The acceleration force depends on the 

dimensionless altitude Z, the weight of the aircraft m, the cruise altitude zC and the parameter 

for the climb time determination γ. 

 

     
  

   
                                                                                                                               

 

 

The gravity force is divided in two components: the gravity drag force along the flight path 

   and the gravity lift force perpendicular to the flight path   . The value of the gravity drag 

force [N] is necessary to calculate the required thrust force. The gravity force is a function of 

the climb angle θ [rad] and the weight of the aircraft m [kg], i.e. 

 

                                                                                                                                                      

 

where g [m/s²] is the acceleration of gravity 

 

 

The aerodynamic drag D [N] is the sum of the drag at zero lift    and the lift induced 

drag   . It is a function of the air density ρ         and the velocity along the flight path V 

[m/s]. They depend on the altitude z, i.e. 
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where S [m²] is the reference wing area of the aircraft,            [-] is the drag coefficient 

at zero lift and      [-] is the induced drag coefficient related to the lift force L. The lift is 

equal to the gravity component    perpendicular to the flight path. The forces are given by 

the equations (16) and (17). 

 

  
 

 
                                                                                                                                                   

 

                                                                                                                                                      

 

The induced drag coefficient is defined by the equation (18): 

 

        
    

      

 
     

 

 

                                                                                                                   

 

where    is the lift coefficient,         [-] is the factor related to the aspect ratio of the 

wing. With the combination of the equations (15) and (18), the aerodynamic drag is given by 

the equation (19): 

 

 

  
 

 
         

          

 
 
    

                                                                                                           

 

The aerodynamic drag depends also on the aircraft weight. 

 

The required thrust T [N] is the sum of the forces along the flight path which apply on the 

aircraft, i.e. 

 

                                                                                                                                                  

 

The equations are calculated for the range             to eliminate the infinite values of 

the velocity along the flight path, the climb/descent angle, the Mach number, the gravity, the 

aerodynamic drag, the lift and the required thrust. 

 

 

The horizontal distance        during the climb between the takeoff position and the cruise 

altitude depends on the mean horizontal speed              and the time; it is given by the 

equation (21). 
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The value of the mean velocity along the flight path       is determined by the function 

“mean” in the software Matlab after the “For” loop. 

 

 

In the computer code which is realised with the software Matlab, all these equations are 

necessary and the equation of the fuel burn (Equation 3) to define the time, the horizontal 

distances and the fuel consumption for the trajectory chosen. A “For” loop is used to 

calculated by increment (∆Z=0,01) for the range            , the fuel consumption and 

to decrease the weight of the aircraft after each increment. 

 

 

The algorithm for the climb phase is defined by the figure 1.7.  

 

In the computer code, the characteristics of the aircraft are defined at the beginning: the 

parameter α, the wing area S and the specific fuel consumption SFC. In the first time, all the 

variables are initialized and the values of the parameters (β, γ, zC, ρ0, ε, k and CD,0) are entered 

previously.  

The weight of the fuel mf is defined by the maximum capacity of fuel lf [l] and the fuel 

density ρf (Equation 23). 

 

                                                                                                                                             

 

 

The mean vertical speed and the time of climb are defined according to the parameter γ and 

the time increment is the ratio of the time of climb and the number of increments n (Equation 

24).  

 

  
 

 
                                                                                                                                                            

 

 

At each increment, all the equations are executed. At the end of “For” loop, the equations of 

the weights of the aircraft and the fuel are defined and the values decrease after each 

increment. The operation is repeated until the dimensionless altitude Z=0,99. After the “For” 

loop, the values of the fuel burn, the weight of the aircraft and the fuel are determined. 

The values of the lift coefficient, the Mach number and the speed of sound at the end of the 

climb are defined for the next phase, the cruise trajectory.  

The value of the horizontal climb distance is calculated after the “For” loop because it 

depends on the velocity along the flight path which is calculated during the “For” loop for 

each increment and the function “mean” is used to define the mean value. 
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Figure 1.7: Climb algorithm  
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Descent 

 

During the descent, the vertical speed v and the descent angle θ are negative.  The 

weight of the aircraft is lighter due to the fuel burn during the climb and the cruise phases. 

According to the chosen trajectory, the descent time increases if the parameter γ decreases. 

The variation of the parameter γ modifies the value of the forces which apply on the aircraft 

because they depend on the descent angle and the lift coefficient which depend on the 

parameter γ. The equations for the acceleration force F, the gravity drag force G and the 

aerodynamic drag D are conserved. The forces which apply on the aircraft are represented in 

the previous analysis [Appendix A, figure 10]  

 

The force balance for the aircraft during the descent phase can be formulated as  

 

                                                                                                                                                  

 

The thrust is negative for some values of the parameter for the descent time determination γ. 

In the reality, it is impossible. The thrust is negative because when the parameter γ increases, 

the gravity force increases and for some values of the dimensionless altitudes Z, the gravity is 

more important than the aerodynamic drag D and consequently the thrust is negative.  

The minimum value of the thrust is required and equal to 10% of the maximum thrust. The 

latter is determined during the climb phase. 

 

The mean vertical speed, the time and the horizontal distance are determined by the equations 

(7), (8) and (21). 

The fuel burn is determined with the equation (3) as a function of the thrust and the time. Like 

for the climb, the different equations will be calculated for each increment and the weight of 

the aircraft will decrease during the descent. 

 

 

The algorithm for the descent phase is similar to the climb algorithm. The fuel burn is 

initialized because it is interesting to have the fuel consumption for each phase and after to 

determine the total fuel consumption for the selected trajectory. The weights of the aircraft 

and the fuel at the beginning of the descent are equal to the weights at the end of the cruise. 

The time of descent and the descent horizontal distance (Equations 8 and 21) are calculated 

before the cruise phase to define the cruise horizontal distance and time. The time increment 

for the descent is calculated before the “For” loop. 

The loop is realized between the dimensionless altitude Z=0,01 and Z=0,99 with an increment 

∆Z=0,001. In the descent algorithm the parameter Zd is introduced because the aircraft is 

flying between Z=0,99 and Z=0,01 (Equation 26). 
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During the descent, at some dimensionless altitude Z, the thrust force is negative for some 

values of the parameter for the descent time determination γ. In the algorithm, this 

modification is realized by an “If” loop (figure 1.8). 

 

 

 
 

Figure 1.8: Descent algorithm, “If” loop 

 

 

1.2.2. Cruise description  

 

1.2.2.1. The real cruise trajectory 

 

The cruise trajectory is the phase between the climb and the descent. Except for the 

short flights, this phase is the period where the aircraft consumes the majority of fuel. During 

the cruise, the altitude is considered constant, the velocity vector is parallel to the ground and 

constant, the sum of the opposing forces is equal to zero (Newton’s Third Law). There can no 

unbalanced forces in steady straight flight. 

 

There is an optimum cruise altitude for the civil aircraft where the performances of the aircraft 

are maximized. In general, this altitude is around 35000ft (10668m). It is based on the 

velocity and the weight of the aircraft. The altitude increases when the speed is higher and 

when the weight of the aircraft is lighter. At high altitudes, the fuel consumption during the 

cruise is reduced, but the consumption is more important to reach this altitude. 
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Figure 1.9: Balanced forces during the cruise 

 

 

In the reality, the aircraft can be confronted to some constraints so the velocity along the flight 

path and the altitude vary. The pilots have to abandon temporally the cruise strategy one or 

more time during the cruise. In these cases, the fixed speed has to be compatible with the 

other traffic, the time of arrival has to be respected and the speed is calculated to minimize the 

fuel consumption. 

 

The cruise trajectory of the aircraft is not straight because the crew has to follow a trajectory 

defined by some beacons (figure 1.10). 

 

     

 
 

Figure 1.10: Example of the trajectory between Paris and Reykjavik 

 

For a long-haul flight, the initial and final cruise altitudes are quite different since the aircraft 

weight changes substantially. There is a best altitude for cruise and this optimum altitude 

augments as the aircraft weight decreases. The cruise trajectory for the flight from Paris to 

New York is climb, horizontal flight, climb and so until the end of the cruise phase, when the 

aircraft reaches the maximum cruise altitude for the flight strategy selected. 

 

The cruise trajectory depends on the flight distance. For the short-haul flight, the cruise 

trajectory is small or inexistent. For the medium-haul flight, the cruise trajectory is assumed 

horizontal at cruise altitude constant. 
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1.2.2.2. The previous cruise description 

 

After the climb, the aircraft is at cruise altitude   . The velocity along the flight path 

gives two horizontal asymptotes which one at Z=1. The values obtain at this altitude are 

indefinites for the velocity along the flight path, the climb and descent angle, the Mach 

number, the gravity drag force, the aerodynamic drag, the thrust force. The altitude range 

selected is             so the cruise altitude is               . At cruise altitude zC, 

the speed of sound and the Mach number are constant so the velocity along the flight path is 

constant (equation 12). 

The values which are obtained in the previous analysis for the speed of sound, the Mach 

number, the cruise velocity, the air density and the aerodynamic drag are given in the table 

1.10. The characteristics of the aircraft are given in the Appendix A. 

  

 

Table 1.10: Values from the previous cruise description 

 

Cruise altitude [m] 10890 

Speed of sound [m/s] 295,6 

Mach number 0,754 

Cruise velocity [m/s] 222,82 

Air density         0,41228 

Aerodynamic drag [N] 35777 

Time of cruise [h] 2,73 

 

 

The cruise phase is simplified by a straight trajectory at cruise altitude constant. The forces 

which apply on the aircraft are the gravity force, the lift, the aerodynamic drag and the 

required thrust. With the Newton’s third law, the gravity is offset by the lift and the required 

thrust is equal to the aerodynamic drag [Appendix A, figure 8]. 

 

In the previous analysis, for the trajectory Trondheim – Nice, if the fuel consumption is given 

by the equation 3, the estimation of the fuel burn is equal to 3785 kg during the cruise phase. 

The specific fuel consumption is equal to SFC=0,03875. 

 

 

1.2.2.3. The cruise description 

 

The cruise description depends on the flight selected. In this analysis, three trajectories 

are defined: 

 

- Trondheim – Oslo (short-haul flight) 

- Trondheim – Nice (medium-haul flight) 

- Paris – New York (long-haul flight) 
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For the short-haul flight, the cruise phase is small and sometimes inexistent. The aircraft 

doesn’t reach the maximum cruise altitude (value defined by the aircraft constructor). In this 

analysis, the cruise altitude is a parameter and it is modified to define its influence on the fuel 

consumption. When the cruise altitude augments, the cruise horizontal distance decreases 

because the descent and climb horizontal distances are longer. The cruise trajectory is straight 

and the cruise altitude is constant. 

In the simulation analysis, for the trajectory Trondheim – Oslo, the fuel burn is calculated for 

different values of the cruise altitude. 

 

 

 

For the medium-haul flight, the cruise trajectory is straight and horizontal at cruise altitude 

constant.  

 

In this cruise description, after the climb, the aircraft is at an altitude   . At this altitude, the 

Mach number and the speed of sound are considered constant during the cruise phase. 

According to the equation (12), the speed along the flight path is constant. The cruise speed is 

calculated with the values of the Mach number and speed of sound at the end of the climb 

phase. The cruise altitude is given by the equation (27) because the dimensionless altitude 

range is            , i.e 

 

 

                                                                                                                                                  

 

where Z(end) is the dimensionless altitude at the end of the climb. 

 

 

The air density is constant and defined by the equation (10). 

 

 

The forces which apply on the aircraft are defined in the figure 9 and the equations (28) and 

(29). The lift force L offsets the gravity G and the required thrust T is equal to the 

aerodynamic drag D. 

 

                                                                                                                                                              

 

                                                                                                                                                               

 

 

The altitude, the cruise speed, the air density and the thrust are constant, consequently the fuel 

consumption depends on the time of cruise which depends on the parameters for the 

climb/descent time determination γ.  
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For the long-haul flight, the cruise altitude increases. The cruise trajectory is considered 

linear and straight. The aircraft reaches the cruise altitude     and during the cruise will reach 

the cruise altitude     before the descent phase. The two cruise altitudes have to be defined. 

The cruise trajectory for the long-haul is described below. 

 

Trajectory 

 

In this cruise analysis, the aircraft trajectory is not parallel to the ground; there is a 

climb angle    between the horizontal and the flight path, it is constant during the cruise 

phase. The aircraft is flying between two cruise altitudes             (figure 1.11). 

 

Figure 1.11: Cruise trajectory for the long haul flight 

 

At the cruise altitude    , the forces which apply on the aircraft are given by the equations 

(30) and (31). The gravity force perpendicular to the flight path is given by the equation (17) 

and the lift is defined by the equation (16).  

The climb angle is supposed very small, therefore the cosine of the climb angle is close to the 

value 1 and the sinus of the climb angle is close to the value zero (equation 32). Consequently 

the equilibrium equations are given by the equations (28) and (29) for the horizontal cruise 

trajectory because the climb angle is very low. 

 

Forces along the flight path: 

 

                                                                                                                                                

 

 

Forces perpendicular to the flight path: 
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The aircraft weight at cruise altitude      is given by the equation (33): 

 

    
       

  
                                                                                                                           

 

where     is the air density at the altitude    . 

 

The weight of the aircraft at cruise altitude     is calculated to verify that is equal to the 

weight of the aircraft at the end of the climb phase. 

 

At cruise altitude    , the weight of the aircraft is lighter. The gravity force perpendicular to 

the flight path is given by the equation (34). The variation of the weight of the aircraft is 

defined below, i.e. 

 

                                                                                                                                                

 

where     is the weight of fuel burn [kg] after the cruise phase. The fuel consumption during 

the cruise is calculated with the equation (3). 

 

 

For a small climb angle at cruise: 

 

  
       

  
                                                                                                                                

 

                                                                                                                                         

 

where the lift coefficient CL is constant during the cruise phase and determined at the end of 

the climb. 

 

The relation between the delta altitude dz and the ratio 
  

 
 can be defined for a ratio 

  

 
 given.  

 

The air density depends on the altitude (Equation 10). For a small variation of the altitude, the 

air density is approximated by a linear equation (figure 1.12). 

 

 

The delta altitude is given by the equation (37): 

 

   
 

      

  

 
                                                                                                                                       

 

where m is the aircraft weight and ρ the air density at the cruise altitude     and dm is the 

weight variation (fuel consumption). 
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Figure 1.12: Evolution of the air density according to the cruise altitude 

 

The fuel consumption during the cruise is calculated at each increment by the equation (3) 

between             and            , the delta cruise altitude is equal at    

     . The choice of the delta altitude is explained in the part 2.6. Choice of the cruise 

altitude. 

Between the two cruise altitudes            , the air density is considered as a linear function 

and decreases when the altitude increases. The required thrust is equal to the aerodynamic 

drag and is a linear function because it depends on the air density (Equation 15). The cruise 

speed is constant because the speed of sound and the Mach number are considered constant 

after the cruise altitude zC1, the time of cruise depends only on the cruise horizontal distance. 

The fuel consumption depends on the time and the thrust, consequently varies as a linear 

function. 

 

The cruise horizontal distance [m] is determined by the difference between the total 

distance between the two airports and the climb and descent horizontal distances (equation 

38). 

 

                                                                                                                                 

 

The time of cruise [s] is defined by the equation (39): 

 

        
        

     
                                                                                                                                     

 

 

The cruise profile depends on the selected trajectory. For the short and medium haul flights, 

the cruise trajectory is considered horizontal at cruise altitude constant and for the long haul 

flights; the trajectory is linear between the altitude zC1 and zC2. 
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Figure 1.13: Cruise algorithm 

In the computer code, the cruise phase for the trajectory Paris – New York is defined by the 

algorithm figure 13. The increment time is defined by the equation (24) and depends on the 

number of increment n in the cruise phase and the time of cruise. 
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2. Sample flight routes 

 

 
In this analysis, three flight travels are considered: 

 

- Trondheim – Oslo 

- Trondheim – Nice 

- Paris – New York 

 

 

The three trajectories correspond at different type of flight: short, medium and long 

haul flights. The distance between the two airports is different and more or less important 

according to the trajectory. For each trajectory, in the computer code [Appendix B], two 

different aircrafts are defined with different characteristics: maximum takeoff weight m, wing 

area S, cruise Mach number and specific fuel consumption SFC. 

 

For these trajectories, the parameters for the climb and the descent time determination γ 

modify the trajectory and have an influence on the fuel consumption. This influence is defined 

in the simulation analysis for different values of the parameters for the climb and descent time 

determination. 

 

For the flight Trondheim – Oslo, the aircraft does not reach the maximal cruise altitude, 

consequently the cruise altitude can various and the influence of the cruise altitude on the fuel 

consumption can be defined.  

 

The distance between the two airports, the aircraft characteristic and the parameters which 

have an influence on the trajectory are identified and defined below for each trajectory. 

 

 

2.1. Trondheim – Oslo 

 
The flight Trondheim-Oslo is a domestic flight. The straight distance between the two 

airports is 390km and the time of flight is 40 – 45 minutes between the takeoff and the 

landing. The times necessary for the taxi-out and the taxi-in are not considered. The type of 

aircraft is a short-range like the Airbus A320 Family, the Boeing 737 Classic and Next 

generation. The characteristics of the Airbus A320 and the Boeing 737 are given in the table 

2.1. 
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Table 2.1: Characteristics Boeing 737-Classic, 737-Next generation and Airbus A320 

 

 737-Classic 

(-300/-400/-500) 

737-Next generation 

(-600/-700/-800/-900) 

A320 

Wing area [m²] 105,4 125,58 122,6 

Maximum takeoff 

weight MTOW [kg] 

62 800 – 68 000 65 500 – 85 100 

79100 (-800) 

77 000 

Cruise speed 0,74 (780 km/h) 0,78 (823 km/h) 

Maximum speed  0,82 (876 km/h) 

Maximum fuel 

Capacity [l] 

20 100 26 020 24050 

Engine x2 CFM 56-3 CFM 56-7B CFM 56-5B 

Thrust x2 [kN] 89 – 105 87 – 121 111 – 120 

Service selling [m] 11300 12500 11890 

SFC [(kg/h)/N] 0,03977 0,03875 0,03467 

 

The red values on the table 2.1 correspond to the aircraft characteristics necessary for the 

simulation analysis. 

 

 

For the flight Trondheim – Oslo, the analysis is realised with two aircrafts: the Boeing 737-

300 Classic and the Boeing 737 – 800 Next generation. The weight of the aircraft at takeoff 

which is used in the computer code corresponds to the maximum weight at takeoff. 

 

In the analysis of the flight Oslo-Trondheim by Paul Arentzen, the aircrafts which are 

considered, are the Boeing 737 – Classic and the Boeing 737 – 800 [1]. The value of the 

weight at takeoff does not correspond to the maximum takeoff weight which is used for the 

simulation part. In the computer code, the value of the aircraft weight can be modified and 

replaced with the value which is used by Paul Arentzen, to compare the results of the fuel 

consumption obtain with the result of the analysis of the flight Oslo – Trondheim (table 1.6).  

 

 

For the domestic flight, when the distance between the two airports is short, the aircraft does 

not reach the maximum cruise altitude in each case. In the simulation analysis, the fuel 

consumption is analysed for different values of the cruise altitude. 

In the part 2.6. Choice of the cruise altitude, the values of the cruise altitude which are 

considered, are defined and the influence on the choice of the parameters for the climb and the 

descent time determination. 

 

In the computer code, the flight has to respect two conditions: the flight time and the straight 

distance between the two airports. These two parameters depend on the choices for the cruise 

altitude and the parameters γ. The analysis is realised for different values of these parameters. 

 

The figure 2.1 gives some possible trajectories for the flight Trondheim – Oslo according to 

the cruise altitude and the parameter for the climb/descent time determination. 
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Figure 2.1: Trajectory profiles for the flight Trondheim – Oslo 

 

The values 300 / 100, 200 / 150 and 250 / 200 correspond to the parameters for the climb and 

descent time determination. 

 

 

2.2. Trondheim – Nice 

 
The flight Trondheim – Nice is an international flight. The straight distance between 

the two airports is 2204km and the time of flight is approximately 4 hours. 

The types of aircraft are medium – range like the Airbus A320 Family, the Boeing 737 

Classic and Next generation. The characteristics of the aircrafts are given in the table 2.1. 

 

For the flight Trondheim-Nice, the aircrafts chosen are the Airbus A320 and the Boeing 737 – 

Next generation (-800). For the A320, the airbus documentation [2] gives some values of the 

fuel consumption, the time of climb and the distance for the climb phase (Table 1.5). 

In the computer code, the aircraft weight corresponds to the maximum weight at takeoff 

which is different to the weight used by the Airbus documentation. The value of the aircraft 

weight can be modified to compare the results of the simulation part with the results of the 

Airbus documentation concerning the climb phase. 

 

The trajectory profile is defined previously in the part 1.2. Flight trajectory and computer 

code presentation. The cruise trajectory is horizontal at cruise altitude constant. 
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2.3. Paris – New York 

 
The flight Paris – New York is a long haul flight. The straight distance between the 

two airports is 5851km and the time of flight is between 8 hours - 8 hours and 40min. The 

type of aircraft is long-range like the Airbus A330 or A340 and the Boeing 757 or 767 or 777. 

 

The characteristics of the Airbus A340 and the Boeing 777 – 200 are given in the table 2.2. 

 

 

Table 2.2: Characteristics Boeing 777 – 200 and Airbus A340 

 

 777-200 A340 (-200/-300) 

Wing area [m²] 427,8 361,6 

Maximum takeoff 

weight MTOW [kg] 

247 200 275 000 

Cruise speed 0,84 Mach (905 km/h) 0,82 Mach (871 km/h) 

Maximum speed  0,89 Mach (950 km/h) 0,86 Mach (913 km/h) 

Maximum fuel 

Capacity [l] 

117 348 155 040 

Engine          (x2) PW 4077 

        (x2) RR 877 

(x2) GE90-77B 

(x4) CFM 56-5C 

Thrust [kN]           (x2) PW: 342 

(x2) RR: 338 

(x2) GE: 342 

(x4) 139 – 151 

Service selling [m] 13 140 12527 

SFC [(kg/h)/N] 0,03365 0,03263 

 

 

The red values in the table 2.2 correspond to the aircraft characteristics necessary for the 

trajectory Paris – New York in the computer code. 

 

 

For the flight Paris – New York, the aircraft chosen is the Airbus A340 to compare with the 

values given by the Airbus documentation for the climb phase [table 1.5].  

The aircraft 777-200 is used to compare the results between the two aircraft and to define the 

influence of the choice of the aircraft. 

 

In the computer code, the weight of the aircrafts corresponds to the maximum weight at 

takeoff. In the Airbus documentation, the aircraft weight is lighter. The weight of the aircraft 

can be modified to compare more precisely the values of the fuel burn for the climb phase.  

 

The cruise altitude and the definition of the cruise trajectory are determined in the part 1.2.2.3. 

Cruise description. 
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In the simulation part, different trajectories are defined according to the choices of the 

parameters γ.  The latter affects the times and the horizontal distances for the climb, cruise 

and descent phases and has an influence on the fuel consumption.  

 

In the figure 2.2, are represented some trajectory profiles for the flight Paris – New York. 

 

 

 

Figure 2.2: Trajectory profiles for the flight Paris – New York 

 

300 / 100: the value 300 corresponds to the parameter for the climb and 100 the parameter for 

the descent time determination, similarly for 200 / 150 and 100 / 200. The variation of the 

parameters γ has an influence on the horizontal distances for the climb, cruise and descent 

phases and on the angles of climb and descent. 

 

 

2.4. Choice of the flight trajectory 

 
The first question when the computer code is running, is the choice of the destination. 

Three trajectories which are defined previously are possible: Trondheim – Oslo, Trondheim – 

Nice and Paris – New York. For each trajectory, the straight distance between the two airports 

is defined in the computer code. 

In the software Matlab, the function “Menu” is used. A window is open with the three 

different destinations and the user has to select the desired destination (figure 2.3). 

 
Figure 2.3: Function “Menu” on Matlab, choice of the destination 
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When the user chosen the destination, another window “Menu” is open with the choice of the 

aircrafts (figure 2.4). In the computer code, for each trajectory, the user has the choice 

between two aircrafts. The own characteristics of each aircraft are defined: 

 

 Maximum takeoff weight m [kg] 

 Wing area S [m²] 

 Maximum fuel capacity lf [l] 

 Parameter defining the dimensional velocity α [s/m], to define the cruise Mach 

number. 

 Specific fuel consumption SFC [(kg/h)/N] 

 

 

The different aircrafts and their characteristics which are used in the computer code are 

defined previously.  

 

 
Figure 2.4: Choice of the aircraft for the flight Trondheim-Nice 

 

The choice of the destination affects the cruise trajectory.  

 

Two different cruise trajectories are defined previously (1.2.2. Cruise description). For the 

flights Trondheim – Oslo and Trondheim – Nice, the cruise trajectory is considered straight 

and horizontal at cruise altitude constant. While for the trajectory Paris – New York, the 

trajectory is linear and the aircraft flies between two cruise altitudes. At the end of the cruise, 

the aircraft reaches the maximum cruise altitude which is defined by the user. 

 

 

In the computer code, two models define the cruise trajectory and they depend on the chosen 

destination, one model or the other is selected to calculate the trajectory and the fuel 

consumption. The fuel burn depends on the aircraft selected because the aircraft 

characteristics are different and have an influence on the different parameters which step in 

the fuel consumption equation (3). 

 

The destination and the aircraft are selected. 
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2.5. Time of climb 

 
In this part, the different estimations of the climb and cruise times and horizontal 

distance are calculated for the trajectory Trondheim – Nice, with the Airbus A320. The 

aircraft characteristics are given previously (2.1. Trondheim – Oslo). 

 

The time of climb depends on the cruise altitude and the mean vertical speed, the latter 

depending on the parameter for the climb time determination γ (equations 8 and 7). The cruise 

altitude is defined in the next part and depends on the selected destination. 

After that the user chosen the destination and the aircraft, the parameter for the climb time 

determination γ has to be entered. The function “input” is using to ask the user to enter the 

value of the parameter γ. The selected range is          . The parameter γ has an 

influence on the mean vertical speed and the time of climb.  

 

The mean vertical speed vmean and the climb time τ are calculated for different values of the 

parameter γ for the trajectory Trondheim – Nice.  The cruise altitude selected is    

        (value of the cruise altitude used in the Airbus documentation). 

 

In the table 2.3, when the value of the parameter γ augments, the mean vertical speed 

increases and consequently the time of climb decreases. The maximal value of the vertical 

speed increases when the parameter γ augments. 

 

Table 2.3: Climb times and mean vertical speed according to the parameter γ 

[Appendix A] 

 

 γ=100 γ=150 γ=200 γ=250 γ=300 

       3020 2014 1510 1208 1007 

         
        

50 

0,84 

33,5 

0,56 
25 

0,42 

20 

0,33 
17 

0,28 

             3,33 4,99 6,66 8,33 9,99 

           at Z=0,5 6,25 8,375 12,50 15,625 18,75 

 

 

The maximum value of the parameter γ for the climb time determination is 300 which 

correspond to a time of climb at 17 min. Over       , the time of climb is considered too 

small. In the reality, the range for the time of climb is 20 – 25 min to reach the cruise altitude. 

 

The choice of the parameter γ affects the climb horizontal distance (equation 21). The 

distance depends on the mean vertical speed, the mean velocity along the flight path and the 

time of climb. 

 

The velocity along the flight path does not depend on the parameter γ. The mean velocity 

along the flight path is constant for all the γ values.  
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The mean vertical speed is smaller than the mean velocity along the flight path. The mean 

horizontal velocity is supposed constant because the influence of the mean vertical speed is 

low.  

 

 

Table 2.4: Climb horizontal distances according to the parameter γ  

 

  [s/m] 0,0697 
 

  [-] 100 150 200 250 300 

  [-] 60000 
 

  [h] 0,84 0,56 0,42 0,33 0,28 

      [m/s] 157,85 
 

        [km] 477 318 238 190 159 

       [m/s] 157,5 
        

  

 

The climb horizontal distance decreases when the parameter γ augments. For a value of the 

parameter γ low, the climb horizontal distance is important. 

 

The distances between the two airports for the flights Trondheim – Nice and Paris – New 

York are important, superior at 2000 km. The maximum climb horizontal distance 

corresponds to less a quarter of the total distance. The trajectories can be calculated for the 

different values of the parameter for the climb time determination γ which are defined above. 

 

On the other hand, the distance between the airports of Trondheim and Oslo is equal to 390km 

which is inferior to the climb horizontal distance for some values of the parameter γ.  

The parameter γ range for the trajectory Trondheim – Oslo is          , to respect the 

distance between the two airports.  

 

The climb distance for the flight Trondheim – Oslo varies according to the selected cruise 

altitude (2.6.Choice of the cruise altitude). The choices of the parameter for the climb time 

determination γ and the cruise altitude zC affect the choice of the parameter for descent time 

determination γ. 

 

The variation of the parameter γ for the climb time determination modifies the climb 

horizontal distance, consequently the cruise horizontal distance. When the parameter γ 

augments, the climb horizontal distance decreases and the cruise horizontal distance increases. 

The cruise horizontal distance is the difference between the total distance and the climb and 

descent horizontal distances (equation 38). It depends on the parameters for the climb and the 

descent time determination γ. The cruise time depends only on the cruise horizontal distance 

because the cruise speed is considered constant during the cruise phase (equation 39). When 

the cruise horizontal distance increases, the time of cruise increases.  

 

The parameter γ affects the time of climb and consequently the fuel consumption because the 

fuel consumption depends on the time and the required thrust (equation 3).  
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The required thrust depends on the parameter γ. Indeed, the thrust depends on the drag due to 

the gravity (equation 14), the aerodynamic drag (equation 19) and the acceleration force 

(equation 13). The first depends on the climb angle θ which is a function of the vertical speed, 

the second depends on the lift coefficient which depends on the climb angle θ and the latter 

depends on the parameter γ. The influence of the parameter γ on the different forces is not 

identical. On the aerodynamic drag, the influence of the parameter γ is negligible. The 

acceleration force has a low influence on the required thrust. Consequently, the variation of 

the parameter γ has principally an influence on the gravity force. The latter varies linearly 

according to the parameter γ.  

 

The fuel consumption depends on the parameter γ. For the Airbus A320, the specific fuel 

consumption value is equal to 0,03467(kg/h)/N. 

 

 

The estimations of the fuel consumption are identified in the table 2.5 and realized with the 

file Excel (the aircraft weight is considered constant). The fuel burn is calculated with the 

equation (3) for the mean required thrust. 

 

Table 2.5: Fuel consumption according to the parameter γ 

 

  [-] 100 150 200 250 300 

  [h] 0,84 0,56 0,42 0,33 0,28 

      [N] 16220 24330 32440 40550 48660 

      [N] 58045 67060 76069 85070 94064 

    [kg] 1690 1302 1108 973 913 

      [kg/h] 2012 2325 2638 2948 3261 

 

 

When the parameter γ is lower, the time of climb increases and the mean required thrust 

decreases. The fuel consumption per hour augments when the parameter γ decreases. For the 

fuel consumption equation (3), the parameter γ has an influence more important on the time of 

climb than on the required thrust, consequently when the parameter γ augments the fuel 

consumption decreases. 

 

 

The objective is to find the value of the parameter γ for the climb time determination enable to 

give the configuration with the less fuel consumption for the climb. The time of climb has to 

respect the time available for the trajectory which is chosen.  

The optimal configuration to reduce the fuel burn depends on the parameters γ for the climb 

and the descent time determination and the cruise altitude. The values possible for the cruise 

altitude and the parameter γ for the descent time determination have to be defined. 
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2.6. Choice of the cruise altitude 

 
The cruise altitude depends on the trajectory. Each aircraft is defined by the maximum 

cruise altitude which is given by the constructor characteristics. In this analysis, the selected 

cruise altitude does not correspond to the maximum cruise altitude and depends on the 

trajectory that the user chosen. 

 

 

For the flight trajectory Trondheim – Nice, the aircraft can reach the maximum cruise 

trajectory given by the characteristics of the aircraft. In this analysis, the value of the cruise 

altitude is equal to             (10058m), to compare with the values of the climb phase 

from the Airbus documentation. The cruise altitude is constant during the cruise phase, so has 

no influence on the fuel consumption. The latter depends on the values of the parameter for 

the climb and the descent time determination γ. 

In the computer code, the function “input” is used, the user can choose the desired cruise 

altitude.   

 

 

For the flight Paris – New York, the distance between the two airports is more important and 

consequently the cruise phase is longer. The trajectory of the cruise phase is defined 

previously (1.2.2.3. The cruise description), it is linear and the aircraft flies between the cruise 

altitude             and the cruise altitude            . The delta altitude between 

the two cruise altitudes is           . The aircraft does not reach the maximum cruise 

altitude given by the characteristics of the aircraft, but it is close to this altitude at the end of 

the cruise. 

 

During the cruise, the weight of the aircraft decreases because the quantity of fuel decreases 

and consequently the gravity force perpendicular to the flight path decreases. The forces 

perpendicular to the flight path which are applied on the aircraft during the cruise are the 

gravity and the lift. At the cruise altitude    , the gravity is equal to the lift. When the weight 

decreases, the gravity decreases and the lift is more important that the gravity force so the 

aircraft is going up. 

 

 

The gravity perpendicular to the flight path at the cruise altitude is given by the equation (17), 

the climb angle θ is considered very small consequently the cosine of the climb angle θ is 

considered equal to 1. In the table 2.6, the values of the aircraft weight and the gravity force 

are given for the different values of the parameter γ climb at cruise altitude    . The aircraft is 

the Airbus A340 and the aircraft characteristics are given previously (2.3. Paris – New York). 

The value of the specific fuel consumption is            . 
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Table 2.6: Aircraft weights and gravity forces 
 

  [h] 0,92 0,61 0,46 0,37 0,30 

  [-] 100 150 200 250 300 

      [N] 208905 239562 270191 300793 331367 

    [kg] 6255 4782 4045 3602 3307 

       [kg] 268745 270218 270955 271398 271693 

  [N] 2636390 2650841 2658070 2662410 2665307 

 

 

where m is the aircraft weight at the cruise altitude    , G the gravity force perpendicular to 

the flight path and mfb the fuel burn during the climb phase. 

The values are obtained with the Excel file, consequently the weight does not vary during the 

climb phase. 

 

The aircraft is at the cruise altitude zC1 and begins the cruise phase between the two cruise 

altitudes. To determine the variation of the cruise altitude, the fuel consumption during the 

cruise has to be calculated. 

 

The fuel burn is defined by the equation (3) and depends on the required thrust and the time of 

climb. The latter depends on the horizontal distance which varies according to the parameters 

for the climb and the descent time determination. The distance between the two airports is 

equal to 5851km and the mean horizontal velocity is equal to 166 m/s. The horizontal distance 

and the time of cruise are given in the table 2.7.  

The parameter for the descent time determination is considered constant and equal to 100. 

Therefore, the time of descent is equal to       and the horizontal distance is    

       . The required thrust is equal to 142kN.The air density at cruise altitude     

       is equal to                and the cruise velocity is             . 

 

Table 2.7: The horizontal distance, the time and the fuel consumption during the climb 

 

    Climb Cruise  

γcl m1 τ dH τ dH mfb ∆z 

100 268745 0.918 548054 6.261 5302946 29010 1101 

150 270218 0.612 365277 6.477 5485723 30011 1133 

200 270955 0.459 273861 6.585 5577139 30511 1149 

250 271398 0.367 218990 6.650 5632010 30812 1158 

300 271693 0.306 182390 6.693 5668610 31012 1164 

 

The variation of the cruise altitude is defined with the equation (37) and the values which are 

obtained for the different configurations are identified in the table 2.7. 

The value of the delta cruise altitude is close to          , this value is used in the 

computer code. 
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For the flight Trondheim – Oslo, the distance between the two airports is short,         . 

The aircraft does not reach the maximum cruise altitude. The trajectory of the flight is defined 

for different values of the cruise altitude. The latter affects the choice of the parameters for the 

climb and the descent time determination γ.  The values range for the cruise altitude 

is             . The variation of the cruise altitude modifies the time and the 

horizontal distance for the climb and the descent phase, consequently the horizontal distance 

and the time for the cruise phase.  

 

The time depends on the cruise altitude (Equation 8). When the altitude augments, the times 

for the climb and the descent increase. The horizontal distance depends on the time and 

increases when the cruise altitude augments (Equation 21). The cruise altitude has an 

influence on the fuel consumption, the latter increases when the time augments so when the 

cruise altitude is higher. 

 

The cruise altitude has an influence on the time, the horizontal distance and the fuel 

consumption for the climb and descent phases. This influence is represented in the table 2.8 

for the aircraft 737-300 which the characteristics are defined previously (2.1. Trondheim – 

Oslo). The specific fuel consumption is equal to 0,03977. 

 

Table2.8: Variation of the time, the horizontal distance and the fuel consumption for the climb 

 

   [m] 5000 5500 6000 6500 7000 

  [h] 0,139 0,153 0,167 0,181 0,194 

   [m] 78845 86730 94614 102499 110383 

      [N] 81583 80580 79743 79040 78446 

    [kg] 451 490 529 568 607 

      [kg/h] 3245 3203 3168 3138 3129 

 

where the parameter for the climb time determination equal to      . 

 

 

The choice of the cruise altitude affects the fuel consumption during the climb phase. The 

latter increases when the cruise altitude is higher.  

The fuel consumption per hour is more important for the shorter cruise altitude, but the time 

of climb decreases. The time of climb has an influence more important on the fuel 

consumption than the mean required thrust. The climb horizontal distance is longer when the 

cruise altitude is higher. 

 

In the computer code, the function “Input” is used to ask the value for the cruise altitude for 

each trajectory. For the flights Trondheim – Oslo and Trondheim – Nice, the aircraft is flying 

at cruise altitude constant and the user has to enter in the computer the desired value for the 

cruise altitude. For the flight Paris – New York, the cruise altitude and the delta altitude have 

to be defined by the user, in the computer code. 
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2.7. Time of descent 

 
The choice of the parameter for the descent time determination has an influence on the 

time of descent and the horizontal distance. If the descent horizontal distance varies, the 

cruise horizontal distance and consequently the time of cruise are modified. The parameter for 

the descent time determination γ affects the fuel consumption for the cruise and the descent 

phases. The choice of the parameter γ depends on the selected trajectory. 

 

 

For the flights Trondheim – Nice and Paris – New York, the distances between the airports 

are important, superior at 2000km. The maximum horizontal distance for the climb and the 

descent phase is inferior at 600km for the minimum value of the parameter γ considered. The 

parameter for the descent time determination γ can vary between 100 and 200. 

 

 

On the other hand, for the flight Trondheim – Oslo, the distance between the two airports is 

short, d=390km. The values of the parameter for the descent time determination γ depend on 

the cruise altitude and the value of the parameter for the climb time determination γ. In the 

table 2.9, the different possible values of the parameter γ are defined according to the 

parameter for the climb time determination and the cruise altitude. 

 

 

Table 2.9: Values of the parameter for the descent time determination γ 
 

       γ climb [-] γ descent [-] 

5000 200 – 300 100 – 200 

5500 200 – 300 100 – 200 

6000 
200 – 250 

300 

150 – 200 

100 – 200 

6500 200 – 300 150 – 200 

7000 200 – 300 150 – 200 

 

 

In the software Matlab, the function “input” is used to ask the value of the parameter for the 

descent time determination γ. In the computer code, the value is asking at the beginning of the 

cruise phase to define the cruise horizontal distance (equation 38) and the time of cruise 

(equation 39). The cruise horizontal distance depends on the climb and descent horizontal 

distances. It is necessary to know the descent horizontal distance consequently the parameter 

for the descent time determination γ. The parameter for the climb time determination γ is 

defined during the climb phase. 

 

 

The parameter γ affects the value of the gravity force, consequently the required thrust. The 

required thrust during the descent phase is given by the equation (25). When the parameter γ 
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increases, the sinus of the descent angle increases and the gravity force increases, 

consequently the required thrust decreases.  With the Excel file, for the values of the 

parameter γ superior to 100, the required thrust is negative at some dimensionless altitude. In 

the reality, it is impossible to have a required thrust negative. In the part 1.2.1. Climb and 

descent descriptions, a limit thrust is defined and equal to 10% of the maximum required 

thrust. 

 

In the table 2.10, the estimations of the time and horizontal distance for the descent phase are 

identified for the flight Trondheim – Oslo according to the values of the cruise altitude.  

The mean velocity along the flight path is constant, Vmean=157,85m/s, but depends on the 

parameter α according to the aircraft chosen. 

 

 

Table 2.10: Times and horizontal distances for the descent, flight Trondheim – Oslo 

 

Altitude [m] 5000 6000 7000 

  [-] 100 150 200 100 150 200 150 200 

  [h] 0,417 0,278 0,208 0,500 0,334 0,250 0,389 0,292 

      [m/s] 3,33 4,99 6,66 3,33 4,99 6,66 4,99 6,66 

   [km] 237 158 118 284 190 142 221 166 

 

 

 

2.8. Profile of the vertical speed 

 
The vertical speed depends on the parameter for the climb or the descent time 

determination γ and the dimensionless altitude Z (Equation 5). In            , the 

vertical speed is equal to zero. The mean vertical speed depends only on the parameter γ 

(Equation 7). The profile of the vertical speed is given in the figure 2.5. It is represented for 

the parameter for the climb time determination γ equal to 300. 

 

As defined previously, the vertical speed can be represented by a parabola. The values which 

define the parabola are the mean vertical speed and the speeds at Z=0 and Z=1. The parabola 

is given by the equation 9. 

 

In the computer code, the user can choose the profile of the vertical speed. In the results and 

discussion part, the influence of the vertical speed profile on the fuel consumption is 

determined. 

 

For the both profiles, the mean and the minimum vertical speeds are identical, but the 

maximal values of the vertical speed are different.  
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The vertical speed has an influence on the climb and descent angles (Equation 6). With the 

parabola profile of the vertical speed, the climb angle has a parabolic behaviour (figure 18). 

 

 

 
 

Figure 2.5: The two configurations of the vertical speed and the influence on the climb angle 

 

 

The profile of the vertical speed has an influence on the gravity and the aerodynamic drag. 

This latter depends on the lift coefficient which is a function of the climb or descent angle.  

 

The aerodynamic drag is considered constant for the two profiles of the vertical speed because 

their influence on the lift coefficient is insignificant.   

The variation of the gravity force according to the profile of the vertical speed generates the 

modification of the required thrust profile. The gravity force and the required thrust have a 

parabolic behaviour when they are calculated with the parabolic profile of the vertical speed. 

 

 

The forces which apply on the aircraft are represented in the figure 2.6 for the two profiles of 

the vertical speed. The forces are calculated for the flight Trondheim – Nice with the aircraft 

Airbus A320. 

 

The mean values of the gravity and the required thrust are conserved. 
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Figure 2.6: Forces which apply on the aircraft for the two vertical speed profiles 

 

 

In the computer code, the different equations are calculated step by step. The influence of the 

vertical profile on the fuel consumption can be defined. 

 

 

The destination, the parameters for the climb and descent time determination γ, the cruise 

altitude and the profile of the vertical speed have an influence on the fuel consumption more 

or less important. These influences are defined in the part (3. Results and discussion). 
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3. Results and discussion 

 

3.1. Influence of the aircraft choice 

 

3.1.1. Trondheim – Oslo 

 

The flight trajectory Trondheim – Oslo is realized and calculated for two different 

aircrafts: the Boeing 737 – 300 Classic and the 737 – 800 Next Generation. 

The characteristics of the two aircrafts, the parameters and constants are defined in the tables 

3.1 and 3.2. The vertical speed is defined by the equation (5). 

 

The quantity of fuel at takeoff depends on the distance of the flight trajectory. In this analysis, 

the quantity of fuel is considered equal to the maximum fuel capacity so the weight of the 

aircraft corresponds to the maximum takeoff weight. In the reality, for this flight trajectory, 

the weight of the aircraft is lighter. 

 

Table 3.1: Characteristics aircrafts 

 

 Units 737 – 300 737 – 800 

Wing area m² 105,4 125,58 

MTOW kg 62800 79100 

Max. fuel capacity l 20100 26020 

Α s/m 0,0735 0,0697 

Cruise speed m/s 212,207 223,776 

Cruise Mach number - 0,74 0,78 

Speed of sound at zc m/s 286,6 286,6 

SFC (kg/h)/N 0,03977 0,03875 

 

 

Table 3.2: Parameters and constants 

 

 

 

 Units Values 

  - 60000 

   kg/m
3
 1,225 

  1/m 0,0001 

  - 0,045 

     - 0,015 

   kg/m
3
 817,15 

Distance m 390000 
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The cruise altitude varies and the results are obtained for three different cruise altitudes: 

zc=5000m, 6000m and 7000m.  

 

The parameters for the climb and the descent time determination vary according to the cruise 

altitude (table 19). 

The results are given in the Appendix C. 

 

In the tables 3.3 and 3.4, the configurations with the minimum fuel consumption are identified 

for the three different cruise altitudes with the Boeing 737 – 300 and the 737 – 800. 

 

Table 3.3: Fuel consumption for the Boeing 737 – 300, Trondheim – Oslo 

 

  Tmax dH Time Fuel burn 

  
N 

cl. c. d. cl. c. d. total cl. c. d. Total 

  km h kg 

1 1,07E+5 89 81 220 0,165 0,106 0,409 0,680 490 152 289 931 

2 1,19E+5 89 37 264 0,165 0,048 0,491 0,704 535 66 359 960 

3 1,18E+5 104 81 205 0,193 0,106 0,382 0,680 615 141 253 1009 

 

 

 

Table 3.4: Fuel consumption for the Boeing 737 – 800, Trondheim – Oslo 

 

  Tmax dH Time Fuel burn 

  
N 

cl. c. d. cl. c. d. total cl. c. d. Total 

  km h kg 

1 1,31E+5 94 64 232 0,165 0,079 0,409 0,653 591 144 357 1092 

2 1,46E+5 94 18 278 0,165 0,022 0,491 0,678 642 38 441 1121 

3 1,44E+5 109 64 217 0,193 0,079 0,382 0,654 738 131 309 1178 

 

 

The three cases correspond to: 

 Configuration 1:  

o Cruise altitude 5000m 

o Parameter for the climb time determination 250 

o Parameter for the descent time determination 100 

 Configuration 2: 

o Cruise altitude 6000m 

o Parameter for the climb time determination 300 

o Parameter for the descent time determination 100 

 Configuration 3 

o Cruise altitude 7000m 

o Parameter for the climb time determination 300 

o Parameter for the descent time determination 150 
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The configurations with the less fuel conception are identical for the two aircrafts according 

to the cruise altitude. 

The fuel consumption is more important for the Boeing 737 – 800 Next Generation. The 

variation of the fuel consumption between the two aircraft is 15% at the end of the trajectory.  

 

 

 
 

Figure 3.1: The fuel consumption according to the time for zc=5000m, Trondheim – Oslo 

 

 

The fuel consumption depends on the required thrust, the time and the specific fuel 

consumption (Equation 3).  

 

For each configuration, the times of climb and descent do not depend on the characteristics of 

the aircraft so they are identical for the two aircrafts. They depend on the parameter for the 

climb and descent time determination and the cruise altitude. The time of cruise depends on 

the cruise speed. For the aircraft 737 – 800, the cruise Mach number is more important, so for 

the same cruise distance, the time of cruise is shorter. The variation of the time of cruise and 

consequently the time of the flight trajectory is ∆τ       .  

 

The thrust depends on the aerodynamic drag, the acceleration force and the gravity (Equation 

20 for the climb phase and equation 25 for the descent). All these forces depend on the weight 

of the aircraft and the parameter α. The aerodynamic drag depends also on the wing area. The 

forces are given by the equations (13), (14) and (19). 

The characteristics of the aircrafts are different. The wing area and the maximum takeoff 

weight are more important for the Boeing 737 – 800. The parameter α which affects the cruise 

speed is smaller for the Boeing 737 – 800. 
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The acceleration force is more important for the Boeing 737 – 800. Indeed, the acceleration 

force increases if the weight of the aircraft increases or/and if the parameter α decreases. 

 

The drag gravity component depends on the weight of the aircraft and the climb or descent 

angle. The latter depends on the velocity along the flight path, consequently to the parameter 

α. When the aircraft weight increases, the gravity force increases, but when the velocity along 

the flight path increases, the sinus of the angle decreases and the gravity decreases. In this 

case, the influence of the weight of the aircraft is more important than the parameter α. The 

value of the gravity is higher for the Boeing 737 – 800. 

 

The aerodynamic drag depends on the wing area, the weight of the aircraft and the velocity 

along the flight path. All of these characteristics are more important for the Boeing 737 – 800, 

so the value of the aerodynamic drag is higher. 

 

The required thrust is more important for each phases of the flight trajectory, with the Boeing 

737 – 800. The specific fuel consumption is different for the two aircrafts and the value is 

higher for the flight trajectory with the Boeing 737 – 300. 

The variation of the thrust has more influence on the fuel burn than the time of the cruise and 

the specific fuel consumption, consequently the fuel burn is more important with the Boeing 

737 – 800. 

 

 

 

3.1.2. Trondheim – Nice 

 

The flight trajectory Trondheim – Nice is realized and calculated for two different 

aircrafts: the Airbus A320 and the Boeing 737 – 800 Next Generation. 

The characteristics of the two aircrafts are defined in the table 3.5. The parameters and 

constants are conserved and given in the table 3.2, but the distance between the two airports 

is different and is equal to 2204km. The vertical speed is defined by the equation (5). 

 

 

Table 3.5: Characteristics aircrafts 

 

 Units A320 737 – 800 

Wing area m² 122,6 125,58 

MTOW kg 77000 79100 

Max. fuel capacity l 24050 26020 

Α s/m 0,0697 0,0697 

Cruise speed m/s 223,776 223,776 

Cruise Mach number - 0,78 0,78 

Speed of sound at zc m/s 286,6 286,6 

SFC (kg/h)/N 0,03467 0,03875 
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In the tables 26 and 27, the three configurations with the minimum fuel consumption are 

identified for the Airbus A320 and the Boeing 737–800. The cruise altitude is          . 

 

 

Table 3.6: Horizontal distances and times, Trondheim – Nice 

 

  Horizontal distance Time 

  Climb Cruise Descent Climb Cruise Descent Total 

  km h 

1 189 1548 467 0,332 1,922 0,822 3,077 

2 157 1580 467 0,277 1,961 0,822 3,1 

3 157 1736 311 0,277 2,154 0,548 2,980 

 

The horizontal distances and the times for the different phases of the flight trajectory are 

identical for the two aircrafts because the values of the speed, the cruise altitude and the 

parameters for the climb and descent time determination are equal. 

 

 

Table 3.7: Fuel consumption for the Airbus A320 and the Boeing 737 – 800, Trondheim - Nice 

 

 
Airbus A320 Boeing 737 – 800 

  Tmax Fuel burn Tmax Fuel burn 

  
N 

Climb Cruise Descent Total 
N 

Climb Cruise Descent Total 

 
kg kg 

1 1,21E+5 977 2589 614 4180 1,24E+5 1122 2968 701 4791 

2 1,37E+5 902 2644 630 4176 1,40E+5 1035 3031 720 4786 

3 1,37E+5 902 2905 378 4185 1,40E+5 1035 3330 432 4797 

 

 

The three configurations which are identified correspond to the less fuel consumption 

configurations. The maximal difference of the fuel burn between them is small, 8kg for the 

Airbus A320 and 11kg for the Boeing 737 – 800 compare to the total fuel consumption. 

 

The three cases correspond to: 

 Configuration 1:  

o Parameter for the climb time determination 250 

o Parameter for the descent time determination 100 

 Configuration 2: 

o Parameter for the climb time determination 300 

o Parameter for the descent time determination 100 

 Configuration 3 

o Parameter for the climb time determination 300 

o Parameter for the descent time determination 150 
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In the figure 3.2, the accumulated fuel consumption for the two aircrafts is represented with 

the configuration 2 which corresponds to the less fuel burn during the flight trajectory. 

 

 

 
 

Figure 3.2: Accumulated fuel consumption according to the time of flight, Trondheim – Nice 

 

 

For the trajectory Trondheim – Nice, with the aircraft Boeing 737 – 800, the fuel consumption 

is superior.  The variation of the fuel burn between the two aircraft at the end of the trajectory 

is equal to 13% of the value of fuel burn for the Boeing 737 – 800. 

 

The fuel consumption is given by the equation (3). The time of the trajectory is identical for 

the two aircrafts; consequently the fuel burn depends on the required thrust and the specific 

fuel consumption. 

 

The specific fuel consumption is more important for the Boeing 737 – 800, so the fuel 

consumption increases. 

 

The required thrust depends on the weight of the aircraft, the wing area and the parameter α 

which defines the cruise Mach number. The latter is equal for the two aircrafts. On the other 

hand, the values of the weight of the aircraft and the wing area are higher for the Boeing 737 

– 800. Accordingly, the required thrust augments for the Boeing 737 – 800, hence the 

augmentation of the fuel consumption.    
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3.1.3. Paris – New York 

 
The flight trajectory Paris – New York is realized and calculated for two different 

aircrafts: the Airbus A340 and the Boeing 777 – 200. 

The characteristics of the two aircrafts are defined in the table 3.8. The parameters and 

constants are conserved and given in the table 22, but the distance between the two airports is 

different and is equal to 5851km. The vertical speed is defined by the equation (5). 

 

Like for the other flight trajectories, the weight of the aircraft corresponds to the maximum 

takeoff weight. 

 

Table 3.8: Characteristics aircrafts 

 

 Units 737 – 300 737 – 800 

Wing area m² 361,6 427,8 

MTOW kg 275000 247200 

Max. fuel capacity l 155040 117348 

Α s/m 0,0663 0,0648 

Cruise speed m/s 235,252 240,698 

Cruise Mach number - 0,82 0,84 

Speed of sound at zc m/s 286,6 286,6 

SFC (kg/h)/N 0,03263 0,03365 

 

 

In the tables 3.9 and 3.10, the four configurations with the minimum fuel consumption are 

identified for the Airbus A340 and the Boeing 777–200. The cruise altitude varies between  

                         . 

 

 

The four cases correspond to: 

 

 Configuration 1:  

o Parameter for the climb time determination 250 

o Parameter for the descent time determination 100 

 Configuration 2: 

o Parameter for the climb time determination 250 

o Parameter for the descent time determination 150 

 Configuration 3 

o Parameter for the climb time determination 300 

o Parameter for the descent time determination 100 

- Configuration 4 

o Parameter for the climb time determination 300 

o Parameter for the descent time determination 150 
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Table 3.9: Fuel consumption for the Airbus A340, Paris – New York 

 

  Tmax dH Time Fuel burn 

  
N 

cl. c. d. cl. c. d. total cl. c. d. Total 

  km h kg 

1 4,20E+5 217 5048 586 0,363 5,960 0,982 7,306 3554 25768 2443 31765 

2 4,20E+5 217 5243 391 0,363 6,191 0,655 7,209 3554 26766 1430 31750 

3 4,76E+5 181 5084 586 0,303 6,003 0,982 7,288 3266 25984 2497 31747 

4 4,76E+5 181 5279 391 0,303 6,234 0,655 7,191 3266 26983 1492 31741 

 

 

 

Table 3.10: Fuel consumption for the Boeing 737 – 800, Paris – New York 

 

  Tmax dH Time Fuel burn 

  
N 

cl. c. d. cl. c. d. total cl. c. d. Total 

  km h kg 

1 3,69E+5 222 5029 600 0,363 5,804 0,982 7,149 3196 23622 2194 29012 

2 3,69E+5 222 5229 400 0,363 6,035 0,655 7,053 3196 24563 1280 29039 

3 4,18E+5 185 5066 600 0,303 5,847 0,982 7,132 2941 23816 2242 28999 

4 4,18E+5 185 5266 400 0,303 6,078 0,655 7,036 2941 24757 1337 29035 

 

 

 

The four configurations which are identified correspond to the less fuel consumption 

configurations. The maximal difference of the fuel burn between them is not important 

compare to the total fuel consumption, 24kg for the Airbus A340 and 40kg for the Boeing 777 

– 200. 

 

For the two aircraft, the minimum fuel consumption is not obtained for the same 

configuration. For the Airbus A340, the values of the parameter for the climb and the time 

determination for the less fuel burn are equal to 300 and 150. Whereas the parameter for the 

descent time determination is equal to 100 for the less fuel consumption with the Boeing 777 

– 200. 

 

 

In the figure 3.2, the accumulated fuel consumption for the two aircrafts is represented with 

the configuration 3 for the Boeing 777 – 200 and the configuration 4 for the Airbus A340 

which correspond to the less fuel burn during the flight trajectory. 

 

The time of climb and descent are equal for the two aircrafts because they depend on the 

parameters for the climb and the descent time determination and the cruise altitude. These 

parameters are equal in the two cases. The time of cruise with the Boeing 777 – 200 for a 

same cruise distance is shorter because the cruise Mach number is more important. 
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For the climb and the descent, the horizontal distances are longer with the aircraft 777 – 200 

because they depend on the velocity along the flight path. The cruise Mach number is more 

important for the Boeing 777 – 200, consequently the velocity along the flight path increases. 

For the cruise phase, the horizontal distance is longer with the Airbus A340 (Equation 38). 

 

 

 
 

Figure 3.3: The accumulated fuel consumption according on the time of the flight, Paris – New York 

 

 

With the aircraft Airbus A340, the fuel consumption during the climb and the descent phases 

are more important than with the Boeing 777 – 200. The time of climb and descent are equal 

for the two aircrafts, but the required thrust is higher for the A340. The specific fuel 

consumption is smaller, but the influence of the required thrust is more important, 

consequently the fuel consumption increases. For the cruise, the time and the thrust are higher 

with the Airbus A340, so the fuel consumption augments. 

 

The total fuel consumption is more important for the flight trajectory with the Airbus A340. 

The variation of the fuel burn between the two aircraft at the end of the trajectory is equal to 

9%. The difference corresponds to the variation of  the less fuel burn configurations (figure 

3.3). 
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3.2. Influence of the parameters 

 

3.2.1. Trondheim – Oslo 

 

Influence of the cruise altitude 

 

The cruise altitude has an influence on each phases of the trajectory. 

 

 Climb 

When the cruise altitude augments, the horizontal distance and the time of climb increase, but 

the maximum thrust decreases. 

The fuel consumption increases (Equation 3), consequently the time has an influence more 

important than the required thrust on the fuel burn in this case. 

The variation of the fuel consumption is around 15% more for an augmentation of the cruise 

altitude equal to 1000m. 

 

 Cruise 

When the cruise altitude augments, the cruise horizontal distance, the time and thrust 

decrease, consequently the fuel consumption is less important. 

The variation of the fuel consumption is not constant and varies according to the parameter 

for the climb time determination. The range is               . 

 

 Descent 

When the cruise altitude augments, the horizontal distance and the time increase, but the 

required thrust decreases. The fuel consumption increases because the influence of the time is 

more important than the thrust. The variation of the fuel consumption is low,         . 

 

 Total trajectory 

When the cruise altitude increases, the maximum thrust decreases and the time of the 

trajectory augments. The influence of time is more important than the required thrust.  

The variation of the fuel consumption in percent is higher for the cruise trajectory, but the fuel 

consumption is maximal during the climb phase and when the altitude increases the fuel 

consumption during the climb phase increases. The influence of the fuel consumption during 

the climb phase is more important than during the cruise phase for the short haul flight. 

Accordingly, the fuel consumption increases when the cruise altitude is higher. 

 

 

The influence of the cruise altitude is illustrated in the figures 3.4 and 3.5 for the Boeing 737 

– 300 and the values of the parameters for the climb and the descent time determination 

respectively equal to 300 and 150. 
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Figure 3.4 : The variation of the fuel consumption according to the cruise altitude, Trondheim – Oslo 

The figure 3.4 represents the fuel burn at each phase of the flight trajectory according to the 

time of flight and for the three cruise altitude. The variation of the fuel burn is superior during 

the cruise phase. The value of fuel burn is the highest during the climb and the variation is 

important according to the cruise altitude. 

 

 

 
 

Figure 3.5: The accumulated fuel consumption according to the cruise altitude, Trondheim – Oslo 
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The figure 3.5 represents the accumulation of the fuel burn after each phase according to the 

time of flight and for the three cruise altitudes. The variation of the fuel burn at the end of the 

trajectory is not important. 

 

 

 

Influence of the parameter for the climb time determination  

 

The range of the parameter for the climb time determination is          . 

 

 Climb: 

When the parameter for the climb time determination γ augments, the required thrust 

increases, the horizontal distance and the time of climb decrease. The influence of the time of 

climb is more important than the thrust, therefore the fuel consumption decreases.  

 

 Cruise: 

When the parameter γ increases, the fuel consumption is more important because the cruise 

horizontal distance increases and consequently the time of cruise augments. 

 

 Descent: 

When the parameter γ increases, the horizontal distance, the time of descent are constant 

because they depend on the parameter for the descent time determination and the cruise 

altitude. The required thrust is more important, accordingly the fuel consumption increases. 

 

The parameter for the climb time determination has a small influence on the total fuel 

consumption. For example, at cruise altitude         , the variation between the 

maximum and the minimum fuel burn is inferior to 0,5%. 

 

 

 

Influence of the parameter for the descent time determination 

 

For some cases,        is not possible because the distance between the two 

airports is too small. The different possibilities are defined previously in the table 2.9. 

 

 Cruise: 

When the parameter for the descent time determination γ augments, the horizontal distance 

and the time of cruise increase, therefore the fuel consumption too. 

 

 Descent:  

When the parameter γ increases, the horizontal distance and the time of descent decrease and 

reduce the fuel consumption. 
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The parameter for the descent time determination has an influence more significant on the 

total fuel consumption than the parameter for the climb time determination. The total fuel 

consumption augments when the parameter γ increases because the variation and the value of 

the fuel burn during the cruise are more important than during the descent (figure 25). 

 

At cruise altitude         , the variation of the fuel consumption is 3-4%. 

 

 

 
 

Figure 3.6: The fuel consumption at each phase at zc=5000m, Trondheim – Oslo 

 

The variations of the fuel burn during the cruise and the descent phase are important 

according to the fuel burn during these phases.  

 

 

 

General 

 

The configurations where the fuel consumption is minimal for the different cruise 

altitude are defined previously in the tables 3.3 and 3.4.  

The configurations are defined for a parameter for the climb time determination high and a 

parameter for the descent time determination low. Except at cruise altitude         , the 

values of the parameters γ are 300 for the climb. For the cruise altitude         , the 

parameter for the climb time determination is equal to 250 because the cruise altitude is very 

low and the influence of the fuel consumption during the climb is less important. 
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For the parameter for the descent time determination, the value is equal to 100, except for the 

cruise altitude         , where the parameter γ is equal to 150 to respect the distance 

between the two airports. 

The fuel consumption increases when the cruise altitude is higher, because the phase where 

the aircraft consumed the maximal fuel is during the climb. 

 

The fuel burn per hour is constant during the cruise phase, but for the climb and the descent 

varies according to the values of the parameters for the climb and descent time determination. 

The minimum value of the fuel burn per hour for the climb and the descent is obtained for 

                  . 

At cruise altitude                        , the minimum fuel burn per hour 

correspond to the configuration                       . At cruise altitude     

     , the configuration with the less fuel consumption per hour corresponds to the optimal 

configuration with the less fuel consumption which is defined previously. 

 

 

 

3.2.2. Trondheim – Nice 

 

Influence of the parameter for the climb time determination  

 

The range of the parameter for the climb time determination is          . 

 

The analysis of the fuel consumption for the different phases of the flight trajectory 

corresponds to the previous analysis which is realized for the trajectory Trondheim – Oslo. 

According to the variation of the parameter for the climb time determination, the horizontal 

distance, the time, the required thrust and the fuel consumption vary. 

When the value of the parameter γ augments, the fuel consumption during the climb 

decreases, increases during the cruise because the horizontal distance is more important and 

augments during the descent phase.  

The maximal influence of the parameter for the climb time determination on the total fuel 

consumption is inferior to 1%. 

 

 

 

Influence of the parameter for the descent time determination 

 

The range of the parameter for the descent time determination is          . 

 

The influence of the parameter γ is identical to the influence on the fuel consumption for the 

trajectory Trondheim – Oslo. When the parameter for the descent time determination 
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augments, the fuel consumption increases during the cruise phase and decreases during the 

descent phase. 

The variation of the fuel consumption for the different values of the parameter γ is very low, 

inferior at 1% of the total fuel consumption. 

 

 

General 

 

The influence of the parameters for the climb and the descent time determination is not 

important and the maximal value of the fuel burn variation is inferior to 2% of the total fuel 

consumption. The variation of these parameters affects the distance for the climb and the 

descent phases. 

For the trajectory Trondheim – Nice, the distance of the climb and the descent are small 

compare to the cruise horizontal distance. For the flight trajectory Trondheim – Oslo, the 

variation of the fuel consumption for the climb and the climb distance has an influence 

significant on the total fuel consumption. In this case, the variation of the fuel consumption 

during the climb and the descent is important, but the values are small compare to the fuel 

consumption during the cruise. The latter has a linear variation. 

 

The maximal difference of the fuel consumption between two configurations is represented in 

the figure 3.7. The aircraft is the Airbus A320. 

 

 

 
 

Figure 3.7: The accumulated fuel consumption according to the time of flight, Trondheim – Nice 
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The fuel consumption is more important when the parameter for the climb time determination 

is smaller, because the time of climb augments and consequently the fuel during the climb 

increases. During the climb phase, the fuel consumption per hour is the most important. 

 

When the parameter for the descent time determination is high, the cruise distance increases 

and the fuel consumption too. The fuel burn per hour is more important during the cruise than 

the descent, so the variation of the fuel burn is higher for the cruise phase.  

 

For the fuel burn per hour, the consumption during the climb phase is the most important.  

The influence of the time of climb is more important than the thrust force, so the climb 

distance and time have to be reduced and for this the value of the parameter for the climb time 

determination has to be high. 

 

The optimal fuel consumption is obtained for a short time of climb and the longest time of 

descent. The objective is to reduce the cruise distance because it is the longest distance for 

this trajectory and the fuel consumption is important. To reduce the cruise distance, the 

distance of the descent has to be more important because it is the phase where the fuel 

consumption is the less important. 

 

 

 

3.2.3. Paris – New York 

 

 

Influence of the parameter for the climb time determination 

 

The range of the parameter for the climb time determination is          . 

 

For the two aircrafts, the analysis of the fuel consumption for the different phases of the flight 

trajectory corresponds to the previous analyses which are realized for the trajectory 

Trondheim – Oslo and Trondheim – Nice. According to the variation of the parameter for the 

climb time determination, the horizontal distance, the time, the required thrust and the fuel 

consumption vary. 

The fuel consumption decreases during the climb and increases during the cruise and the 

descent phases when the value of the parameter for the climb time determination augments.  

The maximal influence of the parameter for the climb time determination on the total fuel 

consumption is inferior to 1%. 

 

 

Influence of the parameter for the descent time determination 

 

The range of the parameter for the descent time determination is          . 
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The variation of the fuel consumption according to the parameter γ corresponds to the 

description which is done for the trajectories Trondheim – Oslo and Trondheim – Nice. The 

parameter for the descent time determination affects the cruise and the descent fuel 

consumption. When the parameter γ augments, the fuel consumption increases during the 

cruise phase and decreases during the descent phase. 

The variation of the fuel consumption for the different values of the parameter for the descent 

time determination is not significant, inferior to 1% of the total fuel consumption. 

 

 

 

General 

 

As the flight trajectory Trondheim – Nice, the parameters for the climb and the descent 

time determination do not affect significantly the total fuel consumption because the majority 

of the fuel is burning during the cruise phase. The fuel burn during the climb represents 10 – 

15% of the total fuel consumption according to the choice of the parameters γ and the fuel 

burn during the descent represents 3 – 7% of the total fuel consumption.  

 

For the long haul flight, the parameters for the climb and the descent time determination have 

not a significant influence on the total fuel consumption. They affect the distances of the 

climb and the descent, but the horizontal distances are smaller than the cruise distance. The 

time during these phases are short compare to the total time of flight, consequently the fuel 

consumption during the climb and the descent is minim in comparison with the fuel burn 

during the cruise phase. 

 

 

With the Boeing 777 – 200, the configuration with the less fuel consumption is obtained for 

the maximal parameter for the climb time determination         and the minimal 

parameter for the descent time determination        .  

 

On the other hand, with the Airbus A340, the parameter for the descent time determination is 

equal to 150 for the configuration with the less fuel burn. Between the two configurations 

with the parameter        and       , the difference of the fuel burn is small and equal 

to 6kg. The fuel burn increases during the cruise and decreases during the descent when the 

parameter γ augment. The variation of the fuel consumption is more important during the 

descent phase, consequently the parameter for the time determination is equal to 150 for the 

less fuel configuration. 

 

The maximal difference of the fuel consumption between the two configurations is 

represented in the figure 3.8. The aircraft is the Airbus A340. 
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Figure 3.8: The accumulated fuel consumption according to the time of flight, Paris – New York 

 

On the graph, the principal difference visible between the two configurations is during the 

climb and the cruise phase. However the influence of the parameters for the climb and the 

descent time determination is minim for the long haul flight, the majority of the fuel is 

burning during the cruise phase. The variation of the fuel burn at the end of the trajectory is 

not visible on the figure 3.8. 

 

 

3.3. Comparison with the theoretical values 

 

3.3.1. Trondheim – Oslo 

 

In this part, the results which are obtained are compared with the results from the PhD 

of Paul Arentzen for the flight trajectory Oslo – Trondheim. 

 

The aircraft and the configuration which are chosen to compare with the benchmarks are the 

Boeing 737 – 300, at cruise altitude          and the parameters for climb and descent 

time determination are equal to                   . 

 

 

The profiles of the two flight trajectories, the weight at takeoff, the distance between the two 

airports and the cruise altitudes are different in the two configurations of the flight trajectory 

Trondheim – Oslo (table 3.11). 
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Table 3.11: Difference of the trajectory definitions 

 

 Distance Weight at takeoff Cruise altitude 

 [km] [kg] [m] 

Analysis (1) 390 62800 7000 

PhD (2) 494,2 48000 11278 

 

  

In the PhD, the trajectory of the aircraft is defined by different segments and the taxi-out, the 

takeoff and the landing phases are considered. In the model which is described in this report, 

the trajectory is defined by the different equations and the flight corresponds to the three 

principal phases: climb, cruise and descent.  

 

The difference of the distances between the two airports is significant:        , that 

corresponds to 25% more than the distance which is defined in this analysis. 

 

The weight at takeoff is different because in this analysis the weight of the aircraft 

corresponds to the maximal takeoff weight and in the reality for the short distance, the weight 

of aircraft is lighter. The aircraft does not need the maximum fuel capacity to reach the 

destination. The difference of the aircraft weight at takeoff between the two configurations is 

equal to           . 

 

The cruise altitude is equal to 11278m in the PhD, whereas in this analysis the aircraft cannot 

reach the maximum cruise altitude because the distance between the two airports is not 

respected in this case; therefore the cruise altitude is equal to 7000m. The difference between 

the definitions of the two cruise altitudes is superior at 4000m and significant. 

 

The comparison is realized between the climb and the descent phases; the taxi – out, the 

takeoff and the landing from the PhD are not considered. 

The results for the speed, the distance, the time and the fuel consumption for the two 

configurations are given in the table 3.12. 

 

 

Table 3.12: Altitudes, speeds, distances, times and fuel burn 

 

 Altitude Speed Distance Time Fuel burn 

 Start End Cl. C. D. Cl. C. D. Cl. C. D. Cl. C. D. 

Unit m m/s km s kg 

1 70 6930 87-212 212 212-87 104 81 205 695 382 1375 615 140 253 

2 457 11278 107-208 208-220 220-138 190 89 200 904 406 1114 1471 209 295 

Diff. 323 4348 20-(-4) (-4)-8 8-41 86 8 -5 209 24 -261 856 69 42 

 

 

The values of the difference correspond to the values from the PhD minus the values from this 

analysis. 
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The values of the speeds during the three phases have the same order of magnitude between 

the two analyses. The values of the distances and the times are close for the cruise and the 

descent phases. However the distance and the time of climb are different, because the cruise 

altitude difference is significant, consequently the distance to reach the cruise altitude in the 

PhD is more important. The value of the climb speed is similar so the time of climb is longer.    

 

 

 
 

Figure 3.9: The variation of the fuel consumption at each phase, Trondheim – Oslo 

 

The values of the fuel consumption are different in the two analyses. The difference varies 

according to the flight phases.  

 

For the climb phase, the fuel consumption which is calculated in the PhD corresponds at more 

than twice of the value of the fuel consumption which is determined in this analysis. This 

significant difference can be explained by the higher cruise altitude that the aircraft reaches in 

the analysis from the PhD.  

In the part 3.2. Influence of the parameters, the augmentation of the cruise altitude generates 

the increase of the horizontal distance, accordingly the time of climb augments and the fuel 

consumption too. 

 

The horizontal distance for the climb which is defined in the PhD is close to twice of the 

value of the horizontal distance from the analysis configuration. The difference of the time of 

climb is equal to one third of the time of climb from the PhD. The variation of the time is less 

important than the climb horizontal distance because the mean climb speed is more important 

and the profile of the climb trajectory is different. 

The difference of the fuel consumption between the two analyses remains too significant. 
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During the cruise and the descent phases, the variation of the fuel consumption is significant, 

but less important compare to the variation of the fuel burn during the climb phase.  

 

The cruise horizontal distance from the PhD is longer consequently the time of cruise is more 

important for a same order of magnitude of the cruise speed.  Accordingly, the fuel 

consumption augments for the results from the PhD. 

The descent horizontal distance is longer from the analysis and the speed is slower, 

consequently the time of descent increases. But the fuel consumption is inferior to the value 

from the PhD. Nevertheless, the variation of the fuel consumption is small compare to the 

cruise phase. 

 

 

 
 

Figure 3.10: The variation of the accumulated fuel consumption, Trondheim - Oslo 

 

In the figure 3.10, the variation of the accumulated fuel consumption between the two 

configurations is significant. This variation is the result of the significant difference of the fuel 

consumption during the climb phase. 

The comparison of the two models is difficult because of the important difference which 

exists between them (cruise altitude, horizontal distance, and trajectory profile). 

 

 

3.3.2. Trondheim – Nice 

 

In this part, the results which are obtained are compared with the results from the 

documentation Airbus [2] for the climb phase. 

In this document, the cruise altitude is equal to            and the aircraft is the Airbus 

A320.  
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The weight of the two aircrafts differs little; the variation of the takeoff weight is equal to 

2000kg. 

 

 

The comparison between the two models for the climb phase is difficult because the distances 

and the time of the climb are different due to the trajectory profiles. 

In the documentation Airbus [2], the fuel consumption depends on the choice of the cost 

index. 

The configuration with the less fuel consumption for the two analyses is given in the table 

3.13. 

 

 

Table 3.13: Fuel consumption during the climb phase 

 

 Fuel burn (kg) Time (min) Distance (km) Fuel burn / hour 

Airbus documentation 1757 22,4 227,8 4706 

Analysis 902 16,6 157 3260 
 

 

The fuel consumption from the documentation Airbus [2] corresponds to twice the fuel 

consumption from this analysis. This variation depends on the time of climb and the climb 

distance.  

 

The difference between the two distances is equal to 30% of the distance from the 

documentation Airbus. This variation is significant. 

The variation of the time between the two models corresponds to more than 25% of the time 

from the documentation Airbus. 

 

The fuel burn per hour is defined in the table 3.13. The difference is equal to 10% of the fuel 

consumption per hour from the documentation Airbus. 

 

The results are different and depend on the trajectory profile which is defined in a different 

way in the two analyses. The variation of the fuel consumption per hour show a coherence in 

the results which are obtained in this analysis. 

 

 

3.3.3. Paris – New York 

 

The Airbus documentation [2] gives some values of the fuel burn, the distance and the 

time for the climb phase. The values depend on the cost index. They concern the aircraft 

Airbus A340 which is used in this analysis to calculate the fuel consumption during the flight 

trajectory Paris – New York. 
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In the analysis, the weight of the aircraft corresponds to the maximum takeoff weight. The 

difference between the weights of the two aircrafts is equal to 25000kg, so 1% of the weight 

at takeoff. 

 

The times of climb, the climb distances are different for the two models, so the comparison is 

difficult to make. 

 

In the table 3.14, is identified the configurations with the less fuel consumption for the two 

models. 

 

Table 3.14: Values for the climb phase 

 

 Fuel burn (kg) Time (min) Distance (km) Fuel burn / hour 

Airbus documentation 5363 25,4 311,1 12669 

Analysis 3266 18,2 181 10767 

 

 

The climb distance and the time of climb vary according to the analysis. The variation of the 

climb distance is superior to 35% and the variation of the time is close to 30% of the time 

from the documentation Airbus. 

These differences are significant and affect the values of the fuel consumption. The variation 

of the latter is equal to 40% of the fuel consumption from the documentation Airbus. This 

variation is very important and depends on the time of climb, the definition of the calculation 

of the fuel consumption and the profile of the climb trajectory. But the two last information 

are not given on the documentation Airbus. 

The variation of the fuel consumption per hour is superior to 15% of the fuel consumption per 

hour which is obtained with the values from the documentation Airbus. 

 

Like for the flight trajectory Trondheim – Nice, the comparison between the two analyses is 

difficult. 

 

 

3.4. Influence of the model of the vertical speed 

 
The vertical speed has no influence on the cruise trajectory, so the modification of its 

profile affects only the climb and the descent phases.  

The values of the times, distances and fuel burn according to the profile of the vertical speed 

are given in the appendix C, for the configurations with the less fuel consumption. 

 

The profile of the vertical speed has an influence insignificant on the climb phase. The 

variation of the fuel burn according to the profile of the vertical speed is equal to 1 kg for the 

flight trajectory Trondheim – Oslo, inferior to 2kg for Trondheim – Nice and close to 5kg for 
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Paris – New York. Consequently the choice of the vertical speed profile has no influence on 

the fuel consumption. The vertical speed can be represented by a parabola. 

 

During the descent phase, the profile vertical speed has an influence on the fuel consumption. 

For the trajectory Trondheim – Oslo, it is included between 9 and 17% of the fuel burn during 

the descent with the vertical speed which is defined by the equation 5. The variation depends 

on the cruise altitude and is maximal for the highest cruise altitude (figure 3.11). 

 

 

 
 

Figure 3.11: Fuel consumption according to the vertical speed profile, Trondheim – Oslo 

 

For the trajectories Trondheim – Nice and Paris – New York, the influence of the vertical 

speed profile on the fuel consumption has the same order of magnitude than the trajectory 

Trondheim – Oslo. 

 

The vertical speed profile affects only the descent phase, consequently its influence on the 

total fuel consumption is less important. 

 

 

For the flight trajectories Trondheim – Nice and Paris – New York, the total fuel consumption 

according to the vertical speed profile has a variation to 1%, because the influence of the fuel 

burn during the descent is negligible compare to the fuel consumption during the cruise. 

The influence of the vertical speed on the total fuel consumption for the trajectory Trondheim 

– Oslo is gently superior and equal to 4%. 

 

The influence of the vertical profile has not an important influence on the fuel consumption 

for the flight trajectory. Consequently, the vertical speed can be represented by a parabola. 
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3.5. Conclusion 

 
The optimal trajectory for the three flights is obtained for a parameter for the climb 

determination high and a parameter for the descent time determination low. The three flight 

trajectories are defined in two categories: the short haul flight and the medium – long haul 

flight.  

 

For the short haul flight, the cruise distance is small or inexistent. The maximum fuel 

is consumed during the climb phase. To reduce this consumption, the parameter for the climb 

time determination is high because when the climb distance decreases, the time decreases too 

and the fuel consumption decreases because the influence of the time is more than important 

than the variation of the thrust force which increases. The fuel consumption per hour is more 

important during the cruise than the descent so the cruise distance has to decrease. 

Consequently the descent phase is longer and is obtained for the small value of the parameter 

for the descent time determination. For the cruise altitude                   , the 

values of the parameters γ are                       . At cruise altitude         , 

the altitude is too low so the influence of the fuel consumption during the climb phase is 

smaller and consequently the optimal configuration is obtained for        . 

 

For the medium – long haul flight, the fuel is consumed mainly during the cruise phase 

and represents 56 to 72% of the total fuel burn for the flight trajectory Trondheim – Nice and 

78 to 87% of the total fuel burn for Paris – New York. The objective is to reduce the cruise 

phase. Consequently, the time and the distance of the descent are longer because it is the 

phase where the fuel burn per hour is the less important. The influence of the parameters for 

the climb and the descent time determination is low because they modify the cruise trajectory 

but the variation of the cruise trajectory is minim in front of the cruise distance. 

The optimal configuration to reduce the fuel burn for the trajectory Trondheim – Nice is 

                  . For the flight trajectory Paris – New York, the parameters γ are 

equal to 300 for the climb and 100 or 150 for the descent according to the aircraft.  

 

 

The choice of the aircraft has an influence important on the fuel consumption and 

varies according to the characteristics of the aircraft. The weight of the aircraft has to be 

optimized to reduce the fuel consumption. Indeed, the fuel capacity at takeoff does not need to 

be maximal and depends on the distance between the two airports. Consequently the aircraft 

weight at takeoff is lighter.  

 

The profile of the vertical speed can be defined by a parabola because the results which are 

obtained previously show that the influence of the vertical speed profile is negligible on the 

fuel consumption. 
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4. Conclusion 

 
For the last 20 years, the cost of the fuel barrel does not stop to increase. In this 

economically critical period, the flight companies want to reduce the cost of the travel and the 

fuel consumption. The latter has a double objective: lower the operating costs of the 

companies and reduce the emission of the greenhouse gas for a greener sky. This analysis has 

for objective to define the fuel consumption according to the defined flight trajectory which is 

represented by a simplified analysis. 

 

The definition of the flight trajectory is divided in three phases: the climb, the cruise 

and the descent. They are defined by different equations and parameters. The optimization of 

the flight trajectory is realised with the assistance of a computer code. The parameters for the 

climb and the descent time determination and the cruise altitude vary according to the desired 

trajectory and the influence of each parameter on the fuel consumption is defined. The 

analysis includes three flight trajectories which correspond to three different hauls flight: 

short, medium and long.  

 

The results show that the variation of the fuel consumption according to the variation 

of the parameters for the climb and descent time determination is low. But each percent of the 

reduction of the fuel burn is important and represents a diminution of the cost of the travel. 

For the short haul flight, when the cruise altitude is shorter, the fuel consumption decreases 

and the variation is important according to the selected cruise altitude. In this case, the fuel 

consumption is maximal during the climb phase and the cruise is small or inexistent.  

In the other cases, during the cruise phase, the aircraft consumes the majority of the fuel but 

the fuel consumption per unit time is still higher during the climb phase. The results show that 

the optimal flight trajectory for the minimum fuel burn is obtained for a short climb phase and 

a long descent. 

 

 The calculation of the fuel consumption for the different flight trajectories can be 

optimized, if the weight of the aircraft at takeoff is reduced. Indeed, the aircraft weight which 

is considered in this analysis corresponds to the maximum takeoff weight because the fuel 

capacity is considerer equal to the maximum fuel capacity. In the reality, the fuel capacity in 

the aircraft varies according to the distance of the travel. Consequently, the aircraft weight has 

to be optimized and the fuel consumption will decrease. 

 

Today, the perspectives of the flight companies are to reduce the fuel consumption, 

different solutions are found. The flight trajectory has an influence important on the fuel 

consumption and the different phases of the trajectory have to be optimized. 

 



  84 
 

 

  



  85 
 

  

 

 

References 

 
1. Paul Arentzen: Variation in aircraft engine exhaust emissions in relation to flight 

altitude and degraded engine performance, PhD, 2001. 

 

2. Airbus: Getting to grips with the Cost Index, Flight Operations Support & Line 

Assistance, May 1998. 

 

3. NASA: Thrust Specific Fuel Consumption (TSFC), July 2008. 

 

4. Bill Roberson: Fuel Conservation Strategies: Cost Index Explained, Boeing, second – 

quarter 2007 AERO. 

 

5. Willian Roberson; and James A. Johns: Fuel Conservation Strategies: Takeoff and 

Climb, Boeing, fourth – quarter 2008 AERO. 

 

6. William Roberson; Robert Root; and Dell Adams: Fuel Conservation Strategies: 

Cruise Flight, Boeing, fourth – quarter 2007 AERO. 

 

7. The McGraw-Hill Companies: Aviation week & space technology, January 19, 2004 

Aerospace Source Book. 

 

8. Will James; and Phill O’Dell: Derated Climb Performance In Large Civil Aircraft, 

Rolls – Royce, Conference Boeing Performance and Flight Operations Engineering 

2005. 

 

9.  Laurent Bovet: Optimisation conceptuelle de la croisère Application aux avions de 

transports civils, Prix Armée de l’Air 2005.  

 

10. Boeing : Commercial airplanes, from http://www.boeing.com/commercial/ 

 

11. Airbus: Aircraft Families, from http://www.airbus.com/aircraftfamilies/ 

 

12. CFM: The CFM56 Turbofan Engine Product Line, http://www.cfm56.com/products 

 

 

 

  

http://www.boeing.com/commercial/
http://www.airbus.com/aircraftfamilies/
http://www.cfm56.com/products


  86 
 

  

 

 

 



APPENDIX A  87 
 

Appendix A – On a simplified analysis of the flight trajectory of an aircraft 

                                                                                                             

  Draft (03.8.2010) 

 

 

 

 

 

ON A SIMPLIFIED ANALYSIS OF THE FLIGHT     

TRAJECTORY OF AN AIRCRAFT 
 

Professor emeritus Helge Nørstrud, NTNU 

 

 

 

BACKGROUND 

 

The Clean Sky Joint Undertaking (JTI-CS-2010-1-SGO-03-007) of EU has asked for a proposal under 

the title ”Parametric optimisation software package for trajectory shaping under constraints”. The 

present Note is written in this context with reference to a representative jet powered airliner (read a 

Boeing B737-800W simulation flight case from Trondheim (TRD) to Nice (NCE) with both airport 

elevation at sea level). 

 

1. ANALYSIS 

 

The re-entry of a space plane has been simulated by using an analytical expression for the trajectory 

[1,2 and 3], i.e. 

 

 
1

2( ) 1 exp( )entryV z V b cz


                                                                                                               (1) 

 

where V[m/s] represents the velocity and z [m] is the geometric altitude of the spaceplane. The input 

parameter Ventry [m/s] is the velocity at entry into the atmosphere, whereas b [-] and c [1/m] are 

ajustable parameters for the curve fit of the trajectory to given re-entry data. 

 

A simplified analysis will now be presented for the climb and descent phase of an aircraft, i.e. Eq. (1) 

will be similar formulated as a logistic curve [4] as 

 

 
1

( ) 1 exp( )Cz V z V 


                                                                                                                (2) 

 

which is a solution of the Riccati differential equation 
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(1 )
C

dz z
z

dV z
                                                                                                                              (3) 

 

The parameters α [s/m] and β [-] > 0 in Eq. (2) are to be determined from given aircraft peformance 

data as discussed at the end of this section. Furthermore, zC [m] is the altitude at the specific cruise 

height. If we form the second derivative of z by differating Eq. (3) we will obtain 

 
2

2
(1 ) (1 2 )

C C C

d z z z z

z z zdV
                                                                                                       (4) 

 

and setting Eq. (4) equal zero will yield the inflection point of Eq. (2) as 

 

inf
2

Cz
z                                                                                                                                          (5) 

 

Inserting Eq. (5) in Eq. (3) we have 

 

inf( ) / 4C

dz
z

dV
                                                                                                                            (6) 

 

which shows an independence to the parameter β, see also Figure 1. Furthermore, a reformulation of 

Eq. (2) will give 

 

1 1
( ) ln[ ( 1)]Cz

V z
z 

                                                                                                                     (7) 

                                                                                                 

and inserting Eq. (5) yields the result 

 

inf

1 1 1
ln lnV 

  
                                                                                                                     (8) 

 

since ln(1/β) = ln1-lnβ = -lnβ. 

 

Eq. (6) can also be formulated as 

 

inf

4 1

( )C
dVz

dz

                                                                                                                                      (9) 

 

where (dV/dz)inf is regarded as an input parameter and with Eq. (8) reformulated as 

 

infexp( )V                                                                                                                                     (10) 

 

will define the parameters α and β at the reference altitude zinf = zC/2. Eq. (7) posseses the two 

asymptotes at z = 0 and z = zC and this is indicated graphically in Figure 1. It should be noted that the 

lower the value of the factor β is, the higher the dimensionless velocity of the aircraft is where it 

reaches the cruise height.  
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   1.1 Climb 

 

Rewriting Eq. (3) with the dimensionless altitude Z = z/zC as 

 

(1 )
dz dz dt

z Z
dV dt dV

                                                                                                                          (11) 

 

will yield 

 

1

(1 )

dV dz

dt dt z Z



         

 

or 

1

(1 )C

a v
z Z Z




                                                                                                                                  

(12) 

 

Here a [m/s
2
] = dV/dt is the acceleration along the flight path (see Figure 2) and v [m/s] = dz/dt is the 

vertical speed of the aircraft. Since the vertical speed v must be zero at z = 0 and zC we will stipulate 

the following relation 

 

 
22 1v Z Z                                                                                                                              (13) 

 

where the quadratic formulation of the altitude function Z(1-Z) is to ensure its altitude dependance in 

the result from combining Eqs. (12) and (13), i.e., 

 

 1
C

a Z Z
z




                                                                                                                                  (14) 

 

The acceleration force F [N] is formulated with Eq. (14) as 

 

(1 )
C

m
F ma Z Z

z




                                                                                                                             (15) 

 

where m [kg] = 70 000 designates the selected take-off mass of the aircraft which we for simplicity 

assumes constant during the climb. 

 

From geometric consideration we write 

 

sin
v

V
                                                                                                                                      (16) 

 

where θ [deg] is the climb angle. Inserting Eqs. (7) and (13) in Eq. (16) and solving for θ will give the 

result 
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 
22 1

arcsin
1 1 1

ln 1

Z Z

Z




 

 
 

 
  

          

                                                                                                       (17) 

 

which is shown in Figure 3 together with a plot of the vertical speed, Eq. (13). The gravity drag force 

G [N] is defined as 

 

sinG mg                                                                                                                                  (18) 

 

were g [m/s
2
] is the acceleration of gravity.  

 

 

Introducing the atmospheric approximation for an isothermal atmosphere as 

 

0 0( ) exp( ) exp( )Cz z z Z                                                                                                         (19)                                                                                                 

 

where the air density ρ [kg/m
3
] as function of the geometric altitude z is defined through the density ρ0 

= 1.225 kg/m
3
 at sea level. We introduce the factor ε [1/m] = 0.0001 in order to satisfy an 

approximation in the range 0 ≤ z ≤ 11 000 m. 

 

The speed of sound c [m/s] in the troposphere is a linear decay function with altitude [5] and for zC = 

11 000 m we can write 

 

340.294 45.14c Z                                                                                                                         (20) 

 

Equation (17) combined with Eq. (7) will then yield the flight Mach number M [-] = V/c during climb 

and is plotted in Figure 4. Note that values in Figure 4 (and also in later figures) are given for the 

range 0.01 ≤ Z ≤ 0.99 in order to eliminate the asymptotic behaviour of Eq. (7) at Z = 0 and 1. 

 

The total aerodynamic drag D [N] acting on an aircraft in climb is formulated as 

 

  2
,0 ,

1

2
D D iD C C S V                                                                                                                       (21) 

 

where S [m
2
] is the reference wing area, cD,0 [-] is the drag coefficient at zero lift and cD,i [-] is the 

induced drag coefficient related to the lift force L [N] = mg cosθ. Furthermore, we can write 

 
2

2
,

2

cos

1

2

D i L

mg
C kC k

S V





 
 

   
 
  

                                                                                                                   (22) 

 

Eq. (22) states that CD,i is a quaratic function of the lift coefficient CL [-] and the lift force L. The 

factor k [-] ≈ 0.045 is related to the aspect ratio of the wing. Combining Eqs. (21) and (22) gives 
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                                                                                                          (23) 

 

Figure 5 shows the total aerodynamic drag D, see Eq. 20, together with the components D0 and Di. The 

almost constant value of D = D(Z) is due to the opposite S-shapes of the components, but D will show 

similar behaveiour for any function of V = V(Z). The lift-to-drag ratio L/D [-] at climb is depicted in 

Figure 6 and represent a quality value for the aerodynamics of the reference aircraft.  

 

We can now formulate the required thrust T [N] as 

 

T D G F                                                                                                                                  (24) 

 

and Figure 7 presents the results and Table 1 gives an overview of the selected input data. 

 

SYMBOL VALUE REMARKS 
α = 0,07 s/m Parameter defining the dimensional velocity 

β = 60 000 Velocity/altitude parameter 

γ =  300 Parameter for climb/descent time determination 

ε =  0.0001 1/m Constant in the density function 

zc = 11 000 m Input for the cruise altitude 

m =  70 000 kg Input for the take-off mass of reference aircraft  

g =  9,81 m/s
2
 Gravitational constant 

S = 125 m
2
 Input for the wing reference area 

cD,0 = 0.015 Constant selected for the zero-lift drag coefficient 

k =  0.045 Constant selected for the induced drag coefficient 

 

Table 1. Selected input data for the climb simulation 

 

In order to evaluate the time τ [s] needed to climb up to the cruise height zC, Eq. (14) will be integrated 

to yield the mean vertical speed vmean as  

 
1 1

2 2 2 3 4

0 0

(1 ) ( 2 )mean

Z Z

v Z Z dZ Z Z Z dZ 

 

                                                                                     (25) 

 

and with the solution given in [6], i.e. 

 
1

0

1

1

n

Z

Z dZ
n




  

 

we will obtain 

  

(1/ 3 2 / 4 1/ 5) 0.0333meanv                                                                                                          (26) 

 

  



APPENDIX A  92 
 

  

 

 

Hence, we can write vmean = zC / τ or τ = zC / (0.0333 γ). Table 2 shows the results for various values of 

γ for the given cruise altitude zC = 11 000 m and for γ = 300 the climb time to the cruise altitude will 

be τ = 0.31 h. 

 

 γ = 100 = 200 = 300 
τ [s] = 3 303 1 652 1 101 

τ [min] = 

     τ [h] = 

55 

0.92 

28 

0.46 

18 

0.31 

vmean [m/s] = 3.33 6.66 9.99 

vmax [m/s] = 

at Z = 0.5 

6.25 12.50 18.75 

 

Table 2. Climb time to cruise altitude as function of the parameter γ. 

 

  1.2 Steady Cruise 

 

Since the postulated flight trajectory V = V(z) has an asymptote at the cruise altitude zc, we will define 

a practical cruise altitude zcruise ≈ zc at Z = 0.99, i.e. zcruise = 0.99 zc = 10 890 m. This leads to the cruise 

velocity Vcruise = 222.82 m/s (= 802.15 km/h) and the air density ρcruise = 0.41228 kg/m
3
 (≈ 0.37 kg/m

3
 

from Reference 6). The sound speed c [m/s] at zcruise is ccruise = 295.6 m/s [3] which gives a Mach 

number Mcruise [-] = Vcruise / ccruise = 0.754. Furthermore, the aerodynamic drag is calculated to Dcruise = 

35 777 N and corresponds to the required thrust Tcruise, see Figure 8. This means that the overall drag 

coefficient 

 

2

2
[ ] cruise

D

cruise cruise

D
C

S V
                                                                                                                         (27) 

 

is evaluated to CD = 0.0279 when appropriate values are inserted in Eq. (24). 

 

Assuming a fuel burn of Δm = 1 500 kg during the climb phase [7], we can express the lift coefficient 

as 

 

2

2( )
[ ]L

cruise cruise

m m g
C

S V


                                                                                                                           (28) 

 

and obtain the values CL = 0.525 and CL/CD = 18.83 with Eq. (28). These aerodynamic coefficients are 

marked as a filled circle in Figure 9. The drag polars shown is taken from reference [8] and the arrow 

is added to illustrate a tangent going through the circle. This is to demonstrate that the circle is close to 

an optimal value for the ratio CL/CD. Hence, this value would give the best condition for the aircraft in 

cruise. Assuming for simplicity a horizontal cruise with a fuel-burn of 8500 kg we will reach the 

descent phase (after 2.73 h) at an aircraft weight of 60 000 kg.  

 

 

 

 

 

 

   1.3 Descent 
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The descent of an aircraft is depicted in Figure 10. It should be noted that the decent angle θ and the 

vertical speed v are now negative as compared to the climb phase, see Figure 11. Since we have a 

lighter aircraft mass (m = 60 000 kg) due to fuel burn and that we have assumed an increase of time of 

descent (gamma = 100), the aerodynamic drag has changed and is shown in Figure 12 with its 

components, see also Figure 13. 

 

The force balance for the reference aircraft at descent can then be formulated as  

 

T D G F                                                                                                                                   (29) 

 

and the result is graphically given in Figure 14. The flight idle is also indicated which is a flight 

situation for which the gravity force gradually takes over as a thrust force. 

 

2. DISCUSSION OF RESULTS 

 

The present Note starts with an analytical forcing function between the flight velocity of an airliner 

and the flight geometric altitude, i.e. V = V(z). This function is defined through the two parameters α 

and β and the flight state at zinf = zc / 2 is proposed as a suitable reference point. For a given speed of 

sound distribution with altitude, the Mach number distribution is also obtained, see Figure 4. Table 3 

shows some selected input parameter (identified in bold numbers) for the climb or descent phase, 

where the computed values are found with reference to Eqs. (9), (10) and (7). 

 

(dV/dz)inf [1/s] = 0.004 0.005 0.005195 0.006 0.007 

Vinf [m/s] = 

Minf [-] = 
160.00 

0.504 
160.00 

0.504 

157.17 

0.495 
160.00 

0.504 
160.00 

0.504 

α [s/m] = 0.0909 0.0727 0.07 0.0606 0.0519 

(αV)inf [-] = 14.544 11.632 11.002 9.696 8.304 

β [-] =  2 071 948 112 645 60 000 16 252 4 040 

VZ=0.01 [m/s] = 

MZ=0.01 [-] = 

109.45 

0.322 

96.79 

0.285 

91.53 

0.270 

84.17 

0.248 

71.40 

0.210 

VZ=0.99 [m/s] = 

MZ=0.99 [-] = 

210.55 

0.712 

223.21 

0.755 

222.8 

0.754 

235.83 

0.798 

248.54 

0.841 

   

Table 3. Selected and computed parameter values for climb or descent 

 

By introducing the Mach number M=V/c the selected input in Eq. (9) at the inflection point zinf = Z/2 

(see Figure 15) can also be expressed through the Mach number Minf = (V/c)inf and the gradient 

(dM/dz)inf, see Eq. 30. 

 

inf inf inf inf inf( ) ( ) ( ) ( ) 0.0041
dV dM dc dM

c M c M
dz dz dz dz

                                                                           

(30)                                                  

 

where the gradient for the sound speed is dc/dz = -0.0041 and cinf = 317.72 m/s. 
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Another important parameter is γ which is a function of  the selected time of climb or descent, see 

Table 2. It also defines the vertical speed of the aircraft and the climb angle as can be seen from 

Figures 3 and 11. This leads to another parameter in the simulation study. 

 

The aerodynamic qualification value of the reference airliner is basically given by the aircraft 

manufacturer and Figs. 5 and 12 is based on appropriate values for the lift- and drag coefficients. This 

indicates that the lift-to-drag ratio values shown in Figs. 6 and 13 have already,  in a sense, been 

optimized by the aircraft manufacturer.   

 

3. CONCLUDING REMARKS 

 

The purpose of the present simulation study is twofold, i.e. 

 

- Give a simple analytical basis for a parametric variation of selected parameters (α, β and γ) 

defining the climb or descent of a representative flight of an airliner.  

- Give a focus on a positive flight trajectory (for a greener sky) 

 

It is recognized that the fuel burn of the aircraft (with powerplants) has to be incorporated in the flight 

trajectory analysis as presented. In addition,  the simplified cruise description should include an 

increase of the flight Mach number with altitude for a beneficial interaction of kinetic and potential 

energy. 

 

Hence, the ultimate goal is to reduce the fuel cost and emission particles by expanding the present 

analysis into a computer code for a parametric study of the appropriate trajectory and aircraft 

variables. 

 

REFERENCES 

 

[1] Norstrud, H., ”On the Integral Heat Load on a Re-Entry Vehicle”, AIAA 8
th
 International Space 

Planes and Hypersonic Systems and Technologies Conference, CP 9804, AIAA, Washington DC, 

1998, pp. 676-682. 

 

[2] Meese, E.A. and Nørstrud, H., ”Simulation of convective heat flux and heat penetration for a 

spacecraft at re-entry”, Aerospace Science and Technology, Vol. 6, 2002, pp. 185-194. 

 

[3] Nørstrud, H. and Øye, I., ”Re-Entry Simulation of the STS-107 Columbia Accident”, Paper 

presented at the 13
th
 AIAA/CIRA International Space Planes and Hypersonic Systems and 

Technologies Conference, Capua, Italy, 16-20 May, 2005. 

 

[4] Davis, H.T., Introduction to Nonlinear Differential and Integral Equations, Dover Publications, 

New York, 1962, p. 97. 

 

[5] U.S. Standard Atmosphere, 1962, U.S. Printing Office, Washington DC, December 1962. 

 

[6] Gröbner, W. and Hofreiter, N., Integraltafel, Zweiter Teil, Bestimmte Integrale, Springer-Verlag, 

Wien, New York, 1966, p.10. 

 



APPENDIX A  95 
 

  

 

 

[7] Arentzen, P., ”Variation in Aircraft Engine Exhaust Emissions in Relation to Flight Altitude and 

Degraded Engine Performance”, Ph.D. Thesis, Norwegian Institute of Science and Technology, 

2001:21 2001, p. 20. 

 

[8] Brüning, G. et al, Flugleistungen, Zweite Auflage, Springer-Verlag, Berlin, 1986, p.48. 

 

 

 

 

 

 

4 6 8 10 12 14 16 18

0

0,2

0,4

0,6

0,8

1

DIMENSIONLESS VELOCITY, alfa*V [-]

beta = 20 000

= 100 000

D
IM

E
N

S
IO

N
L

E
S

S
 A

L
T

IT
U

D
E

, 
Z

 =
 z

/z
C
 [

-]

z
inf

 = z
C
 / 2

CLIMB

DESCENT

REFERENCE ALTITUDE 

FOR INPUT AIRCRAFT

FLIGHT DATA

 
 

Figure 1. Simulated flight trajectories for climb and descent. 
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Figure 3. Vertical speed v and climb angle as function of Z 
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Figure 2. Simplified sketch of an aircraft at climb 
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Figure 4. Flight Mach number at climb (and descent) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Aerodynamic drag and its components at climb 
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Figure 6. Lift-to-drag ratio at climb for constant aircraft mass 
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Figure 7. Force balance on an aircraft at climb 
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Figure 8. Force balance at steady cruise 

 

 
 

Figure 9. Various drag polars for a jet powered airliner [8] 
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                                      Figure 10. Simplified sketch of an aircraft at descent 
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Figure 11. Vertical speed and climb angle as function of  Z 
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Figure 12. Aerodynamic drag and its components at descent 
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Figure 13. Lift-to-drag ratio at descent for constant aircraft mass 
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Figure 14. Force balance on the aircraft at descent 
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Figure 15. Sample trajectory input parameters for the climb or descent phase
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Appendix B – Computer code 
 

 

A computer program has been written in Matlab to calculate the times, the horizontal distance 

and the fuel consumption in the different phases of the flight trajectory and to reduce the fuel 

burn. The program is divided in three parts corresponding of the different phases of the flight 

trajectory: climb, cruise and descent. It applies to three different flight trajectories: Trondheim 

– Oslo, Trondheim – Nice and Paris – New York. For each trajectory, the user has the choice 

between two aircrafts. Two cruise trajectories are defined and depend on the flight trajectory. 

Two profiles of the vertical speed are defined and the user can choose one or the other profile. 

 

 
 

%% STEP 1: Choice of the trajectory and the aircraft 

clear all, clc 
  

 
desti_number=menu('Choose the trajectory','Trondheim-Oslo','Trondheim-

Nice','Paris-New York'); 
 

% Two cruise trajectory configurations possible, depend on the trajectory 
chosen 
 

 

  
% STEP 2: Choice of the aircraft in function of the travel chosen 
 

% Configuration 1: the cruise trajectory is horizontal 
 

if desti_number==1 % Destination: Trondheim-Oslo 
    plane_number = menu('Plane','737-300','737-800'); 
    d=390000; % Distance Trondheim-Oslo [m] 
    if plane_number==1 
        disp('Trondheim-Oslo and plane 737-300'); 
        % Characteristics of the aircraft 737-300 
        S=105.4; % Wing area [m²] 
        m0=62800; % Maximum takeoff weight [kg] 
        lf=20100; % Maximum fuel capacity [l] 
        alpha=0.0735; % Parameter defining the dimensional velocity 
        SFC=0.03977; % Coefficient fuel burn 
    else 
        disp('Trondheim-Oslo and plane 737-800'); 
        % Characteristics of the aircraft 737-800 
        S=125.58; % Wing area [m²] 
        m0=79100; % Maximum takeoff weight [kg] 
        lf=26020; % Maximum fuel capacity [l] 
        alpha=0.0697; % Parameter defining the dimensional velocity 
        SFC=0.03875; % Coefficient fuel burn 
    end 
end 
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if desti_number==2 % Destination Trondheim-Nice 
    plane_number = menu('Plane','A320','737-800'); 
    d=2204000; % Distance Trondheim-Nice [m] 
    if plane_number==1 
        disp('Trondheim-Nice and A320'); 
        % Characteristics of the aircraft A320 
        S=125; % Wing area [m²] 
        m0=70000; % Maximum takeoff weight [kg] 
        lf=24050; % Maximum fuel capacity [l] 
        alpha=0.07; % Parameter defining the dimensional velocity 
        SFC=0.03467; % Coefficient fuel burn 
    else 
        disp('Trondheim-Nice and plane 737-800'); 
        % Characteristics of the aircraft 737-800 
        S=125.58; % Wing area [m²] 
        m0=79100; % Maximum takeoff weight [kg] 
        lf=26020; % Maximum fuel capacity [l] 
        alpha=0.0697; % Parameter defining the dimensional velocity 
        SFC=0.03875; % Coefficient fuel burn 
    end 
end 

 

 
% Configuration 2: the cruise trajectory is not horizontal 
% theta cruise and delta altitude 

 
if desti_number==3 
    plane_number = menu('Plane','A340','777-200'); 

    d=5851000; % Distance Paris-New York 
    if plane_number==1 
         disp('Paris-New York and plane A340'); 
         % Characteristics of the aircraft A340 
        S=361.6; % Wing area [m²] 
         m0=275000; % Maximum takeoff weight [kg] 
         lf=155040; % Maximum fuel capacity [l] 
         alpha=0.0663; % Parameter defining the dimensional velocity 
         SFC=0.03263; % Coefficient fuel burn 
    else 
         disp('Paris-New York and plane 777-200'); 
         % Characteristics of the aircraft 777-200 
         S=427.8; % Wing area [m²] 
         m0=247200; % Maximum takeoff weight [kg] 
         lf=117348; % Maximum fuel capacity [l] 
         alpha=0.0648; % Parameter defining the dimensional velocity 
         SFC=0.03365; % Coefficient fuel burn 
    end 

end 

  

  
%% Parameters and constants 

  
beta=60000; % Velocity/altitude parameter 
gamma=input('Parameter for climb time determination (between 150 and 300)') 
zc=input('The cruise altitude [m]') % Cruise altitude [m] 
rho0=1.225; % Air density at sea level [kg/m3] 
epsilon=0.0001; % Constant in the density function [1/m] 
k=0.045; % Constant selected for the included drag coefficient 
CDo=0.015; % Constant selected for the zero-lift drag coefficient 
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%% STEP 3: CLIMB 

  
n=length(0.01:0.001:0.99); % Number of values in the vector 

  
% Initialization at t=0 (takeoff) 
% The index 1 is for the climb values 
V1=zeros(nz,1); v1=zeros(nz,1); theta1=zeros(nz,1); c1=zeros(nz,1); 
M1=zeros(nz,1); rho1=zeros(nz,1); CL1=zeros(nz,1); F1=zeros(nz,1); 
G1=zeros(nz,1); D1=zeros(nz,1); T1=zeros(nz,1); 
fuelburnCL=zeros(nz+1,1); fuelburnCL(1)=0; 

  
% Fuel capacity in the aircraft at takeoff 
rhof=817.15; % Fuel density [kg/m3] 
fuelCL=zeros(nz,1); % Fuel burn vector [kg] 
mf1=zeros(nz+1,1); % Weight of fuel vector 
mf1(1)=lf*10^-3*rhof; % Weight of fuel at t=0 [kg] 

  
%Maximum takeoff weight [kg] 
m1=zeros(nz+1,1);% Weight of the aircraft vector 
m1(1)=M0; % Maximum takeoff weight [kg] 

  
% Calculation of the time of climb 
vmean1=0.0333*gamma; % Mean vertical speed [m/s] 
Timeclimb=(0.99*zc)/vmean1/3600; % Time of climb [hours] 
tclimb=Timeclimb/n; % Time increment [hours] 

  
 

% Climb trajectory 
% Calculate the velocities, forces, weight of the fuel burn and aircraft 
% for each increment until the cruise altitude 

  
i=1; 
for Z=0.01:0.001:0.99; 
    V1(i)=(-1/alpha)*log((1/beta)*((1/Z)-1));%Velocity along flight path 
    v1(i)=gamma*Z^2*(1-Z)^2; % Vertical velocity (m/s] 

 

 
    theta1(i)=asin(v1(i)/V1(i)); % Climb angle [rad] 
    c1(i)=340.245-54.15*Z; % Speed of sound [m/s] 
    M1(i)=V1(i)/c1(i); % Mach number [-] 
    rho1(i)=rho0*exp(-epsilon*zc*Z); % Air density [kg/m3] 
    CL1(i)=(m1(i)*9.81*cos(theta1(i)))/(0.5*S*rho1(i)*V1(i)^2); %Lift coef. 
    F1(i)=(m1(i)*gamma*Z*(1-Z))/(alpha*zc); % Acceleration force F [N] 
    G1(i)=m1(i)*9.81*sin(theta1(i)); % Drag due to gravity G [N] 
    D1(i)=0.5*S*rho1(i)*V1(i)^2*(CDo+k*CL1(i)^2); % Aerodynamic drag D [N] 
    T1(i)=F1(i)+G1(i)+D1(i); % Thrust force T [N] 
    fuelCL(i)=SFC*T1(i)*tclimb; % Fuel burn at each increment [kg] 
    fuelburnCL(i+1)=fuelburnCL(i)+fuelCL(i); % Total fuel burn [kg] 
    mf1(i+1)=mf1(i)-fuelCL(i); % Weight of fuel [kg] 
    m1(i+1)=m1(i)-fuelCL(i); % Weight of the aircraft [kg] 
    i=i+1; 
end 

  
 

% Maximum thrust required during the climb 
Tmax=max(T1) 

  
 

 

v1(i)=-6*vm1*Z^2+6*vm1*Z; % the parabola vertical speed 
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% Distance climb 
Vmean1=mean(V1); % Mean velocity along the flight path [m/s] 
vhmean1=sqrt(Vmean1^2-vmean1^2); % Mean horizontal velocity [m/s] 
dHclimb=vhmean1*Timeclimb*3600; % Horizontal climb distance [m] 
% Plot 

  
% Velocity along the flight path 
figure(1); 
subplot(2,1,1), plot(V1,0.01:0.001:0.99) 
title('Climb velocity along the flight path') 
xlabel('Velocity along the flight path V [m/s]') 
ylabel('Dimensionless altitude Z [-]') 

  
% Vertical velocity and climb angle 
subplot(2,1,2), plot(v1,0.01:0.001:0.99,theta1*(180/pi),0.01:0.001:0.99) 
title('Climb vertical velocity and climb angle') 
legend('Vertical velocity','Climb angle') 
xlabel('Vertical velocity v [m/s] and climb angle theta [°]') 
ylabel('Dimensionless altitude Z [-]') 

  
% Forces 
%figure(2); 
subplot(2,2,1), 

plot(F1,0.01:0.001:0.99,G1,0.01:0.001:0.99,D1,0.01:0.001:0.99,T1,0.01:0.001

:0.99) 
title('Climb forces') 
legend('Acceleration force F','Drag due to gravity G','Aerodynamic drag 

D','Thrust force T') 
xlabel('Forces and required thrust [N]') 
ylabel('Dimensionless altitude Z [-]') 

  
% Fuel burn at each increment 
subplot(2,2,2), plot(fuelCL,0.01:0.001:0.99) 
xlabel('Fuel burn [kg]') 
ylabel('Dimensionless altitude Z [-]') 
title('Fuel consumption at each step') 

  
% Fuel consumption 
subplot(2,2,3), plot(fuelburnCL,0.009:0.001:0.99) 
xlabel('Fuel burn [kg]') 
ylabel('Dimensionless altitude Z [-]') 
title('Fuel consumption during the climb') 

  
% Values for the next step: the cruise 

  
step1=('CLIMB') 

  
disp(['Fuel burn after the climb [kg]: ', num2str(fuelburnCL(end))]); 
disp(['Weight of the aircraft m [kg]: ', num2str(m1(end))]); 
disp(['Weight of fuel mf [kg]: ', num2str(mf1(end))]); 
disp(['Mach number M [-] (for the cruise phase): ', num2str(M1(end))]); 
disp(['Speed of sound c [m/s]: ', num2str(c1(end))]); 
disp(['Value of CL: ', num2str(CL1(end))]); 
disp(['Time of climb [h]: ',num2str(Timeclimb)]); 
disp(['Horizontal climb distance [m]: ',num2str(dHclimb)]); 
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%% STEP 4: CRUISE 
% The cruise trajectory for the short and medium flight is horizontal 

% Use for the flight Trondheim – Oslo and Trondheim – Nice 
% The index c and 2 are for the cruise values 

  
% Initialization for the cruise trajectory 
step2=('CRUISE') 

  
V2=M1(end)*c1(end); % Cruise velocity [m/s](constant) 
disp(['Cruise velocity Vc [m/s]: ',num2str(V2)]); 

  
% Calculate the air density and the aircraft weight at zc (after climb) 
zc=Z(end)*zc; 
rhoc=rho0*exp(-epsilon*zc);% Air density [kg/m3] 
mc=((CL1(end)*S*V2^2)/(2*9.81))*rhoc; % Weight of the aircraft [kg] 
disp(['Weight of the aircraft at cruise altitude 1 [kg]: ',num2str(mc)]); 
  

 
% Cruise time and distance 
% Define the time and the distance for the descent 
gamma=input('Parameter for descent time determination (between 100 and 

200)') 
vmean3=0.0333*gamma; % Mean vertical speed [m/s] 
vhmean3=sqrt(Vmean1^2-vmean3^2); % Mean horizontal velocity [m/s] 
Timedescent=(zc*0.99)/vmean3/3600; % Time of descent[hours] 
dHdescent=vhmean3*Timedescent*3600; % Horizontal descent distance [m] 
 

% Time and distance for the cruise phase 
dHcruise=d-dHdescent-dHclimb; % Horizontal cruise distance [m] 
Timecruise=dHcruise/V2/3600; % Time of cruise [hours] 

  
% Thrust force [N] 
T2=D1(end);% Thrust force is constant [N] 

  
% Fuel burn 
fuelburnCR=SFC*Timecruise*T2;% Fuel burn during the cruise [kg] 
m2=mc-fuelburnCR; % Weight of aircraft after the cruise [kg] 
mf2=mf1(end)-fuelburnCR;% Weight of fuel [kg] 

  
disp(['Fuel burn during the cruise [kg]: ', num2str(fuelburnCR)]); 
disp(['Weight of the aircraft m after the cruise[kg]: ', num2str(m2)]); 
disp(['Weight of fuel mf after the cruise[kg]: ', num2str(mf2)]); 
disp(['Time of cruise [h]: ',num2str(Timecruise)]); 
disp(['Horizontal cruise distance [m]: ',num2str(dHcruise)]); 
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%% STEP 4-bis: CRUISE 
% The cruise trajectory for the long flight is linear between zc1 and zc2 

% Use for the flight Paris – New York 

 
% Calculate the air density and the aircraft weight at zc (after climb) 
zc1=Z(end)*zc1; 
rhoc=rho0*exp(-epsilon*zc1);% air density [kg/m3] 
mc=((CL1(end)*S*V2^2)/(2*9.81))*rhoc;% Weight of the aircraft [kg] 
disp(['Weight of the aircraft at cruise altitude 1 [kg]: ',num2str(mc)]); 

  
% Delta cruise altitude [m] 
deltazc=input('Value of the delta cruise altitude [m]') 
% Altitude at the end of the cruise 
zc2=zc1+deltazc; 

  
ncr=length(zc1:1:zc1+deltazc); % Number of values in the vector 

  
% Cruise time and distance 
% Define the time and the distance for the descent 
gamma=input('Parameter descent time determination (between 100 and 200)') 
vmean3=0.0333*gamma; % Mean vertical velocity [m/s] 
vhmean3=sqrt(Vmean1^2-vmean3^2); % Mean horizontal descent velocity [m/s] 
Timedescent=(zc2*0.99)/vmean3/3600; % Time of descent[hours] 
dHdescent=vhmean3*Timedescent*3600; % Horizontal descent distance [m] 
% Time and distance for the cruise phase 
dHcruise=d-dHdescent-dHclimb;% Horizontal cruise distance [m] 
Timecruise=dHcruise/V2/3600;% Time of cruise [hours] 
tcruise=Timecruise/ncr;% Increment time [hours] 

  
% Initialisation at cruise altitude z1 
v2=zeros(ncr,1); theta2=zeros(ncr,1); rho2=zeros(ncr,1); 
D2=zeros(ncr,1); T2=zeros(nz,1); fuelburnCR=zeros(nz,1); 

  
% Fuel capacity in the airplane after the climb 
fuelCR=zeros(nz,1); % Fuel burn during the cruise[kg] 
mf2=zeros(ncr+1,1);% Weight of fuel vector 
mf2(1)=mf1(end); % Weight of fuel during the cruise[kg] 

  
%Maximum take off weight [kg] 
m2=zeros(nz+1,1);% Weight of the aircraft vector 
m2(1)=mc;% Weight of the aircraft [kg] 

  
% Cruise trajectory 

  
i=1; 
for z=zc1:1:zc2; 
    rho2(i)=rho0*exp(-epsilon*z); % Air density [kg/m3] 
    D2(i)=0.5*S*rho2(i)*V2^2*(CDo+k*CL1(end)^2); % Aerodynamic drag D [N] 
    T2(i)=D2(i); % Thrust force [N] 
    fuelCR(i)=SFC*T2(i)*tcruise; % Fuel burn at each increment [kg] 
    fuelburnCR(i+1)=fuelburnCR(i)+fuelCR(i); % Total fuel burn [kg] 
    mf2(i+1)=mf2(i)-fuelCR(i); % Weight of fuel [kg] 
    m2(i+1)=m2(i)-fuelCR(i); % Weight of the airplane [kg] 
    i=i+1; 
end 
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%% STEP 5: DESCENT 
% The index 3 is for the descent values 

  
% Initialization 
% Fuel burn before the descent [kg] 
fuelD=zeros(nz,1); 
fuelburnD=zeros(nz+1,1); fuelburnD(1)=0; 

  
% Weight aircraft and fuel before the descent [kg] 
m3=zeros(nz+1,1); m3(1)=m2; 
mf3=zeros(nz+1,1); mf3(1)=mf2; 

  
V3=zeros(nz,1); v3=zeros(nz,1); theta3=zeros(nz,1); rho3=zeros(nz,1); 
c3=zeros(nz,1); M3=zeros(nz,1); 
CL3=zeros(nz,1); F3=zeros(nz,1); G3=zeros(nz,1); D3=zeros(nz,1); 
T3=zeros(nz,1); 

  
% Calculation of the time increment 
tdescent=Timedescent/n; % Time increment [hours] 
  

 
% Descent trajectory 
% Calculate the velocities, forces, weight of the fuel burn and airplane 
% for each increment until the landing 

  
i=1; 
for Z=0.01:0.001:0.99; 
    Zd=1-Z; % dimensionless altitude 
    V3(i)=(-1/alpha)*log((1/beta)*((1/Zd)-1));%Velocity along flight path 
    v3(i)=-gamma*Zd^2*(1-Zd)^2; % Vertical speed (m/s] 

 

 
    theta3(i)=asin(v3(i)/V3(i)); % Climb angle [rad] 
    c3(i)=340.254-45.15*Zd; % Speed of sound [m/s] 
    M3(i)=V3(i)/c3(i); % Mach number [-] 
    rho3(i)=rho0*exp(-epsilon*zc*Zd); % Air density [kg/m3] 
    CL3(i)=(m3(i)*9.81*cos(-theta3(i)))/(0.5*S*rho3(i)*V3(i)^2);%Lift coef. 
    F3(i)=(m3(i)*gamma*Zd*(1-Zd))/(alpha*zc); % Acceleration force F [N] 
    G3(i)=m3(i)*9.81*sin(-theta3(i)); % Drag due to gravity Gd [N] 
    D3(i)=0.5*S*rho3(i)*V3(i)^2*(CDo+k*CL3(i)^2); % Aerodynamic drag D [N] 
    T3(i)=D3(i)-G3(i)-F3(i); % Thrust force [N] can't be negative 
    if T3(i)<=(10/100)*Tmax 
        T3(i)=(10/100)*Tmax; 
    elseif T3(i)>(10/100)*Tmax 
        T3(i)=T3(i); 
    end 
    fuelD(i)=SFC*T3(i)*tdescent; % Fuel burn at each increment [kg] 
    fuelburnD(i+1)=fuelburnD(i)+fuelD(i); % Total fuel burn [kg] 
    mf3(i+1)=mf3(i)-fuelD(i); % Weight of fuel [kg] 
    m3(i+1)=m3(i)-fuelD(i); % Weight of the aircraft [kg] 
    i=i+1; 
end 

  
Tmean=mean(T3) 

  
% Horizontal descent distance 
Vmean3=mean(V3); % Mean velocity along the flight path [m/s] 
vhmean3=sqrt(Vmean3^2-vmean3^2); % Mean horizontal descent velocity [m/s] 
dHdescent=vhmean3*Timedescent*3600; % Horizontal descent distance [m] 

v3(i)=-(-6*vm1*Z^2+6*vm1*Z); % the parabola vertical speed 
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% Plot 

  
% Forces 
figure(3); 
subplot(2,2,1), 

plot(F3,0.01:0.001:0.99,G3,0.01:0.001:0.99,D3,0.01:0.001:0.99,T3,0.01:0.001

:0.99) 
title('Descent forces') 
legend('Acceleration force F','Drag due to gravity G','Aerodynamic drag 

D','Thrust force T') 
xlabel('Forces and required thrust [N]') 
ylabel('Dimensionless altitude Z [-]') 

  
% Vertical velocity and descent angle 
subplot(2,2,2), plot(v3,0.01:0.001:0.99,theta3*(180/pi),0.01:0.001:0.99) 
title('Descent vertical velocity and descent angle') 
legend('Vertical velocity','Descent angle') 
xlabel('Vertical velocity v [m/s] and descent angle theta [°]') 
ylabel('Dimensionless altitude Z [-]') 

  
% Fuel burn at each increment 
subplot(2,2,3), plot(fuelD,0.01:0.001:0.99) 
xlabel('Fuel burn [kg]') 
ylabel('Dimensionless altitude Z [-]') 
title('Fuel consumption at each step') 

  
% Fuel burn 
subplot(2,2,4), plot(fuelburnD,0.99:-0.001:0.009) 
xlabel('Fuel consumption [kg]') 
ylabel('Dimensionless altitude Z [-]') 
title('Fuel consumption during the descent') 

  
% Values of the descent 
step3=('DESCENT') 
disp(['Value of fuel burn during the descent [kg]: ', 

num2str(fuelburnD(end))]); 
disp(['Time of descent [hr]: ',num2str(Timedescent)]); 
disp(['Horizontal descent distance [m]: ',num2str(dHdescent)]); 
 

  
 

%% Results 

  
('RESULTS') 

  
% Time of the trajectory [hours] 
TIME=Timeclimb+Timecruise+Timedescent; 
disp(['Time trajectory [h]: ',num2str(TIME)]); 

  
% The fuel burn [kg] 
fuelburn=fuelburnCL(end)+fuelburnCR+fuelburnD(end); 
disp(['Fuel burn during the trajectory [kg]: ',num2str(fuelburn)]); 

  
% The remaining fuel [kg] 
disp(['Weight of remaining fuel [kg]: ',num2str(mf3(end))]); 
% The weight of the airplane [kg] 
disp(['Weight of airplane after the trajectory[kg]: ',num2str(m3(end))]); 
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Trondheim – Oslo 
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Trondheim – Nice 
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Paris – New York 
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Comparison between the vertical speed profiles 
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