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SHIP DIMENSIONS
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C =0.7
T: Average appeared wave period of sea spectrum
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P(t)

NON−IMPULSIVE LOADING

a) LOCAL PRESSURE

b) INTEGRAL FORCES = SUPPORT REACTIONS

P

F(t)

~ WAVE PERIOD

~ WAVE PERIOD

b) SOLID/FLUID IMPACT

IMPULSIVE LOADING

F(t)

P(t)

F

P

~ 1−10 msec

t << WAVE PERIOD∆

t∆

a) CONTINUOUS PRESSURE BUILD−UP

F

~ WAVE PERIOD

a) DRAG ON MEMBER

Fy

SIDE VIEW

TOP VIEW

 << WAVE PERIOD
Fx

Fy

b) PRESSURE FLUCTUATIONS

LOADS ON INTERNAL MEMBERS

&���
� <�@D  �	����� �� �������� ��	�� (.���� (<?EF))
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     Physical aspects of sloshing in ship tanks are discussed. The importance of
hydroelasticity for small angles between impacting fluid and body surface is
stressed. Performance requirements for numerical methods are presented. CFD
methods are reviewed. The drawbacks are long simulation time, sensitivity to
numerical parameters and general inability to predict impact loads and resulting
structural response. An analytically based sloshing model is therefore
recommended. Its drawbacks are that the tank has to be smooth with vertical
sides at the free surface. Shallow fluid phenomena are excluded. The method
consists of a basic method that assumes infinite tank roof height and a second
part, which accounts for tank roof impact. The importance of tank roof impact
damping on sloshing is demonstrated. Extensive validation of free surface
elevation, total forces and moments for 2-D flow in rectangular and prismatic
tanks are reported. This includes realistic motion excitation and studies close to
critical depth 0.3374 times the tank breadth. Impact pressure predictions and
demonstrations of the influence of the tank fluid motions on the global ship
dynamics are presented.
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     A partially filled tank will experience violent fluid motion when the ship
motions contain energy in the vicinity of the highest natural period for the fluid
motion inside the tank. Impact between the fluid and the tank roof is then likely
to occur for larger filling ratios. The consequence is wave breaking, spray and
mixing of air (or gas) and fluid. Actually, extreme cases with air bubbles
everywhere in the fluid have been experimentally observed.
     The resonant fluid motion has different main characteristics depending on
the fluid depth and the three-dimensionality of the flow. Swirling (rotational)
motion is a special feature of 3-D flow ([1],[2]). Our focus is on the highest
sloshing period, 2-D flow and finite fluid depth. It implies that typical shallow
water phenomena like travelling waves and hydraulic bores are excluded.
However, this can for instance be studied by the method of [3]. This was done
with satisfactory results for horizontal forces by Abramson et al. [2] for a 2-D
nearly rectangular tank with fluid depth 0.12 times the breadth.
     Since sloshing is a typical resonance phenomenon, it is not necessarily the
most extreme ship motions or external wave loads that cause the most severe
sloshing. This implies that external wave induced loads can in many practical
cases be described by linear theory. However, nonlinearities must be accounted
for in the tank fluid motions. Since it is the highest sloshing period (natural
period) that is of prime interest, vertical tank excitation is of secondary
importance.
     Generally speaking the larger the tank size is and the less internal structures
obstructing the flow in the tank are present, the more severe sloshing is. The
reasons are: a) Increased tank size tends to increase the highest natural
sloshing period and hence higher sea states and larger ship motions will excite
the severe sloshing. b) Internal structures dampen the fluid motions.
     [4] reported damages due to sloshing in bulk carriers, combination Oil-Bulk-
Ore (OBO) carriers and LNG carriers. Large and smooth tanks characterized
these. Partial fillings in LNG carriers are a consequence of boil-off of gas during
operations. Sloshing has always been an important design criterion for oil
tankers even if partial filling is rare in actual operation. Since environmental
concerns have caused requirements about double hull tankers and ship owners
avoid internal structures in cargo tanks to facilitate cleaning, this has lead to
wide and smooth oil tanks that increase the probability of severe sloshing.
Sloshing is also of concern for Floating Production Storage and Offloading
(FPSO) units and shuttle tankers. However, this is for shuttle tankers only in a
limited time during loading. Obviously the severity of sloshing is connected to
possible filling height restrictions for oil tankers, gas carriers, shuttle tankers and
FPSOs. Since ballast exchange is required outside the port for a bulk carrier,
there are possibilities for slamming damages. Damage to the hatch cover is of
particular concern.
      The hydrodynamic loads occurring inside a tank are often classified as
impact loads and “dynamic” loads. Impact loads are of course also dynamic
loads. But in this context dynamic loads mean loads that have dominant time
variations on the time scale of the sloshing period, while impact loads may only
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last 10-2 to 10-3 seconds. Both resulting fatigue and ultimate strength are of
concern.
     Local structural response due to fluid impact (slamming) is an important
response variable. But loads on possible internal stringers, web-frames, cross-
ties, piping supports and equipment like LNG pump towers must also be
considered. Since some internal structures like a web-frame at the tank roof
may be out of the fluid at certain time intervals, impact as well as dynamic loads
may matter. Dynamic pressures on the tank wall and bottom as well as total
dynamic loads on the tank are also of interest. The latter is needed to estimate
tank support reactions and possible global interactions with the ship dynamics.
For instance, the horizontal but not the vertical support reaction is important for
spherical LNG tanks. The use of anti-rolling tanks exemplifies that global
interaction between the tank fluid motion and ship motion, i.e. rolling, can be
strong. If several tanks are partially filled like it may be on a FPSO, global ship
motions and wave bending moments may be strongly affected.
     The following study will concentrate on numerical methods and validation,
but starts out stating performance requirements of numerical methods and
physical aspects of sloshing.

3+<6,&$/�$1'�0$7+(0$7,&$/�02'(/,1*

     A theoretical method has to be robust and time efficient. Long time
simulations are needed to obtain statistical estimates of the tank response. This
should ideally be coupled with the ship motions in a stochastic sea. Both impact
and non-impact loads should be evaluated. Impact loads may require
hydroelastic analysis. There is a variety of tank shapes. This includes
rectangular, prismatic, tapered and spherical tanks as well as horizontal
cylindrical tanks. The fluid may be oil, liquefied gas, water or heavy density
cargoes like molasses and caustic soda. The fluid dynamic properties of the two
last cargo types are not focused on in this context. Ideally one should be able to
predict two phase flow due to strong mixing of air (or gas) with the fluid.
However, this is not focused on. It is hard enough to predict one phase flow.
     Internal structures obstructing the flow may be present. This causes flow
separation and implies that Navier-Stokes equations have to be solved. The
question of turbulence modeling arises, but may not be a dominant effect when
flow separation from sharp corners occurs. The argument is that dominant scale
effects due to difference between laminar and turbulent flow for separated flow
past a blunt body is due to differences in separation line position (or point for 2-
D flow). On the other hand the wake behind an internal structural part may
interact with another internal structure, the free surface and the tank
boundaries. A wake flow would in practice be turbulent. What turbulence model
to use is still a research issue. Numerical simulations of flow separation from
sharp corners require fine gridding in the vicinity of the corners. The main effect
of viscosity for a smooth tank with conventional fluid like oil is normally
concentrated in thin boundary layers along the tank boundaries. The boundary
layer flow may be laminar in model scale, but is turbulent in full scale. But
anyway the boundary layer flow has a small influence on tank response of
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practical interest. It implies that Euler equations can be used for a smooth tank.
Further compressibility of the fluid is of secondary importance. Anyway a
smooth tank would give the most violent response and provide a conservative
estimate if internal structures are present. It is also possible to provide
estimates of the effect of internal structures in combination with potential flow. It
assumes the cross-dimensions of the internal structures are small relative to
fluid depth and tank breadth. The internal structures are then handled as
appendages with Morison type calculations [5]. Equivalent damping of the fluid
motion has to be introduced in a similar way as described later in connection
with tank roof impact damping.
     The previous discussion assumes a submerged internal structure. Some
internal structures may be part of the time in and out of the fluid. Fluid impact
becomes then part of the problem. The impact pressures can become very
high. [2] reported full scale measured pressures up to 24 bar in an OBO tank.
We will in the following text discuss fluid impact in a more general sense.
Different physical effects occur during slamming. When the local angle between
the fluid surface and the body surface is small before impact, an air (or gas)
cushion may be formed between the body and the fluid. Compressibility
influences the airflow. The airflow interacts with the fluid flow, which is
influenced by the compressibility of the fluid. When the air cushion collapses, air
bubbles are formed. Air bubbles may also be entrapped in the fluid from
previous impacts. The ullage pressure influences the presence and behaviour
of air bubbles. The large loads that can occur during impact when the angle
between the fluid surface and body surface is small can cause important local
dynamic hydroelastic effects. The vibrations can lead to subsequent cavitation
and ventilation. The previously mentioned physical effects have different time
scales. The important time scale from a structural point of view is when
maximum stresses occur. This scale is given by the highest wet natural period
( 1Q7 ) for the local structure. Compressibility and the formation and collapse of an
air cushion are important initially and normally in a time scale smaller than the
time scale of when local maximum stresses occur. Hence, the effect on
maximum local stress is generally small. The theoretical and experimental
studies of wave impact on horizontal elastic plates of steel and aluminium
presented by [6], [7], [8], [9] and [10] are relevant in this context. Significant
dynamic hydroelastic effects were demonstrated. The physics can be explained
as follows. The plate experiences a large force impulse during a small time
relative to the highest natural period for the plate vibrations. (Structural inertia
phase). This causes the space-averaged relative velocity between the elastic
vibration velocity and the rigid body impact velocity 9  to be zero at the end of
the initial phase. The plate then starts to vibrate as a free vibration with an initial
vibration velocity 9  and zero deflection. Maximum strains occur during the free
vibration phase. The details of the pressure distribution during the first initial
phase are not important. Very large pressures that are sensitive to small
changes in the physical conditions, may occur in this phase. This can be seen
from the collection of measured maximum pressures during the tests. The
measured maximum strains showed a very small scatter for given impact
velocity and plate even if maximum pressure varied strongly. The largest
measured pressure was approximately 80 bar for 9  equal to 6 m/s.
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     Fluid impact against a horizontal tank roof during sloshing has similarities
with water impact of elastic plates. The tank roof impact will also cause
hydroelastic vibrations in the tank wall adjacent to the impact area. [11] studied
this by a hydroelastic beam theory. The effect of a chamfered tank roof was
also investigated. This problem is similar to water entry of a wedge before the
horizontal roof part is reached. The effect of hydroelasticity decreases with
increasing deadrise angle of the wedge. The tank roof impact causes also
damping of the fluid motions. This will be further discussed later in the text.
     [12] studied the relative importance of hydroelasticity for an elastic hull with
wedge-shaped cross-sections penetrating an initially calm water surface. A
stiffened plating between two rigid transverse frames was examined. A
parameter that is proportional to the ratio between the wetting time of the rigid
wedge and the natural period of a longitudinal stiffener, was introduced to
quantify the relative importance of hydroelasticity. We can associate the wetting
time of the wedge with the duration of the loading. If we make an analogy to a
simple mechanical system consisting of a mass and spring, then we know that
the duration of the loading relative to the natural period characterizes dynamic
effects. The wetting time depends on the impact velocity 9  and deadrise angle
β . It means that the importance of hydroelasticity increases with increasing 9
and decreasing β . In practice we should be aware of hydroelastic effects when

°<≈ 5β .
     The literature on sloshing contains many studies on slamming pressures.
There is a strong tendency to focus on the high slamming pressures that can
occur. Few seem to be aware of the importance of hydroelasticity. It is
misleading to use physical pressures as parameter for structural response when
the pressures become high and concentrated in time and space. What we are
saying is that the structure needs time to react. The previous discussion on fluid
impact has severe consequences for how sloshing should be numerically
modeled.
     It has become popular to use CFD to model sloshing. The problem has to be
solved in the time domain due to the strong nonlinearities associated with the
free surface conditions. There is a broad variety of numerical methods. The load
committee of the 13th ISSC has provided a survey in 1997. Normally the
Reynolds Averaged Navier Stokes equations (RANSE) are solved, but also
Euler equations or potential flows for incompressible fluid are used. 2-D flow
studies are most common. The field equations are numerically solved by either
Finite Difference Methods (FDM), Finite Volume Methods (FVM) or Finite
Element Methods (FEM). The use of Boundary Element Methods (BEM) is
based on a velocity potential satisfying Laplace equation. Methods based on
field discretization can handle nonlinear free surface motion by height function
method, marker method, volume of fluid method or a level set technique.
     More recently some meshless methods have been developed to deal with
large deformations and even fragmentation of the free surface. Among these,
Smoothed Particle Hydrodynamics (SPH) [13] is currently under testing for
sloshing problems by Landrini and Colagrossi at INSEAN, Italy. A good
agreement with BEM solutions up to breaking has been obtained. Long time
simulation for cases with large excitation amplitudes show the ability to follow
the post breaking behaviour.

URN:NBN:no-2322



     What are then the disadvantages and advantages of using CFD?
Advantages are that complex tank geometry, any fluid depth and general
excitation may in principle be considered. A CFD method may provide good
flow visualization, which is helpful in understanding the flow. Flow separation
around internal structures can be simulated by a RANSE-code. A disadvantage
is that the CFD methods are time consuming which makes statistical estimates
of tank response variables difficult. Some methods may not be robust enough.
For instance a Boundary Element Method based on mixed Eulerian-Lagrangian
method breaks down when an overturning wave hits the free surface. Numerical
problems may also arise with a BEM at the intersection between the free
surface and the tank boundary. [14] discussed numerical problems associated
with BEM and sloshing. If not sufficient care is shown, some of the methods
may numerically loose or generate fluid mass on a long time scale. Since the
highest natural period of the fluid motion is strongly dependent on fluid mass,
this can result in an unphysical numerical simulation. This was demonstrated by
Solaas [15] by using the commercial, multipurpose FLOW-3D code, developed
by Flow Science, Inc. The method uses a combination of the SOLA finite
difference scheme for solving Navier-Stokes equations and the Volume of Fluid
(VOF) technique for tracing the free boundaries of the fluid. Kim [16] has
presented a CFD method where conservation of fluid mass is satisfied. The
amount of fluid in the tank is corrected for each time step by slightly moving the
free surface. The correction is so small that the global motion is not affected.
     It seems generally accepted that CFD codes have difficulties in predicting
impact loads. This was also the conclusion of the load committee of 13th ISSC
in 1997. A reason is rapid changes in time and space occurring even for
relatively large local angles between the impacting free surface and the body
surface ([17]). Few codes include hydroelasticity during impact. However, if
doing so, the structural modeling requires also special care. [9] demonstrated
the numerical difficulties in modeling hydroelastic impact of a horizontal beam.
The complications are associated with the many structural modes that are
initially excited and the very rapid change of the wetted body surface. More
analytically based methods were therefore used to provide robust solutions.
     There exist examples on satisfactory predictions of non-impact loading by
CFD (f. ex. [15] and [18]). However the load committee of the 13th ISSC
presented a comparative study by 12 different CFD codes belonging to different
classification societies, a shipyard, research organizations and universities. The
agreement in predicted free surface elevations in non-extreme cases was not
convincing.
     [15] illustrated the grid dependence and the sensitivity to parameters used in
numerical differentiation and iteration procedures in the FLOW-3D code. The
EPSADJ parameter gives an automatic adjustment of the convergence criterion
in the pressure iteration algorithm in order to fulfill the continuity equation. The
default value is 1.0, but a much smaller value had to be used for resonant fluid
motion to satisfy mass conservation. But even so the results were not perfect. A
case with EPSADJ=0.01 showed that the volume error was 4% after 30
oscillation periods. This illustrates also the problem of using a multipurpose
program. The different main applications have different main important physical
effects. The ALPHA parameter in FLOW-3D controls the weighting of the
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advective flux terms in Navier-Stokes equation. ALPHA can be between 0 and
1. The default value is 1.0, which means fully upstream differencing and a first
order approximation of the advective flux terms is used. ALPHA=0.0 means
central differencing, but this gave a numerically unstable solution. It is difficult
from a physical point of view to state that the default value ALPHA=1.0 should
be used for sloshing. [15] demonstrated that there could be a large sensitivity to
choice of parameters and grid size. Convergence studies by decreasing the grid
size were performed. This gives a qualitative but not quantitative guidance on
how to select grid size. The reasons are that convergence is dependent on the
ALPHA parameter and that in some cases the results did not converge by
decreasing grid size. There is of course also a limit to how small the grid size
can be before the demand on computer resources gets too large.
     Instead of developing a CFD code we have decided to develop a more
analytically based method. The method is time efficient and seems easy to
combine with the ship motions and external linear wave induced loads. The
simulation time depends on the chosen approximate modal model and
excitation parameters. Consider for instance a typical calculation of 100 forced
motion oscillation periods presented later in the paper. This may take from 1 to
20 seconds on a Pentium-III 500. The numbers are based on non-optimized
computer code. The fluid depth has to be finite. Our selected procedure applies
to any tank shape as long as the tank walls are vertical near the mean free
surface. Details have so far been developed for a rectangular 2-D tank and a
vertical circular tank. Since irrotational fluid motion is assumed, internal
structures causing flow separation can only be treated empirically by Morison
type calculations. The basic method assumes infinite tank roof height. The
effect of the tank roof impact is handled by generalizing Wagner’s method [19].
Since analytically based methods are used, fluid impact load predictions are
robust. The effect of hydroelasticity can be incorporated. The method will be
described in more details in the next chapter.

$1$/<7,&$//<�%$6('�6/26+,1*�02'(/

Figure 1: Coordinate system
and tank dimensions

     We describe first the basic method, which
assumes infinite tank roof height. Details will be
shown for 2-D flow and a rectangular rigid tank.
The tank can have a general forced motion in
surge (or sway), heave and pitch (or roll), but
the main frequency component σ  of the forced
oscillation has to be in the vicinity of the lowest
natural frequency 1σ  for the tank fluid motion.
The fluid is incompressible and the flow is
irrotational. The fluid depth and the breadth of
the  tank  are K  and O .  The  coordinate  system

),( ][  is fixed relative to the tank with origin in the mean free surface and the
center of the tank (See Fig. 1). The procedure is based on a Bateman-Luke
variational principle and use of the pressure in the Lagrangian of the Hamilton
principle. This results in a system of nonlinear ordinary differential equations in
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time. The unknowns are generalized coordinates 
L

β  of the free surface
elevation. The free surface elevation ζ  is written as

∑
=






 +=

1

L

L O
O[L

W
1

)5.0(
cos)(

πβζ (1)

Since Eq. 1 assumes ζ  to be a single-valued function of [ , it implies no
overturning waves and vertical tank sides in the free surface. Further Eq. 1 does
not permit travelling waves. The consequence is that shallow water conditions
cannot be simulated. The forced oscillation amplitude is assumed small and of

)(ε2 . There exist different possibilities for how to order 
L

β , but it should reflect
that the fluid response is lower order than )(ε2 . This reflects that a strong
amplification of the flow occurs due to a small excitation. However, in order to
develop an asymptotic theory, we must assume ζ  to be asymptotically small.

The original method presented by Faltinsen et al. [20] assumed )( 3/L

L
2 εβ = ,

3,1=L . Higher order terms than ε  are neglected in the nonlinear equations. The
following system of nonlinear ordinary differential equations for the generalized
coordinates describing the free surface are derived for forced motions

( ) ( ) ( )
0)( 101101123

1
2

1
2

112212111
2
11

=+−−++

+++++

βψωββ
βββββββββσβ

][
Y4J6Y3G

GG

&&&&&

&&&&&&&&&

( ) 0202
2

151142
2
22 =++++ βββββσβ

]
Y4GG &&&&&&

( )
0)( 3033031

2
110

219128
2

1172163
2
33

=+−−++

+++++

βψωββ
βββββββββσβ

][
Y4J6Y3G

GGGG

&&&&

&&&&&&&&&&

4,0)( 00
2 ≥=+−−++ LY4J6Y3

L]LL[LLLL
βψωβσβ &&&&&

(2)

Here dots mean time derivatives. 
[

Y0  and 
]

Y0  are projections of translational
velocity onto axes of []Ο , )(Wω  and )(Wψ  are the angular velocity and angle of
coordinate system [\]Ο   with respect to an earth fixed coordinate system. Both

[
Y0  and ω  cannot be zero. J  means acceleration of gravity. The calculation

formulas for the coefficients 
L

σ , 
L
3 , 

L
6 , 

L
4 , 1≥L  and 

M
G , 10,,1 K=M  are given in

Faltinsen et al. [20]. 
L

σ  means the natural frequencies. The equation system is
solved numerically by a fourth order Runge-Kutta method.
     Faltinsen & Timokha [21] found that the excitation amplitude had to be very
small and that the depth should not be close to the critical value 3374.0/ =OK  in
order for Eqs. 2 to be valid. This was explained to be due to secondary
resonance. An example of such mechanisms is as follows. Nonlinearities cause
oscillations with frequency σ2 , where σ  is the excitation frequency of the rigid
body motion. If the second natural frequency 2σ  of the fluid is close to σ2 ,
secondary resonance will occur. The generalized coordinate 2β  will be
amplified and can be of same order as 1β . Nonlinear interactions can also

URN:NBN:no-2322



cause resonant oscillations at the other natural frequencies. If the excitation
amplitude is increased, the fluid response becomes large in an increased
frequency domain around the first natural frequency. This increases the
possibility that large nonlinearly excited resonance oscillations at a higher
natural frequency can occur. Both the second and third mode associated with
respectively 2β  and 3β  can be the same order as 1β . Since the amplification of
the fluid motion is relatively larger at the critical depth than at other fluid depths,
the upper bound of tank excitation amplitude where the theory of Faltinsen et al.
[20] is applicable for critical depth is relatively small. An adaptive procedure that
allows for different ordering of 

L
β  is presented by Faltinsen & Timokha [21].

This worked for all excitation periods as long as 24.0/ >OK . When 24.0/ <OK ,
good agreement with experiments was documented in isolated cases for OK /
down to 0.173.
     When the water impacts on the tank roof, fluid damping is believed to occur.
The hypothesis is that the kinetic and potential energy in the jet flow caused by
the impact is dissipated when the jet flow later on impinges on the free surface.
The latter process resembles rainfall on water. We will illustrate the procedure
by the tank with chamfered tank roof shown in Fig. 3. The upper corner is one
half part of a wedge. When the water reaches this corner, the problem is similar
to water entry of a wedge. Rognebakke & Faltinsen [22] estimated the damping
of sloshing due to tank roof impact, by first evaluating the potential and kinetic
energy flux W( d/d pot  and W( d/d kin  into the jet caused by the impact. The

ambient flow was based on [20], but [21] can also be used. This theory gives a
time varying impact velocity and radius of curvature 5  of impacting surface. 5
has to be large, i.e. run-up cannot be considered. The Wagner theory is
convenient to use because a time varying velocity, 5  and the change from the
wedge part to the horizontal part of the roof can be analytically accounted for.
The effect of the tank bottom and the opposite wall is negligible (Faltinsen &
Rognebakke [23]). Since the Wagner theory overpredicts W( d/d pot  and

W( d/d kin , a correction factor based on the similarity solution by Dobrovol’skaya
[24] was introduced. An alternative is to use the generalized Wagner theory
presented by Faltinsen [25]. The linear damping terms 

LL
βξσ &2  are included in

each of Eqs. 2. The damping is found as an equivalent damping so that the
energy (∆  removed from the system during one full cycle is equal to the kinetic
and potential energy lost in the impact, i.e. )4/( (( πξ ∆= . (  is the total energy

in the system, which is found from 
[[

Y)( 0=&  for forced surge motion. Here 
[

)  is
the horizontal hydrodynamic force. An iterative procedure is followed. A
simulation over one period is started with no damping. A first estimate of ξ  is
found. The simulation is repeated, which results in a new (∆  and thereafter a
new ξ . This is done for iteration 1>L  as πξ4/)(5.0 1 =∆+∆ − (((

LL
. Typically, 5

iterations are sufficient for convergence. The procedure conserves fluid mass,
which is essential in sloshing problems. Further, when the basic method and the
tank roof impact model are combined, overturning waves are accounted for
through the impact model.
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     Faltinsen et al. [20] presented an extensive validation by comparing with
experimental values of free surface elevation in a rectangular tank with 2-D
flow. The tank was forced to oscillate in the horizontal direction in the cross-
sectional plane with excitation frequency in the vicinity of the lowest natural
frequency. It was demonstrated that it takes a very long time for transient fluid
motion to die out when the fluid does not hit the tank roof in a smooth tank. This
implies that damping is very low and that viscosity does not matter. Modulated
(beating) waves occurred as a consequence of transient and forced oscillations.
Strong nonlinearities were evident.
     Faltinsen & Timokha [21] presented also an extensive validation for
rectangular and prismatic tanks. Steady state values of horizontal force and roll
moment amplitudes as well as free surface elevation were studied. The
maximum forced surge harmonic oscillation amplitude 1η  was 0.1 times the

breadth and the maximum forced harmonic pitch oscillation amplitude was 0.1
rad. We will present one example and at the same time compare with FLOW-3D
calculated by [15] (Fig. 2).

Figure 2: Steady-state maximum wave elevation near the wall vs. “forced period
)(7 -first natural period )( 17  ratio”. Rectangular tank with 35.0/ =OK , O05.01 =η

The fluid depth is 0.35 times the breadth, which is close to the critical depth.
The grid size used in the FLOW-3D calculations was 025.0=∆=∆ ][ m, where
[∆  and ]∆  are respectively the horizontal and vertical distance between

adjacent grid points. This means a total of 40×40 elements. The ALPHA and
EPSADJ parameters were respectively 0.5 and 1.0. Three different models
were used in the adaptive multimodal approach by Faltinsen & Timokha [21].
These correspond to different ordering of the generalized free-surface
coordinates 

L
β  (See Eq. 1). The first stage of the analysis by [21] is to locate

possible resonances for 1/77  between 0.45 and 1.65. The primary resonances
of the first and third mode occur at respectively 1/ 1 =77  and 55.0/ 1 =77 . The
secondary resonance of the second mode is predicted at 28.1/ 1 =77 . The
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secondary resonance of the third mode is at 55.1/ 1 =77 . The positions of
primary and secondary resonances are important for selection of model. The
models are indicated as Model I,II and III. It was controlled that the models
overlap with each other in a small frequency domain. Model I was used for

65.0/5.0 1 ≤≤ 77 . The expected resonances are due to primary excitation of the
third and first mode. They have the same main frequency response σ . No
secondary resonance is expected. This causes the relations )( 3/1

31 εββ 2=≈ .
This means that the secondary modes have the main harmonic σ2 . Such
modes are )( 3/2

62 εββ 2=≈ . Other modes (up to 9th) are considered as driven

and having )(ε2 . Model II was used for 25.1/6.0 1 ≤≤ 77 . The system is of third
order in 1β  and 2β . It contains all the necessary terms in Eq. 2 as well as a

theory considering )( 2/1
21 εββ 2=≈ . The modes 3β , 4β , 5β  and 6β  were

included as driven. If the response is not too large, the modal system gives the
same results as Eqs. 2. When 28.1/ 1 >77 , the third mode response was
assumed to have the same order as 1β  and 2β  (Model III). The reason is the
influence of the secondary resonance of third mode at 55.1/ 1 =77 . Model III
was used for 65.1/28.1 1 ≤≤ 77 . The predicted values in Fig. 2 belong to
different branches of the steady-state periodic solution. The concept of
branches of the solutions was for instance extensively discussed by Faltinsen et
al. [20]. There exist in their solution an upper and lower branch. The lower
branch is divided into an upper and lower branch. The lower branch is divided
into a stable and unstable sub-branch with a turning point between them. A
jump in the solution will happen at an excitation period corresponding to the
turning point. The results in Fig. 2 have two jumps, one around 1.1/ 1 =77  and
the other one around 3.1/ 1 =77 . Fig. 2 shows that the multimodal approach by
Faltinsen & Timokha [21] agrees well with the experiments. No tank roof
damping was included. Even if the steady-state free surface elevation did not hit
the tank roof, impact would occur during the transient phase. The FLOW-3D
calculations agree also well with the experiments. However, it should be noted
that the results would depend on grid size and the ALPHA and EPSADJ
parameters previously discussed.
     Horizontal forced harmonic oscillations of the LNG tank in Fig. 3 will now be
studied. Two-dimensional fluid motions occur. The mean fluid depth K  is O4.0
where O  is the tank breadth. The forced oscillation amplitude 1η  is O01.0 . Fig. 3

shows numerical and experimental predictions of steady-state maximum
horizontal force )  as a function of the forced oscillation frequency σ . The
lowest natural frequency 1σ  is 4.36 rad/s. Various fluids with different viscosity
are used in the experiments. This has small influence on the non-dimensional
force. There are two theoretical curves based on Faltinsen & Timokha [21]. One
assumes infinite tank roof height and the other one accounts for tank roof
damping. The impact-induced horizontal force is not included in the latter case.
The effect of the two lower corners submerged in the fluid was neglected. The
error in doing so is small ([21]). The previous described Model II and III were
used for respectively 3.1/65.0 1 ≤≤ 77  and 65.1/3.1 1 ≤≤ 77 . Results by FLOW-
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3D published by [15] are also presented in Fig. 3. The grid size was
0276.0=∆[ m and 02782.0=∆] m corresponding to 50×37 elements. The effect

of the corners was accounted for. There are also shown two curves
corresponding to ALPHA=1.0 and 0.5. In both cases EPSADJ=0.01 which is
different from the value used in connection with Fig. 2. The presented results for
ALPHA=1.0 and 0.5 are clearly different. The results obtained with the default
value ALPHA=1.0 are furthest away from the experiments. The agreement
between FLOW-3D and the experiments is fair. The results based on Faltinsen
& Timokha [21] and accounting for tank roof impact are in good agreement with
experiments. The simulations with infinite tank roof height give jumps between
different solution branches at certain frequencies. These jumps disappear when
tank roof impact damping is introduced.

Figure 3: Maximum horizontal force )  per unit length of LNG tank as a function
of forced oscillation frequency σ . Forced surge amplitude O01.01 =η  (left) and

O1.01 =η  (right). Mean fluid depth OK 4.0= . O =tank breadth, ρ =mass density of

the fluid. Experiments by Abramson et al. [2]. Length dimensions in [mm]

     Fig. 3 shows also comparisons between theory and experiments for the
larger surge excitation amplitude O1.01 =η . This represents a realistic design

excitation. Only the analytically based sloshing models are used. We note the
significant effect of tank roof damping when 5.3>≈σ rad/s. Accounting for tank
roof impact was not straightforward for O1.01 =η . Very violent motions occurred

initially for 3.4rad/s <σ < 4.2rad/s. An artificial damping coefficient was therefore
introduced in the transient phase. When the free surface motion reached a less
violent state, our tank roof damping model was switched on. Fig. 3
demonstrates good agreement between theory and experiments. One may note
that the sloshing force for 0.4>≈σ rad/s is larger when tank roof impact is
included in the calculations. Examining the force expression will illuminate this.
The horizontal hydrodynamic force for forced surge oscillations can according to
[20] and [21] be written as
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where 
O

P  is the fluid mass and 
&
[  is the instantaneous horizontal position of

the mass-centre of the fluid relative to the tank fixed coordinate system. 
&
[  is a

function of the generalized coordinates 
L

β . Fig. 4 shows how the magnitude is

increased and the phasing shifts for the term depending on 
&
[ , when impact

damping is accounted for. This leads to a larger total hydrodynamic force even
if the free surface elevation is smaller.

Figure 4: Contributions to the total horizontal hydrodynamic force )  per unit
length on the LNG tank shown in Fig. 3 for a forced sway frequency 6.4=σ

rad/s. O1.01 =η

     The analytically based method provides a robust procedure for impact loads.
However, this has to be validated for cases where impact pressures are
relevant for local structural response. Abramson et al. [2] presented
experimental slamming predictions for the LNG tank shown in Fig. 3. This
included statistical distributions. The pressure transducer location is indicated
as 23  in Fig. 3. Viscosity seemed to be important when the forced surge

amplitude 1η  was 0.01 times the tank breadth O , but not for O1.01 =η . Fig. 5

shows computed and experimental pressures for O1.01 =η . The computations

are for steady state fluid motions. The experimental values are 10%
exceedance limits for the pressure. The computed values would represent the
most frequently occurring in a long time simulation. What the 10% exceedance
level would be depends on the time series. We can very well realize the level of
pressure shown in Fig. 5 in the transient phase of our computations. But we
would need the complete time series in the experiments to make a quantitative
estimate of the 10% exceedance limit. The way that the data by Abramson et al.
[2] were presented, suggest that they meant that the process is stochastic.
However, in our opinion this particular type of impact on a chamfered tank roof
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is deterministic during harmonic excitation of the tank. Another matter is impact
on a horizontal tank roof. In that case the impact pressure may very well have a
stochastic behaviour, but as previously discussed, maximum pressure is then
an irrelevant parameter for local structural response.

Figure 5: Measured [2] and calculated impact pressures S  at the location 23  in
the LNG tank shown in Fig. 3. Presented as a function of forced oscillation

period 7 . O1.01 =η

Figure 6: Sway amplitude 2η  of a rectangular ship section in regular beam sea.

Waves with frequency ω . 1σ  is the first natural frequency of the fluid motion in
the tanks for 184.0=K m
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     The analytically based sloshing model facilitates coupling between fluid
motion in the tank and wave induced ship motion. The predictions must be
validated. Experimental 2-D studies with a ship cross-section containing two
tanks have therefore been carried out at the wave flume of the Department of
Marine Hydrodynamics at the Norwegian University of Science and Technology.
The wave flume has an overall length of 13.5m and is 0.6m wide. It is equipped
with an electronically operated, computer controlled, single flap wavemaker,
calibrated for a water depth of 1.03m. The wavemaker has the ability to dampen
out waves reflected by the model at the same time as new waves are
generated. The rectangular ship section shown in Fig. 6 is free to move in sway.
The draught is 0.20m, and the section is excited by regular beam waves with
frequency ω . The length of the ship model is 0.596m. The weight of the model
is adjusted to be equal to the buoyancy for both empty and half-filled tanks. The
amplitude 

D
ζ  of the incoming wave is lowered as the wave frequency

increases. The relationship between 
D

ζ  and ω  is shown in Fig. 6. The model
contains two identical tanks with an inner length O =0.376mm. The width of a
tank is 0.15m, and the height is 0.388m. The section is prevented from drifting
off by two springs with a total stiffness of 30.9 N/m.
     Fig. 6 shows calculated and measured values for the sway amplitude 2η  of

the section. The calculations have presently not been performed with fluid
inside the tanks. The sway amplitude is normalized by the amplitude of the
incoming wave.

Figure 7: Example of time history of the sway motion of the ship section shown
in Fig. 6 with fluid in the tanks. 42.9=ω rad/s and 015.0=

D
ζ m
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    Fig. 7 shows a typical time history of the measured sway motion of the ship
section. First there is a transient phase before the system reach a steady state.
A beating period of approx. 5 seconds is evident during the transient phase.
This is the eigenperiod for horizontal motion of the system consisting of the
springs and the ship model without fluid in the tanks. A shift in mean position of
the section occurs due to 2. order drift force. The steady state is ended when
waves are reflected from the wavemaker and beach at the end of the wave
flume and a second transient phase starts. The steady state motions show
almost no trace of higher order harmonics. This indicates that the higher order
part of the sloshing force is filtered out by the system. The experimental results
for rigid mass agree well with the computed values from the linear seakeeping
code VERES. In these computations, infinite water depth is assumed. This
explains the discrepancy for low frequencies. Calculated results from long
wavelength, finite water depth theory show better agreement when the
wavelength is long compared to the water depth and section length.
     We observe a large effect of the fluid motions inside the tanks for 7>≈ω
rad/s. Excitation with 9<≈ω rad/s results in a lower sway response for half-filled
tanks than for a rigid mass. The resulting force from the fluid motion in the tanks
acts then against the sway excitation force. When 

Q
σω ≈  there is almost no

sway motion. For 9>≈ω rad/s the sway motion is increased due to the fluid in
the tanks. This behaviour can be qualitatively explained by using a linear model
for the sloshing. We then find that the phase of the horizontal sloshing force
shifts 180° when the excitation frequency is changed from being slightly below
to slightly above the first natural frequency. This is well known from linear
dynamic systems.

&21&/86,216�$1'�3(563(&7,9(6

     Sloshing represents violent fluid motion with strong nonlinearities during
resonant motion in the vicinity of the highest natural period. The physical
behaviour during impact is discussed. The importance of hydroelasticity for
small angles between impacting fluid and body surface is stressed. The very
high slamming pressures are then unimportant for the structural response.
     CFD methods are reviewed. The drawbacks are long simulation time,
sensitivity to numerical parameters and general inability to predict strong
impact. An analytically based sloshing model is therefore recommended. Its
drawbacks are that the tank has to be smooth with vertical sides at the free
surface. Shallow fluid phenomena are excluded.
     The importance of tank roof impact damping on sloshing is demonstrated.
Extensive validation of free surface elevation, total forces and moments for 2-D
flow in rectangular and prismatic tanks by the analytical method is reported.
This includes realistic motion excitation and studies close to critical depth
0.3374 times the tank breadth.
     The analytical method provides a robust way to predict impact pressures.
However, this has to be validated for cases where impact pressures are
relevant for local structural response. The study shows that steady-state impact
pressures are clearly lower than would occur during a transient phase.
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Experimental studies where hydroelasticity matters during impact are
recommended.
     The structure of the analytical method facilitates coupling with the ship
dynamics. Experimental 2-D studies with a ship cross-section containing two
tanks are presently performed. These show that the ship response can be
strongly influenced by the fluid motion in the tanks. The next step is to perform a
complete time domain solution of a ship by combining external linear wave
loads with the nonlinear analytically based sloshing model for head and beam
sea conditions.
     The details of the analytically based method have to be developed for a ship
tank with 3-D flow. A 3-D rectangular tank would represent a direct
generalization of the 2-D method for a rectangular tank. Analysis can be used to
the same extent. However, a tapered tank would require numerical methods to
describe the linear eigenfunctions as a part of the solution procedure.

$.12:/('*(0(176

     The contributions from Dr. Hang Sub Urm from DNV concerning important
sloshing problems are appreciated.
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Multidimensional modal analysis of nonlinear
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with finite water depth
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The discrete infinite-dimensional modal system describing nonlinear sloshing of an
incompressible fluid with irrotational flow partially occupying a tank performing an
arbitrary three-dimensional motion is derived in general form. The tank has vertical
walls near the free surface and overturning waves are excluded. The derivation is based
on the Bateman–Luke variational principle. The free surface motion and velocity
potential are expanded in generalized Fourier series. The derived infinite-dimensional
modal system couples generalized time-dependent coordinates of free surface elevation
and the velocity potential. The procedure is not restricted by any order of smallness.
The general multidimensional structure of the equations is approximated to analyse
sloshing in a rectangular tank with finite water depth. The amplitude–frequency
response is consistent with the fifth-order steady-state solutions by Waterhouse (1994).
The theory is validated by new experimental results. It is shown that transients and
associated nonlinear beating are important. An initial variation of excitation periods
is more important than initial conditions. The theory is invalid when either the water
depth is small or water impacts heavily on the tank ceiling. Alternative expressions for
hydrodynamic loads are presented. The procedure facilitates simulations of a coupled
vehicle–fluid system.

1. Introduction
A main objective is to describe violent fluid motions (sloshing) in a partly filled

tank forced to oscillate in a frequency domain close to its lowest natural frequency.
The ratio between maximum free surface amplitude and characteristic tank motion
amplitude is then high and significant nonlinearities occur. This has practical interest
for sloshing in ship tanks. By considering sea states that a ship has to operate in,
it is realistic that wave-induced ship motions can cause resonant fluid oscillations.
This can lead to large local structural loads in the tank and has an important
effect on the global ship motions. It is desirable to develop numerical methods
that accurately describe the fluid loading and coupling between ship motions and
sloshing. A necessary requirement is that long time simulations can be performed
and the proper statistical distribution of response variables obtained for various sea
states.
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Several studies on different numerical approaches to sloshing have been reported
by Su Tsung-Chow (1992), Buechmann (1996), Tanizawa (1996), Chen et al. (1997),
Pawell (1997) and the Loads Committee of the 13th ISSC (Moan & Berge 1997). A
general drawback is the limited ability to perform long time simulations, especially
for coupled ‘liquid–structure’ interactions. It may also be difficult to find water impact
loads and local structural response. One reason is that water impact studies would
often require a very fine discretization in time and space. Hydroelasticity may also
have to be considered. We have instead focused on developing a semi-analytical
method based on modal modelling. The present method assumes a smooth tank.
This implies that potential theory can be used. The method also requires vertical
tank walls near the mean free surface in its equilibrium position. Overturning waves
cannot be described. It will be shown that a high degree of analysis can be performed.
The consequences are both a time efficient and robust method. Water impact is not
studied in detail, but the method can be combined with a local slamming analysis
(see Faltinsen & Rognebakke 1999) and applied to coupled ‘fluid–tank’ simulations.
An example is given illustrating the damping effect of forceful water impact on fluid
motion.

Modal modelling of nonlinear sloshing implies that the equation of the free surface
Σ(t): z = f(x, y, t) is expanded in generalized Fourier series by a set of natural modes.
The free surface elevation and the unknown velocity potential ϕ are expressed as

z = f(x, y, t) =
∑

βi(t)(surfacemode)i(x, y),

ϕ(x, y, z, t) =
∑

Ri(t)(domainmode)i(x, y, z).

 (1.1)

The (x, y, z) coordinate system is fixed relative to the tank; x, y are coordinates in the
plane of the unperturbed water surface and t is the time variable. Generally speaking,
the surface and volume modes are arbitrary known functions. However, they are
typically chosen by the relation

(surfacemode)i(x, y) = (domainmode)i(x, y, z)|Σ0
, (1.2)

where Σ0 is the unperturbed free surface. Since f(x, y, t) is single-valued, (1.1) does not
describe overturning waves. Moreover, (surfacemode)i(x, y) must have a non-varying
domain of definition. This means the tank must have vertical walls near the free
surface in its equilibrium position.

The generalized coordinates βi and Ri are found by a coupled system of nonlinear
ordinary differential equations (modal system). The derivation of the modal system
from the original free boundary problem was first proposed by Narimanov (1957)
based on a perturbation technique. It has been further developed by Dodge, Kana &
Abramson (1965), Narimanov, Dokuchaev & Lukovsky (1977) and Lukovsky (1990).
These and other authors used a perturbation technique combined with variational
(Hamilton–Ostrogradsky) projective method and derived small-dimensional models
(1–3 degrees of freedom in a vertical circular cylinder) in the generalized coordinates
βi(t) or their averaged values (for resonantly excited waves). (See for instance Lukovsky
1976; Miles (1976, 1984a, b).) Using an averaging technique means that βi is written as

βi =

∞∑
j=0

(〈βi〉1j (τ) sin (jσt) + 〈βi〉2j (τ) cos (jσt)),

where σ is the excitation frequency and τ is slowly varying relative to t. The averaged
equations of a 〈βi〉j(τ) have the form of a Duffing equation for a rectangular tank
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(see Shemer 1990 and Tsai, Yue & Yip 1990) or a system of four first-order ordinary
differential equations for a vertical circular cylindrical tank (see Miles (1984a, b)).
Funakoshi & Inoue (1991) used Miles’ model in their detailed simulations. The
averaging technique and small-dimensional modal modelling complement each
another in the analysis of the steady-state free surface response due to periodic tank
excitations. But these methods are questionable in modelling coupled fluid–structure
interaction with complicated non-periodic tank motions when transient effects matter.
These complex motions are simulated in engineering applications either numerically
or by phenomenological (usually pendulum) models (see Chapter 5 of Narimanov et
al. 1977 or Pilipchuk & Ibrahim 1997). An alternative is to use Narimanov’s original
technique with the modal representation in the form (1.1) and more general asymp-
totic assumptions of βi and Rn in order to reach reasonable dimensions of the modal
systems. The successful use of this approach is reported by Limarchenko & Yasinsky
(1997) and Lukovsky & Timokha (1995) for simplified models of spacecraft. A similar
method was used by Ikeda & Nakagawa (1997) for analysis of damping of vessel
motions due to sloshing. This suggests that multidimensional modal analysis can
simulate complicated nonlinear wave phenomena coupled with structural vibrations.

The general form of a discrete infinite-dimensional modal system is derived in the
first part of this paper by the Bateman–Luke (pressure-integral Lagrangian) varia-
tional principle. This idea was proposed independently by Miles (1976) and Lukovsky
(1976). They studied forced small-amplitude translatory motions of a vertical circular
cylindrical tank. The surfacemodes and domainmodes were obtained by linear theory
and related by (1.2). Our derivation of a discrete infinite-dimensional modal system
is not restricted to a particular type of body motion. The surface and domain modes
are not associated with natural modes and no asymptotic assumptions are introduced
in the first stage of the derivation. The infinite-dimensional modal system can be
reduced to a finite-dimensional form by assuming small-amplitude forced oscillations
and associate order of magnitudes of the different modes. This is done in the second
part of the paper to analyse nonlinear sloshing in a two-dimensional rectangular
smooth tank with finite water depth. Both forced translatory and rotational body
motions are considered. The lowest natural mode is assumed to dominate and the
three lowest modes interact nonlinearly with each other. Several modes having higher
order are considered by linear theory. The asymptotic theory constructed is a special
multidimensional analogue of the model by Ikeda & Nakagawa (1997) and the direct
generalization of the third-order hydrodynamic theory by Faltinsen (1974).

Experiments on nonlinear sloshing caused by primary mode resonant excitation
have been conducted. The asymptotic modal theory constructed explains the basic
observed phenomena including modulated (‘beating’) waves with a high accuracy
of amplitude and ‘beating period’ characteristics. The beating is a consequence of
transients that do not die out on a very long time scale. The reason is the very
small damping of the fluid motion inside a smooth tank with no internal structures
obstructing the flow and no heavy water impact on the tank ceiling. A consequence is
that steady-state response of the fluid motion can have a limited capability to describe
sloshing quantitatively. However the steady-state response is valuable to understand
important features of the flow like stability and how the response is influenced by
water depth, excitation frequency and amplitude. Since it represents a special case
of our theory, steady-state solutions are used in the verification process. Examples
of steady-state amplitude–frequency response for surge- and pitch-excited nonlinear
waves are presented. The results are consistent with the third- and fifth-order steady-
state solutions by Faltinsen (1974) and Waterhouse (1994) respectively.
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The use of a discrete modal system allows us to calculate various kinematic and
dynamic characteristics occurring due to interaction between the fluid and the tank.
We present examples of hydrodynamic force and moment on the tank. The structure
of the equations describing the fluid motion as a function of the rigid body motions
makes it possible to set up an equation system for the coupled tank and fluid motion.
An example could be analysis of a ship tank due to wave-induced ship motions.
Since the wave conditions that cause violent sloshing may not be extreme, we can use
linear time domain theory to describe external hydrodynamic loads acting on the ship.
By setting up the equations of motions for the global rigid ship motions together
with the equations describing sloshing, complex fluid–structure interaction can be
analysed. But the theory does not describe the effect of impact on the tank ceiling.
This can easily occur in practical applications and is an area of further research.
The asymptotic theory is not applicable to shallow water. This is due to secondary
parametric resonance and means that the primary mode is not dominating. The ratio
between water depth and breadth of the tank is 0.173 in the example where the finite
water depth theory does not work. This is not really shallow water in a hydrodynamic
context (see the nonlinear theory by Verhagen & Wijngaarden 1965). What we need
is a theory that can combine the present finite water depth theory with a nonlinear
shallow water theory.

2. Free boundary value problem
A mobile rigid tank partly filled by an inviscid incompressible fluid is considered.

The flow is irrotational. The fluid volume bounded by the free surface Σ(t) and
the wetted tank surface S(t) is denoted Q(t). Let O′x′y′z′ be an absolute coordinate
system and Oxyz be a moving coordinate system fixed with respect to the rigid tank.
The origin of Oxyz is in the unperturbed free surface and moves with the velocity
v0 relative to O′x′y′z′. The tank has an angular velocity ω relative to O′x′y′z′. The
gravity field has the potential

U(x, y, z, t) = −g · r′, r′ = r′0 + r, (2.1)

where r′ is the radius-vector of a point of the body–fluid system with respect to O′,
r′0 is the radius-vector of the point O with respect to O′, r is the radius-vector with
respect to O and g is the gravity acceleration vector.

Since the flow is irrotational, the fluid velocity can be represented as va = ∇Φ,
where va is the fluid velocity vector at the point (x, y, z) in the moving coordinate
system and Φ(x, y, z, t) is the velocity potential. The velocity potential and the free
surface Σ(t) can be found from the following nonlinear free boundary problem:

∆Φ = 0 in Q(t),
∂Φ

∂ν
= v0 · ν + ω · [r × ν] on S(t),

∂Φ

∂ν
= v0 · ν + ω · [r × ν] +

ξt

|∇ξ| on Σ(t),

∂Φ

∂t
+ 1

2
(∇Φ)2 − ∇Φ · (v0 + ω × r) +U = 0 on Σ(t),

∫
Q(t)

dQ = const.


(2.2)

Here ν is the outer normal to the boundary of Q(t) and ξ(x, y, z, t) = 0 is the equation
of the free surface Σ(t). The last integral condition in (2.2) implies fluid volume
conservation and is also the well-known solvability condition for the Neumann
boundary value problem.
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The free boundary problem (2.2) must be completed by initial or periodicity
conditions to get a unique solution. The first type of condition introduces the initial
position of the free surface Σ(t0) and the initial distribution of normal derivatives of
Φ, i.e.

ξ(t0, x, y, z) = ξ0(x, y, z),
∂Φ

∂ν

∣∣∣
Σ(t0)

= φ(x, y, z). (2.3)

Here ξ0(x, y, z) and φ(x, y, z) are given functions. If the flow starts from rest with
sufficiently small tank oscillations, linear theory can be used to formulate the initial
conditions. One way of doing this is in terms of impulse conservation. This means

Φ = 0 on Σ0 and zero free surface elevation for t = t0. (2.4)

The last free surface boundary condition (dynamic boundary condition) of (2.2) is
obtained by using Lagrange–Cauchy integral for the pressure in the moving coordinate
system. It states that the pressure on the free surface is equal to a constant p0. The
hydrodynamic pressure p in Q(t) can be obtained by

∂Φ

∂t
+ 1

2
(∇Φ)2 − ∇Φ · (v0 + ω × r) +U +

p− p0

ρ
= 0 in Q(t). (2.5)

Here ∂Φ/∂t is calculated in the moving coordinate system, i.e. for a point rigidly
connected with the system Oxyz.

There is a set of mechanical characteristics (expressed by integrals of Φ and its
derivatives), which describes the interaction between the vessel and fluid. They are:

(a) the radius-vectors of the mass centre with respect to the points O′ and O (r′1C
and r1C) r′1C = r′0 + r1C , where

ρ

∫
Q(t)

U dQ = −ρ
∫
Q(t)

g · r′ dQ = −m1g · r′1C;

(b) the resulting hydrodynamic forces F (t), and moments N (t) on the tank

F (t) =

∫
S(t)

(p− p0)ν dS, N (t) =

∫
S(t)

r × ((p− p0)ν) dS. (2.6)

3. Derivation of the general modal system by the variational method
Let us consider the boundary value problem (2.2). The unknowns are Φ =

Φ(x, y, z, t) and ξ(x, y, z, t). We will use a Bateman–Luke variational principle and
introduce the pressure in the Lagrangian of the Hamilton principle. The idea of the
pressure integral as the Lagrangian in hydrodynamic problems was first proposed by
Hargneaves (1908). The canonical formulation of this principle is given by Bateman
(1944) and Luke (1967) (for gravity surface waves in infinite basins). We use the
formulation given by Lukovsky (1990).
Pressure-integral Lagrangian variational principle. The boundary value

problem given by (2.2) can be described by examining the necessary conditions for
the extrema of the functional

W =

∫ t2

t1

L dt, (3.1)
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where the Lagrangian L is the pressure integral

L =

∫
Q(t)

(p− p0) dQ = −ρ
∫
Q(t)

[
∂Φ

∂t
+ 1

2
(∇Φ)2 − ∇Φ · (v0 + ω × r) +U

]
dQ; (3.2)

and the test functions satisfy

δΦ(x, y, z, t1) = 0, δΦ(x, y, z, t2) = 0; δξ(x, y, z, t1) = 0, δξ(x, y, z, t2) = 0. (3.3)

We consider a domain Q having vertical walls in a neighbourhood of the free
surface in the equilibrium position. The normal velocity component on the free surface

z = f(x, y, t) is given in the body-fixed system by −ξt/|∇ξ| = ft/
√

1 + f2
x + f2

y . The

velocity potential is expressed as

Φ(x, y, z, t) = v0 · r + ω ·Ω+ ϕ. (3.4)

The vector-function Ω(x, y, z) = (Ω1, Ω2, Ω3) (Stokes–Zhukovsky potentials) is the
solution of the following Neumann boundary value problem:

∆Ω = 0 in Q(t),

∂Ω1

∂ν

∣∣∣
S(t)+Σ(t)

= yν3 − zν2,
∂Ω2

∂ν

∣∣∣
S(t)+Σ(t)

= zν1 − xν3,

∂Ω3

∂ν

∣∣∣
S(t)+Σ(t)

= xν2 − yν1,


(3.5)

where ν1, ν2, ν3 are the projections of the outer normal ν onto the Oxyz-axes. The
function ϕ is a solution of the Neumann boundary value problem

∆ϕ = 0 in Q(t),
∂ϕ

∂ν

∣∣∣
S(t)

= 0,
∂ϕ

∂ν

∣∣∣
Σ(t)

=
ft√

1 + f2
x + f2

y

.

The Neumann boundary value problems for Ω and ϕ have unique solutions since∫
S(t)+Σ(t)

∂Ωi

∂ν
dS = 0,

∫
Σ(t)

∂ϕ

∂ν
dS =

∫
Σ(t)

ft√
1 + (∇f)2

dS = 0

are always fulfilled (see Lukovsky & Timokha 1995). These solutions depend para-
metrically on time. By using (3.4) and the boundary value problems for Ω and ϕ it
follows that Φ satisfies the Laplace equation and the Neumann boundary conditions
of (2.2). The dynamic condition (pressure balance) on Σ(t) gives the final equation
connecting f,Ω and ϕ.

Let the function f(x, y, t) be expressed as

f(x, y, t) =

∞∑
i=1

βi(t)fi(x, y), (3.6)

where fi(x, y) is a complete (to within a constant) orthogonal system of functions
satisfying the condition of volume conservation

∫
Σ0
fi(x, y) dx dy = 0. Further,

ϕ(x, y, z, t) =

∞∑
n=1

Rn(t)ϕn(x, y, z), (3.7)

where the complete system of functions ϕn(x, y, z) satisfies the Laplace equation in
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the whole tank domain Q and zero Neumann boundary condition on the wetted
body surface. Normally, only the wetted body surface below the mean free surface is
considered. Since the system {ϕn(x, y, z)} is complete on any single-connected surface
in the tank domain, it is also a complete system on Σ0. The Stokes–Zhukovsky
potentials Ωi are assumed to be known functions of βi. Hence, we must only find the
unknown functions βi(t) and Rn(t).

Such a family of harmonic functions ϕn(x, y, z) can be chosen as a set of solutions
of the following boundary spectral problems with spectral parameter λn:

∆ϕn = 0 in Q0,
∂ϕn

∂ν
= 0 on S,

∂ϕn

∂ν
= λnϕn on Σ0,

∫
Σ0

ϕn dS = 0. (3.8)

This is the same as the linear eigenvalue problem for sloshing. The solutions can be
found analytically only for a limited class of tank shapes. Examples are a vertical
circular cylinder or a rectangular three-dimensional tank. However, a numerical
method can be used to find ϕn for a general tank shape. This was demonstrated by
Solaas & Faltinsen (1997), where Moiseev’s theory was applied to two-dimensional
sloshing. A different approach is to use a patching procedure and consider for instance
a tank consisting of a cylindrical part near the free surface. Then the solution in the
cylindrical part can be expressed as

ϕn(x, y, z) =
∑
k

(bnk exp (−λkz) + ank exp (λkz))φk(x, y) (3.9)

with unknown coefficients bnk and ank . Here λk and φk are the solutions of the
following spectral problem:

∆2φk(x, y) + λ2
kφk = 0 in Σ0,

∂φk

∂n
= 0 on ∂Σ0,

∫
Σ0

φk dS = 0, (3.10)

where ∂Σ0 is the intersection line between Σ0 and S . The solution in the non-
cylindrical part can be found by a numerical method. When the auxiliary problem
(3.10) is formulated in circular (ring-shaped) or rectangular cross-sections Σ0, the
solutions φk of (3.10) are expressed by Bessel functions and/or sinusoidal functions.
Otherwise, a numerical procedure for (3.10) is required.

By substituting (3.4) into (3.2) the Lagrangian L takes the following form:

L = −ρ
∫
Q(t)

[
v̇0 · r +

∂

∂t
(ω ·Ω) + 1

2
∇(ω ·Ω) · ∇(ω ·Ω)− ω · (r × ∇(ω ·Ω))

− 1
2
v2

0 − ω · (r × v0)− ω · (r × ∇ϕ) + ∇(ω ·Ω) · ∇ϕ
]
dQ+ Lr, (3.11)

where

Lr = −ρ
∫
Q(t)

[
∂ϕ

∂t
+ 1

2
(∇ϕ)2 +U

]
dQ. (3.12)

The two last integrand terms in square brackets of (3.11) cancel each other from
Green’s formula, i.e.∫

Q(t)

(∇(ω ·Ω) · ∇ϕ− (ω × r) · ∇ϕ) dQ =

∫
S(t)+Σ(t)

(
∂(ω ·Ω)

∂ν
− (ω × r) · ν

)
ϕ dS = 0.

We also introduce the quadratic symmetric inertia tensor J1 with components J1
ij
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defined by the equality

−ρ
∫
Q(t)

( 1
2
∇(ω ·Ω) · ∇(ω ·Ω)− ω · (r × ∇(ω ·Ω))) dQ

= − 1
2
ω2

1J
1
11 − 1

2
ω2

2J
1
22 − 1

2
ω2

3J
1
33 − ω1ω2J

1
12 − ω1ω3J

1
13 − ω2ω3J

1
23.

These components J1
ij can be calculated by Green’s formula, i.e.

J1
11 = ρ

∫
Q(t)

(
y
∂Ω1

∂z
− z ∂Ω1

∂y

)
dQ = ρ

∫
S(t)+Σ(t)

Ω1

∂Ω1

∂ν
dS, (3.13a)

J1
22 = ρ

∫
Q(t)

(
z
∂Ω2

∂x
− x∂Ω2

∂z

)
dQ = ρ

∫
S(t)+Σ(t)

Ω2

∂Ω2

∂ν
dS, (3.13b)

J1
33 = ρ

∫
Q(t)

(
x
∂Ω3

∂y
− y ∂Ω3

∂x

)
dQ = ρ

∫
S(t)+Σ(t)

Ω3

∂Ω3

∂ν
dS, (3.13c)

J1
12 = J1

21 = ρ

∫
Q(t)

(
z
∂Ω1

∂x
− x∂Ω1

∂z

)
dQ = ρ

∫
Q(t)

(
y
∂Ω2

∂z
− z ∂Ω2

∂y

)
dQ

= ρ

∫
S(t)+Σ(t)

Ω1

∂Ω2

∂ν
dS = ρ

∫
S(t)+Σ(t)

Ω2

∂Ω1

∂ν
dS, (3.13d)

J1
13 = J1

31 = ρ

∫
Q(t)

(
x
∂Ω1

∂y
− y ∂Ω1

∂x

)
dQ = ρ

∫
Q(t)

(
y
∂Ω3

∂z
− z ∂Ω3

∂y

)
dQ

= ρ

∫
S(t)+Σ(t)

Ω1

∂Ω3

∂ν
dS = ρ

∫
S(t)+Σ(t)

Ω3

∂Ω1

∂ν
dS, (3.13e)

J1
23 = J1

32 = ρ

∫
Q(t)

(
x
∂Ω2

∂y
− y ∂Ω2

∂x

)
dQ = ρ

∫
Q(t)

(
z
∂Ω3

∂x
− x∂Ω3

∂z

)
dQ

= ρ

∫
S(t)+Σ(t)

Ω2

∂Ω3

∂ν
dS = ρ

∫
S(t)+Σ(t)

Ω3

∂Ω2

∂ν
dS. (3.13f )

The Lagrangian L (3.11) can be rewritten as

L = − [v̇01l1 + v̇02l2 + v̇03l3 + ω̇1l1ω + ω̇2l2ω + ω̇3l3ω + ω1l1ωt + ω2l2ωt

+ω3l3ωt − 1
2
(ω2

1J
1
11 + ω2

2J
1
22 + ω2

3J
1
33)− ω1ω2J

1
12 − ω1ω3J

1
13

−ω2ω3J
1
23 − 1

2
m1(v

2
01 + v2

02 + v2
03) + (ω2v03 − ω3v02)l1

+ (ω3v01 − ω1v03)l2 + (ω1v02 − ω2v01)l3] + Lr, (3.14)

where

m1 = ρ

∫
Q(t)

dQ, lkω = ρ

∫
Q(t)

Ωk dQ, lkωt = ρ

∫
Q(t)

∂Ωk

∂t
dQ,

l1 = ρ

∫
Q(t)

x dQ, l2 = ρ

∫
Q(t)

y dQ, l3 = ρ

∫
Q(t)

z dQ.

 (3.15)

The vectors l = {lk}, lω = {lkω}, lωt = {lkωt} depend only on βi(t) and β̇i(t).
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It follows from (3.7) that

Lr = −ρ
∫
Q(t)

[∑
n=1

Ṙnϕn + 1
2

∑
n

∑
k

RnRk(∇ϕn,∇ϕk) +U

]
dQ

= −
[∑

n

AnṘn + 1
2

∑
n

∑
k

AnkRnRk − g1l1 − g2l2 − g3l3 − m1g · r′0
]
, (3.16)

where

An = ρ

∫
Q(t)

ϕn dQ, Ank = Akn = ρ

∫
Q(t)

(∇ϕn,∇ϕk) dQ = ρ

∫
Σ(t)+S(t)

ϕn
∂ϕk

∂ν
dS (3.17)

are functions of βi(t).
The Lagrangian L is originally a function of two independent variables f(x, y, z, t)

and Φ(x, y, z, t). The independent variables become the time-varying functions βi(t), i >
1 and Rn(t), n > 1 after substituting (3.4), (3.6) and (3.7) into the Lagrangian. The
variations of the functional (3.1) by βi(t) and Rn(t) for given v0(t) and ω(t) are

δW =

∫ t2

t1

[∑
n

AnδṘn +
∑
n

∑
k

AnkRkδRn +
∑
i

(∑
n

Ṙn
∂An

∂βi

+ω1

∂l1ωt

∂βi
+ ω2

∂l2ωt

∂βi
+ ω3

∂l3ωt

∂βi
+ 1

2

∑
n

∑
k

RnRk
∂Ank

∂βi

+ω̇1

∂l1ω

∂βi
+ ω̇2

∂l2ω

∂βi
+ ω̇3

∂l3ω

∂βi
+ (v̇01 − g1 + ω2v03 − ω3v02)

∂l1

∂βi

+(v̇02 − g2 + ω3v01 − ω1v03)
∂l2

∂βi
+ (v̇03 − g3 + ω1v02 − ω2v01)

∂l3

∂βi

− 1
2
ω2

1

∂J1
11

∂βi
− 1

2
ω2

2

∂J1
22

∂βi
− 1

2
ω2

3

∂J1
33

∂βi
− ω1ω2

∂J1
12

∂βi
− ω1ω3

∂J1
13

∂βi
− ω2ω3

∂J1
23

∂βi

)
δβi

+

(
ω1

∂l1ωt

∂β̇i
+ ω2

∂l2ωt

∂β̇i
+ ω3

∂l3ωt

∂β̇i

)
δβ̇i

]
dt = 0. (3.18)

The following infinite system of nonlinear differential equations (modal system) cou-
pling modal functions Rn(t) and βi(t) is obtained by integrating by parts in (3.18) and
using (3.3) for test functions:

d

dt
An −

∑
k

RkAnk = 0, n = 1, 2, . . . , (3.19)

∑
n

Ṙn
∂An

∂βi
+ 1

2

∑
n

∑
k

∂Ank

∂βi
RnRk + ω̇1

∂l1ω

∂βi
+ ω̇2

∂l2ω

∂βi
+ ω̇3

∂l3ω

∂βi
+ ω1

∂l1ωt

∂βi
+ ω2

∂l2ωt

∂βi

+ω3

∂l3ωt

∂βi
− d

dt

(
ω1

∂l1ωt

∂β̇i
+ ω2

∂l2ωt

∂β̇i
+ ω3

∂l3ωt

∂β̇i

)
+ (v̇01 − g1 + ω2v03 − ω3v02)

∂l1

∂βi

+(v̇02 − g2 + ω3v01 − ω1v03)
∂l2

∂βi
+ (v̇03 − g3 + ω1v02 − ω2v01)

∂l3

∂βi
− 1

2
ω2

1

∂J1
11

∂βi

− 1
2
ω2

2

∂J1
22

∂βi
− 1

2
ω2

3

∂J1
33

∂βi
− ω1ω2

∂J1
12

∂βi
− ω1ω3

∂J1
13

∂βi
− ω2ω3

∂J1
23

∂βi
= 0. (3.20)

The system of ordinary differential equations (3.19) can be considered as a linear
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system of algebraic equations
∑
Ank(βi)Rk = (d/dt)An(βi). By using a numerical or

asymptotic technique we can then find a solution of Rn as a function of βi. After
substituting Rn into (3.20) we get a system of second-order nonlinear differential
equations with respect to βi. The values ∂lk/∂βi are given by

∂l3

∂βi
= ρ

∫
Σ0

f2
i dS βi = λi3βi,

∂l2

∂βi
= ρ

∫
Σ0

yfi dS = λi2,
∂l1

∂βi
= ρ

∫
Σ0

xfi dS = λi1.

(3.21)

The constructed infinite-dimensional system of equations (3.19) (3.20) is applicable
to any type of rigid body motion. It is necessary that f(x, y, t) given by (3.6) is
single-valued. This means that plunging breakers cannot be described. There are no
other restrictions on the type of surface wave that can be studied.

4. Modal system for two-dimensional fluid flows
We assume two-dimensional fluid motion in the (x, z)-plane. Then

v0 = (v0x, 0, v0z), ω = (0, ω(t), 0), r = (x, 0, z), Ω(x, 0, z) = (0, Ω(x, z, t), 0) (4.1)

and Ω is the solution of the following boundary value problem:

∆Ω = 0 in Q(t),
∂Ω

∂ν

∣∣∣∣
S(t)+Σ(t)

= zν1 − xν3. (4.2)

The velocity potential Φ(x, 0, z, t) takes the form

Φ(x, 0, z, t) = v0xx+ v0zz + ω(t)Ω(x, z, t) +

∞∑
n=1

Rn(t)ϕn(x, z), (4.3)

where ϕn(x, z) is a complete system of harmonic functions satisfying the zero Neumann
condition on the bottom and vertical walls and the Laplace equation in Q.

The general infinite-dimensional modal system of ordinary differential equations
(3.19), (3.20) has in two dimensions the following form:

d

dt
An −

∑
k

RkAnk = 0, n = 1, 2, . . . , (4.4)

∑
n

Ṙn
∂An

∂βi
+ 1

2

∑
n

∑
k

∂Ank

∂βi
RnRk + ω̇

∂l2ω

∂βi
+ ω

∂l2ωt

∂βi
− d

dt

(
ω
∂l2ωt

∂β̇i

)
+(v̇01 − g1 + ωv03)

∂l1

∂βi
+ (v̇03 − g3 − ωv01)

∂l3

∂βi
− 1

2
ω2 ∂J

1
22

∂βi
= 0. (4.5)

5. Asymptotic modal system for a rectangular tank performing arbitrary
small-amplitude motions

We consider a mobile rectangular rigid tank filled partly by an inviscid incom-
pressible fluid. The mean water depth is h and l is the tank breadth. The flow is
irrotational and two-dimensional (see figure 1). The origin of the coordinate system
is in the mean free surface at the centreplane of the tank. The equation z = f(x, t)
determines the perturbed free surface Σ(t). The fluid domain is

Q(t) = {(x, z) : −h < z < f(x, t);−l/2 < x < l/2}. (5.1)

URN:NBN:no-2322



Multidimensional modal analysis of nonlinear sloshing 211

Undisturbed
water plane

z

x

z= –h x=l /2

Figure 1. Coordinate system.

Since f(x, t) is expressed by (3.6), the complete (to within a constant) orthogonal
system of functions {fi(x)} should satisfy the volume conservation condition∫ l/2

−l/2
fi(x) dx = 0. (5.2)

The modal system (4.4), (4.5) can be approximated to surface waves with one
primary dominating mode corresponding to the first natural mode. This implies that
the body motions are horizontal and/or rotational and quasi-periodic with average
frequency close to the first resonance frequency. It is also necessary that the water
depth is not shallow and the fluid does not hit the tank ceiling (see, also, physical
arguments presented in Faltinsen 1974 and the book by Mikishev 1978). The rigid
body motions are assumed small relative to the tank breadth and water depth.

The derivation of the finite-dimensional asymptotic analogue of the system (4.4)
and (4.5) requires an asymptotic relation between dominating mode amplitude and
excitation amplitude. It is assumed, as in the theory by Faltinsen (1974), that

O(β3
1 ) = O(H) = O(ψ0) = ε. (5.3)

Here H is translatory (surge) motion magnitude and ψ0 is angular (pitch) magnitude.
Further β2 = O(ε2/3), β3 = O(ε). Higher-order terms than ε will be neglected in the
nonlinear equations. The modes fi(x) in (3.6) as well as ϕi(x, z) in (3.7) can be chosen
as the solutions of the spectral problem

∆ϕi = 0 (−l/2 < x < l/2,−h < z < 0),

∂ϕi

∂x

∣∣∣∣
x=−l/2,x=l/2

= 0,
∂ϕi

∂z

∣∣∣∣
z=−h

= 0,
∂ϕi

∂z
= λiϕi (z = 0).

 (5.4)

This means

λi =
πi

l
tanh

(
iπ

l
h

)
, fi(x) = cos

(
πi

l
(x+ l/2)

)
,

ϕi(x, z) = fi(x)
cosh ((πi/l)(z + h))

cosh ((πi/l)h)
.

 (5.5)

Equations (3.6) and (3.7) take the following form:

f(x, t) =

∞∑
i=1

βi(t)fi(x), ϕ(x, z, t) =

∞∑
i=1

Ri(t)fi(x)
cosh ((iπ/l)(z + h))

cosh ((iπ/l)h)
. (5.6)

By accounting for the asymptotic relation (5.3) and keeping only terms up to ε in
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the modal system (4.4) and (4.5) we get

d

dt
An −

∑
k

RkAnk = 0, n = 1, 2, . . . , (5.7)

∑
n

Ṙn
∂An

∂βi
+ 1

2

∑
n

∑
k

∂Ank

∂βi
RnRk + ω̇

∂l2ω

∂βi
+ ω

∂l2ωt

∂βi
− d

dt

(
ω
∂l2ωt

∂β̇i

)
+ (v̇01 − g1)λi1 + (v̇03 − g3)βiλi3 = 0. (5.8)

Asymptotic expansions of integrals Ai, Ank, l2ω, l2ωt have to be used in (5.7) and (5.8).
Here Ai, Ank, l2ω, l2ωt are defined by (3.17) and (3.15) as integrals over the instantaneous
fluid volume position. The integrals are divided into integrals over the mean position
of fluid volume Q0 and over the remaining part Qδ . Qδ is described by βi. Further, the
integrand of the integrals over Qδ can be expanded in Taylor series by βi. Keeping
terms up to ε gives

A1 =
ρl

2
(β1 + E1(β1β2 + β2β3) + E0(β

3
1 + 2β1β

2
2 + β2

1β3)),

A2 =
ρl

2
(β2 + E2(β

2
1 + 2β1β3) + 8E0β

2
1β2),

A3 =
ρl

2
(β3 + 3E3β1β2 + 3E0β

3
1 );


(5.9)

A11 = ρl(E1 + 8E1E0β
2
1 − (2E0 − E2

1 )β2), A22 = ρl(2E2),

A12 = A21 = ρl((4E0 + 2E1E2)β1 + (−4E0 + 2E2
1 )β3),

A33 = ρl(3E3), A13 = A31 = 3lρ(2E0 + E1E3)(β2 + 2E4β
2
1 ),

A23 = A32 = 3lρ(4E0 + 2E2E3)β1,

 (5.10)

where

E0 =
1

8

(
π

l

)2

, Ei =
π

2l
tanh

(
πi

l
h

)
, i > 1. (5.11)

Further, we express Rn as

Rn =
∑
i

γiβ̇i +
∑
ij

γij β̇jβi +
∑
ijk

γijkβ̇iβjβk + · · ·

and substitute it in (5.7). Explicit values of γi, γij , γijk are found by collecting similar
terms. The result is

R1 =
β̇1

2E1

+
E0

E2
1

β̇1β2 − E0

E1E2

β̇2β1 +
E0

E1

(
− 1

2
+

4E0

E1E2

)
β2

1 β̇1,

R2 =
1

4E2

(
β̇2 − 4E0

E1

β1β̇1

)
, R3 =

β̇3

6E3

− E0

E1E3

β̇1β2 − E0

E2E3

β̇2β1

+β̇1β
2
1

(
3E2

2E3

− 2E0E4

E1E3

− E4 +
4E2

0

E1E2E3

+
2E0E2

E1E3

)
, Ri =

β̇i

2iEi
, i > 4;


(5.12)
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and

Ṙ1 =
β̈1

2E1

+
E0

E2
1

β̈1β2 − E0

E1E2

β̈2β1 + β̇1β̇2

(
E0

E2
1

− E0

E1E2

)
+
E0

E1

(
−1

2
+

4E0

E1E2

)
β2

1 β̈1 + 2
E0

E1

(
− 1

2
+

4E0

E1E2

)
β̇2

1β1,

Ṙ2 =
1

4E2

(
β̈2 − 4E0

E1

(β1β̈1 + β̇2
1 )

)
,

Ṙ3 =
β̇3

6E3

− E0

E1E3

β̈1β2 − E0

E2E3

β̈2β1−
(

E0

E1E3

+
E0

E2E3

)
β̇1β̇2 + (β̈1β

2
1 + 2β̇2

1β1)

×
(

3E2

2E3

− 2E0E4

E1E3

− E4 +
4E2

0

E1E2E3

+
2E0E2

E1E3

)
, Ṙi =

β̈1

2iEi
, i > 4.


(5.13)

By calculating λij we get

λi1 = ρ

∫ l/2

−l/2
x cos

(
iπ

l
(x+ l/2)

)
dx = ρ

(
l

iπ

)2

((−1)i − 1),

λi3 = ρ

∫ l/2

−l/2
cos2

(
iπ

l
(x+ l/2)

)
dx =

ρl

2
.

 (5.14)

l2ω and l2ωt (see (3.15)) depend on Ω(x, z, t) which is the solution of the boundary
value problem (4.2). Ω(x, z, t) depends parametrically on βi(t) due to the free surface
Σ(t). Since ∂l2ω/∂βi and ∂l2ωt/∂βi are multiplied by terms of O(ε) in (5.8), it is sufficient
to include only linear terms in βi in the integrals l2ω and l2ωt. The problem (4.2) in a
rectangular tank takes the following form:

∆Ω = 0 in Q(t),
∂Ω

∂z
= −x (z = −h),

∂Ω

∂x
= z

(
x =

l

2
,− l

2

)
,

∂Ω

∂ν
= −x 1√

1 + (fx)2
− z fx√

1 + (fx)2
(z = f(x, t)).


(5.15)

The solution can be found by a Zhukovsky-type substitution with additional terms
for fluctuations of the free surface. This gives

Ω = xz − 2

∞∑
i=1

aifi
sinh ((π/l)i(z + h/2))

cosh ((π/2l)ih)
+

∞∑
i=1

χi(t)fi
cosh ((π/l)i(z + h))

cosh ((π/l)ih)
. (5.16)

The coefficients ai are found from the condition χi(t) ≡ 0, i > 1, if and only if,
βi ≡ 0, i > 1. Substitution of (5.16) into (5.15) gives

N∑
i=1

aifi
iπ

l
= x or ai =

2l2

(iπ)3
[(−1)i − 1]. (5.17)

The functions χi(t) follow from (5.15) after substitution of (5.16) and (5.17) and
performing the Taylor series technique for the free surface Σ(t) (with respect to βi).
The linear terms of l2ω and l2ωt do not depend on χi(t). To show this we substitute

URN:NBN:no-2322



214 O. M. Faltinsen, O. F. Rognebakke, I. A. Lukovsky and A. N. Timokha

(5.16) in the corresponding integrals

l2ω = −2ρ

∞∑
i=1

ai tanh

(
iπ

2l
h

)
βi

∫ l/2

−l/2
f2
i dx+ ρ

∞∑
i=1

χi(t)
l

iπ
tanh

(
iπ

l
h

)∫ l/2

−l/2
fi dx,

(5.18)

l2ωt = ρ

∞∑
j=1

χ̇(t)
l

iπ
tanh

(
iπ

l
h

)∫ l/2

−l/2
fi dx. (5.19)

It follows from the volume conservation condition (5.2) that

l2ωt = 0, l2ω = −2ρ

∞∑
i=1

βi

(
l

iπ

)3

[(−1)i − 1] tanh

(
iπ

2l
h

)
. (5.20)

The derivatives with respect to βi give

∂l2ωt

∂βi
= 0,

∂l2ω

∂βi
= −2ρ

(
l

iπ

)3

[(−1)i − 1] tanh

(
iπ

2l
h

)
, i > 1. (5.21)

Finally, by defining the angular position of the mobile coordinate system Oxyz with
respect to O′x′y′z′ as ψ(t) we obtain correct to O(ε) that

g3 = −g, g1 = gψ(t). (5.22)

The terms in (5.8) ψ̈∂l2ω/∂βi+(−g3)βiλ3i+(−g1)λ1i caused by forced pitch excitation
can be rewritten as

−ρ
(
l

iπ

)2

[(−1)i − 1]

(
2l

iπ
tanh

(
iπ

2l
h

)
ψ̈(t) + gψ(t)

)
+ gβi. (5.23)

When substituting above formula in (5.8), we get the following system of ordinary
differential equations describing modal oscillations of a fluid in a rectangular tank
performing arbitrary small-magnitude motions (keeping terms up to third order in
the nonlinear equations):

(β̈1 + σ2
1β1) + d1(β̈1β2 + β̇1β̇2) + d2(β̈1β

2
1 + β̇2

1β1) + d3β̈2β1

+P1(v̇0x − S1ω̇ − gψ) + Q1v̇0zβ1 = 0, (5.24a)

(β̈2 + σ2
2β2) + d4β̈1β1 + d5β̇

2
1 + Q2v̇0zβ2 = 0, (5.24b)

(β̈3 + σ2
3β3) + d6β̈1β2 + d7β̈1β

2
1 + d8β̈2β1 + d9β̇1β̇2 + d10β̇

2
1β1

+ P3(v̇0x − S3ω̇ − gψ) + Q3v̇0zβ3 = 0. (5.24c)

The linear equations describing higher modes are

β̈i + σ2
i βi + Pi(v̇0x − Siω̇ − gψ) + Qiv̇0zβi = 0, i > 4. (5.25)

Here v0x and v0z are projections of the translational velocity onto axes of Oxz, ω(t) is
the value of the angular velocity of coordinate system Oxyz with respect to O′x′y′z′.

The coefficients introduced are calculated by formulas

σ2
i = 2giEi, P2i−1 = − 8E2i−1l

π2(2i− 1)
, P2i = 0, Qi = 2iEi,

Si =
2l

πi
tanh

(
iπ

2l
h

)
, i > 1, (5.26)
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where σi is the natural frequency of mode i. Further,

d1 = 2
E0

E1

+ E1, d2 = 2E0

(
−1 +

4E0

E1E2

)
, d3 = −2

E0

E2

+ E1,

d4 = −4
E0

E1

+ 2E2, d5 = E2 − 2
E0E2

E2
1

− 4E0

E1

, d6 = 3E3 − 6E0

E1

,

d7 = 9E0 − 12
E0E4

E1

− 6E3E4 + 24
E2

0

E1E2

+ 3
E0E3

E1

,

d8 = −6
E0

E2

+ 3E3, d9 = −6
E0

E1

− 6
E0

E2

− 6
E0E3

E1E2

+ 3
E3E1

E2

,

d10 = 18E0 − 2E4

12E0 + 6E1E3

E1

+
72E2

0

E1E2

+ 12E0

(
E3

E1

− E1

E2

)
.



(5.27)

The first two nonlinear equations of (5.24) couple β1 with β2 and do not depend
on β3. The third mode component is excited by rigid body motions and the first
and the second modes of sloshing. The second mode response becomes infinite if the
excitation has frequency content at the natural frequency for the second mode; and
similarly for the third and higher modes. The first mode will be finite if it is excited
at the natural frequency of the first mode. This is caused by nonlinear effects and will
become more evident in the next section on steady-state response.

6. Steady-state sloshing in a rectangular tank with a small-amplitude
surge/pitch sinusoidal excitation

The theory of steady-state solutions of the nonlinear sloshing problem in a rect-
angular tank was created by Faltinsen (1974) based on Moiseev’s (1958) method.
The constructed asymptotic discrete theory (5.24) makes it possible to generalize the
main relations of this theory. For surge-excited steady-state waves we express v0 as
(−Hσ sin (σt), 0, 0), set ω = ψ ≡ 0 and look for periodic solutions

βi(t+ 2π/σ) = βi(t), β̇i(t+ 2π/σ) = β̇i(t) (6.1)

of the discrete model (5.24).
To construct asymptotically the periodic solutions and to derive analytically the

amplitude–frequency response of nonlinear sloshing in a rectangular tank caused by
forced excitation we express the first approximation of the primary mode in the form

β1(t) = A cos σt+ o(A). (6.2)

The substitution of (6.2) into (5.24b) with periodicity condition (6.1) yields

β1 = A cos σt+ o(A), β2 = A2(l0 + h0 cos (2σt)) + o(A2), (6.3)

where

l0 =
d4 − d5

2σ̄2
2

, h0 =
d5 + d4

2(σ̄2
2 − 4)

, σ̄i =
σi

σ
, i = 1, 2. (6.4)

The amplitude A ∼ ε1/3 of the primary mode can be found by substituting (6.3)
into the first equation of (5.24) and collecting Fourier terms of lowest order. The
equation coupling primary mode amplitude, frequency, breadth and depth will be
non-dimensionalized by dividing all length variables by l. This gives

Πh(σ̄1, σ̄2, Ā) = (σ̄2
1 − 1)Ā+ m1(σ̄2, h̄)Ā

3 − P̄1H̄ = 0, (6.5)

m1(σ̄2, h̄) = d̄1(−l̄0(σ̄2) + 1
2
h̄0(σ̄2))− 1

2
d̄2 − 2d̄3h̄0(σ̄2), (6.6)
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where the overbar denotes non-dimensionalized value. The coefficient m1 in equation
(6.5) depends on depth–breadth ratio and frequency of excitation (σ̄i, i = 1, 2). The
last dependence has not been presented earlier for frequency–amplitude response
equations. Usually, the corresponding coefficient depends only on h/l. This means
that our asymptotic technique differs from Faltinsen–Moiseev’s procedure. In order
to compare both techniques we need to give the following remark.

Remark. For any asymptotic theory with one dominating mode the nonlinear equation
describing the dependence of amplitude–breadth ratio Ā and frequency of excitation
σ has the same general form

Πh

(
σ1

σ
,
σ2

σ
, Ā

)
= 0,

where σ1 is the natural frequency of the primary mode.
The function Π can be expanded in a Taylor series. The approach by Moiseev

(1958) and Faltinsen (1974) gives the expansion near the point (σ̄1, σ2/σ1, 0) (for fixed
h̄). Our approach has no asymptotic restriction on the value of frequency σ and,
therefore, includes only power series in Ā

Πh

(
σ1

σ
,
σ2

σ
, Ā

)
= Π

(
σ1

σ
,
σ2

σ
, 0

)
+
∂Π

∂Ā

(
σ1

σ
,
σ2

σ
, 0

)
Ā

+
1

2

∂2Π

∂Ā2

(
σ1

σ
,
σ2

σ
, 0

)
Ā2 +

∂3Π

∂Ā3

(
σ1

σ
,
σ2

σ
, 0

)
1
6
Ā3 + o(Ā3).

Since the value σ2/σ is used to calculate only m1 we in fact make a more precise
calculation of this coefficient.

Equation (6.5) gives infinite response for σ̄1 = 1 and m1 = 0. It implies that the
third-order theory is not valid if

m1

(
σ2

σ1

, h̄

)
= 0.

The root of the last equation gives h̄ = h/l = 0.3374 . . . . This is called the critical
depth and coincides with the known value (see Waterhouse 1994). The response
changes from being a ‘hard-spring’ to a ‘soft-spring’ at the critical depth. The detailed
asymptotic analysis of the response near critical depth was done by Waterhouse (1994)
by fifth-order theory based on Faltinsen–Moiseev’s technique. It was shown that the
branches in the amplitude–frequency plane coincide with a third-order theory only
for small amplitude. New turning points on the branches occur at a critical value of
the amplitude/frequency.

In our case m1 = m1(σ2/σ, h̄) which means that m1 is a function of σ and h̄. If a
fixed σ is close to the natural frequency σ1, but σ 6= σ1 the equation

m1

(
σ2

σ
, h̄

)
= 0 (6.7)

gives a different value of the critical depth. This means that the critical depth is a
function of σ. If a pair (σ, h̄) satisfies (6.7), then Ā tends to infinity. This effect is
illustrated in figures 2 and 3.

Figure 2 shows the positive and negative solutions (branches P+, P−) of the secular
algebraic equation (6.5) for different values of the water depth h and fixed amplitude
of excitation H . The choice of H corresponds to the experimental values reported
later in the paper. Branch O is the set of solutions of (6.5) for H = 0 (no vibration of
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Figure 2. Amplitude (A)–frequency (σ) response for nonlinear sloshing due to surge excitation
(σ/σ1 = T1/T ). h is the mean water depth, l is the tank breadth, H is the surge amplitude. i(2, h̄)
is defined by (6.9). H/l = 0.0173.

the tank). This can be interpreted as the amplitude–frequency dependence of free non-
linear (periodic) sloshing. The branches presented differ from diagrams obtained by
Faltinsen’s theory only for large values of |A|/l and far away from the main resonance
σ̄1 = 1. The last difference is due to the change of m1 when varying σ. The results agree
with the fifth-order theory by Waterhouse (1994) for sufficiently small amplitudes.

Similar results are obtained for steady-state sloshing in a rectangular tank excited
by sinusoidal pitch motions. Let us assume the tank is pitching around the point
(0, 0,−z0) of the mobile coordinate system. We can correct to O(ε) express that

ψ(t) = ψ0 cos (σt), v̇0x = z0ψ̈(t), v̇0z = 0.
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Figure 3. Amplitude (A)–frequency (σ) response for nonlinear sloshing due to pitch excitation
(σ/σ1 = T1/T ). h is the mean water depth, l is the tank breadth, ψ0 is the pitch amplitude, (0,−z0)

is the position of pitch axis. i(2, h̄) is defined by (6.9). (a, b) z0/l = 0, h/l = 0.2, i(2, h̄) = 0.874; (c, d)

z0/l = 0.15, h/l = 0.35, i(2, h̄) = 0.78; (e, f) z0/l = 0.3, h/l = 0.5, i(2, h̄) = 0.737.

The algebraic governing equation for the frequency–amplitude response takes the
following form:

(σ̄2
1 − 1)Ā+ m1(σ̄2, h̄)Ā

3 − P̄1ψ0

(
z0

l
− S1

l
+

g

lσ2

)
= 0. (6.8)

It differs from the equation of forced surge steady-state sloshing (6.5) only by the last
inhomogeneous term and agrees with the corresponding equation of Faltinsen (1974).

All the results are based on the assumption that O(β2
1 ) = O(β2). However, even

for periodic solutions we can find a critical value of σ/σ1 for which the amplitude
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of the second mode tends to infinity. It can happen for small h, or for σ̄2
2 → 4 (see

the asymptotic solution (6.3), (6.4)). In terms of σ the condition of the secondary
resonance takes the form

σ

σ1

→
√

tanh (2πh/l)

2 tanh (πh/l)
= i(2, h̄). (6.9)

The value i(2, h̄) characterizes the applicability of the theory constructed (see figures 2
and 3). The ratio T1/T = σ/σ1 must be close to 1 and not close to i(2, h̄).

Similarly, we can introduce for the third mode

i(3, h̄) =

√
tanh (3πh/l)

3 tanh (πh/l)
. (6.10)

However since i(3, h̄) < i(2, h̄), the secondary resonance is the most dangerous.
The trend of the distribution of i(2, h̄) shows for h̄ small enough (but large for

shallow water theory) that i(2, h̄) → 1 as h̄ → 0. This means that the secondary
parametric resonance can occur for small depths and implies that the asymptotic
theory presented is not applicable for shallow water.

The stability analysis for surge/pitch excited waves in a rectangular container was
done by Faltinsen (1974). We can give reliable new treatment of the stability by
introducing branches O and S in figures 2 and 3. The branch O is the relation for the
frequency and amplitude for nonlinear free sloshing, which can be found from the
equation

branch O: (σ̄2
1 − 1) + m1(σ̄2, h̄)Ā

2 = 0. (6.11)

The branch O is also the asymptotic curve for P− and P+ as A→∞.
The branch S is the set of all turning points of the branch P+ (or P− for different

depths) for various amplitudes H̄ (surge excitation) or ψ0 (pitch excitation). The
turning points correspond to when (6.5) has only two solutions. The condition of two
roots of equation (6.5) can be found by differentiating (6.5) with respect to A. This gives

branch S: (σ̄2
1 − 1) + 3m1(σ̄2, h̄)Ā

2 = 0. (6.12)

The branch S does not depend on the value of the excitation amplitude and is only
a function of depth–breadth ratio.

Due to the theory of bifurcations the turning point divides the branch P+ or P− into
stable and unstable sub-branches. It was shown by Faltinsen (1974) that the upper
sub-branch of P+/P− corresponds to unstable solutions and the lower sub-branch to
stable solutions. The branch P−/P+ without a turning point corresponds to stable
solutions. When repeating the averaging asymptotic analysis given by Faltinsen for
our solutions, we arrive at the same result if Ā� 1.

When varying the values of the excitation amplitude, the sub-branch situated
between S and O will always correspond to unstable solutions.

7. Comparison between theory and experiments
A series of experiments on nonlinear sloshing in a smooth rectangular tank due

to horizontal (surge) excitation were conducted. Figure 4 shows the tank used in the
experiments. The tank has a front plate made of Plexiglas which is stiffened by two
vertical L-beams. The tank was placed on a wagon that could slide back and forth
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Figure 4. Picture of the tank.

0.05 m

FS 3

FS 1

FS 2

l =1.73 m

H =1.05 m

Figure 5. Tank dimensions and wave probe positions used in the experiments.

controlled by a hydraulic cylinder. The hydraulic system was strong enough to ensure
that the motion inside the tank had little or no effect on the tank motion.

The tank height, breadth and length were respectively 1.05, 1.73 and 0.2 m. The
observed free surface elevation did not vary in the length direction. The amplitude of
surge excitation was between 0.02 and 0.08 m. The water depth was varied between
0.2 and 0.6 m. The tank was equipped with three wave probes, referred to as FS1,
FS2 and FS3 (see figure 5). Wave probes FS1 and FS2 consist of adhesive copper
tape directly placed on the tank wall. FS3 is made of steel wire and is standing
0.05 m from the left wall. The tank position was measured by a position gauge. The
sampling frequency was 50 Hz and the time series were 50 s long. Video recordings and
visual observation of longer simulations, up to 5 minutes, showed that steady-state
oscillations with the forced oscillation period were not achieved. This implies that
the dissipation in the smooth tank is very small even relative to the small damping
predicted by Keulegan (1959). A reason may be that the boundary layer flow is
laminar in Keulegan’s experiments while it is likely to be turbulent in our case. Since
transients do not die out, a beating effect occurs. The most interesting stage for
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analysis is during the first 50 s. During this time the beating parameters are stabilized.
After this time the typical behaviour of the sloshing is repeated. Also, the preliminary
analysis has shown that for beating waves of small amplitude the modulated wave is
stabilized for even shorter time.

The free surface elevation had small amplitudes in the initial period after the tank
was excited. In some of the tests the water was in small-amplitude motion before
starting the excitation. Since the proper initial conditions are unknown two different
sets are used to investigate the influence of initial conditions. One set of initial
conditions is

βi(0) = β̇i(0) = 0, i > 1. (7.1)

The other is based on impulse conservation. If vox = σH cos σt, this gives

βi(0) = 0, β̇i(0) = −σPiH, i > 1. (7.2)

The numerical time integrations were done by a fourth-order Runge–Kutta method
and 11 equations of (5.24) were used. The simulation time on a Pentium II–366
computer was 1

300
of the real time.

The examples of figures 6–9 show the effect of initial conditions on free surface
elevation for different forced excitation periods T , water depth h and excitation
amplitude H . So, for example in figure 6 the effect of initial conditions is not
important. However, for the case of figure 7 the condition of impulse conservation
leads to more reasonable description of free surface elevation. Figures 8 and 9 also
demonstrate good agreement between theory and experiments. The agreement is not
perfect in figure 8, but the difference between experimental and numerical simulation
decreases when initial conditions are based on impulse conservation. Better agreement
between theory and experiment can be achieved by realizing that the forced surge
oscillation is not harmonic and does not have a constant amplitude during the initial
period. This is illustrated in figure 8 where the excitation period T was not a constant
during the first 12 s; it varied from 1.76 s to 1.875 s. This is caused by transient rigid
body motions. We assume that these transient motions decay exponentially. This
effect was simulated by varying the period and the amplitude of forced excitation in
the initial phase. Figure 10 shows the effect of only varying the excitation period.
A better agreement with the experiment is then achieved. Separate numerical results
showed that the amplitude has less effect than variation of the frequency. The effect
of varying the frequency can be found qualitatively by examining the steady-state
response in figure 2.

Our theory assumes that the water does not hit the ceiling. The water touches the
ceiling in the case of figure 8, but this does not have an important effect on the
fluid motion. When comparing theoretical and experimental results for a case when
forceful impact occurs, it is evident that they do not agree. A possible reason is energy
dissipation due to the impact. The impact causes the ceiling to vibrate which represents
energy loss for the fluid motion. Since the tank ceiling is very stiff in the model tests,
this is unimportant in the comparative study with experiments. Furthermore, as the
water hits the ceiling a jet is formed and eventually the free surface overturns and
water hits the free surface. This also causes energy dissipation. An estimate of this
energy loss can be calculated by using a generalization of Wagner’s (1932) theory
(Faltinsen & Rognebakke 1999) and assuming that the kinetic and potential energy in
the jet is dissipated. An equivalent linear damping based on energy conservation can
then be included in the differential equations for the generalized coordinates for the
free surface. The damping coefficients α1β̇1, α2β̇2 and α3β̇3 are introduced in (5.24a) to
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Figure 6. (a) Measured and (b) calculated tank position and free surface elevation at wave probe
FS3 (h = 0.6 m, T = 1.5 s). The curve ‘Zero’ corresponds to zero initial conditions, ‘Impulse’ means
initial impulse condition.
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Figure 7. As figure 6 but at T = 1.3 s.
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Figure 8. As figure 6 but at h = 0.5 m, T = 1.875 s.
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Figure 9. As figure 6 but at h = 0.5 m, T = 1.4 s.
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Figure 10. Calculated tank position and free surface elevation at wave probe FS3 for h = 0.5 m.
Effect of varying excitation period exponentially from 1.77 s to 1.875 s.

(5.24c), respectively. Since the average forced excitation is close to the lowest natural
frequency, it is only α1 that matters. Figure 11 shows satisfactory agreement between
theory and experiments by including damping. The damping will vary from cycle
to cycle depending on the severity of the water impact. In the presented case we
calculated approximately 40% loss of energy in the tank for every cycle due to the
two impacts occurring.

The theory will break down for small water depth. Figure 12 presents experimental
data and numerical simulation for h/l = 0.173 and T1/T = 0.96. Since i2 = 0.9,
the effect of secondary parametric resonance is important. We note that the wave
crest is well predicted, while the theoretical value for the trough is clearly lower
than in the experiments. In order to improve the theoretical predictions we have
to assume that at least the two lowest modes have the same order of magnitude.
This means a complete change of the equation system and higher modes have to
be introduced in the nonlinear equations. The introduction of the fourth mode in
the nonlinear equation system will affect the difference between trough and crest so
that the agreement with experiments may improve. The difference between theory
and experiments is more evident in figure 13 where T1/T = 1.17 and h/l = 0.173.
The reason is once again that the primary mode is not dominating. This contradicts
our theoretical assumptions. Figure 14 shows that the amplitude of the third mode is
higher than the second mode, which is higher than the first mode.
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Figure 11. Measured and calculated free surface elevation at wave probe FS3 for T = 1.71 s,
h = 0.5 m and H = 0.05 m. Calculations account for wave impact on tank ceiling.

8. Calculations of hydrodynamic loads on the tank
How to calculate hydrodynamic loads will be illustrated for the surge-excited

rectangular tank. The general expression for the pressure is given by (2.5). By noting
that Φ = v0xx+ ϕ and by expressing v0x as −Hσ sin (σt) it follows that

p = p0 − ρ
[
∂ϕ

∂t
+ 1

2
(∇ϕ)2 + gz − σ2H cos (σt)x− 1

2
H2σ2 sin2 (σt)

]
. (8.1)

Here we use

∇ϕ =

N∑
i=1

iπ

l
Ri(t)

(
− sin

(
iπ

l

(
x+

l

2

))
cosh ((iπ/l)(z + h))

cosh ((iπ/l)h)
, 0,

cos

(
iπ

l

(
x+

l

2

))
sinh ((iπ/l)(z + h))

cosh ((iπ/l)h)

)
, (8.2)

∂ϕ

∂t
=

N∑
i=1

Ṙi(t) cos

(
iπ

l

(
x+

l

2

))
cosh ((iπ/l)(z + h))

cosh ((iπ/l)h)
, (8.3)

where Ri and Ṙi are calculated by (5.12) and (5.13) and N is a number of Fourier
terms (N > 3). When applying these formulas above the mean free surface, a Taylor
expansion about the mean free surface has to be used.

The force F on the tank due to the fluid can be calculated by direct pressure
integration or the compact formula derived by Lukovsky (1990)

F = mlg− ml[v̇0 + ω × v0 + ω × (ω × r1C) + ω̇ × r1C + 2ω × ṙ1C + r̈1C] (8.4)

where r1C is radius-vector of the mass centre in mobile coordinate system Oxyz and
ml is fluid mass. We note that F includes the static force component mlg in addition
to hydrodynamic forces.

The formula takes the form

F = mlg− ml(v̇0 + r̈1C) (8.5)

in the absence of angular motions (ω = 0).
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Figure 12. (a) Measured and (b) calculated tank position and free surface elevation at wave probe
FS3 (h = 0.3 m, T = 2.2 s).
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Figure 13. As figure 12 but at T = 1.8 s.
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Figure 14. Contribution of the three lowest modes to the calculated free surface elevation at wave
probe FS3; h = 0.3 m, T = 1.8 s.
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Figure 15. The position of mass centre for the case in figure 6.

The calculation shows, that if r1C = (xC(t), 0, zC(t)), then

xC = − l

π2h

N∑
i=1

βi(t)
1

i2
(1 + (−1)i+1), zC = −h

2
+

1

4h

n∑
i=1

β2
i (t), (8.6)

where the point (0,−h/2) corresponds to mass centre of unperturbed fluid.
By introducing the vector F = (Fx, 0, Fz) we arrive at

Fx/ml =

(
Hσ2 cos σt+

l

π2h

N∑
i=1

β̈i(t)
1

i2
(1 + (−1)i+1)

)
,

Fz/ml = −
(
g +

1

2h

N∑
i=1

(β̈iβi + β̇2
i )

)
.

 (8.7)

Figure 15 shows the trajectory of the mass centre. Figure 16 presents the trajectory
of the end of the vector F /ml .

The hydrodynamic moment N on the tank can also be calculated by the special
formula derived by Lukovsky (1990) (moment axis coincides with Oy)

N = mlr1C × (g− ω × v0 − v̇0)− J1 · ω̇ − J̇1 · ω − ω × (J1 · ω)

−l̈ω + l̇ωt − ω × (̇lω − lωt), (8.8)

where the inertia tensor J1 is defined by (3.13) and lω, lωt by (3.15).
For ω = 0

N = ml r1C × (g− v̇0)− l̈ω + l̇ωt. (8.9)

The time-varying functions lω, lωt depend on the solutions of the Neumann boundary
value problem (3.5) and can be expressed mathematically like the Stokes–Zhukovsky
potentials.

By using Green’s formula we get

N(t) = ml(xCg − zCv̇0)− ρ d

dt

∫
S+Σ

(zν1 − xν3)ϕ dS, (8.10)

where N = (0, N(t), 0).
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Figure 16. The trajectory of the vector of the calculated hydrodynamic force (Fx/ml, Fz/ml) on the
tank for the case in figure 6.

This is not as simple as the formula (8.7) for the force, but is useful in a verification
procedure by comparing with the direct pressure integration of the moment. This
should in both cases be derived correct to O(ε).

9. Conclusions
I. Using the Bateman–Luke variational principle, we generalize the procedure

proposed by Miles (1976) and Lukovsky (1976) to derive a modal system describing
nonlinear sloshing of an incompressible perfect fluid with irrotational flow partly
occupying a tank performing an arbitrary three-dimensional motion. If the tank
has vertical walls near the mean free surface, this procedure leads to an infinite-
dimensional system of nonlinear differential equations coupling the generalized time-
dependent coordinates. No assumptions about the order of smallness are made. It
applies to any type of rigid body motion. The surface and domain modes do not need
to be natural modes. This means that the multidimensional modal discrete system
derived has the most general form of the modal equations and can be used for
modelling different ‘fluid–structure’ problems including the problems associated with
transient sloshing and coupled ‘ship–fluid cargo’ motions.

II. Two-dimensional sloshing in a rectangular smooth tank with finite water depth has
been studied theoretically. The tank is oscillating with arbitrary rigid body motions
of small magnitude with an average frequency close to the lowest natural frequency
of the fluid motion. A finite-dimensional asymptotic model with multiple degrees
of freedom is derived. This is based on the general discrete infinite-dimensional
modal model. The lowest mode is assumed dominant. Each mode has different
order of magnitude. The three lowest modes are interacting nonlinearly with each
other. An important feature relative to other established nonlinear theories is that
transient effects can be described. Since the theory is expressed in terms of a set of
nonlinear ordinary differential equations in time, it is considerably simpler than a
direct numerical solution of the fluid motion.
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Periodic solutions are studied analytically. The amplitude–frequency response is
consistent with the fifth-order steady-state solution by Waterhouse (1994).

It is shown that the theory is not valid when the water depth (h) becomes small
relative to the tank breadth (l). This is due to secondary parametric resonance. It
is then necessary to include nonlinearly interacting modes having the same order of
magnitude. This is demonstrated for a tank with h/l = 0.173.

III. We have conducted experimental studies of the free surface elevation for forced
surge oscillations of two-dimensional flow in a rectangular tank. It is demonstrated
experimentally that it takes a very long time for transient fluid motion to die out.
This did not occur during an observation period of 5 minutes, which corresponds to
the order of 150–200 oscillations in terms of the excitation period. The consequence
is that steady-state solutions of nonlinear sloshing in a smooth tank can have limited
applicability. Modulated (‘beating’) waves occurred as a consequence of transient and
forced oscillations. The amplitude/‘beating’ period was stabilized during the first 50 s.

Since we could not exactly state what the initial conditions were in the experiments,
a sensitivity study was performed with different initial conditions in the theoretical
model. The results were not strongly dependent on this, but better agreement between
theory and experiments was in general obtained by using an initial condition based on
impulse conservation. For several experiments we observed fluctuations of the excita-
tion frequency in an initial period up to approximately 10 s. This effect was important
to include in the theoretical model. There is good agreement with experimental free
surface elevation when h/l > 0.28.

IV. The theory was compared with experiments when forceful water impact on the
tank ceiling occurred. The theory assumes no tank ceiling. The experimental free
surface elevations showed a clear influence of the water impact. It was speculated
that this was due to energy dissipation and phenomenological linear damping terms
were introduced in the discrete modal system. Good agreement with the experiments
was demonstrated. This is an area of future research.

V. It is shown how hydrodynamic forces on the tank can be calculated in a simple
way. An alternative formula for the hydrodynamic moment is also presented. The
form of the expressions facilities simulations of a coupled ‘vehicle–fluid’ system.
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     Sloshing and slamming in a smooth rectangular tank forced to oscillate
horizontally and harmonically with a period close to the highest natural period
are analyzed by including water impact in the nonlinear sloshing theory by
Faltinsen et al. [4]. Finite water depth and two-dimensional potential flow is
assumed. Generalized coordinates for the free surface elevation are described
by a system of nonlinear ordinary differential equations in time. This leads to a
time efficient solution. Simple expressions for hydrodynamic loads are derived.
The water impact causes damping due to dissipation of the kinetic and potential
energy in the jet resulting from slamming. Predicted free surface elevations are
compared with model tests. There is a generally good agreement. The
slamming causes large loads on the vertical wall adjacent to the impact area in
the tank roof.

,1752'8&7,21

     A partially filled tank will experience violent fluid motion and slamming when
the ship motions contain energy in the vicinity of the highest natural period for
the fluid motion. The fluid motion is characterized by strong nonlinearities and
small damping and is coupled to the ship motions. The external wave induced
loads can in many practical cases be described by linear theory.
     A theoretical method has to be robust and time efficient. Very long time
simulations are needed to obtain statistical estimates of the tank response.
Several attempts on direct numerical simulations of the fluid motions in a ship
tank have been reported. A difficulty is to achieve long time simulations. Some
methods may numerically loose fluid mass on a long time scale. Since the
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highest natural period of the fluid motion is strongly dependent on fluid mass,
this can result in unphysical numerical simulations. It is also difficult to
incorporate slamming in a direct numerical method. The rapid change in time
and space requires special treatment.
     We have decided to develop a more analytically based approach. The
method is both time efficient and robust. It seems easy to combine with the ship
motions and external linear wave induced loads. The external and internal
problem must then be solved simultaneously by means of the equations of rigid
body ship motions. Harmonic forced sway oscillations of a rectangular smooth
two-dimensional tank is analyzed in this paper. The water depth is finite and the
wave system resembles standing waves. We first describe the theoretical
method when no tank roof is present. Since irrotational fluid motion is assumed,
internal structures causing flow separation can only be treated empirically by
drag formulations. The effect of the tank roof is handled by generalizing
Wagner’s method [9]. The kinetic and potential energy in the jet caused by
water impact is assumed dissipated when the jet impacts on the water surface.
This energy loss is represented as a damping of the fluid motion. The study
shows that large slamming induced pressures also occur on the vertical wall
adjacent to the impact position on the tank roof. Numerical simulations for the
free surface elevation are compared with experimental results.

7+(25<

      Consider a rectangular smooth and rigid tank forced to oscillate
harmonically in sway. The fluid is incompressible and the flow is two-
dimensional and irrotational. The water depth h is finite. Shallow water
phenomena are not included. The forced oscillation frequency σ is close to the
lowest natural frequency  σ1 of the fluid motion. The height and the breadth of
the tank is H and O . The coordinate system (x,z) is fixed relative to the tank with
origin in the mean free surface and in the center of the tank (See Fig. 1).

     Violent fluid motion will occur due to resonant motions and small damping.
When the fluid does not impact on the tank roof, the damping is very small and
mainly due to viscosity in the boundary layers (Keulegan [6]). Nonlinearities are

Figure 1: Tank dimensions, coordinate systems and problem configuration in
slamming analysis
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significant and cause finite amplitudes at resonance. When the fluid motion
does not impact the tank roof, ref. [4] is applied. This is based on a Bateman-
Luke variational principle and use of the pressure in the Lagrangian of the
Hamilton principle. This results in a system of nonlinear ordinary differential
equations in time. The unknowns are generalized coordinates 

L
β  of the free

surface elevation. The procedure applies to any tank shape as long as the tank
walls are vertical near the mean free surface. The equation system for our
particular problem will be described. The free surface elevation ζ  is written as

( ) ( )∑
=

+=
1

L

L
OO[LW

1

/)5.0(cos πβζ (1)

The forced oscillation amplitude is assumed small and of O(ε). Further
( ) 3,1,3/ == L2 L

L
εβ , Higher order terms than ε are neglected in the nonlinear

equations. Forced heave and roll can easily be included ([4]). The following
system of ordinary differential equations was derived for forced sway.
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Here dots mean time derivatives, 
[

Y0  is the forced sway velocity of the tank and
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Eqs. (2) are solved numerically by a fourth order Runge-Kutta method. Initial
conditions on 

L
β  and 

L
β&  have to be specified. Ref. [4] used two sets of initial

conditions. One set is ( ) ( ) 000 ==
LL

ββ & . The other set was based on impulse
conservation. The  results were insensitive to these initial conditions after some
oscillation periods. However, since no damping is present, the effect of the
initial period is very important and does not die out. It means that fluid motions
oscillating with the natural period and the forced oscillation period interact
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linearly and nonlinearly and cause a beating effect. Steady state oscillations
were not obtained. This was experimentally confirmed.
     When the water impacts on the tank roof at either O[ 5.0−=  or O[ 5.0= ,
Wagner’s [9] theory (see also ref. [3]) is generalized to find slamming induced
flow. The analysis assumes a small angle between undisturbed free surface
and tank roof. This may not be true at the end of an impact. The tank is
assumed rigid so possible hydroelastic effects are ignored. The inflow velocity
V(t) and the slope of the impacting surface can be found directly from Eq. (1).
The impacting surface is approximated by a parabola with radius of curvature R.
The wetted length c(t) follows from Wagner’s integral equation. Wagner’s
solution is corrected by accounting for the tank walls and bottom. +WF /)(  and

OWF /)(  are assumed small. A local coordinate system (X,Z) is used (see Fig. 1).
If the water impacts at O[ 5.0−= , then O[; 5.0+=  and ( )K+]= −−= . The
wetted part of the tank roof is then from X=0 to X=c. The dynamic free surface
condition is 0=ϕ  on Z=0. Here ϕ  is the velocity potential caused by slamming.
The flow for either 0,0 ≤> =;  or 0,0 ≤< =;  is of interest. This can be found
by studying cross-flow past a flat plate of length 2c in a rectangular box of
breadth 2 O  and height 2H (see Fig. 1). The velocity potential due to impact is
expressed as the sum of the velocity potential for infinite fluid and an infinite
sum of image velocity potentials

( )( ) ( ) ( )[ ]222 22/125.0 P+=QO;P+=9F P

PQ
−+−−−=ϕ (5)

All possible combinations of negative and positive integers m and n except
simultaneously m=0, n=0 should be summed. The sum over m for m≠0 is

( )( ) ( )( )[ ][
( )( ) ( )( )( )[ ] ])2/(2cos)2/(2cosh5.0ln5.0

)2/(cos)2/(2cosh5.0ln5.0
2

2

++=+QO;

+=+QO;
=

9F
Q

−+−−

−−
∂
∂=

ππ

ππϕ (6)

When n=0, 0ϕ  can be written as Eq. (6) minus ( )222 /5.0 =;=9F +− . It can be
shown that conservation of fluid mass is correct to O(c2).
When the impact phase is over, the free surface is fitted to Eq. (1), i.e. new
values Q

L
β  are introduced. When impact occurs at O[ 5.0−= , the free surface

elevation is written as

( )( ) O[FO

FO[O
OO[L
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1

L

L 5.05.0when

5.05.0when
/5.0cos

max

max

1
<<+−

+−<<−







++

−
= ∑

=
ηπβς (7)

Here η is found by a Wagner’s analysis for infinite fluid. This means

( ) ( ) ( ){ } 5F5FO[O[O[ /25.0/5.05.05.05.0 2
max

2
max

2 −−+−++=η
(8)
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Due to the orthogonality of ( )OO[L /)5.0(cos +π , explicit formulas for Q

L
β  are found.

Since V(t)=0 at c=cmax, the slamming induced free surface η has zero vertical
velocity. This implies 

L

Q

L
ββ && = . When the water impacts at O[ 5.0= , the

procedure is similar.
     The hydrodynamic force on the tank can be calculated by conservation of
fluid momentum. It follows by Eq. 5.7 in Faltinsen [3] that

∫∫
+

−−=
)%% 666

VQ]JVQS
W
0

dd
d

d rr
r

ρ (9)

where the normal vector Q
r

 is positive out of the fluid. SB and SF are wetted body
surface and free surface respectively. 0

r
 is the fluid momentum, p is

hydrodynamic pressure, ρ  is mass density of fluid and g is acceleration of

gravity. By writing the fluid velocity as ϕ∇+LY
[

r
0  it follows by Eq. (9) and Gauss

theorem that the hydrodynamic force is

∫∫∫
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&
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ϕρτϕρ (10)

where Ω is the fluid volume and ml is the fluid mass. Green’s second identity is
used to rewrite the surface integral. Auxilliary velocity potentials [=Ψ1 , ]=Ψ3

that satisfy 
LL
QQ =∂Ψ∂ /  on SB + SF are introduced. Since 0/ =∂∂ Qϕ  on SB, it

follows that

ds
d
d

0 ∫ ∂
∂−−−=

)6

O[O Q
U

W
NJPYPL)

ϕρ rr
&

rr

(11)

where N]L[U
rrr += . Since the integral of Q∂∂ /ϕ  over 

)
6  is zero from mass

conservation, the result is independent of the origin of the position vector. The
following horizontal force correct to O(c2) has been derived

( ) ( )[ ]

( ) ( )


















































−


















−−





±

+−




+−=

∑

∑

∞

=

+

=

1

2

1

2
1

2

0

2
tanh

2
tanh

tanhtanh
ln

4
tanhln

2

1

8
ln

2

11
1

Q

L
1

L

L[O[

+
QO

+
QO

%$
+
O

+
F9F

GW
G

L
W

O
YP)

ππ
ππρ

β
π

ρ &&&

(12)

Here A= ( ) ( )+OQ 4/12 −π  and B= ( ) ( )+OQ 4/12 +π . The plus and minus sign apply
when the water impacts close to O[ 5.0−=  and O5.0 , respectively. When no
impact occurs, Eq. (12) agrees with Lukovsky’s formula [7], [8]. The slamming
part of Eq. (12), i.e. the last term, has been controlled by direct pressure
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integration. The slamming induced pressure is written as

( )




 +++

∂
∂−= ∑

∞

=
−∞

1
0

Q

QQW
S ϕϕϕϕρ . Here 

Q
ϕ  are given by Eq. (6) and the

subsequent text. ∞ϕ  is the slamming induced velocity potential in infinite fluid.
When impact occurs at O[ 5.0−= , this can be written as
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Similar formulas apply for impact at O[ 5.0= . The image potentials 
Q

ϕ  have a

secondary effect relative to ∞ϕ . The impact pressure on the roof is given by
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22

d

d
;F9

W
S ρ . This is singular at F; = . Here O[; 5.0+=  when the

water impacts at O[ 5.0−= . Similar for impact close to O[ 5.0= . The singularity at
F; =  can be removed by matching with a local jet flow at the spray root

( )F; ≈  (Zhao & Faltinsen [10]). The maximum pressure is 25.0 F&ρ . Since the

image potentials satisfy 0=ϕ  at 0== , they do not contribute to the slamming
induced pressure on the tank roof. The vertical slamming force on the tank roof
and bottom are respectively
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The vertical force due to the ambient sloshing motions follows from Eq. (11) as
( )∑ +−−=

LLLO=
OJP) βββ &&& 25.0 . Eq. 12 shows that the horizontal slamming

induced force is logarithmically singular when 0→F  and hence larger than the
vertical slamming force on the tank roof. A reason is that the large slamming
pressures act on a finite length on the vertical wall adjacent to the impact
position while they act on a small wetted surface on the tank roof.
     Compressibility will limit the pressure and the force in a very small initial
phase of the impact. Air cushion and bubbles may also be present and
influence the slamming pressure. But hydroelasticity may be far more important
to account for in a local structural analysis (Faltinsen [1], [2]).
     The previous analysis neglects dissipative forces. When the water impacts
on the tank roof, fluid damping is believed to occur. The hypothesis is that the
kinetic and potential energy in the jet flow caused by the impact is dissipated
when the jet flow impacts on the free surface. This idea is used to introduce
damping. The kinetic and potential energy loss during impact can be estimated
as respectively (Faltinsen & Zhao [5])
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where ts is the duration of the impact. This energy loss can be related to the
total energy E in the system. This is found by noting that the time rate of energy
without any loss is 

[[
Y)W( 0d/d = . Here Fx is given by Eq. (12). When studying

one oscillation period, the previous loss of kinetic and potential energy is
subtracted from E. The energy loss ∆E during one oscillation period is related to
a damping ratio ξ by πξ4/ =∆ (( . The linear damping term 

LL
βξσ &2  is

introduced in each of Eqs. (2). An iterative procedure is followed. A simulation
over one period is started with no damping. A first estimate of ξ is found. The
simulation is repeated. This results in a new ∆E and thereafter a new ξ. This is
done for iteration i>1 as ( ) πξ4/5.0 1 =∆+∆ − (((

LL
.  Convergence is typically

achieved after 5 iterations.

5(68/76

     A series of experiments has been conducted in cooperation with Det Norske
Veritas. The tank height was 1.02m, breadth 1.73m and length 0.2m. The tank
was forced to oscillate in the horizontal direction in the cross-sectional plane.
The observed free surface elevation did not vary in the length direction. Wave
probes were used to measure the free surface elevation at the two side walls
and in the middle of the tank and a position gauge was used to measure the
instantaneous position of the tank.
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     The following comparisons between theory and experiments are for OK /
close to the critical depth 337.0/ =OK . The amplification of theoretical fluid
response at the highest resonance period is largest at the critical depth. Fig. 2
shows an example on the good agreement between theory and experiments
when no tank roof impact occurs. 0ε  means forced sway amplitude. Since the
damping is zero in the theory and very small in reality, response at the natural
period Tn does not die out and beating occurs. This is evident in Fig. 2 and was
observed as long as the experiments lasted, i.e. up to 5 minutes. The initial time

0=W  in Fig. 2 and subsequent figures corresponds to the start up of the
experiments. Fig. 3 shows an example with light roof impact. Good agreement
between theory and experiments is demonstrated. Maximum theoretical
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amplitude 
P∞ζ  with no tank roof is 0.45m. Fig. 4 shows a case with heavier roof

impact. Here 
P∞ζ  is 1.78m. There is good agreement for maximum values and

the initial phase. But the beating is not correctly predicted. Actually it has been
theoretically shown that the beating can be strongly sensitive to both frequency
and oscillation amplitude, i.e. nonlinearities matter. Fig. 4 shows that by sligthly
changing the oscillation period there is good predictions of the beating. Fig. 5
shows a case with very heavy roof impact. 

P∞ζ  is in this case 1.8m. Good
agreement is demonstrated. When predicting slamming loads we have to
evaluate the impact velocity, i.e. Wd/dζ . Fig. 5 suggests that this can be
satisfactorily estimated by theory. Fig. 6 shows another case with roof impact.
We note some difficulties in correctly predicting beating. Here 

P∞ζ  is 0.67m.
Fig. 7 shows corresponding theoretical values for the horizontal hydrodynamic
force. The influence of impact is clearly evident. Actually the force is
logarithmically singular at time of impact. The slamming induced force in Fig. 7
is calculated from 0.002s after initial impact. We have also presented what the
horizontal force would be without tank roof. This demonstrates the damping
effect of roof impact. We can illustrate the damping in another way. In the first
oscillation period where impact occurs, the following values are calculated after
6 iterations:

Mean energy in the tank: 316.5 Nm/m
First impact: Potential energy loss 1.0 Nm/m

Kinetic energy loss 1.3 Nm/m
Second impact: Potential energy loss 36.9 Nm/m

Kinetic energy loss 58.2 Nm/m

This gives a damping coefficient ξ  = 0.0246 which means that 30% of the
mean energy in the tank is lost due to the two impacts.

&21&/86,216

     Sloshing and slamming in a smooth rigid rectangular tank forced to oscillate
horizontally and harmonically with a period close to the highest natural period
are analyzed by including water impact in the nonlinear sloshing theory by
Faltinsen et al. [4]. Finite water depth and two-dimensional potential flow is
assumed. Nonlinear effects are significant. Generalized coordinates for the free
surface elevation are described by a system of nonlinear, ordinary differential
equations in time. Water impact is included by combining Wagner’s [9] method
with an infinite set of image potentials. The image system has a secondary
effect. The water impact causes damping due to dissipation of the kinetic and
potential energy in the jet resulting from slamming. An equivalent linear
damping based on energy conservation is introduced. This damping is
important. Viscous damping in a smooth tank is insignificant. The solution
procedure is time efficient and robust. Simple expressions for hydrodynamic
forces are derived based on conservation of fluid momentum. The formulas are
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verified by direct pressure integration. When the water does not impact the tank
roof, the formulas agree with Lukovsky [7], [8].
     Predicted free surface elevations are compared with model tests. Steady-
state oscillations are not obtained even after very long simulations. This is due
to linear and nonlinear combinations of fluid flow oscillating with the natural
period and the forced oscillation period.
     The importance of damping due to tank roof impact is demonstrated. There
is generally good agreement between theory and experiments. Cases with
unsatisfactory predictions of beating are demonstrated. This is due to high
sensitivity between beating and oscillation period and amplitude.
The slamming causes large loads on the vertical wall adjacent to the impact
area in the tank roof.

5()(5(1&(6

[1] Faltinsen, O.M., (1999). Water entry of a wedge by orthotropic plate
theory, Accepted for publication in Journal of Ship Research.

[2] Faltinsen, O.M., (1997). The effect of hydroelasticity on ship slamming,
3KLO��7UDQV��5��6RF��$�, 355, 1-17.

[3] Faltinsen, O.M., (1990). 6HD� /RDGV� RQ� 6KLSV� DQG�2IIVKRUH� 6WUXFWXUHV,
Cambridge, England: Cambridge University Press.

[4] Faltinsen, O.M., Rognebakke, O.F., Lukovsky, I.A., Timokha, A.N.,
(1999). Multidimensional modal analysis of nonlinear sloshing in a tank.
Part I: Variational method. Part II: Sloshing in rectangular tank with finite
water depth. Submitted for publication.

[5] Faltinsen, O.M., Zhao, R., (1997). Water entry of ship sections and
axisymmetric bodies, AGARD FDP and Ukraine Institute of
Hydromechanics Workshop on ‘High-Speed Body Motion in Water’, Kiev,
Ukraine, AGARD Reprt. 818, Paper no. 24, 11p.

[6] Keulegan, G.H., (1959). Energy dissipation in standing waves in
rectangular basin��-��)OXLG�0HFK., 6, pp. 33-50

[7] Lukovsky, I.A., (1995). ,QWURGXFWLRQ�WR�QRQOLQHDU�G\QDPLFV�RI�D�VROLG�ERG\
ZLWK�D�FDYLW\�LQFOXGLQJ�D�OLTXLG, Kiev: Naukova dumka,  296p (in Russian)

[8] Lukovsky, I.A., Timokha, A.N., (1995). 9DULDWLRQDO�PHWKRGV� LQ�QRQOLQHDU
G\QDPLFV� RI� D� OLPLWHG� OLTXLG� YROXPH, Kiev: Naukova dumka, 400p (in
Russian)

[9] Wagner, H., (1932). Über Stoss- und Gleitvorgänge an der Oberflache
von Flussigkeiten, Zeitschr. F. Angew. 0DWK��XQG�0HFK., Vol. 12, No. 4,
pp. 193-235.

[10] Zhao, R., Faltinsen, O.M., (1993). Water entry of two-dimensional
bodies, -��)OXLG�0HFK., 246,  pp. 593-612.

URN:NBN:no-2322



	���� 


�
����� �� �������� ��
 �� �
�� 	���

���
��

����������	 
� �� ��
 ���������	 
� ��

�'�	 ��������
���� �����	�� �� ����� ����� ��
 �����
�� ��

���

)	�'��	�� �'��	�� ����

<C<

URN:NBN:no-2322



� 	 ����
 �

�������

���� �������� 	���
	�� �	� �
������� 	� ��� <=�� ����
�	����	� +�
����� �� +	��
 +	
�� 	��
&��	���� 6����� �� 5�	�	
�	� ��
	���

�� *	��
 A� ��� �	����� �"��� �� �������� ������ �
�� ���	��� �� 	 ������ 
���	����	
 �	�� �	�
���������� �� 
�	��� �� �	��� 	
� ����� ��	���
��� ��� ���	�� 	���� ���� ��� ��� 
����� �
�� ��
�	��
	�� 
��� �� ���� ���
�	��� 
��	��
� �� 	 �	� 
���� 	�� ��� ���	�� �
����
�� 	�� ��
��� ���
�	���
��� �	����	���� �� ���
�� ������	��� ��
��� ��� ���	�� �� �	��� �� ��� ����
� �� +	���
 (<?@>)�
�������� 5� ����	��� ���	��� �� ��� ��
�
	���� �� ���
�� ���� �� 	 ��	���
�� �	���

+	���
-� 	�	����� 	������ 	 ��	�� 	���� ������� ��� �������
��� �
�� ��
�	�� 	�� ��� �	��

���� &�
 	 ��	���
�� 
���� ���� 	��������� �� ��
	���	���� � ��

������ �	���
 �	��� �� ���
�����	
��� �������� �� #��
�
��-�� 	�	 (<?F?) �� ���
������� Q�	� 	�� &	������� (<??@) ������
�����	
��� �������� 	�� �
����� ����
��	� �	����	����� ��
 	 �
�	����	
 ����� ����
��� ��
����
	� �����	��� �������
��� �
�� ��
�	�� ���� 	 �����	�� �����	
� 
 �������� ����� 
������ 	
� ����
�� ��� �
����� ����� �� ��

��� ��� ���
�� �����	��� ��
 �	
�� ���	�� 	������ �� 	���
�	��
� ��
�� ��� ��� ����
	��!�� +	���
-� ����
� ��
������ �� &	������� (>CC<)� &���
�� A�< 	�� A�> ����
��� �	�� ���� ����� 	�� ������� ���
�� ���� ��������� ��
���� ��� ��� �	����	��� �� ��	�� ��
+	���
-� ����
�� ��� �����	
��� �������� 	�� ��� ����
	��!�� +	���
-� ����
�� � �� ��� �����	��
���	�� 
������ ��� �� ��� ����� ��	�
��� 	���� 	�� � �� ��� ������� �� ��� ����� ��� ��

�� �	���

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 5 10 15 20 25 30 35 40 45 50


�����
�
	
 ��

����'�(

� )
	�*

!���������
+	�	����,	
 -���	�
-���	�

&���
� A�<D 2������ ���
�� ��� ��
���� ���
���

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 5 10 15 20 25 30 35 40 45 50

����

	
 ��

� )
	�*

!���������
+	�	����,	
 -���	�
-���	�

&���
� A�>D /	�� ��� ��
���� ��� ���

�� ��� �����	
��� �������� 	
� ��� ������� ��� 
	���� 	
� �����	��� �
�� �
����� ����� �� Q�	�
	�� &	������� (<??@)� ����� ��� �����	
��� �������� ���� ��� ��
� ��� ���	���� �� ��� ��
	� 
���
����������� ���
� �� 	 ��
�	�� 	�������� �� %����� ��� ��	�� ���	�����

URN:NBN:no-2322



������� �	 
��
���� �
� �� ���� ���	 ������

���� 	� ���������� ��� ��� �� 	����� ��
��!�"�#��� �$ ��"��� �%�"��%��#�& 

��"'����� 
����" ��% �$ 
&���&� ��� ��& (�����%
�)*+,- � "���(��#.��"'�%

���������	��

�������� �� 	 �
���� �	�� �
	�� �� ����
�� ���� 
����� ��� 	� 
����	���� ��
��
��� ����

�� ��
 ��� 
�� �	���	� ��
��
��� �� ��
 ���� 
��������
� ��
 ��

 ����	�
 ���� ��
 �	��
����� 	 � 	�
� �
�	�� ��
��	� �� ��	

��� ������� 	�� 
�
��� �� ������	�
�� � ��	������	�
��
	�

�� �� �������� �

	��� ��

 
Æ��
�� �	����	������ ����� ��
 	�	����� 	����	��
������
� ��  	�����
� 
� 	�� !"# �� �
�� ����
� ��� ��
 �	��� $�� 
�
�� ��
 	�	�����	� 
��
�
��
� ��� 	������ ��� ��
 �
�	�� �� ��
 �	�
� �� ��
 ����� %� 
���
	���� ��
 ���
���
	�� ���
���	� 
�
��� ���� �� ��
 &
� �
�
�	�
� ������ ��
 �
�	�� 	�� �
�	���� ���� �� ��

���	� 
�
��� �� ��
 ����� 	� 
����	�
� � �	
���� �
�
 �	� �
 ��������
� �� ��
 	�	�����	�

��
�� � �	��
�'� 

���� !(# �� 	����
�� ��
� ��
 �
�	�� 	���
 �
�� 

� ��
 ������ ��


����	�
 	�� ��
 �	�� �	�� �� ���� �� �	��
� �
����� ���
 	 ��
��	���� �������� 	�
 �����)
� ��
����
�� ��
 
���
	�
� 
�
��� ����� *�

���	� ��
��	����� ��� ��
 ��

 ����	�
 
�
�	�����
������� �
�	�� 	�
 ��
�	�
� ���� 
��
��

��	� �
������ *�

���	� ����
 �	����	����� 	��

��
��

��	� �	�	 ��� ��+
�
�� ����� 	�
 ��
�
��
� ��� 	 ,*- �	�� 
��
��


����


.�����
� 	 �
��	����	� �
���� 	�� ����� �	�� ����
� �� ������	�
 �	�
����	��� �� �� 	��
��
 ���� �� ����
��
�����
 	�� ��
 ��� �� �� �/��

�����	� 	�� �����	����	����
 �
����
	�� ��
 ��
	��� �� ��
 �	�� �� � 	�� �� ��
 �������	�
 ����

 0�� �1 �� 2�
� �
�	���
 ��
��
 �	�� ���� ������ �� ��
 

	� ��

 ����	�
 	�� �� ��
 �
��
� �� ��
 �	���  ��� "�

3���
�� ���� 
����� ���� ����� ��
 �� �
���	�� 
������ 	�� �
	�� �	
����� ��
�
��
 ���� ��
� ��� �
�	�� �� ��
 �	�� ����� ��
 �	
���� �� �
�� �
	�� 	�� 
	���� ��
 ��
�������� � �� ��
 �����	�� �	�
�� !4#� *�����
	����
� 	�
 �����2�	�� 	�� �	��
 2���
 	
���/
���
� 	� �
���	��
� ��
� ���� 
����� ��
� ��� �
�	�� ��
 �	�� ����� !"# �� 	����
��

���� �� �	�
� �� 	 %	�

	�/,��
 �	��	����	� ��������
 	�� ��
 �� ��
 ��
����
 �� ��

,	��	���	� �� ��
 $	
����� ��������
� ���� �
����� �� 	 ����

 �� ������
	� �����	��
��+
�
���	� 
��	����� �� ��

� ��
 �������� 	�
 �
�
�	��)
� �������	�
� �� �� ��
 ��


����	�
 
�
�	����� ��
 ����
���
 	����
� �� 	�� �	�� ��	�
 	� ���� 	� ��
 �	�� �	��� 	�

�
����	� �
	� ��
 

	� ��

 ����	�
� ��
 
��	���� ����

 ��� ��
 �
��	����	� �	�� 
����
�
�� ��	� ����� �����
 ��

 ����	�
 
�
�	���� � �� �����
� 	�

� 5
��
���

��0�1 ���0
	
0�6 7�8�1

�
1

"

URN:NBN:no-2322



�

�

�

�
�

 ����
 "9 .������	�
 ����

 	�� �	�� ��

�������

��
 ����
� ������	���� 	
������
 �� 	���

� �
	�� 	�� �� �0
1�  ����
��� 5 �0

�

� 1 � 
 5
"� 4� $���
� ���
� �
�
� ��	� 
 	�
 �
��
��
� �� ��
 ������
	� 
��	������ ��
 ������/
��� ����

 �� ������
	� �����	�� ��+
�
���	� 
��	����� ��� ��
 �
�
�	��)
� �������	�
�
�
�������� ��
 ��

 ����	�
 	�
 �
���
� ��� ����
� 
������

0 :�� 6 (��� ;�� 6 �����1 6 ��0 :���� 6 ;�� ;��1 6 ��0 :���
�
� 6

;�����1

6�� :���� 6 ��0 ;��� � �� ;� � ��1 6�� ;����� 5 7�

0 :�� 6 (��� ;�� 6 �����1 6 �� :���� 6 �� ;�
�
� 6�� ;����� 5 7�

0 :�� 6 (��� ;�� 6 �����1 6 �� :���� 6 �	 :���
�
� 6 �
 :���� 6 �� ;�� ;��

6��� ;�
�
��� 6 ��0 ;��� � �� ;� � ��1 6�� ;����� 5 7

:�� 6 (��� ;�� 6 ��� �� 6 ��0 ;��� � �� ;� � ��1 6�� ;����� 5 7� 
 � <� 0"1

$
�
 ��� 	�� ��� 	�
 ���&
������ �� ��	���	����	� �
������ ���� 	�
� �� ���� �0�1 �� ��
 � 	��

�� 	����	� �
����� � �� �������	�
 ����

���� ���� �
��
�� �� ��������� ��
 �	����	����
���
��	� ��� ��
 ��
Æ��
��� ��� ��� ��� ��� 
 � " 	�� ��� � 5 "� � � � � "7 	�
 ���
� �� !"#�
��
 
��	���� ����

 �� ����
� � �

���	��� �� 	 ������ ���
� =���
/>���	 

�����

��
 ���
	� �	
���� �
�
 (��� ;�� �� ������
� �� 
	�� �� 
�� "� ��
 �	
���� �� ����� 	�
	� 
����	�
� � �	
���� �� ��	� ��
 
�
��� �

��
� ���
 ��
 ����

 ������ ��
 ���� ����

�� 
��	� �� ��
 
�
��� ���� �� ��
 �
�	��� � 5 �

��
��
�

��
� ��
 � 	�
� �
�	��� ����
 �	�� ����� ���� �	
���� �� �
��
� 
��� ������ ��

������
��� �� ��	� ��
 ���
��� 	�� ���
���	� 
�
��� �� ��
 &
� ��� �	��
� �� ��
 �
�	��
�� ������	�
��  ��� ( ����� ��
 
�������� �� 	� �
�	�� �� ��
 ���
� �
�� ����
� �� 	 ,*-
���� �	��� ��
 ���
	���� 	�� ��
�������� �� ��
 &
� �� 
���
���

 ����
 (9 ��	������ �� ���
� �
�� ����
� �� ,*- �	�� ������ �
�	��

���� 
�
��� ���� �� �
�	�
� �� ��
 ���	� 
�
��� � �� ��
 ����

� ����� �� ����� ���

;� 5 ����� ��� ����
� ��	�� ��
� �������� ��
 ������	���� �
����� ��
 ��
����� ���� ��
���
��� 	�� ���
���	� 
�
��� �� �����	��
� ���
 �� �� ��
�	���
 ����
���
 �� ������ 
���

(

URN:NBN:no-2322



��
��	���� ��
� ��
 �
���� �� ��	��
� ���� �� �	
����� � 2��� 
���
	�
 �� � �� ������
��
 ��
��	���� �� �
�
	�
�� �
����� �� 	 �
� ?� 	�� ��
�
	��
� 	 �
� �� ���� �� ���

��� ��
�	���� 
 � " 	� 7�8���
�����

�
5 <	�� �����	���� 8 ��
�	����� 	�
 ��Æ��
�� ���

����
��
��
�
��
 �
�	�� 
��
� �� �	�
� �� 	 �
�
�	��)
� �	��
�'� 	����	�� !(#� ��
 �	�� ��

	���

� ����� �� �������
 �����
�	���� 
+
��� 	�
 �����
�� ��
 ����� �
������ � 0�1 	��
��
 ����
 �� ��
 �
�	����� ����	�
 �	� �
 ����� ���
���� ���
 @�� � ��
 �
�	�� �
����� �
�� 	������
	�
� �� 	 ���
	� �������� � 0�1 5 �� 6 ���� � 5 7 �� ��
 ��

 �� �
�	��� ��

�
�	����� ����	�
 �� 	������
	�
� �� 	 �	�	���	 ���� �	���� �� ����	���
 �� ��
 �
��
�
�
���� �0�1 ������� ���
 �	��
�'� �� �
��	� 
��	����� ���� �������� �	� �
 ����
��
� ��
	��������� ��� ��
 �	�� �	��� 	�� �����
� A
�	��� �	� �
 ����� �� !8#� $�� 
�
�� ���� 
+
��
�� ��� �
����	�� 	�� ���� �� ��� ������
� �
�
� ��
 �	��
�'� 	�	����� 	���

� 	 �
	��
	���
 �
�� 

� ���������
� ��

 ����	�
 	�� �	�� ������ ��
��	���� �������� ��
�
��
� � �
B�	� 	��  	�����
� !<# �	��� ��� �	��
 	���
� �� 	����
� �� ����
�� ��
 
�
��� 
���
	�
�
��
� ���� �� ��� ��
 �	�
� ��
 
�
��� 
���
	�
� ���	��
� ���
 �	��
�'� 	�	����� 	�


�������
� �� 	 �
������� �	�����  ��� 4 ��� 
� ��
 �
2������� �� ��
���� ��
� �� ��

��	

��� 	�	������ �0�1 �� ��
 ����)���	� ����	��
 ���
 � 5 7 �� ��
 ���	� ����� Æ �� ��

������
�� �� ��
 &
��  � �� ��
 � 
������ �� ��
 ������� ����	�
 ��������� ��
 ���	� ���� 	��
 	 �� ��
 	������
 ���� �
����� � 	� ��
 ���	� �����  ��� < ��������
� ��
���� 	����
� ��
��
 ��
��	���� ��������� !� �� ��
 �
���� �� ��
 &
�� � �� ��
 �
	����
 	���
 �� ��
 �
��
� ��
�� ��
 	���
 �� ��
 ���	����	� &
� 	�� �
 	�� �� 	�
 ��
 �
����	� ����	��
 �� ��
 &
� ����
	�� ��� �� ��
 &
�� �
��
����
���

�

����
� � �����

� ���

����

��
��Æ

 ����
 49 A
2������� ��� ��
 ��	

��� 	�	�/
����

�
� � ��

� �

Æ
��

��
� �

�

�	
� �

 ����
 <9 A
2������� ��
� �� ��
 ��
��	����
��������

��
 ��
��	���� �������� �� �
���
� ��� 	 �����	�� �
�	�� �
������� $��
�
�� ��
 �
���/
���� �	���� ����� ��� ��
 
�
��� ���� ��� 	 �����	�� ��

� �� 	��� 	����
� ��� ��
 ���
	���
�
��
	���� �
�	�� �
����� ��

��
 ���
��� 
�
��� ��� ���� ��
 &
� �� �	����	�
� ��� ���� ��
 ��
��	���� �������� 	��
�	��
�'� 	����	�� ��� 	 �
��
 	�� �����	�� �
�	�� ��

�� ��
 ���
��� 	�� ���
���	�

�
��� ��� ������� ��
 &
� �	� �
�
�	��� �
 ����� 	�

����


��
5

"

(
 �	Æ � �

�����

��
5 "�0� � #1$��� 0(1

��
� 	 �����	�� �
����� � 	����� ��
 &
� �� 	���

� 	�� ��
 ���
���	� 
�
��� ���� �� 
���/

	�
� 	� ��
 ���
���	� 
�
��� ��
 
	�� �� ��
 �	�
� �	� �
�	���
 �� ��
 �
�
� �� ��
 

	�

4

URN:NBN:no-2322



��

 ����	�
�  � �� ��
 �
�	���
 �
������ �
�� 

� ��
 ���� �
������ 	�� ��
 ������� ����	�

�
�������  � 5  	 �  �� $���� �� ��
 ��� �� 
	�� ���� ��
 &
�� �	��
�'� �������� ���
� !<#

 	 5 (
��

��
�  � 5

��

��
� Æ 5

	� �(�

"C0��
�� 1

�
� � 5

	� �

( �	� 0�1
� Æ 5

�	�0�1� �

<
041

	�� ��
 ���
��� 
�
��� ��� 	�� 
	�� ���

����


��

�����
�

5
"� �	��

"C �	��0�1
� $� 5

��

��
Æ 5

	� �

D
� 0<1

��
 &
� �� ��
 ��
��	���� �������� �� 	���

� �� �
 ���	����	�� ������

!�
� �

5
�� � �

� � ���0%1

�
Æ

� �
5

!�
� �

�	�0��1 081

��
 
	�� ��� ���� ��
 &
� �� ��
� 
��	� ��

$� 5
�

��

�
"

(
!�Æ

�
5

�

��

�
"

(
0
�� � �

��� 0�1

1� �	�0��1

�
5

�
�� � �

� � ���0�1

��
�	�0��1�

�� 0C1

� �����	�� ��� �
����� � �� ��
 ��
��	���� �������� �� ����� 	�  � 5
��

Æ
� %� ���
����� ��	�

��
 � ��
���
�� ��  � 
��� �
 
��	� ��
���
�� ���� ��
 �����	�� �����	�� �
����� � � �  �

�	� �
 
���
	�
� 	�

 � 5

���
��

��� 0�1
6

�

���0�1
0E1

��	��� ������������ �� @�� (� ��
 ���
��� 
�
��� ��� ��� ��
 ��
��	���� �������� ��

����


��

�����
�

5
"� �� �	� 0��1

( ����0�1

�
	
0
���
��
�
1 6 " 6

�� � �

� �

�
�

� �

�� � �

� �

��
0D1

 ��� 8 ����� ��
 ��+
�
��
 �� ���
��� 
�
��� 	�� 
	�� ��� ��� �	��
�'� 	����	�� 	�� ��

��
��	���� ��������� ��
 ��

���	� �
����� 	�
 �	�
� �� ��
�
�� ��
�
��
� �� !<#� ��
�
� � 7� ��
 �
����� �� ��
 ��
��	���� �������� 	�� �	��
� 	��

�

������� ��� �	�����	��

��
 ��

 ����	�
 
�
�	���� �� ��
�	�
� ���� 
��
��

��	� �
����� ��� 	 �
	�� �
�	�� �	�

��  ��� C� ��
 �	�� �� �
��	����	� ���� � 5 "�E4
� 	 2����� �
���� # 5 7�8
 	�� 	 ���	�
�
���� �� � 5 "�7(
� ��
 �
���� 	�� 	
������
 �� ��
 ��	� 
����	���� 	�
 & 5 "�E"�
	�� 
� 5 7�78
� �
��
����
��� 
� 

	�� ����
� ��	� 	
������
� ��
 2���
 ����
��� ��	� 	

�	����	����� 
���
	�
 �� ��
 �
�	�� �
����� � ���� �	� �
 �	����	�
�� ���� �	��
 �� �
����	��
�� ��
 ��
������� �� ��	

��� ��	���

 ��� E ����� ��
 ��

������ �� ��
 ����
	��� ,*- �	�� 
��
� ��� ����� ��
���	����	�
	�� 
��
��

��	� �
����� �� ����)���	� ����
� 	�
 ��
�
��
� ��  ��� D� � �� ��
 ����� �� ��


<

URN:NBN:no-2322



0

2

4

6

8

10

12

14

16

20 30 40 50 60 70 80

�
�
�
��

�
�


�
�
�
<

�

� �����

�	�
���
 	����	��
�����	���� 
������


0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

20 30 40 50 60 70 80

�
	



��
�

"�
�
�

� �����

�	�
���
 	����	��
�����	���� 
������


 ����
 89 >��
��� 
�
��� 	�� 
	�� ���

�	��� ��
 ��	
�
� 	���
 �� <8� ���� ���
� 	 �
������� �	���� ��� ��
 ���
��� 
�
��� ���� ��
7�(E 	�� 	 �	���� �� 7�(( ��� ��
 ���
���	� 
�
��� ����� �	��
�'� 	����	�� ��
�/��
���� ��


�
��� ���� ��� �	��
 	���
�� � ���� 	��



�� �� �

� ��� �
����� 	� 	� ���
 �
���	��
�
��
�
 ��
 ����
�� 	����	�� ��
����� ��� �	��
 ����
�� �����
� �� 
���� 	�
 �������
� �
����

��
 
�
��� ���� ������� ��
 &
� 	�� 
�������� �� ��
 � 
��
��
���� �0�1 	�
 �����
��  ��� F� G� ���� ��
��	� �	�
� 	������
	�
�� "'< �� ��
 ���	� 
�
��� �� ��
 ���� �� ����
������ ��
 �� � �
�	��� �� ��
 ����
���
 ���
��� 	�� ���
���	� 
�
��� ���� 	�
 �� ��
 �	



	������
� ��
 
	�� �	�� �� ��
 
�
��� ���� �� �
�
�	�
� ������ ��
 �����	� ��	�
 �� ��

�
�	��� $
��
� ��
 
����� ��
 �� 	� 	���
����� �� 	 ���
	��� �
��
	���� �
�	�� �
����� �
	�� �����	�� ��

 ����	�
 ����	���
 ������ ��� �
 �	��
� � �� 5 48�<(8 ��
 �
�	�� 
��
�
�	�� ��
 ��	
�
�
� �	�� �� ��
 �����

��
�
 	�
 �
�
�	� ���
��	����
� 	�� �����
� �� 
���� �� ��
 ��
�
� �
�

�������� ��
����� ��

 �	 �
�

� �������
� 	��
	��� ��
 	����	�� �� ��
 ������
	� ��� 
��
� ��
�� ��
	� �
����	��
� H������ ������
	� 
+
��� �	� ��� 	� 
����	���� ����
 �� �
���	��

�
���� �� 	 �	��
 
����
������� �� ��
 
	��
�
 ��

 ����	�
 
�
�	����� �
	���� �� 	� 
�
�
�	��
� 
���� �� ��
 
���
	���� �� ��
 �	
���� �
�
�� ,��	� �����	�� �
����	� 	��
�
�	�����
	�� �
 "� 	�
 �	����	�
� ��� ��

 �
�	�� �	�
�� ��������� �� I
��
� 	�� I���
!C# ����
�� 	 ����
���� ��� ��
	���� �� 	 ��	����� �	�
� ��
 ���� �	��/�������� ���
 ��
 �
�	��
�� ��
 	�	����� 
��
� �� ������� �	
����� ��
� ��
 ���	���� 	�� ��	��	� 
��
�� �� ��

�
�	�� 	�
 �	��
 ���� ��
���2�	���� 
	� �� ����
� ��Æ�
�

 ����
� ���� ���� ����� �� ��
 �������
� �
�
���

�� �� 	 ������
	� �����	�� 
�


��


���� �
����
� ��� �	����	���� ��
 �
�	�� &
� ���� ���� 	����	�� ���� �
��
 �� �	���	�

��
 ����
�� 

�������� 	� �
�� 	� ������
 	� 	��
��	���
 �	
���� 
���
	� ��� �
	�� �
�	��
����	������ ��
 ���� �� ����� ��
 ��
 ������
	� 	�	�����	� 

���� ��� ��
 ���/�
�	�� ���
�� 
����	�
� �� ��
 ��	
	��� ��+
�
��
 �� ��
��	���� ��

� ��
 
�
��� ���� ������� ��

&
� �� �
����	��� ����� 	 ��	�
 �� ��
 	�� ����

 �� ����� �����	
 
��� �	�
 	 �
�� 2�

�����
��)	���� ���� �� ��

 	�� ��	�
 �� ���
� �� �	����
 �����

8

URN:NBN:no-2322



0 5 10 15
−0.4

−0.2

0

0.2

0.4

0.6

0.8

t [s]

ζ 
at

 le
ft 

w
al

l [
m

]

Experiments
Theory

 ����
 C9  �

 ����	�
 
�
�	���� ��� 	 �	�

�� �
	 �� ���� �
�	��

���

�

	 � �	�	

���


�

�
	
�
	��	

� � ��
	

 ����
 E9 I���
	��� ,*- �	�� 
��
�

����������������

���� ���� �� �	�� �� 	 I�� A� ��
��� �������
� �� ��
 =
�
	��� .������ �� *���	� 	��
A
� *����
 3
���	��

����������

!"# ���������	 
� ��	 
���������	 
� ��	 ���� ����	 �� ��	 �������	 �� ��
H������

�����	� 
��	� 	�	����� �� ������
	� �������� �� 	 �
��	����	� �	�� ����
2���
 �	�
� �
���� ���
��
� ��� ������	���� �� �� ����� �	
���

!(# ������	 �� 0"F4(1 :J�
� �����/ ��� -�
������:	��
 	�� �
� K�
��	��
 ���  ���/
���� 
��
�� B
�������  � ���
�� ��
�� ��� �	
�� ��� "F4/(48

!4# ��������	  � �� 0"F8D1 @�
��� ������	���� �� ��	����� �	�
� �� �
��	����	� �	�����
�� ����� �	
�� �� 44/87

!<# !���	 
�	 � �� ������	
� �� 0"FF41 �	�
� 
���� �� 	 �� �/��

�����	� ����
����
����� �	
�� ���� 8F4/C"(

!8# ���������	 
� ��	 
���������	 
� �� 0"FFF1 �������� 	�� ��	

��� �� �	����
��������������������������� -�	���/K���	�	� I��	��

!C# "�����	 ��  �	 "��#�	 �� �� 0"F8(1  ����
 I
������ ��	����	�� -�	���� �	�
�
�� 	 I
��
�� ,������ ����� � ��!� �"#�� $"
� 0,�����1 � ���� (8</(D<

C

URN:NBN:no-2322



0

20

40

60

80

100

120

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 2.1

/+
�
�

�
�
�
��
�

� 0 1

��#!2�������� "� 2�� 

������� ��� 3+	
������� ��� 3+	

��%&�"�� '���" 4,5 3+	

6���" 3+	

 ����
 D9 ,*- �	�� �
�

5 7�<� ��
�

5
7�7"� .�
���	����	� �
����� 	�� 
��
��/


��	� �	�	 ��� �	����� �����

0

20

40

60

80

100

120

140

35.2 35.25 35.3 35.35 35.4 35.45 35.5

�0 1

����� � /+��

��
	� � /+��

7����

7�
	�

� �������"�% �/+��

�8�9 � /+�

 ����
 F9 ,*- �	�� �
�
5 7�<� ��

�
5 7�7"

	�� & 5 "�<4�� .�	��
 �� 
�
��� ������ 	�
�
�	��

E

URN:NBN:no-2322



�� ����
 �

URN:NBN:no-2322



	���� �

� 
�� �� �������� �� ���� �������

����������	 
� �� ��
 ���������	 
� ��

�(�	 ��������
���� �����	�� �� ����� ����� ��
 �����
�� ��

���

����'��*�� +� ��� ����

<<<

URN:NBN:no-2322



��	 ����
 �

�������

���� �������� 	���
	�� �	� �
������� 	� ��� <F�� ����
�	����	� +�
����� �� +	��
 +	
�� 	��
&��	���� 6����� �� ,�
�����	� M	�	��

�������� �� ��� ������� �� �	
��� �������
��� ���	��� �	����� ���� 	�	�� �� ������� �� ����
�������� ��� �������� ������� ��
��� ���� �������� ��� ���� ������� � ������� ������ �� ����
���	���� 	�� �������� �	� ���� ����� �� ���� ��
 ������ ��� �������	
 �������� ������ ���������
	� ���	�� ����� �	� 	� ���	� ��	
���� ������ ����� ��� ��
����
� �� ��� ������ 
�	���� �	�����	���
��������� � ���� ������	����	� �Æ������ �� 	��� 	 �����%�	�� 	�
	��	���

���$���������	� ����
������ � �
� ��������� ��
 	 ���$��	��� ���� ������� ������� �� 
����	

��	� ��	� ��� ����
������ 	
� ���� �� 
	���	�� ��� �	����	���� �� 	 ������� �������

� �����
��	� ����	
 �
�'�����$ 	�� ����$���	�� ���� ������� �
��
	� �	� ���� �� ��� �	���$
�	������ ���� ��� ��������� �� 	 �������� ������ �
��
	���� �� ��� 	����
� ���� ������ ��
��
	� ������ ��� �������� ��
��� �����
 �	��� �� 	 ����	
 �
 �������	
 �������� ������ ���� ��� 
����
���� �	�� ������� 	� ������ ���
	��
 � �	����	����� �� ��� �
�'����� ���	�� ��
� ���� ���� ���$
�	
 �������� �	� �������
��� �� ��� �	�� �� �������	
 ��������� ��� �������� ����� ��� ��� ��
�
�
���
�� ���� ��� ���� ���	�� 
�
���� �� ��� �����
��	� �
��
	�� �����	�� ��� ���
����	���
���Æ������ � �
� �	����	��� �� ��� �
��
	� 	�� ���� 	� ����� ��
 	� �����
	���� 
������ ���
�
��� �'�	���� �� ������ ��
 ��� ������� �������  '� (<) �� ��� �	��
� �	� �����
	��� �� ����� ���
��� �� �����	�� ���Æ������ 	� ������� �� 	 ���
������� ��
���	���� �	� ������ 
���
	�� �����
���	��$��	�� ������� � �
�������� 	�� ��� ����
������ ���� ��	����� �� �
	�� �� ��� �����

�
��
 �������� ��
�� �	
������ �� ��� ��	� ������ �� ��� ������� �������

� ��
��� �������
��� �� ��� �	����	��� ��	� 
������� �� ��� �	����� ��
�� �� ��� ����
�	� ��������
��� �	� ����� 
�
�� ��
 ��	� �
�'������� �� ��� 
������� �� ��� %
�� ����	
 �������
��� ��
 ��� ����
������ �� ��� �	��� � '�	��$����	
 	��
�	�� �	� 	������ �� ����	�� ���� �"����

&���
� > ������
	��� ��� 
��	�������� ������� ��� �	
� 	�������� 	�� �	
� �
�'����� ���� �� ���
����
������� ��� 
	���� �����	�� ��� ����� �� ��� �	
�$�	��
� 9	��
 ��
�����	���� ���� �� ��	�
��� �	���
	���� �
	����
 �������� �� ��� ����
�� ������ �� ��� �	
��	��
 �� ��� ��
������ 	���
	��
��
 ��� �
�'�������� ���� ��������� ��� ��
�	��!	���� �� ��� ����
�����	� 
������� ,�� �
�
� ���
����
��	��� ���� ��� ����� 	�������� 	�� ��� 	�������� �� ��� 
�������� �	
� �� �����	� �� ���
�
�'����� 
	��� ��
�
�� �� &��� F�

��� ��� ���� ���� �� &��� F ����� �
��� 
������ ��
 ��� �� 	�������� ���� 	 ����	
 ��������
����� �� 	������� ��� 
������ 
	��� ��
 � � � %���� �	��� ��
� ���� �� ����	��� &��� = �
������
��� ��

��� 
	�����

URN:NBN:no-2322



���

0

0.1

0.2

0.3

0.4

0.5

0.6

7 8 9 10 11

./�	���	��

0��	�� 
��
����

� )��
1
*

����
��

��

2�����	�� 
��
����

3�	 ���4� � 5 �	�6��

&���
� =�<D 5���	
���� ���� ��� ����
������ 	�� �	����	�����

URN:NBN:no-2322



������ �� �����	
� �
 ��	� 
��	�
�

���� �� ���������� ��� ��� 
� � ��������
������ ��� �! 
����� �"����"�� �#�


��$����� %��������" �! �#���#� ��� ��# &�����"

'()*+ � ����&�� ,
��$�"

���� � ���� 	�

���� 
����� 	�
�� ����� �� ������ �
������ ��� �		�
� ��� ���� �������
��	��� �
������ ���	� �� 
���
� ���	�� ��� ���� �������� ��� ����
������ �� � ����������
���� ��	���� ��	���� �� 
���
�
 ���� ��� ���� ���� 	����	��� �� ����� ���� 	���
���
���	�� ��� ��	���� 	�� ������� ������ ��� 	�� ��
� ���� �� �� ��� ��� ����
��
 ����
������ �
��
�� ��� �� ��
��� �� ����� � ������
� 
����
 ��
�� ����
� �
��
��� ���
� ���
�
������ ���� �� ���	
���� �� � ���
����
 ������� ��� �������� ��
������
 ���
��	� ��
 �
������ ��� ������� !"# ��� ���� ����� ���� ������ ��� ���� ���������
� � �
������ $�

$�
	�� ���� �������� ��� �
����� ����� 
��
������ � %
�� ��
������� $�
 	���
�� ����
��

��� ����
��
 &����
��� ����
������ � �
� 	�

��� ��� �� ��� � ���&��� �$ ��� ����
����� �$ '�
���

(��
�������	� �� )�)*� ��� &��� ��� �� ���
�

 
����� �$ "+�, � ��� �� -�. � �����
/� �� �������� ���� �� �
�	�
���	�

� ���
����� 	������
 	���
�

��� ����
� &�� ��������
�
	�
��
���� $�
 � ����
 ����� �$ "�-+ �� ��� ���� ��

� ��� ��� ������ �$ ��� &��� �
�
���� �$ �
����
 ��� " ����� ����
 ��
�����
�� ��� ���� ��	���� ���� �� ���
�

 
����� �$ ,0. �� ���

� �� 	
��
��	� $
�� ��� &��� ��

�� ��� �
����� �� 1-- �� ��� ��� �
�$� �-- ��� ���
��� ������	�
 ����� ���� �
����� � �$ +2. ��� � 
����� �$ ",- �� ��� � ������ �$ �33 �

+33 �� ��������� �� ��� �������� �$ ��� ��	�� ��� ��	� ��� �� 
�� �
�� ���� �
������
����	�� ����
 ����	� �� ��� ���� 
��$ �� ����
��
�� )� ���� 
��$ ����	� �		�

�� �� ���

���
��� �����
��� ����� �� �
� ����� �� ��� ����
 �� ���� ��� ����
 ����� � ����
� ���
������	� $�
 ��� %��� �
�$� ��� ����
��� ������� �$ ����
 �� ��� ������ ��� ��	����
�
���� �
��� �� � 
��
� ���
� 
�� $
�	���� ���
���� �
� ����� /� �� 
���
����� $
�� �
�$����
�� �� ��
���� ���� � ����
 �������� �$ +-�0 )4�� ��� ��
���� 	���� �� �����$
�����	� ��


��
�� ��� ������� ���� $
�����	���� ��� ��������� �$ ��� ����� ��� ���� ��
�� � 	�
����
��
����
� ��
�� �� �
���� � �
�������  ��� � ����� ��� 	 ����� 
�
����� ���� ��� $
�����	�
� ��� ���
����� �� �$ ��� ����
���� 
���
�
 ������
5 ����	�
 ���� ��
��� $�
 ��� ���� ������ �$ ��� ��	���� ���� ����
 �� ��� ����� �� �����

��  ��� +� 5 �
������� ����� �
�	���� � ������ ����� $�
 ��� ������� 5 ������� ��
��� �$
� , � �� ������� ��
��� ��� �
������� ������ ���� �� ��� �������
��� �$ ��� ������ 	���������
�$ ��� ��
���� ��� ��� ���� ����
� 5 ���$� �� ���� �������� �$ ��� ��	���� �		�
� ��� �� ���
�
��
 �
�$� $�
	�� ��� ������ ����� ������� ���� �
���� �� �����
 �
��
 ��
����	�� ����
����	���� ���� ��� �����
 �
��
 ��
� �$ ��� �
������ $�
	� �� %
��
�� ��� �� ��� ������� ���
������ ����� ����� �� ���
� $�
 
��� ����� ��� 	���������
� ��� ��	�
�������� �� �����
��
���� ���
����� ��	
�����  �
� �����
���� ��
� 	
��� �� ��� %
�� ����
�
 ��
��� �$ ���
&��� �� ��� ����� �� ������
� ��������� ��� �		�
� ��� ���� ���
����� ���$�� ��� ����
�� � ������ ����� 
�������� ���� �
�	� ��
��� ��� 
��� /� ��� ����
������
 ���� �
�������

���
 ���
� ��� ���� �� %

�� ���� � 6 -�"31 �� ���� 	�� �� ���� �� �� ���
� ����
���

"

URN:NBN:no-2322



�

��� ����

��� ����

	��
��
�
�

��

��


�� ����


�� ����

��� ����


��� ���


��� ���

 ���
� "7 8� �������� ���� ��	����� ���� ��� ��� ����

0

1

2

3

4

5

3 4 5 6 7 8 9 10 11

�� ����

� �����	�

 ���
� �7 9�
��������� ���� ��� ���� ���
����� ��� ���� $
�����	�

�����
�� ���� ���
������ $�
 � ���� $
�����	�� 6 3�., 
��4�� ���� �� ����	����� ����
:���� ������� ����
��� �
��	��� �$ ��� ������������ �
������ ��
����� !�#� ��� ������
����� ���� ���� ����� 
�&�	��� $
�� ��� ��������
 ��� ��� ���	� 
��	� ��� ����
�
'����
�� ��� 	�
	�
���� ���� ���
������ $�
 ����� ����� ���� ���� 	����
�� ��

��
����� ��� �		�
�	� �$ ��� �����
������� ;���  ��� 1<� 5 ������
� 
����
 ����������
�
��
�� ��� ���� �� ��� 	�
	�
������� ��� ����
������
 
���
�� $�
 
���� ���� ��
�� ��


���� ��� 	������� ��
����
 ��� 1 �

���
���� ��� 
�
�� ���	� �$ ��� &��� ������ ������ ��� ������ ���� � �� ���

�


�
 �
��� �
� �����
 ���� ��� 
�� ��� 
����
 �����$
�����	��� �$ ��� &��� ������ �� ��� ������
� ���� 
������� 
���
 ���� $�
 � 
���� &��� ���� �� ����
��� $�
 ��
$�%

�� ������ ���
$�
	� 
���
���� $
�� ��� &��� ������ �� ��� ����� �	�� ������� ��� ���� ��	������� $�
	�
�� ���� 	���� ���� � � �� ��� ���� ������ �� �
���� =�
��  �
 � �
��� �
� ����� �� ���
���� ������ ��	
����� ��� �� ��� &��� �� ��� ������ ���� ��������
 	�� �� ���
�������
�

�

URN:NBN:no-2322



���
����� �� ����� � 
����
 ����
 $�
 ��� �
������� ��� ����� �$ ��� �
������ $�
	� ���$��
"3-Æ ���� ��� ��	������� $
�����	� ����� $
�� ��
�� �� ����� ��� %
�� ����
�
 $
�����	��

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

10 15 20 25 30 35 40 45 50
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

20 20.5 21 21.5 22

�� ������ ����

� �	�� �	�


���	�
�� ��
��� 	���
 �
� ����	�
��

 ���
� +7 >����
� �$ ���� �����
� �$ ��� ���� ������ �$ ��� ���� ��	����� � 6 0�1� 
��4�
��� �� 6 -�-",�

0

0.1

0.2

0.3

0.4

0.5

0.6

6 7 8 9 10 11

�-���� ���� �����  ���
���#.������� �����  ���

�-���� ����

� /���0�1

����
��

��

 ���
� 17 ?��� ���
����� $�
 
���� ���� ��� $�
 �� � ����� %

�� ����� 6 -�"31 �

��� 	����� ���� ���� $
�����	� �$ ��� ������� ���� ��� ��� $�
	�� �	���� �� ��� ����

�� �����

� ����
��� $
��  ��� ,� ��� 
���� �
�� �� ���� %��
� ��� �� ��� ����
������

��
��� $�
 ���� ������ ���� ��� �$ ��� ����� �� %

�� ���� � 6 -�"31 �� ?��������
��� � ��� ������������� �������� �$ ��� $
�� ��
$�	� ���� ������ ��� ���� ��� ������� ���
���� ��	����� $�
 ��
�� ����
��� ���� $
�����	���� ��� ������� ������� ��� ����
��
 ���

+

URN:NBN:no-2322



����
��
 &��� ������ ��
���� �� ���
�������
� ����
����� ��� ��� ����
��
 &��� ������
	�� �����
 ���
�$� �
 
���	� ��� ���� ������� ��� ������� �� ������� $
�� ��� 
�
�����
��
��	�
 ������ �$ ��� $
�� ��
$�	�� ������ ��� ������� ��� ����
�

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

7.5 8 8.5 9 9.5 10

c) a) b) c)

Water surface

a) b)

Water surface Water surface

���
���
��	

����
��

�

 ���
� ,7 '����� �$ &��� ������ ��� ������� ��� ����� � 6 -�"31 �� @�� ���� �� %

��

5� ����
������ ���������� �� ����
��� $�
 ���� $
�����	��� 	
��� �� ��� 
������	� $�

��� &��� ������ �� ��� ������ ���� ��� � ���$
��� ���� ��� ����
� � �����%	��� ����
������ �� ���������� ���� �� ��
� ��	���� �
������ �� ��� ������ ��� ���� � �
������ $�
	�
���
�� �� 	�����
�	� ��� ��	������� $�
	� $
�� ��� ������ ��� ���� ������ ��	
����� ����

�� ����
��
��� �� 
��	���� 5 � ���� ����� ��� ���� ����	�� �
������ $�
	� �
���� ��
��	��
��� ��	������� $�
	� $
�� ��� � �����(�����
� ���	� � � �� � ��
� ���

 ���� ������
	����� � ���
��� �
������ 
��������
 ��� . ����� ����
������
 ��� 	������� ��
��� �$ ��� ���� ������ �$ ��� ����
 $�


����
��� %

��� 
���
� �$ ��� �
 �� � ��������� %
�� 
����
 �����$
�����	� �� �� ����	����
�� ��� �
���� A�
	�
���� ��
��� $���� �� ����� �� ���
���	�
 
����
 ��� ���
����
 �
������
��
����� ��� � ������
� 
����
 ���� ������ �
��
�� $�
 ��� ����
��
 &� ��
� �
���� ���
$�
 �

 	����� ��� 	�
	�
������ ����� �� ��� 
����
 �
������ ����
 $�

� � ��� ����
�

�
��� �$ ��� ����
������� (�� ���
� ��� ���� ���
����� �� 	���������
� � ��
��
���	��� $�

$
�����	��� 
���� ����� ��� ��� 
����� �� ���� ��� 
����
 �
������ $�
	� �� �����
 �� �����
�
 ���	�
� "3-Æ ��� �$ ����� ���� ��� �������� �$ ��� ����
� 5	���

�� ��� ����� �
��������
�		�
� ���
 � 	�
���� 
���� �$ $
�����	����  �
���
��
�� ���� � 
�
�� ��
	������ �$ ���

1

URN:NBN:no-2322



0

0.1

0.2

0.3

0.4

0.5

0.6

7 8 9 10 11

�-���� ����
������ ����&���

� /���0�1

����
��

��


�������� ����&���

��� ����, � 2 3�+4) 
0

0.1

0.2

0.3

0.4

0.5

0.6

7 8 9 10 11

�-���� ����
������ ����&���

� /���0�1

����
��

��


�������� ����&���

�$� �����, � 2 3�+4) 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

6 7 8 9

�-���� ����
������ ����&���

� /���0�1

����
��

��


�������� ����&���

��� ����, � 2 3�3*) 
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

7 8 10 11

�-���� ����
������ ����&���

� /���0�1

����
��

��


�������� ����&���

��� ����, � 2 3�5* 

 ���
� .7 A����
����� ���� ��� ����
������ ��� 	�
	�
������

�
������ $�
	� �	�� �� ����� ���� ��� ���� ��� ����� ���� $�
	�� ��� ��
�� �������
����� �����	
����� ������ 
���
�� �� �� ��	
����� �
������ $�
	� ���
������ ���� ���
$
�����	� �� ����
 �� �� �� ��� 
����
 �
������ ����
 ��� 
���
���� �
������ $�
	� �� ��%����
$�
 %���� ���� ������� ��� 	���������� �$ ��� 
����
 �
������ $�
	� ���� ��� ������	�
�$ ��� ����
 	���� =�
� �� ��$�
 � 6 ��� ���
� �� 
��
��� ��� �� �������� ��

 �� �� �
������� ����
��� $
�� =�
� �� ��� ��	����� �$ ���
��� 
����
 �
������ ����
 $��
� �� �
���	���� ��� $
�����	� �$ ������� ���� ������

$�
 ��� ��
�� 	���� ���� ��
� ��� ���� �� %

��� ���	� ��� 
�
�� ���
����� �
������ ��

������	� ����
������ ��� ���������� �$ � 	������� ����
�
 $
�����	� $�
 ��� �� ��
��

&��� ������� /� !�# �� �� ����� ��� ��� %
�� ����
�
 $
�����	� ��
��� �� � $��	���� �$ ���
�
������ ���
������ ���� ��� %

��� ������ � �� ��
�� ��� 	
���	�
 ��
�� �	� 6 -�++21�
�� ��	
����� �� ��� ���
����� ��	
������ ���� ���
���� ��� ���	
����	� �� ������� ����
�� ���
����
 �
������ ����
 $�
 � 6 -�-01 ��  �
 � 6 -��0 � ��� -�"31 �� ��� ����


�� �
 �� ��� �� ��� 	
���	�
 ����� ��� 	���������
� ��� ����
������ ���� � ������� ��
��
��� ���� � 6 -�"31 � ��� �� � ����� �
� %

��� ��� ���
����� �$ ��� �
������ ������ ��
� � �� �� 
����
 ���

� (��	� ��� 
����
 �
������ ����
 ����� �� �		�����
� 
���
��
/� ��� 	�����������
 
���
�� ���
� ��� ���
����
 ����
 �� ��	
����� ��� �������� �$

������ >�� ;"< �� ��
� �� �� ���� ��� 	���
�� ���� ��� ���
����
 �
������ ����
�

;
 B ���< C�� B��� D�� B 
���� � ����;��<� ������;��< 6 - ;"<

,

URN:NBN:no-2322



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

8 9 10

�-���� ����

� /���0�1

����
��

��

��#������� �


�������� ����&���, � 2 3�35

�������� ����&���, � 2 3�3+

 ���
� 27 >���
������
 ��� 	������� ����
���
������ $�
 �� � ������� 6 -�"31 �� >$�
$�	� �$ �
������ ������� �

-12000

-10000

-8000

-6000

-4000

-2000

0

2000

4000

6000

8 8.5 9 9.5 10

���� 2 3�6 # 
���� 2 3�+ # 

� /���0�1

������������������������

����

 ���
� 37 '��� ��
�� � �� ����� ���� ����
�		�
�
����� C��

/� ;"< 
 �� ��
�	��
�
 ���� ��	
����� ����
��
 &��� ����� ��� ��� ��� �
� ��� $
�����	�
��������� ����� ���� ��� ������� ��� �� ��� ����
��
 
����
 &��� 
�� �� ��� 
����
 ��
���
	��Æ	����� ���� �� ��� ��
�=����
 
����
 ���� ��	������� $�
	� ��������� �� ��� ��
�=����

$�
	� 	����� �� �
������� ��� ����
������ �
� �
�
����� ����
 ������ ����� ���� ������
�� �	������� ��� ����
��
 &�� ����
 ����� :����%	������ 5 �
���
 
����
 ����
��
 ����

����
� �� ����� �� ��� �������
��� �
������� � � A������ !+# ���	� ���
��� ���� ���

�������� $�
	� �� � $��	���� �$ 	�� ��
������� ���
�
�� ���� � ��
��� ������ �� �
��

�� 	�
	�
��� ��� �
������� ����� �$ ��� ����
��
 &� ���� �
������ ����	�� �����
 �
��

��
����	 �������� 8�� ����
�
 �����
�� ���� 5������� !1#� 
���
� ��Æ	�
���� �� ���
����
��	 � � $�
��
����� �� �
�	��	�� 5	���

� ��� ��&���	� �$ �����
 ��
����	� �� ��� �
������
$�
	� �� ���
����
�� ���� 	�� �� ���� $
�� ���	�
�
 ���
���� �$ ��� ���� ������ ���� �����
��
/� ��
 	���� ���	� �� $�	�� �� ��� ������������ �������� ��� �
����� ����
��
 $�
	� ����


��
������ � �����$�	��
� ���
����������
8� ��	
����� � ���
����
 �
������ ����
 � �����
 ��
������ ���� ��� ��� 	�
	�
������

��� ��� ����
������ �� ���������  �
 ������	� � ��	� ���
���� �
���	���� �$ ��� �������
�� �� ������ �� �	���� ���
��� 	������� �� �����
������ $�
 �� � ����� ��� � 6 -�"31 � � �
� $���� �� ��

�������� ��� ��� 
���
 �$ ������� 	����� $�
 ��� �
������ �������  ��� 2 ����� ��� ���
������� �$ ��� ����
��
 &�� ���	�� ��� 
���
�� ���� � ��
������ $
�� �E �� "E�$ ���
	
���	�
 ������� �� 	������
��� 5 ���	
������ �$ ��� ������� �� ��	
���� �� ��� �
������
����
 	�� �� $���� �� !�#� ���� ������� ��� 
��
����� ���� ���	��� ���	�� �
 
�	�

�
������ ��� �� ��� 
������

� �
���	���� ��� ���	� �$ ����
��
 ��
��� �������� �� ���
���
� 	�
��
� � ��������� ��� $���� �� �� ���

�  �
 � �� �� ��� �� �����
������
��	
���� ���� � ��	
������ �������� ���
� �
���� �
������ 
������	� ��� ������ ��	����
���

�
� /� �
��
 �� ���
��� ���� ����������� ��� ��
��	� ���� ��� ��� ����
��� ��
�� ��
��� �������� �$ ������ ��� �������� 5 ������
����
 ���
��	� ��� ���
���� ��� ��� �$ ���
��
�� �� �
 "3-Æ ��� �$ ����� ���� ��� ���� �		�
�
������ �
� �
������� ��  ��� 3� ���
	���
������� $
�� ��� �
������ $�
	� �� ���
����� �� � $
�����	� ��������� 
����
��� ��
�

.

URN:NBN:no-2322




��������� 8� ������ �� ���
��� ���� � 
����
 ������ ��� =�
� �$ ���� ��� 	�

�������
�� �� �����$
�����	� $�
 ��� ���� ������� ��� ��� �� 	
��� �� =�
� :��� ����� �
 ��
��
� 6 0�, 
��4� $�
 ��� �� � ���
������ �$ ������ ����� ���� ������ �
��������  �
���
� ���
�
������ $�
	� �� 
�
�� ��� ���

� "3-Æ ��� �$ ����� ���� ��� �		�
�
����� �� ��� ��	����� �$
���� $
�����	�� ���� � ���

 	����� �� ��� ������� ��

 
��� �� �� ����
���� �
��
����� �$
��� ��
� �$ ��� �
������ $�
	� ���	� 	�� �� 	������
�� �� � ������� ��
� $�
 ��� 	���
��
������� ��� ������� ��
�� �
� �� ���� 	��� �

 ���� ��
��	�� ��� ����
��
 $�
	��  �
 ���
�����
� �
������� ��  ��� 2 � ����� 	����� �$ ,Æ $�
 ������ �� � 6 0�1 
��4� 
���� �� �
	����� �$ "-E �� ��� ���� ������� ��� ����� �� � $��	���� �$ ��� ������� �$ ��� &���
������ ������ ��� ������ ���� ���
���� ��� ����
��� ����
���	�
 ��������
� /$ ��� �� ����

��$ ����	� ��� �		�

��� ��� ������� �$ ��� ����
��
 &��� ������ ���
� �� ���������
�� ���� 
��$ ����	� �������� !,#� ?��	� ��� 
����
 ������� 	�������� 	�� �� 
������

�
	�
	�
����� ��� ��������� �� ��
�	���� � �������
���� ��  ��� 2 ���
� �� ������
�����
 �
���
 ��
� ��

 ��	
��� ��� ���	� �$ ���� 
��$ ����	�� 5 ����
�
 ���� ���� �� ��

��	
��� ��� 
�

 ��� ����� ������ �� ��� ��� ����
 ��$�
� ���
���� �� � +�� ���
���� ��
����� ���� ��� ���� �����	�
 ���	�� �
� ��	
���� ����
�������
� �� � 	���
�	���� ������	
�������

��������	
�����


���� ��
� �� ��
� �$ � F�� �� ������ ������
�� �� ��� 9����
	� A���	�
 �$ )�
����

���������


!"# ���������	 
� �� ��
 �������	 �� �� ;�--"< 5������� ��
������
 ���
��	�
�� ���
����
 �
������ �� � 
�	�����
�
 ������ �� ����� �	
��

!�# ���������	 
� ��	 ����������	 
� ��	 ���� ����	 �� ��	 �������	 �� ��

;�---< '�
������������
 ����
 ���
���� �$ ���
����
 �
������ �� � 
�	�����
�
 ����
���� %���� ����
 ������� �� ����� �	
��� ���� �-"��+1

!+# �������	 �� �� ;"0.�<� ��� ����
���
������� $��	���� ��� ���� �������� �
��
�
��	
���� �;12<� "-"�"-0

!1# �
������	 ��  � �� ;"00,<� )��
����
 ��

 ��
��
 
����� F���� ������� ��
$� *���
��
���� �$ ��	���
����  �	�
�� �$ '�	����	�
 >������
��� ��� '�
��� ��	���
���

!,# ����������	 
� �� ��
 ���������	 
� � ;�---<� ������� �$ �
������ ��� ��
���� 
��$ ����	�� ���� ���	��������� �������� �� ���	� ���	� ��� �������� ����	��
A����
��� /�
��


2

URN:NBN:no-2322



	���� �

�������� �� �������� 
�� ���� �������

����������	 
� �� ��
 ���������	 
� ��

��&	� '�
*�''��� ��  � �	
� �������	

<><

URN:NBN:no-2322



 
Is not included due to copyright 



�������� �

"	��	
� ��	 �������� �
����
�����

� �������
 �
��
	� �	� ���� ��
������ ��
 �	����	���� �� �������� �� 
���	����	
 �
 ��	���
��
�	��� ��
��� �� ��
� �� ��	�� ��� ��
� �� ��� �
��
	� �� 	� ���������	���� �� ��� 	�	���
�
��������	� 	��
�	�� �� &	������� 	�� ������	 (>CC<)� ���	�� �	����	����� 	
� ��������� 	�� 	�
���
	��
 � �
�����
� �� 	������ ���� ���	��� ����
� ��� �	����	���� �� �	����� ��� �� ���	���
����� �� :�����	��� 	�� &	������� (>CCC)� (*	��
 =)�

&���
� ��< �
������ ��� �
��
	� ��� ��	�
	�� 0��� ��	� ���� ��� �	�� ����� �� ��� ��
��� ��
������	����� 	
� ��������� ��� ������� �� -������	���� ��
���- �� ����
�	��� �� �� ������	
� ��
������
 ��	���� �� ���
�� ��
������� ��� ���� ��
��� �� 
��	�� ��� �
	�����	� ���� �� ���
�� ��
��� 	
��%��	� ����	
 �	����� ��
�� � ��� ������	���� ��
��� ������ ���� ��� �	��
 ��
�	�� 
����
	��
� ��� �����	� �������
��� �	��
 ��
 �� 	� ��� ���� �� ��� �	���� � ��� �	�� ����	��� ��� �	��

��
�	�� ������ �	
� 	 ����� 	
� 
 ������ � 	� ��� ����
 �	��� ���� �
���
��� ����� �� �� 
������
	�� �� 	��� ��
�� ���� ��� �
�� ��
�	�� ������ �� ��"�
��� �
�� 	 ��	����� �	
��

��� ���� �������� ���� ��	
�� ���� ���
��� ��� �������	
 ������ �� �
���	
� ��"�
����	� �'�	�����
��
 ��� �� ��	� 
��
����� ��� 	��������� �� ��� �
�� ��
�	�� ������

+��� 	 ��� ������	���� ��
��� ��	
��� ��� ��	��� �� ���
�� ��
��� �	�� ��
��� �� ���� ������ ����
���
�� �� ���� ��� �� ���	���� 	 ��� �	����� ���Æ����� �� �	����	���� ��� ��

�� ����
	����
�����
 �� ����	
�� ���� ��� �	����� 	���� ����� ��� �	����� �� 
�	����� 	 ������
 �� 
����
	�� 	�� ���� ���������� ���
�
��� ��� 
	
�	���� 	
� �	
��� ���� �
 �� ��� 
���

�� �� 	� -�	
�
��	��-� �� ��� ���
	���� �� �� �� ���������� ��� �
�
������ �	
�� ��	�� �� 
��
��
��� ��� ���
	����
�����
 ���
�	��� 	�� ��� �	����	���� ��������� ���� ��� ��� �	����� ���Æ������

�� �	�� �� �� ���� ���
��� ��� ���
	���� ���� �� ��������

+��� ��� �
����
�	�� ���� ��� 
��� 	� ��� ���� �� ��� �	��� ��� �����	� ���	�� 
������� �� 	��
��� 
	���� �� ��
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Save state

Impact end at
this exact time

instant?

Impact at

instant?
this exact time

Yes

Yes

Yes

No

No

No

No

Damping = 0

Yes
Set damping level

No

Retrieve state

T = T +   T

New oscillation
period?

Calculate V  and R

Calculate V  and   E

it# = it# + 1

max iteration?
it# < Yes

it# = 0

T > Tmax
Yes

STOP

No

Start main time loop

Calculate     

∆E > 0

∆

∆1

0

βi

&���
� ��<D *
��
	� ��� ��	�
	�

�� ��� �
�� ��
�	�� �� !�
�� 	�� ��� ���	�� �� 	� 	� ���� 0�� ��	� ��� ��
	���� �� ��� ���	�� ��
������ ��� ���	��
� 	�����
	���� �� 	��� %�	���� ��� ���
�� ���� ��
��� ��� ���	�� 	
� ������

URN:NBN:no-2322



�������� �

��
	�� ��
��
 �	�� ���

	 �
�����

�
	�

'�� (	
��� ����	
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5������
 	 ��� ���
�� �� �
����� ����	
 �	��$��
��� ������ ���� �	�� � � �	����� ���Æ�����
� 	�� ���"���� �� ��� ������ �� ������� �� 	 �	
�����	��� ������	���� ��
�� � � ��� ��
��� ��
������	���� �� � � ��� �����	������ 
	
�	��� �� �� ��� �'�	���� �� ������ ��
 ���� ������ ��

� U�K � V�K �� J � (6�<)

���
� ���� ������ ���� ��
�
	��
��� ��� �
����	� �	����� �	
�� J >��� ���
� � J
�

��� � ���
��	��� �� ���
�� �� ��� ������ �� ��
�� 	�

%

%�
�(�� V�) J � V��� V�� (6�>)

��� 
���
	� �� ���
�� �
�� ��� ������ ��
��� ��� ��
��� �� ������	���� ��� �� �	����� ��

W� J

� �

�

� V���� (6�@)

��� 
������� �	� �� �
����� 	� � J ���
���� ���� ��
��

W� J
<

>
��
����� (6�A)

<A?
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�� �� ��� ������ �� ������� �� +��� 	�� ��� ���
�� �� �� ��� ��
� �� �������
���
�� � ��� ���	� ���
�� ��

� J
<

>
���

��
� (6�=)

��� �
	����� �� ��� ���	� ���
�� ����� 
���
�� ��
��� ��� ��
��� ��

W�

�
J

��
�����

���
��

�
J

��

�
(6�F)

��� �	����� ���Æ����� � �� ���
������� � J < ��
 	 �
����	��� �	���� �������

� J >��� (6�E)

���� ��
��

W�

�
J >��� (6�B)

������ ��	� ��� ��
��� �� �����	���� �� ����� �� ��� ���	���� �������
��� �� ��� ������

� �
>�

�
(6�?)

��� 
��	���� ���� ��� ��� �
	����� �� ���
�� 
���
�� 	�� � �� ����� 	�

� J
<

A�

W�

�
(6�<C)

'�� *����	�
 +��,��
 � �
� -������
.
 .������
 �� ��)

���.

2�����	� (<?=B) ���
������ 	 -������� �� ���	�-� �� ��
 	 ��	����� �	
� �� �����	� 	����������

������	���� ���� 	 ��
��� � 	�

�

��
J ��

��

� (6�<<)

���
� � �� ��� 	�������� �� ��� � 	
�	���
 ���� �� ,� 
���
�� ��	� ��� 
��	���� ���� ������
�
	�����	� ��	��� �� ���
�� �� ��� ��	����� �	
� 	�� ��� ������� �� ���	� �
�
 ��� ��
��� ��
������	���� ��

� J
W�

>��
��
(6�<>)

���
� W� �� ��� ��	��� �� ���
�� �� ��� �	
� 	�� ��
�� �� ��� ��	� ���
�� �� ��� �	
� ��
���
��� ������	���� ��
���� ������ ��	� ��� ��	��� �� ���
�� �� ��	�� ����	
�� �� ��� ���	� ���
��
�� ��� �	��� �� ��	� ��
�� � �� � ����	
���� �������  '�� (6�<>) 	�� (6�<C) ��
��

� J
�

>�
(6�<@)
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	��
� �� 	�� ��� ���	�� 
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�� ����	
�� ���
�	���� 	�� �� ���
����� 	� � (�) J �� K ��� ���
� �� 	 C� ��� ���� �� ���	�� ��
� J C� & �
 	 � �	���
�� �	��� ��� 
�
���	� ����	���� �	(�)� �
�� 	�� ����� �� ��
 ���	��!��� �
�!��
��
�	�� 	� � J C �� ��� ��	���
 �	
� �� ��� 
��� �� ��
�� �� ��� 
	���� �� ��

	��
� � 	�� ���
��	���
 	���� �� &���
� 5�< ����� ��� ��
������ �� ��� �$	����

�	(�) J �	�(�)�K
��

>�
(5�<)

+��� 	 ��	
� ���	�� ����
�� ��� ������ ������ �	� ������ ��� ��
�!���	� ������ �� ��� ��	���
�
����� 	�� ��� �	�� �	
� �� ��� ���	�� �	� �� �������
�� 	� 	 �	� 
��� ���	��� �� &��� 5�< ���
���	��!�� ����	���� �� ����� ��
 	 �� ���	�� ���	��� ��� ��

�� ����� �
	�� ��� ��
 ��
��
��"�
��� ���� ����� 
��
����� ��� �
�!�� �
�� ��
�	��� 	�� 	�������	� ����� ��
� 	� ���
������ ��
�� � ��� ��
��� �� �	��
 �	� ����� ��� ��� �� ��� ������ ��� ���	�� �� �� ��� %
�� ��	�� ����
� J �� 	��  (�) 	 ����� ����� ��
 � J �� ��� ������ ��	�� �	� ���� ��	
���� ����� ��� ��	��� ����
�� �
�	��� �� ��� ����������

&���
� 5�> ��
�� ��� ��%������� �� ������� ���� �� ��� ��	����� 	�	������  (�) �� ��� ��
�!���	�
����	��� �
�� � J C �� ��� ��
	 � 
���� Æ �� ��� ��������� �� ��� ���� !
 �� ��� 
������� �� ���
��� �
�� ��
�	������� ���� �����
	 � 
��� 	�� !� �� ��� ���� 
������� �� ��� ��� ��
������ 	� ���
��
	� 
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���

&���
� 5�<D ,�	
� ���	�� �� ��	���
�� 
���

!� J !� � !
� ��� ������� 	�� �������	� ���
�� ��� ��
���� ��� ��� �	� ����
	��� �� ����� 	�

�����

��
J

�

>
!�
�Æ!� �

�����

��
J �"(# � �)���� (5�>)

,�
� # �� ��� ���	� ������ �� ��� �	�� 	�� � �� ��� �	��
 %����� ��
��� ���� J Æ!� �� ��� ��� ��
�	�� ���� ��� ���� +	���
-� �������� (��� Q�	� 	�� &	������� (<??@)) ��
��

!� J >
� 

��
� !
 J

� 

��
� Æ J

�� �> 

<F(�

��
)�

(5�@)

��� ��� �� ���
�� �� ��� ��� �� ����� �� ��� 
	�� �� ��	��� �� ��� ������ ������ �� ������

/�� $	
�	
� ��� ,����� ��
���

��� �
�����
� ��
 ���
��� +	���
-� �����
	� �'�	���� 	�� %����� ��� ������ ������ �� ����
����
�� &	������� (<??C)�

+	���
-� ���	�� 	�	����� �� �	��� �� ��� 	��������� �� �

��	����	� 	�� ������
������� ���� ��
��	� �������	� ����
� �� 
	����

��� ��	����	� ���	�� �
����� ���� ��� ���	��� �
�� ��
�	�� ��������� $ J C �� % J C 	�� ���
���� �����	
� ��������� 
$�
% J �� (�) �� % J C �� ������
	��� �� &��� 5�@� ��� 
��������

������� �������	� �� ��� ���� ��

$ J �� (�)
�

 �(�)� ��� ��� �  (�) (5�A)
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$
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����� ��
 ������%�� 	�	����� �� ���	�� ������� 	 �� �$���������	�
���� 	�� �	��


����� ��� 
�
���	� 
 ������� 	� ��� �
�� ��
�	�� ��


$


%
J

� (�)��
�� �  �(�)

� � (�) 	� % J C � ��� �  (�) (5�=)

��� �
�� ��
�	�� ���
	����� �� 
��	��
� �� ��� ������ �� ��� ���	����� ���� �	� �� �
����� 	�

� J

� �

�

� (�)��
�� �  �(�)

�� (5�F)

��� 
�
���	� ����	��� �
	
���� � � 	 �	
����� �� ��� �����	��� �	�� �
�� ��
�	�� �	� �� �� �'�	� ��
��� 
 �
���	� ���
���	���� 	 ����� �� ��� ���	����� ����� �	(�)� 
��	��
 � �� ��� ������ �� ���
����� +� ���� ��� 	� �����
	� �'�	���� ���
� ����  	�� � 	
� ��������

�	(�) J

� �

�

�&( )�
�� �  �(�)

� (5�E)

���
�

&( ) J � (�)
%�

% 
(5�B)
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��� ������� �������� &( ) 
��	����  	�� � �� ����������� �� ��� �� ���
	� �'�	����� 	�� ���
�����
	���� ������ 	
� ��	����� ��� ���	 �� ��� �� 	��
����	�� &( ) �� 	 ��������	� ��  

&( ) J �� K �� (5�?)

���
� �� 	�� �� 	
� �����	��� �� �� ����
������ ��� 
���� �	�� ���� ��  '� (5�E) �	� ��
�����
	��� �� ��
�

�	(�) J ��
�

>
�K ���

� (5�<C)

�	(�) �� ����� ��
 	 ��
�� ���	�� �
������ 	�� ���� ��� ���Æ������ �� 	�� �� �	� �� ������
 '� (5�B) �� ���� ���� �� %��  (�)

(�� K�� ) � J � (�)�� (5�<<)

�� ���
	���� ��
��

�� K
�� 

�

>
J

� �

�

� (�)�� (5�<>)

�������� 	 ����	
�� ��	����� ���	�� 
�������� � (�) J �� K ���� ��� ���
������ ��
 ��� ������
������ �������

 J �
��

��
K

�
��

� K >�����K������

��
(5�<@)

��� ���
������ ��
 � ��� �� 	��� ������

% 

%�
J

�� K ���

�� K�� 
(5�<A)

/�� ���
� �0 1����� �
 � ������

1���� ��� ��
	� 
��� �	� 
�	���� ��� ��� �� ��� ��	���
� �	(�) �� ����� �
��  '� (5�<) 	��  '�
(5�<C)

�	(�) J �	�(�)�K
��

>�
J ��

�

>
�K���

� (5�<=)

���� ��
�� �� J > �	� (�)�� 	�� �� J <�(>�)� 6� ���������  '�� (5�>)� (5�@)� (5�<@) 	��
(5�<A) ��� ��� �� ������� 	�� �������	� ���
�� ��
���� ��� ��� 	
� ����� �� ��

%�����
 �
���

%�
J �(�� K ���)

���
�� ����
�

�
K
�

� �����
�
��

K ���
�
K ����

��

>
�

� �����
�
��

K ���
�
K ����

��
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+��� ��� ��
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��� 	� � J  (�) �	� ��
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�
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	��
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J ��

�

>
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���� ��
�� �� J C 	�� �� J <�(>�)� ��	��� ��� ��	� � J ���� ����  J ����� ��� ������
������ �� ��� ��
�� ��
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�
>� N>��(�� ����) K ��(�� ����)�O K ��
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J
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